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Abstract 

Kadanoff-Baym Kinetic Theory for a Trapped Bose-Condensed Gas 

Milena Imarnovit-Tomasovié 

Doc t or of P hilosophy 

Graduate Department of Physics 

University of Toronto 

2001 

Using the Kadanoff-Baym non-equilibrium Green's function fonnaüsm, we derive the 

equations of motion for the dynamics of a trapped dilute Bose-condensed atomic gas at 

finit e temperat mes. These include sn equation of motion for the macroscopic wavefunc- 

tion describing the atoms in the condensate, as well as a Boltzmann-like kinetic equation 

for the single-particle distribution function desccribing the atoms thérmally utciteci out 

of the condensate. We derive these equations using several seU-energy apprcximations 

for the non-condensate atoms. At high enough tempera tm,  one can work within the 

h t  order HartreeFock-Bogoiiubov approximation for the Beliaev self-energy functions 

and derive a "collisionless" kinetic equation. We then extend this andysis to include 

the second-order self-energy contributions associateci wit h -body coUisions, leading 

to a Boltzmann-& equation for Bose atoms, with the coihion integrais included. This 

equation, combined with the generaüzed GrossPitaevskii equation of motion for the con- 

densate atoms, hm been extensively used by Zaremba, Nikuni and Grifh.  The role of 

collisions which transfers atoms between the condensate and non-condensate component 

is emphasized. The major r d t  of this thesis is a generaüzation of previous studies to 

very !ow temperatures, where the non-condensate thermal cloud atoms are treated in the 

secallecl Bogoliubov-Popov approximation. We derive a idnetic equation for the result- 

ing quasiparticles (instead of atoms) and show how the collision integrals are modified by 

Bogoliubov coherence factors. A detailed cornparison is made with previous discussion 



of the non-equilibrium behaviour of uniform interacting Bose gases, including the work 

of Kirkpatrick and D o h a n  as weU as Eckern. 
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Chapter 1 

Introduction 

The deve rnen t  of Bose-Einstein condensation (BEC) in dilute gases of alkali atoms in 

1995 [l] veRfied the correctness of Einstein's prediction in 1925 that a non-interacting 

gas of bosons would undergo a phase transition, characterized by a macroscopic number 

of atoms occupying the lowest energy single-partide state. The atoms that are in this 

quantum state are coherent (i.e. have the same phase) and can be described by a sin- 

gle, macroscopic wavefunction: a coherent matter wave or Bose condensate. Below the 

transition temperature TBEC, the thermal de Broglie wavelength of the atoms in a gas 

at given temperature becomes comparable or larger than the average distance between 

the atoms. Clearly the wavefunctions of individual a t m  m t a p  and the gas has to 

be treated as a highly correlated quantum gas. The macroscopic wavefunction of the 

Bose condensate is best thought of as the order parameter of the new quantum phase of 

matter, a view that goes back to the pioneering work of Fritz London in 1938 but was 

only fomdy dehed in the late 1950's. 

Beautiful images of Bose condensates in trapped atomic gases. which have become a 

trademark for the field, clearly show that a Bose gas cooled dom to low temperatures eu- 

hibits a phase transition at the predicted value of the BEC transition temperature TBEC. 

For an ideai Bose gas of N atoms in an isotropie harmonic potential of kequency w, the- 



ory predicts that kBTBEC = h N 1 l 3 .  T h  phase transition is demonstrated through the 

dramatic appearance of a nmow central peak describing Bose condensed atorns' relative 

to a broader background distribution associateci with the themaîiy evcited atoms. For 

an excellent recent review of the theory of Bose-Einstein condensation in trapped gases, 

see Ref. [2]. 

The experimental realization of BEC produced an explosion of both theoretical and 

experimental interest and brought together physicists working in condensed-matter physics, 

quantum optics and fundamental quantum mechanics [3,4]. For condensed-matter physi- 

cists, the achievernent was particularly exciting because BEC in a weakly interacting uni- 

form Bose gss was a subject of extensive many-body calculations in 1950's and 1960's as 

a model for the superfluid behaviour of liquid 'He. Although theoretical studies 8sçiiming 

a weakly interacting Bose gas are not applicable to strongly interacting üquid heiium, 

these studies played a major role in developing the theoretical kmework for describirq 

Bose supeduids. As noted above, Fntz London fht suggested in 1938 that the super- 

fluidity in Iiquid helium could have its explanation es a visible quantum effect related 

to the existence of a Bose condensate. He introduced a "macroscopic wavefunction" as 

the microscopic foundation for understanding superfluidity. Ln his seminal 1947 paper, 

BogoIiubov showed how such a Bose condensate could stü l  exist in an interacting gas, 

although it changes the excitation spectrum h m  single-partiele-lüce ctt high rnomenta 

to phonon-üke at low momenta. Bogoliubov's work was one of the k t  treatments of a 

broken Bose s p m e t r y  and provideci a microscopic model for understanding the kind of 

quasiparticle spectrum needed in Landau's phenomenologicai theory of supduid helium. 

An extensive review of the theory for interacting Bose Iiquids can be found in Ref. (51 

and a review of more recent work for trapped atomic Bose gases is given in Re&. [2,6,3]. 

Landau's wd-known theory of superHuid helium is a very successfd, but ultimately 

a phenomenological theory. It describes the Iow-Erequency motion of two fluids (the 

superfluid and the normal-fluid components) by a coupled set of hydrodynarnic equations. 



Landau also introduced the idea that the normal fluid could be described as a gas of 

weakly interacting quasiparticles [7]. However, in deriving his tw~fluid theory, Landau 

argued that the Bose statistics obeyed by the 4He atoms is irrelevant and that his theory 

was applicable to any low-temperature quantum fluid. This obscured the roie of a Bose 

condensate as the underlying baçis for superfiuid phenornena, and for many years this 

role remained controversial w i t b  the liquid 'He community (51. 

For a discussion of the properties of a dilute Bose gas at low temperatures (but not in 

superfluid Helium), the inter-atomic interaction v(r - r') can be treated using the simple 

pseudopotential [8] 

4?r?Pcr v(r - r') = g6(r - r'), g = -  m 

where a is the swave scattering length for the real potential. The Born approximation 

for this contact interaction @ves the sme r r ~ ~ s e c t i o n  as the low e n c r e  s-nw* ( I  = O) 

scattering contribution of the real two-body potentiai and therefore one can use this 

pseudopotential to describe a trapped dilute Bose gas at the very low temperatures of 

interest in BEC studies. For this swave approximation to be applicable, we require that 

a be much smder  than the average distance between atoms, or na3 < 1. This condition 

is very well satisfied in curent trapped Bose gas experiments. h "Rb, for example, a = 

58 Awhite the typicd density at the centre of the trap is - 10'%rn-', and so ria3 is less 

than (21. 

For a trapped, weakiy interacting, dilute Bose gas, one c m  derive the microscopie 

equations of motion for both the condensate and the thermally evcited (noncondensate) 

atoms. The crucial step in our theoretical treatment of Bose condensation is the concept 

of broken Bose symmetry [9,10, 111, in which the thermal expectation value of the quan- 

tum field operator can be non-zero, (&, t)) = O(r, t). Here the t h e  dependence of the 

quantum field operators is given by $(r, t )  = fl ( t)@(r) ~ ( t ) ,  where U( t )  is the evolution 

operator of the perturbed sqstem. The condensate îs described by this rnacroscopic wave 



lunction 3(r, t). Therefore, one can naturally decompose the quantum field operator 

$(r, t )  = @(rot) + q(r, t), (1 2) 

where &r, t) describes the atoms "outside the condensate". The density of condensed 

atoms at point (r, t) is given by n,(r, t) =( @(r, t) 12. 

.4t T = O, almost all atoms in the atomic Bose gases currently studied are in the 

condensate. In technical te=, one says that the "quantum depletion" due to interactions 

can be neglected. It is estimateci (121 to be less than 0.5%. The equation of motion for 

the macroscopic wavefunction O(r, t) then completely descnbes the trapped gas. This is 

the famous Gross- Pitaevskii (GP) equation 

where Il&) = nwQt2/? is the isotropie parabolic trapping potential; in most of this 

thesis, we set /i = 1. Thus, at T=O, an atom in the condensate moves in the effective 

Hartree mean-field gn.(r, t) produced by aJI other atoms in the condensate. This is a 

dosed non-linear different i d  equation wit h vas t amount of physics behind it , as thousands 

of papers have shown in the last 5 years (2, 31. 

At finite temperaturg, however, a trapped Bose gas is much more cornplex. The corn- 

piete description of the system is now given by the GP-Iike equation for the macroscopic 

wavefunction Q(r, t) coupled to a kinetic equation for the density distribution function 

f (p, r, t) for the thermdy evcited atoms with momentum p at (r, t )  . The generalization 

of the GrossPitaevskii equation must indude the effect of the non-condensate atoms on 

the condensate atoms. That is, at  finite temperature, atoms that are thermally-euciteci 

give rise to a dynamical Hartree-Fock mean field that acts on the condensate atoms. 

More generdy, the "exact" GP-like equation of motion for condensate atoms is given by 



As we wiU see later in this thesis, va.150~ kinds of equations of motion for the macroscopic 

wavefunction @(r, t) can be classified depending on the approximation used for the three- 

field correlation function on the right-hand side in (1.4). 

A generd form of the kinetic equation for the single-particle distribution function 

f (p, r, t) describing the non-condensate atoms is given by the following expression 

[$ + v.4 - v r  - V.E, V, f (p, r, t )  1 =[g]; 
Here E,(r, t) is the excitation energy at (r, t); its explicit form depends on the approx- 

imation we work in. The collision integrai on the right-hand side of (1.5) describes the 

effet of collisions between atoms on the evolution of the distribution function f (p, r, t ) .  

In a trapped Bosecondensed gas, it has two parts which play quite ditferent roles 

Here CZ2 denotes the collision integrat that describes collisions between non-condensate 

atoms. Above TBEC, this is the only term present. Below TBEC, we &O have the q2 

term which describes collisions between condensate and non-condensate atoms. The 

role of CIP is crucial because it couples the condensate and non-condensate degrees of 

freedom. In the t hesis, we present a detailed derivation of kinetic equations like (1.5) using 

various approximations. Landau and Khalatnikov fint used a Boltzmann-like kinetic 

equation üke (1.5) for a dilute gas of quasiparticle excitations in describing superfluid 

4He. However, its relation to an underlying Bose condensate was not speUed out (or even 

mentioned) . 

The dynamics of a trapped, Bose-condenseci gas described by coupled equations of 

motion for the condensate and non-condensate components can be hvestigated in two 

different regirnes, the "collisionless" regime and the "hydrod~amic" regime. If the den- 

sity of at  oms is d c i e n t l y  low t hst the collisions between at oms are infrequent and hence 

not wry important, the dynamio of a gas is dominated by the Hartree-Fock mean fields: 

one refm to this regime as the collisionles regime 1131. In this case, one can neglect the 



collision integrals on the right-hand side of (1.5). In contrast, in the collision-dominateci 

"hydrodynamic" regime, kequent collisions establish a "locai equilibrium state" of the 

condensat e and non-condensat e atoms. Such a local equilibrium distribut ion func t ion 

&(p, r, t) is defined by the condition for collision integrals to vanish, i.e., 

The complete description of the dynamics in the hydrodynamic regime can be given in 

terms of a few "locai variables" for the condensate and non-condensate components, such 

as the local density and velocity. The famous Landau twefluid hydrodynamia equations 

describe this local "equilibrium region" in supeduid 4He. 

The general theory for non-equilibrium phenornena in a trapped Base gas is fuily 

dehed once we have equstions such as (1.4) and (1.5). Taking moments of the kinetic 

equation and linearizing them, and the equations for a Bose order parameter, one can 

derive a set of closeci hydrodpamic equations that can 'De shom to d u c e  to Landau's 

two-fluid equations in an appmpriate Iimit. Thus, at least for a trapped, dilute Bose gas, 

one c m  derive the ho-fluid equations starting from a fundamental rnicroscopic theory 

of Bose condensation. 

To derive a microscopic theory of the non-equilibrium behaviour of a dilute, weakiy 

interacting Bose-condenseci gas at finite temperatmes, in this thesis we use the Kadanoff- 

Baym non-equilibrium Green's functions method [141. The generaüzation to Bose-condensed 

. systems was k t  considered by Kane and Kadanoff in 1965 [15, 161, with the specific 

goal of deriving the Landau twu-fluid hydrodynamic equations of motion. We extend this 

work but concentrate on deriving an equation of motion for a rnacroscopic Bose wave 

function, coupled to a kinetic equation for a distribution hinction for t hermdy excited 

atoms. We do not use our equations to  derive the twefluid equations but simply d e r  

to recent work by the Torontc+QueenYs group [17, 181. 

Our general problem is to calculate the non-equilibrium response of a system induced 

by an extemal (space- and tirnedependent) disturbance. E x t e d  fields may be r e p  



resented by an additional term in the Hamiltonian of the system. In the response to 

extemal disturbances, many interesting physical phenornena may appear. These include 

excitation of collective modes and various transport processes. 

Kadanoff and Baym have formulatecl the method of cdculating the non-equilibrium 

response of a system evolving under external time-dependent perturbations in a system- 

atic way. To the lowest order in the external field, they show how one can formulate 

the method so that it is close1y tied to the structure of the usud equilibrium Green's 

function method (discussed in standard many-body theory). In the limit when the exter- 

na1 tirnedependent fields are tunied off, the KB non-equilibrium theory reduces to the 

usual equilibrium theory. Building on the basis of well-understood equilibrium Green's 

huictions, one constmcts fictitious, time-ordered, Green's functions dehed for imagi- 

nary times. These fictitious Green's functions obey the same boundary conditions as 

equilibrium Green's functions do and, formally, the same equations of motion (but now 

dehed for imaginary times). The physical response functions measured experimentaiiy 

are reIated to the Green's functions for real times. However, the latter can be obtained 

from the non-equilibrium, imsginary-the Green's functions. This KB procedure wiU be 

reviewed in detail in Chapter 2 for normai (non Bose-condensed) systems. 

In the KB approach, one k t  calculates the equations of motion for non-equiübrium, 

real-time single-particle Green's hinctions involving the quantum field operatos in the 

presence of the extemal pertubing fields. The singleparticle Green's function is a tw+ 

field correlation hinction; it describes the propagation of disturbances in which a single 

atom is either added to or removed kom the many-particle system, namely 

where 1 r ri, t t ;  1' r ~ $ 6  and T is the time ordering operator (to be dehed in 

Chapter 2). Similady, the two-particle Green's function can be introduced; this describes 

disturbanc& produced by the rernoval or addition of tYro atoms. 

An equation of motion for an interacting single-partide Green's function G is given 



(schernaticdy ) by Dyson 's equation 

Here Go is the non-interacting singl~particle Green's function and E is the single-particle 

self-energy hinction which contains aJI the effects associated with the two-particle inter- 

actions. The specific approximation for the singleparticle self-energy determines the 

resulting microscopie theory. This is the same in both normal and Bose-condenseci sys- 

tems, although in the latter one must deal with a 2x2 matrix single-particle Green's 

functions because of new 'off-diagonal' correlation h c t i o n s  which arise when Q(r, t )  # O 

(see (1.2)). 

In the Kadanoff-Baym procedure (14, 191, one rewrites the exact eqüetions of motion 

in terms of relative and center-of-mass space-time coordinates, defined by 

In the m e n t  literature, this is sometimes known as the Wigner representation (20,211. In 

thermal equiiibrium, the Green's fuactions are functions only of the relative space-time 

coordinates r and t ,  and rnoreover are sharply peded about r .I O and t cz O (141. This is 

simply because correlations between atoms rapidy decay in both space snd time. Since 

we assume that the extemal disturbances are slowly varying in space and t h e  (with a 

wttvdength mnch larger than the thermal deBrogIie wavelength), we expect that these 

slowly m g  extemal disturbances will not change t his dependence of G(r, t; R, T) on 

s m d  values of r and t. Therefore, a l l  non-equilibrium correlation functions (Ee G: E. 

etc.) are BSSUrned to be always dominateci by the s m d  d u e s  of relative coordinates 

(r, t) (equidently, by high momenta and Bequencies in the Fourier transforms), but 

vary slowly as tuactions of the center-of-mas coordinates (R, T). Fourier traasforming 

the function G(r, t; El., T) with respect to r and t, G(p, w; R, T) describes the elementsry 

excitations of momenta p and energy w at point (RT) [14]. These assumptions aze 

central to how one uses the KB method to derive generalized Boltzmann equation from 



exact quantum equations of motion. They agree with our extensive knowledge of how 

correlations behave in many-body systems. In this thesis, we wiii not criticdy examine 

these assumptions but refer to the literature [20]. 

The distribution function for thermdy-excited atoms is the single-particle Wigner 

distribution huiction fw (p, R, T) given by 

and it is reiated to the Green's functions describing the thermaiiy excited atoms. The 

Wigner function is the quantum generaüzation of the ciassicd distribution function giving 

the number of atoms with momentum p at point (R, T). 

Bose broken symmetry (9, 11, 22, 231 plays a crucial role in Bose-condensed ffuids 

because it leads to a couplhg of the single-particle and density fluctuation excitations, 

namely the p o l e  of single-particle Green's Eunction are the same as the poles of the 

density condation function belon- the superfluid transition temperature. This equiva- 

lence is unique for the Bose-condensate phase and it explains why one can measure the 

elementary excitation spectrum (given by the poles of single-particle Green's function) 

by rneasuring the density fluctuation modes that are the poles of the density response 

funct ion. In normal fluids (non-Bose condensed, above the transition t emperat ure) the 

density response spectrum is quite different from the elementary excitation spectnim. 

The caIcuIation of the elementary excitation spectrum and/or the density fluctua- 

tion spectnun is, in generd, very cornplex in many-body systems. However, in a Bose- 

condensed fluid, one can take advantage of the abovementioned equivalence of the density 

fluctuation excitations and elementary excitations. One can proceed directly by calcu- 

lating the poles of equilibrium Green's functions within some given approximation for 

the self-energies. One can &O proceed indirectly by calculating the density fluctuation 

spectnim kom the density response function aad then use the above equidence. 

As summarized in the h i c  paper by Hohenberg and Martin [Il], there are two tra- 

ditional types of approximations that one can use in Base superfluids, gapless approxima- 



tions and conserving approximations. The advantage of gapless approximations is that 

the non-condensate single-particle Green's function exhibits the correct spectnun (in a 

uniform gas, the quasiparticles are phonon-üke in the long-wavelength, as required in a 

Bose-condensed phase). In homogeneous qsterns, a gapless spectnim for long-wavelength 

excitations is guaranteed if the seif-energies sat isfy the s ~ c d e d  Hugenholtz-Pines t h ô  

orem [5, 11, 241, narnely if the chemical potentid p at given temperature is equal to 

the ciifference of the diagonal and offdagond m a t e  elements of the Behaev self-energy 

function Cas, Le., 

p = &(q = O, w = 0) - &(q = 0,w = 0). (1.12) 

In contrast, "conserving approximations" (often &O cded a-derivable approximations) 

are based on the introduction of a functional, from which the self-energy function Cd can 

be derived by funct ional dinerent iat ion. Using the seü-energy, the resulting single-part icle 

Green's function GQrr c m  then be useci to generate a density résponse function whose 

spectnim is guaranteed to satisfy aJl the usud conservation laws. Using the quivalence 

of the poles of the singleparticle and density fluctuation spectrum, the spectnun of the 

density response function so generated must correspond to the single-particle spectnun 

given by some improved approximation for the Beliaev self-energies. 

We now give a brief summary of the contents of the chapters in this thesis. In Ch. 

2, for the cornnience of the reader, we give a detailed sll~nmary of the Kadanoff-Baym 

method for normal (non Basecondensed) syjtems. In Ch. 3, this method is generalized 

for Bose-condensed systems and we discuss the Beliaev self-energy hinctions in both 

conserving and gapless appraximat ions. These a p p r o d a t  ions are the building blocks of 

the KB formalism. 

In Ch. 4, we derive the self-consistent Hartree-Fock-Bogoliubov (HFB) collwiodess 

kinetic equations and the associated equation of motion for the condensate wavefunction 

for a trapped Bose-condensecl gas. Our work generaüzes the pioneering work by Kane 

and Kadanoff (KK) for a uniform Bose gas [15]. We indude the oE-diagond (anomalous) 



pair codations,  and thus we are led to introduce an off-diagonal distribution function 

in addition to the nomai (diagonal) distribution function. This results in two coupled 

kinetic equations. If the oE-diagonal distribution function can be neglected as a higher- 

order contribution, our result reduces t o the semi-classical kinetic equation derived and 

used by Zaremba, Gr i fh  and Nikuni [25]. We discus the static "local equilibrium" 

solution of our coupled HFB kinetic equations, within a semi-classicd approximation. We 

also verify the ngid Ui-phase osciilation of the equilibrium condensate and non-condensate 

density profiles. each osciilating with the trap kequency, is a solution of our equations. 

This is the famous slosbg mode, often cded the Kohn mode. This chapter is based on 

Ref. [26]. 

In Ch. 5, we use the Kadanoff-Baym non-equilibrium Green's function formalism to 

derive the kinetic equation for the non-condensate atoms at finite temperatures but, in 

contrast with Ch. 4, we now include the effect of binary collisions between the atmm. 

The effect of coilisions is included using the second-order self-energy given by the Beli- 

aev (gapless) approximation. We Limit our discussion to finite temperatures where the 

kinetic equation for excited atoms can be treated in Hartree-Fock (HF) spectrum approx- 

imation. In this limit, we cm neglect the off-diagonal propagators. As expected, this 

leads to the kinetic equations and collision integrals used in work by Zaremba, Nikuni, 

and Grifnn (ZNG) (171. We also derive a consistent equation of motion for the con- 

densat e wavefunction, involving a bitetemperature generalization of the well-known 

Gross-Pit aevskii equat ion. This includes a dissipat ive term from collisions with the ther- 

m d y  excited atoms, as well as the Hartree-Fock mean field of the non-condensate. This 

work is published in Ref. [19]. 

In Ch. 6, we present the generaIization of the results of Ch. 5 that is valid at low tem- 

peratures, where the input singleparticle spectrum is now describeci by the Bogoüubov- 

Popov approximation, instead of the high-energy HF particle spectrum. tVe derive a 

kinetic equation for the quasiparticle distribution function, with coIlision integrals d e  



scribing scattering between quasiparticles and the condensate atoms. We also derive a 

generalized Gross- Pitaevskii equation for the condensat e wavefunc t ion t hat afso includes 

the damping effects due to collisions between atorns in the condensate and the thermally 

excited quasiparticles. For a uoiform Bose gas, our kinetic equation for the thermall- 

excited quasiparticles reduces to that found many years ago by Eckem [27] , as well as by 

Kirkpatrick and Dorhan [28]. These results are pubüshed in Ref. (29). 

In Ch. 7, we make some brief concluàing remarks and suggest some possible future 

extensions and applications. Taken together, the results of this thesis give a microscopie 

derivation of kinetic equations for the non-condensate atoms in conjunction with a gen- 

eralized version of the GP equation for the condensate. They provide a sound basis 

for discussion of a wide class of non-equilibrium phenornena in trapped Bose geses. Al- 

though such applications are not treated in this thesis, a few are briefly mentioned in the 

concluding Ch. 7. 



Chapter 2 

The Kadanoff-Baym method for 

normal systems: a review 

This chapter summarizes the Kadanoff-Ba- formdism for normal (mn Bose-condensai j 

systems following the discussion in their famous monograph [Ml. This d o m  one to 

understand the key concepts, and is more transparent than its generalization to Bose- 

condenseci gases described in later chapters. An excellent review of the nonequilibrium 

real-time Green's functions and the generaüzed kinetic equation for the normal systems 

(non Bosecondensed) can also be found in the recent book by Zubarev, Morozov and 

Ropke [20j. This chapter is includeà for the conventence of the reader and contains 

nothing original. However, it introduces the notation and ideas on which Ch.3 - Ch.6 are 

based. 

We hst review the theory of equilibrium Green's function because the Kadanoff-Baym 

fomalism is buüt on this. This includes standard many-body theory [IO, 301, where 

one can develop a diagrammatic representation of the self-energ- functions, introduce 

Wick's theorem and so forth. In contrast, when one de& with the the-dependent 

perturbations and hence the system is not in equilibrium, it is very difflcult to develop 

a usehi systematic theory to calculate properties of the perturbeci system. The power 



CHAPTER 2. THE KADANOFF-BAYM METHOD FOR NORMAL SYSTEMS: A REVIEW14 

of the Kadanoff-Baym method is that it buiîds a systematic theory for non-equilibriurn 

systems on the underlying equilibrium approximation. In this chapter, we review how 

this formaliçrn works. 

2.1 Equilibrium Green's functions 

The Green's functions, which are the bais of this thesis, are thermodynamic averages of 

the quantum field operators $(r, t )  and @t (r', t') at two different space-time points. We 

first review the theory of equilibrium Green's functions as an introduction to the non- 

equilibrium Green's functions. In terms of Bose quantum field operators, the many-body 

Hamiltonian K~ = H - p& describing Bosons interacting through a twebody potential 

~ ( r )  i l  given by 

The equation of motion for an operator $(r, t) is given in the Heisenberg representation 

2 t ,  = [$(r, t), Ko] at 
The solution of (2.2) can be written in the following f o m  

This simple time-dependence of the quantum field operators given by (2.3) is only valid 

when the "grand-canonical" Hamiltonian Ko is time-independent. 

The single-particle equilibrium Green's function is defined as the timeordered expec- 

tation d u e  of the quantum field operators at two dXerent space-time points 

while the tw+particle Green's function is d&ed by 
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Here T represents the usual Dyson tirneordering operation and 1 is the abbreviated 

notation for (r, t)  and 1' for (r"',tr). The tirneordering operator T, when appiied to a 

product of operators, arranges them in the chronologicd order so that operator with the 

earliest time argument acts &t (i.e. to the right), namely 

The thermal expectation values in (2.4) and (2.5) are computed using the grand-canonical 

The singleparticle Green's h c t i o n  G(l, 1') in (2.4) describes the propagation of an 

atom which is either added to or removed £rom the many particle system in equilibriurn. 

For example, when tl > tl#, the croation operstcr creates an atom st the point {rit, t it j . 
An atom propagates to the later t h e  t t ,  when an atom is removed at point rl ,  and 

the system retums to its equüibrium state. SiniilairIyl the two-particle Green's function 

G2 (12, 1'2') in (2.5) describes, for various t h e  orderuigs, disturbances produced by the 

r e m o d  or addition of two atoms. For e~ample, when tl and tp are later than t2 and 

t21, the two-particle Green's hinction describes the disturbance produced by the addition 

of one atom and the removai of one atom, and the subsequent return to equilibrium by 

the r emod  of an atom and the addition of an atom [14]. In addition to the one-particle 

Green's hinction in (2.4), we define the correlation functions (141 

The notation > denotes that G = G' for t > t' and < is denotes that G = Gc for t > t'. 

The time-emlution operator e-'Kot in the Heisenberg representation and the weighting 

factor e-BKo that appears in the expression for the grand-canonical average are the same 
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for the imaginary time t = -iP. This equivaience can be used to  derive the famous 

Martin-Schwinger boundary condition obeyed by the equilibrium Green's hctions,  

This boundary condition is crucial in the KB formalism, because it allows one to express 

Green's functions G(t - t') for imaginary times O < t - t' < i@ as a Fourier series over 

imaginary fkequencies, and solve for the GreenYs functions. 

One cm interpret (2.2) as the equation of motion for the field operators (and hence 

Green's functions as weLi) for imaginary times in the strip O 5 r = it 5 0. We &O 

generaüze the definition for the time-ordering operator T to imaginary times. Later times 

are debed to be the farther d o m  the imaginary aigs. Therefore, in this imaginary-the 

representation, G ( l , l r )  in (2.4) becomes 

The equation of motion for the quantum field operator @(1) can be found using (2.2) 

with Ko giwn by (2.1), namely 

Mdtiptying (2. IO) with (1'(1'), applying the Toperator and taking the expectation value 

of the resulting equation, one obtains 

The notation 2+ means that the time argument of *t(2) is W t e s i m d y  larger than 

the time arguments of other $'S. To take the time derivative outside the T-operator, we 

need to consider temm contairring it carefully. One cm show that 
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Using this in (2.1 1 ) , we hal ly ob tain the following desired equation of motion for G( 1,l') 

namely 

Using the same method, one can also obtain the adjoint equation of motion for G(l , l f )  

containing the derivatives with respect to 1' variables, 

We emphasize that (2.13) and (2.14) are for imaginary times and satisfy the boundary 

condition (2.9). 

The single-part icte Green's hinction contains very useful dynamical and st atistical 

mechanical information of the system. For example, it is easiiy seen that GC(r, t ;  r, t) is 

proportional to the eqdibrium expectation value of the density of particles. Similarly, 

we cm express the total energy (i.e., the expectation d u e  of the Hamiltonian) in ter- 

of Cc in the following way (for more details, please see pg. 14 in [14]) 

The two-particle Green's function Gz dehed in (2.5) and appearing in (2.13) and (2.14) 

describes the propagation of two atoms added to the gas. Higher-order Green's functions, 

dehed sMilsrly to G and G2, describe the effect of adding or removing more than two 

atoms. 

2.2 Non-equilibrium Green's functions 

In Section 2.1, we have been discussing the equilibrium Green's functions. However, if we 

are interested in disturbances generated by external time-dependent fields, we m u t  work 

with the non-equiiibrium Green's functions. The system in the presence of the externa1 

perturbing field can be described by adding the additional term W(t) to the HIlmiltonian 
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For the extemai perturbing field, we consider external time-dependent disturbances which 

couple to the local density of atoms n(r, t), 

where the density of atoms is given by 

The external scdar field U(r, t) has a given timôdependence. We assume that this 

non-equilibrium perturbation vanishes for times t c to, i.e., the system is in thermal 

equiiibnum before the t h e  to.  In the equilibrium case, the time-dependence of the 

operators in the Heisenberg representation is given by (2.3). In the non-equilibrium case, 

we have to include the time-dependent external potential H f ( t ) .  Fortunately, one can 

generalize the weil-established equilibrium fomaüsrn in such a way that it acts as the 

basis for the non-equilibrium t heory. Ushg the imaghry-time non-qi iilibrium Green's 

hctions,  one can obtain results which can be brought into contact with the real-time 

p hysical response functions needed t O describe non-equilibrium experiment al probes. 

Physical response functions are defined for real times. However, these are difncult 

to obtail d imt ly  since they do not satisfy a simple boundary condition 1141. Instead of 

working with real-tirne Green's functions, the Kadanoff and Baym formalism works with 

Green's functions deftwd on the irnaghary time domain (O 5 r = it < ,û) which satisfy 

the same boundary condition at O and T = P as equilibrium Green's hinctions do. Once 

we obtain the equations of motion for these imaginary-time Green's functions we can, 

by a unique andytic continuation, obtain equations of motion for the reai-time response 

Eunctions of physical interest. This is the famous Martin-Schwinger approach (321, which 

is developed in detail by Kadanoff and Baym (141. 

In the non-equilibrium case, the Schrodinger equation for the enlution of system 

under the perturbation (for t > to) is given by 
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We i e t  introduce the usual interaction representation by writing the t h e  dependence 

of a wavefunction as 

1 &t) - = e-iKo(t-to) I 0t)I. (2.20) 

where the subscript I labels the interaction represent ation. Substitut hg (2.20) badc into 

(2.19), one obtains 

Here, the t h e  evoiution of the e-xternal perturbation is given by 

If we integrate both sides of (2.21) from to to t ,  we find 

To the first order in H', this gives 

The second-order correction can be found by replacing the right-hand side of (2.24) into 

(2.23) and so on by iteration. The generg @ution o f  12.23) -n be-mittenas- - - - 

- - - - - - - - - - - - - - -  

where we have defined the evolution operator 

The tirne evolution of an observable A evolving under the extemal disturbances H'(t)  

is, in the interaction representation, given by 
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where 

with the total evolution operator U ( t ,  ta) 

Here the subscript U denotes the extemal scalar potentid. One easily verifies t hat Au ( t) 

satisfies 

Since we are interested in external disturbances of the type given in (2.17), we Iabel ail 

the quantities developing under H' with II. The time evolution of the operator Au(t) 

c m  be expressed in terms of the operator Ar in the interaction representation 

One c m  show that the evolution operator u(to, tl) sstisfies 
p p p p p p p p p p p p p - - - - - - - - -  

The thermal expectation d u e  of an local observable A(r) evolv-ing in the presence of 

external tirnedependent perturbation H'(t )  is given by 
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where the expectation d u e  written without the subscript U denotes the equilibrium 

expectation value, and 1 E,) is the initial state at to when the perturbation is tumed on. 

A state with energy E, evolves ir time under the effect of extenial perturbation H f  ( t )  as 

1 &(t ) )  = v ( t ,  t o )  1 Ei) . Therefore the thermal expectation value of an observable A(r) 

with respect to States evoIMng in the presence of an externd time-dependent potential 

can be calculated as the equilibrium thermal expectation value Au (r, t )  . 
We now intmduce a new, fictitious Green's bct ion  in the imaginary time interval 

[to, t - $1 in the following way 

where 
- - -  

We note t hat TS = v(to,  to - iP) . In the interaction representation, ail the U dependence 

is expiicit in the S factor (2.40), and the tirne-dependence of the field operators is the 

same as in the absence of the H'(t) (see (2.33)). This generalized Green's hinction 

G(1,l'; U; to) satisfies the boundary condition 

compared with that for an equilibrium Green's function 
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Response hinctions are deiked for real times and describeci by the real-time Greens' 

functions g(1,l'; U) is given by 

where 

To see how the irnaginary-tirne Green's h c t i o n s  defined in (2.39) and real-time Green's 

functions defineci in (2.43) are related, it is usefui to write G ( l , l t ;  U; to) in the following 

the form [assuming i(tl - to) < i(ti/ - ta) ]  

and compare t his wi t h the expression for g ( 1,1'; U) , namely 

One sees directly that the real-time Green's function g(1,S; II) are identical to 

G(1, 1'; U; ta) in the limit when to -r -m, Le., 

Lim G<(l,ll; 11; to) = gC(l ,  C; II) 
tO--taQ 

This is the key formula of the whole KI3 fomalism for going hom an imaginary tirne 

Green's function to a red time response function. Hence, to find equations of motion 

for response functionç defineci by real time Green's hctions, one c a n  use the equations 

of motion for the imaginary-the Green's functions. The teal-the Green's bctions are 

t hen obt ained by analytic continuation. One writes an imaginary- tirne Green's function 

as a Fourier series over the discrete Matsubars fiequemies. The analyticd continuation 

(which is unique) goes fkom the Fourier coefncients dehed on a discrete set of imaginary 

Sequencies to an anaiytic function for d fkequencies. 
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Having outlined the basic ''building blocks" underlying the Kadanoff-Baym non- 

equilibnum functions method, we are now ready to derive the equations of motion for 

the real-time non-equilibrium Green's f'unctions g(l ,  1'; LI). We h t  derive the equations 

of motion for the imaginary-time non-eqiulibrium Green's functions. As before we stm 

hom the Heisenberg equation of motion (2.2). We first consider the term T [S+(l)]. It 

can be written in the following form 

Therefore the time derivative of (2.48) can be shown to reduce to 

Hence se sbtain for the equation of motion the foiiowing equation 

where G2 is defined in (2.5). Furthermore, since we want to derive the equation of motion 

for the non-equilibrium Green's functions for a system that is disturbed by an extemal, 

time-dependent potentid, we need to find what the change in G is resulting from an 

infinitesimal change in the extemal potential U(2)  + U ( 2 )  + 6U(2). First the evolution 

operator S changes as follows 

Using (2.5 1 ) , one can show that the inftÿtesimal change in G resulting hom the infinites- 

Md change in the extemai potential Cr is given by 
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Thus the functiond derivative of G( l , l t ;  U; to) with respect to U ( 2 )  gives 

which is a nice aay of generating the twctparticle correlation function. Using (2.52), we 

can rewrite the equation of motion in (2.50) in the form 

We define the self-energy function C in the presence of the external potential CI in 

the following form 

and the inverse propagator G-l(l, I f ;  Lr; tu) is dehed as 

lob-" d i ~ - ' ( l ?  1; U; to)G(T, 1'; U; to) = 6(1 - 1'). (2.56) 

Go' in (2.55) is the inverse of the non-interacting propagator. In the above equations 

aad elsewhere, integrtion over - di me- ùitegration over the coordinates (q, t i) and 

( 1  - 1 ( r  - ( t  - ) Using (2.54), (2.55) and (2.56), one can show that the 

self-energy function in (2.53) can be written a s  

Using KG-' + G6G-L = O (which follows directly from (2.56)), one can rewrite this 

self-energy function as 
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The Hartree-Fock approximation is obtained by neglecting the E / 6 U  term in (2.58), 

EHF(li 1'; Ur; ta) = 6(1 - ll)i d h ( l  - i)~(i' If: W ;  to)  

+ iv(1 - ll)G(l, 1'; (1; to). (2.59) 

The ne.* approximation is obtained by replacing 6CIbU by E H F / b U  and contains prod- 

uct of three G's 

These terms contribute to the collision integrah in a Boltzicann equation. Eq. (2.58) 

thus allows one to generate increasingly higher order self-consistent approximations by a 

simple iteration. 

Using the same method, one can obtain the equation of motion for the single-particle 

Green's function containhg derivatives with the other &ables 1'. Multiplying (2.55) 

by Go, one easily h d s  the equations of motion for the Maginsry-time Green's function 

G(1,lr; LI; to) in the presence of the slowly varying extemal field U to be the Dyson 

equat ions 

v: 
[i& + - U(1) + ,UO G&f; U; t,J 1 - Lb-" d i ~ ( l ,  1; LI; to)G(i, 1'; U; to) 

and 

We spüt the self-energy function Z(l,tr; U; to) into two parts 
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where the kt-order Hartree-Fock contribution E H F  in (2.59) descnbes the mean-field 

effects of an interaction and Cc denotes the "collisional contributions" which are second 

and higher order. We denote this collisional part as C,, and define 

Physical response functions measured in experiments are related to the correlation 

Eunctions such as in (2.8). Therefore we write (2.61) for the case i ( t l  - to) < i(tlt - t o ) ,  

to obtain 

+ f t d 8 : ( l ,  i ; U ; t o ) G C ( i ,  I t ;U;toj  + l,r-ie di~:(l ,  i; Li; t o ) P ( i ,  1'; Lr; to) .  

To obtain the real time correlation Emction in (2.43) , we take the iernit 4 - -w sf 

(2.65) and use (2.47), 

Here the effective potential Uef and the second-order approximation to the self-energy 
> 
F are given by 

Considering (2.62) for the case i(t 1 - to) c i(ttt - to)  , one hcls an analogous equation 

of motion for g<(l, 1') with the respect to other variables l', namely 
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Applying the same arguments as above, one can &O find equation of motion for g' in 

the case i(tl - to) > i(tlt - to) ,  Le. 

The equations of motion in (2.66)-(2.70) are fomally exact and can be used to derive 

a generalized Boltzmann equation. They are extremely complicated. However, in the 

ümit when the extemal perturbing potential U(R, T) varies slowly in space in time, one 

can separate out fast and slow processes by transforming the equations of motion into 

the so-cailed Wigner representation, that is one writes all physical quantities in ternis of 

1 ,  the centes-o f mass (FL, T) and relative coordinates (r, t) given by 

In thermal equilibrium, the Green's hinctions and the self-energy function depend on the 

relative coordinates (r, t) only, and rnoreover these are sharply peaked about r = O and 

t = O. We use the different way that non-equilibriurn hinctions depend on (r' t )  and on 

(R, T) in deriving a generalized Boltzmann equation. We thus assume that the system is 

only slightly perturbed out of thermal eqdibrium and all physical quantities depend on 

smail values of relative coordinats (r, t )  only. This is a crucial physicd asumption in 

the derivation of a generalized Boltzmann equation using the Kadanoff-Baym formalism. 
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To derive a generalized Boltzmann equation, one needs to rewrite the equation for 

the real time non-equilibrium Green's bction gC ( l , l f ;  U) in the Wigner representation. 

To this end, we first subtract (2.68) from (2.66) to obtain 

We now rewrite (2.72) in terms of the center-of-mass and relative coordinat es (r, t; R T) . 
> > 

Using gc ( 1 , 1'; U) = g<(r, t ; RT T), the left hand side of (2.72) becornes 

d VR'Vr 
[i- a~ + m - U&(R + r/2, T + t / 2 )  + veIf (R - r/2, T - t / 2 ) ]  gC(r, t ;  R, T) 

Since we b i t  ourselves to disturbances that perturb the system only slightly out of 

equilibrium, and only s m d  values of (r, t )  are important, we can expand the ditFerence 

in the effective potential in (2.73) in powers of r and t ,  and keep only the hem te=, 
- - - - - - - - - -  - - - -  - - - -  _ - - - - -  

[i- 87' + vR*vr-[(~~v~+t&)~eff(~.~)]]gc(r,t;R,T). m (2.74) 

Similmly, if one expresses the right-hand side of (2.72) in terms of (r, t ;  R, TJ and expands 

it the same way, (2.72) finally becomes 

Fourier transforming (2.751, one ob tains 
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> 
The Fourier traasform gc (p, w ;  R1 T) is dehed by 

> 
ii: R, T) = jrn dt / dre'(wt-~'r) ig< (r, t : R, T) , 

-00 

where 

The Fourier transform of the self-energy Eunction is given as 

We note that g<(p, w;  R, T) @es the density of atoms with momentum p and energy w 

at the space-time point R, T. 

One can see that the equation of motion for gC(p,w;R, T) given ir. (2.76) depends 

on gc(p, w; R, T) and g>(p, w ;  R, T) as weU. Therefore, one &O ne& to the derive 

equation of motion for g> (p, w ;  R, 2'). Applying the same d y s i s  we wed to derive 

(?.76), one 

- - 

It is useful to introduce the non-eqdibrium spectral density a(p, w ;  R, T) definecl as 

One can show, using (2.76) and (2.80), that the collision te= cancel out in the equation 

of motion for the non-equilibriurn spectral density a ( p ,  w; R, T), and we obtain 

The usual B o l t z m a ~  equation is expressed in terms of a distribution function f (r, pl t). 

KB introduce this by writing the correiation functions in the following form 
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To illustrate this approach, we consider the so-cded "quasiparticle appro.ximationl' for 

the non-equilibrium spectral density 

where Ep(R, T) = ~ 1 ~ / 2 r n  + UeIf(R, T). This can be verified to be a solution of (2.82). 

Using (2.83), (2.82) and (234) in (2.76)' after considerable algebra one finally obtains 

the Boltzmann equation 

where 5, = &2m and ji = f (pi, R, T). Here, 3- ha%= used the Fourier cransionn of the 
> 

expression for C: given in (2.67). We have thus obtained the usual Boltzmann equation 

for interacting Bose atoms (see Ch. 9 of Ref. [14]). More specificaüy, we see how the 

C2* collision integral describing collisions between atoms naturdy &ses fiom the KB 

fomslism. As expected, creation of a Boson in a binary collision involves the statistid 

factor 1 + f , while the destruction of a Boson involves the factor P. In later chapters, we 

d giw more detsits of the cdcdations Ieading to kinetic equations lüce (2.85). 

This concludes our review of the Kadanoff-Baym formalism for nomal (non Bose- 

condensed) systems. We have shown how one can, starting from the non-equilibrium 

Green's function definecl on the imaginq time domain, derive a quantum Boltzmann 

equation for red times. The major feature of the KB formalism is that any specîfic 

equilibriwn seE-energy approximation can be generalized as the basis for non-equiübrium 

problems. 



Chapter 3 

Kadanoff-Baym method for 

Bose-condensed gases 

In this chapter, we apply the Kadanoff-Baym rnethod to Bose-condensed systerns. Kane 

snd Kadanoff (KK) [15, 161 fh t  generaIized the KB method, with the specific goal of 

deriving the phenomenologicaI twdu id  hydrodynamical equations of Landau [7]. In 

the thesis, we use the KK generaüzation to derive a quantum Boltzmann-iïke equation 

appropriate to a trapped, dilute Bose condenseci gas. We show how the KB formakm 

can be used to derive a kinetic equation for a trapped Bose gas, in a way that sets the 

stage for w h e r  extensions. Ou. goals are Merent fiom KK, who were interested in 

giving a microscopie basis for twefluid hydrodynamics. We are interested in deriving a 

kinetic equation for the non-condensate atoms. One can derive twdh~id hydrodynamics 

fkom thh kinetic equation, but this is not done in this thesis [18]. 
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3.1 Generalization of the KB met hod for 

Bose-condensed gases 

A Bose-condensed fluid is conveniently descnbed in terms of the spinor quantum field 

operators 

The many-body 

potential U,(r) 

K 

Hamütonian describing N interatting bosons confined by an extemal 

where v(r - r') is the two-body interatomic potential. For ultra-cold Bose gases, t his 

potentid c m  be e x p r d  in terms of the Swave scattering iength as given in (1.1). In 

this chapter, we work with a general two-body potential since various contributions are 

more clearly shown. 

We separate out the condensate part of the field operator in the usual fashion (101 

where (&F)} = O and (@(r)) = @(r) is the Bose macroçcopic wavefunction. The non- 

condensate (or excited atom component) field operators $(r) and $(r) sati* the usual 

Bose commutation relations. In a Bose-condensed Buid, the h t e  d u e  of @(r, t )  leads to 

finite values of the off-diagonal (or snomalous) pmpagators (4(1)&1')) and ($(l)$(lt)). 

These must be dealt with on an equal basis with the diagonal (or normal) propagators; 

many-body theory is most easily formulateci in terms of a 2 x 2 matrix single-particle 

Green's hinction dehed by [15, I l] 



Here, as before, T represents the time-ordering operation and we use the usuai KB 

abbreviated notation, 1= (r, t) and 1' n (r', t'). The real time response functions je and 

are defined as  in the case of normal system (see Ch. 2), but we must keep in mind 

chat these are now 2 x 2 matriv propagators. 

Using (3.3), the matrix propagator in (3.4) splits into two parts 

Here g is identical to (3.4) except that it involves the non-condensate part of the field 

operators, and the condensate part is given by 

with (+t(r, t ) )  -= W(r, t). 

We see that the dynmics of e Bose-conderised q s t e m  can iormaily be separated 

into two parts: the dynamics of atoms that are in the condensate and described by a 

rnacroscopic wavehction a, and the dpamics of atoms chat are not Bose-condensed, 

which are describeà by the 2 x 2 matrix propagator 4. However the equations of motion 

describing these two components are coupled and one has t o  solve them self-consistently. 

The description of the dynamics of non-condensate atoms is similar to the description 

that we h m  reviewed for normd systems in Ch. 2. The main difference is that now one 

has non-zero anomdous averages which have to be included. 

A very useful and elegant wsy of generating the equations of motion for both 5 and 
cP is to use functiond derivatives with respect to weak extenid fields (1 1, 14, 331, 

Here we generalize the externa3 perturbation given in (2.17) to allow the thermal expecta- 

tion values of the quantum field operators to be non-zero. U(1,2) is an extemal generating 

scalar field non-local in space and tirne. It represents a perturbation in which an atom is 
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removed fkom the system at point 1 and added at 2. The symmetry-breaking fields 

and q& describe particle creation and destruction 19, Il]. Ail higher-order Green's func- 

tions can be neatly expressed as funct ional derivat ives of single-particle Green's functions 

wit h respect to such generating fields, as we saw in Ch. 2. More details on the derivation 

of the self-energy functions for a Bose-condensed gas will be given in the next section. 

The equation for the condensate can be written in tenns of the 2-component order 

parameter ~ ~ ~ ~ ( 1 )  n G(Q(l)), where 1l. is given by (3.1). One Finds [li, 19, 331 

where the "condensate source function" r)  is defined in terms of the three-field correlation 

funct ion 

The inverse of the son-intmicting 2 x 2 matrix Bose gas propagator jo(l, 1') in (3.8) is 

dehed by 

where i3 = (: ot ) and i is the 2 x 2 ideniity mstrix. The extemal particle-source 

fields in (3.7) are 

%=t (1) 
fjd(l)s ( ) -  (3.11) 

Gdl) 
Approximations for the macroscopic wavefunction are determined by the choice we make 

for the condensate source function i j  in (3.9). 

Using (3.3), one can also decompose the three-field correlation function involveci in 

(3.9). For example. one has 
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In the fint order Hartree-Fock-Bogoliubov (HFB) approximation, one neglects the three- 
- -  - 

field correlation function (T$@t$) for the non-condensate atoms. In this approximation, 

(3.12) only involves the condensate density n, = 1 
functions ($4) and (44). 

Equation (3.8) for the order parameter can 

@ I2 and the non-condensate correlation 

be rewritten in terms of a condensate 

self-energy function S defined by 

with the condensate propagator h given by (3.6). In place of (3.8), we have the new 

equatiori of motion 

Here the mean-field contributions are included in the Haree-Fock part of the condensate 
> 

self-energy SHF1 while Sc involves contributions that are second order or higher in the 
> 

interaction and are defined in the same way as Cc in (2.64). 

To describe the dynamics of the non-condensate, one needs to derive a quantum 

Boltzmann equation for the distribution function of the thermally arcited atoms. Using 

the method described in Ch. 2, one can write the equations of motion for the non- 

equiiibrium real-time non-condensate 2 x 2 propagators &, l'), 

in the fdowing 2 x 2 matrix form 
> 



CHAPTER 3. KADANOFF-BAYM METHOD FOR BOSE-CONDENSED GASES 

Here â(I, 1') and f (1,V) are defineci by the m a t h  elements 

The non-equil2brium single-particle spectral density ~ ~ ~ ( 1 , l ' )  plays a crucial role in this 

thesis. The single-particie self-energy which is involved in (3.16) and (3.17) has been, a s  

usual, spiit into two parts [15, 111 (recall that these functions are now 2 x 2 matrices) 

We have thus obtained the non-equilibrium fom of the Dyson-Beliaev equations of 

motion for the non-condensate atoms. These involve the non-equilibrium condensate 

wavefunction, which is governed by its own equation of motion. In thermal equilibrium, 

these equations reduce to the usual Beiiaev equations discussed in most many-body 

theory books [IO, 30 1. These will be the starting point for our derivation of a Boltzmann- 

iike equation, generaüzing the kind of analysis given in Ch. 2. However, we nRt must 

discuss what kind of self-energies Cafl we will work with. 

3.2 Choice of self-energy approximations 

In this section, we review two types of approximation that one uses to  derive the 

self-energy functions. In the so-cded "@ -derivable" (or consenring) approximation 

[Il, 24, 34, 35, 361, one assumes that one can find a functiond @ such that one c m  

generate the self-energy function C and the condensate source function I )  by functional 

ci8erentiation of it with the respect to single-pazticle propagators G and If such a 

functional exists, one can show that the quantities calculateci in this approximation wiU 

sath& ail conservation laws. The problem that one might arrive at using a consening 

approximation is that the excitation spectrum may have a gap in the long wavelength 

b i t .  In contrast, in a "gapless approximation", one is guaranteed to have phonons in 



the long-wavelength (low-momentum) limit, but the approximation may not be conserv- 

ing. In this section. we use the imaginary-time Green's function to derive the self-energy 

func tions . 

3.2.1 Conserving or ''a -derivable9' approximation 

In this section, for clarity, we will use a general interatomic potential v, rather than the 

çwave approximation giwn by (1.1). To derive the se%energy and the source function 

in the secalled ''a -derivableV approximation , we use the foilowing expressions [Il, 24, 

34, 35, 361 

where O is a functional of the Green's fimctions C and Gii2. If su& 3 b c t i o n d  

exists, the density response generated will satisfy conservation Iaws, but in general the 

long-wavelength singleparticle excitation spectnim wiU have a gap (no phonons for low 

k). 

- In t h e  "@-&fidl&'appr&a~on, C and Gip  are-independent -f~ctioris. The- 

relation between GlI2 and cfl2 is given by the following identities (subscript represents 

spinor components) 

Therefore 

In the Hartree-Fock-Bogoliubov (HFB) approximation, the HFB functiond O is given 

by the following expression [Il] 
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2 + 4~i/2(l)~l,2'(l)~(12)~1/2(2)~~/* (2) + ;~(12)u(12)~(21) 

+ i ~ i / z (  w:,1(2)412)6(21)T (3.23) 

where the repeated arguments are integrated. Rom now on7 the matrix nature of the 

various Functions is left implicit. Using (3.20), one obtains for r) and C in the HFB 

approximation generated by (3.23), the following expressions 

and 

Figure 3.1: Self-energy diagrams C H F  in the fust-order Hartree-Fock-Bogoiiubov approx- 

imation. 

Feynman diagrams representing the ht order HFB approximation are shown in Fig. 

3.1. The solid line represents the non-condensate propagator G, the wiggly line represents 

the condensate propagator h and the dashed line represents the two-body interaction W .  

We can rewrite (3.25) in terms of the condensate seü-energy S, giving 

The diagrams representing the first order condensate self-energies SHF are shown in Fig. 

3.2. 
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Figure 3.2: Condensate self-energy SHF diagrams in the kt-order Hartree-Fock- 

Bogoliubov approximation. 

To obtain a hinctiond up to second-order terms, we generalize the k t  order expres- 

sion in (3.23) 

and 

In terms of the condensate self-energy function S, this corresponds to 

The first-order contribution to the self-energy and the source function (the Hartree-Fock 

part) is the same as in the HFB approximation given in (3.24) and (3.25). 
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Kane and Kadaaoff used this consenring approximation in their work, and the self- 

energies given in (3.24), (3.26), (3.28) and (3.30). However, as they emphasized, this 

approximation does not satisfy the Hugenholtz-Pines theorem, and the single-particle 

Green's function G does not give a phonon-like spectnun at long wavelengths. 

3.2.2 Gapless approximation 

The seü-energy in the Beliaev (gapless) approximation is defineù by [Il] 

Thus, to derive the second-order Beliaev apprmimation for the self-energy, we need Grst 

find the second-order expression for the source function 8. We expres the three-point 

function in (3.9) in te- of functiond derivatives in the following way (1 1, 341 

A 

G( 1,l') is the irnaginary-time non-condensate propagator, fiom which one obtains the 

real-time propagator 4(1,1f) used in the KB formahm. Equation (3.32) can &O be 

wri t ten as: 

We approximate C in (3.33) by the fidl Hartree-Fock-Bogoiiubov (HFB) £kt-order seif.- 

energy (denoted as HF for simplicity) 

Using (3.34) in (3.31)' we obtain the desired second-order expression for the source 

function 
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Figure 3.3: Second-order self-energy C, diagrams in the Beliaev approximation. 

p p p p p p p p p p p p p p - - - - - - - - - - - - - -  - - -  

and for the second-order contribution for the condensate seif-energy Sc 

Finally, using (3.35) in (3.31), we obtain the Beliaev self-energy to second order in v.  In 

this gapless approximation, we note that G and GIl2 are not independent: 

Using (3.31), the second order collisional part of the Beliaev self-energy is given by 
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The diagram representing the second-order Beliaev self-energies Z, are shown in Fig. 

3.3. The h t  four diagrams in Fig. 3.3 correspond to the second-order contributions in 

the conserving approximation discussed in the previous section [l5]. 

We note that the expression for the self-energy in (3.38) goes past what Beiiaev in- 

cluded in 1957. Above TBEC, the original Beliaev approximation reduces to the Hartree- 

Fock appraximat ion, i .e., i t does no t include the normal second-order self-energy con- 
- - -  

tributions GGG associated with coilisions. In this thesis, we include such terms and 

therefore, above TBEC, the kinetic equations we derive in this thesis d u c e  to the usual 

Boltzmann equation. 

In this section, we have shown how one can derive the self-energy functions in the 

Soth conserving and gapiess approximations. We will use these results in the rest of 

the thesis when we denve Boltzmann-like equations and a generalized GrossPitaewkii 

equat ion for the order parameter wit hin a given self-energy approximation. 



Chapter 4 

Coupled Hartree-Fock-Bogoliubov 

kinetic equations 

4.1 Introduction 

In the this chapter, we use the KK approach (15, 161 to deal with a trapped Bose- 

condensed gas. When we limit ourseIves to Hartree-Fock (HF) se&energies (see Section 

3.2), the kinetic equations we obtain tue in the collisionless approximation [14]. Because 

we inciude both normal and anomalous pair correlations, our seKenergies give the so- 

mlled Hartree- F'ock-Bogoliubov (KF'B) approximation, as reviewed by Grifnn (241. While 

the HFB approximation in a uniform gas is known to lead to a single-particle spectrum 

with an energy gap in the long wavelength limit, it can be shown to be a "conserving" a p  

proximation that generates two-particle response functions which satisfy dl conservation 

iaws [il]. 

Our main formal resdt  ig given in Section 4.3, namely two coupled kinetic equations 

for the diagonal (fl) and off-diagonal (f2) distribution functions for the excited atoms, 

in addition to an equation of motion for the condensate order parameter. If f2 can be 

ignored, we obtain the semi-classical collisîodess kinetic equation for fi which has been 
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used in recent discussions of the non-equilibrium properties of the non-condensed atoms 

(37, 381. In order to gain some insight into our HFB kinetic equations, in Section 4.4 

we discuss the static local equilibrium solutions within the semi-classicd approximation 

and ver& that these satisfy our equations. In Section 1.5, we show that our equations 

have a solution which corresponds to a ngid oscillation of the equilibrium density profiles 

(normal and ônomdous), with a frequency equal to  the parabolic trap frequency. This 

generalized Kohn mode is generic in trapped Bose gases, but how it arises as  a solution 

of our HFB kinetic equations gives one insight into their structure. 

4.2 Derivation of HFB equations 

In Ch. 3, we derived the non-equilibrium Dyson-Beliaev equations of motion for the 

non-condensate atoms given by (3.16) and (3.17), and the equation of motion for the 

condensate in (3.8). In this chapter, we derive the collisio~~less Boltzmann equation, 

keeping oniy the 6rst-order HFB self-energies on the left-band side of (3.16) and (3.17). 

Therefore, the HFB equations of motion cm be conveniently written in the following 

2 x 2 mstrix form 

In the W B  approximation, the 2 x 2 self-energies in (4.1)-(4.3) are derived in Ch. 3 and 

for the contact interaction in (1.1) , (3.24) and (3.26) reduce to 



In the above equations, n(1)  is the total local density @en by 

where ri(l) and nJ1)  are non-condensate and condensate density, respectively. Similady, 

m(1) is the "anomalous" local density dehed by 

These HFB results are consistent with the equations of Kane and Kadanoff [15], although 

they left the $article-source" fields 7 and q* implicit. The associated equation of motion 

for the order parameter 0(1) in this HFB approximation is given by 

(4-7) 

and its complex conjugate. Equations (4.1)-(4.7) are a closed set of equations and define 

what is cailed the dynarnic HFB approximation. 

We now turn to solving these WB equations of motion for atoms in the presence of a 

trapping potential. As we discussed in Ch. 2, if the extemal generating fields induce a dis- 

turbance with a waveLength much longer than themat wevelengtb and fkpencies much 

smder than characteristic particle energies, then the propagator g(l,lt) = g(r, t; R, T) 

can be expected to vary slowly as a function of the center-of-mas coordinates 

and to be dominated by small values of the relative coordinates 

More precisely, Fourier transfonning with respect to rand t, g(p, w; R, T) describes the 

density of elementary excitations of momenta p and energy w at point (R, T) [Ml. These 



quasiparticles are assumed to have high momentum and energy (relative to the collective 

modes we could obtain from the kinetic equations), which means that g(r, t ;  R, T) is 

rnainly weighted at s m d  values of the relative coordinats r and t. 

If the Bosecondensate order parameter (@(l)) is written in terms of amplitude and 

phase variables 

(#(l)) = [nc(l)]hF), (4.10) 

we cm generalize the usual definitions for svperj?uid vefocity and local chemical potential 

to non-equiiibrium systems by ident-g [15] 

The superfluid velocity v, enters as the gradient of the phase of the condensate wave- 

function and the local chemical potential p(1)  is connected with the tirne-derivative of 

the phase. 

However, a problem arises in that the phase in (4.10) is a rapidly vaqing huiction 

of (R, T). This induces strong variations in the off-diagonal elements of h in (3.6), and 

these are coupled to the components of the non-condensate propagator 3. To remove t h  

strong (R, T)-dependence associated with the phase 8 in (4.10), we apply the weU-kwwn 
> 

[15] gauge transformations on h(l ,  1') and $< ( 1 , I t ) :  

where r@) is the Pauli spin matrix. The physical interpretation of (4.12) is that it involves 

a transformation to a coordinate system in which non-condensate atoms are rnoving with 

average velocity v, with respect to a stationary condensate. The gauge transformation 

(4.12) remwes the strong (R, T)-dependence associated with the order parameter phase 
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0 and leaves the equations of motion (4.1)-(4.3) invariant if we replace g;' in (3.10) by 

The gauge transformation changes the momentum p - p - nv,, as expected for the 

momentum in the local rest trame. After carrying out this gauge transformation, the 
> > 

HFB equations for j:, (1,l'; LI) and $&(Il 1'; U) given by (4.1)-(4.2) become 

is the dective self-consistent Hartree-Fock dynamic mean field. The condensate part 

2 g 4 )  in (4.13) can be viewed as an additional "extemal fieldn acting on the non- 

condensate. Since we will work with these gauge-trdonned correlation functions in 

the rest of the thesis, we s h d  drop the primes on j4, n and m to sirnplify the notation. 

The corresponding equation of motion for the condensate amplitude ,/a in the 

moving kame of refetence csn be h t t e n  in the form: 



Here ~'(1) = tl(l)e-ie(l) is the symmetry-breaking source function in the moving frame 

of reference. We note that condensate and non-condensate mean-fields enter (4.14) and 

(4.16) with dinerent weights (1 or 2). This is because atoms in the condensate are in the 

same quantum state and thus there is no exchange term. In the case of non-condensate 

atoms, both Hartree and Fock terms arise since we are deaüng with atoms in different 

quantum states. 

4.3 HFB kinetic equations 

To rewrite the HFB equations of motion derived in Section 4.2 in the more useful form of 

kinetic equations, we recd the connection between the usud single-part ide distribut ion 

function fi(p, R,T) and the diagonal Green's hinction 5,5J1,i'). We define (see p. 67 

of Ref. (141): 

where, by definition, the non-condensate density is given by 

We can see that fi (pl R, T) corresponds to the well-known Wigner distribution hinction. 

In the classicd limit, it reduces to the distribution function giving the number of atoms 

with rnomentum p at point R and tirne T. The symmetry-breaking terms in (3.7) give 

a finite value to anornalous Green's functions, and thus it is natural to introduce an 

additional distribution h c t i o n  for the noncondensate atoms which will give us the 

anomalous non-condensate density trr(l), namely 
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Here, as we dehed in Ch. 2, the subscript U denotes an operator evolving under the 

externd scalar potential U and the time evolution is given by (2.29). One can easily 

ver@ that the pair correlation function * is given by 
(4.20) 

It is important to remember that, as defined, the distribution huictions fi and fi 

describe the behaviour of the atorns. They should not be confuseci with the distribution 

function for the quasiparticle excitations, such as  discussed in Ref. 1281. 

To obtain kinetic equations, we rewrite the equations for g:, (1,i') and &(l, 1') in 

the relative and center-of-mas coordinates (r, t; R, T). We could obtain equations for 

g(r, t ;  R, T) as was done in Ref.[lS], but for the simple W B  self-energies of interest 

(which are hequency independent), it is sutficient to consider t = O, i. e., set t l# = t r  = T 

(see Ch. 7 of 1141). Using (4.14) , this procedure gives 

a 1 z 
[i- + A[iC,,(r, R, T) + -K. VR + iv;(i, R, T) Vr + -v: (r, R, T) . VR 

Er m 2 

where we have introduced the abbreviations 

and 

Similady, the equation of motion for j5(1,1') expresseci in the (r, R; t, T) variables gives 



Finally? the equation of motion (4.16) for the amplitude of the order parameter c m  be 

mitten in the (R, T) coordinates as 

The coupled set of HFB equations given by (4.21),(4.24) and (4.25) are the main 

formal results of this chapter. These are a straightforwazd generalization of the analogous 

equations in the Hartree-Fock approximation in normal Bose gases discussed by Kadanoff 

and Baym (see Eq. (7.7) of Ref. [Ml). These results are important since they allow us to 

go beyond the simple Hartree-Fo&-Popov (HFP j approximation which has been the basis 

of recent work on the non-equüibrium properties of a trapped Bose-condensed gas (se, 

for example, Refs. [37, 381). In the HFP approximation, we recd  that the anomalous 

density m is neglected [2, 241. 

We next proceed to use (4.21) and (4.24) to derive ~e~cons i s tent  equations for the 

atomic distribution functions fi (p, R, T) and f2(p, R, T) dehed in (4.17) and (4.19) for 

the case when the extemal perturbation varies slowly in space and tirne. In this case, we 

expect that physical quantities v,, p, CI, Uen, n(l), and m(1) aJl vary slowly as hinctions 

of the center-drnass coordinates (R, T). Thus, in the lowest approximation, and using 

the k t  that small values of r are most important, we can limit ourselves to 

and hence 
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If we rewrite (4.21) ushg (4.17) and (4.19), and Fourier transform it, we obtain after 

some dgebra 

Here the "nomal" single-particle energy is defined by 

- p2 
z p  (R1 T) = g + feft (R, T) - p(R, T) . 

We emphasize that is not the local HFB excitation energy. The conesponding kinetic 

equat ion for f2 (pi R, T) is 

Eqs. (4.28) and (4.30) may be viewed as coupled HFB collisionless kinetic equations (in 

a Erame moving with the velocity v,), for the case of slowly varying disturbances. 

The equation of motion (4.25) for the ampütude of the order parameter is exact within 

our HFB approximation, i.e. it is not limitecl ta a slowly vsrying disturbances. Equating 

the real and imaginary parts of (4.25), we obtain two hydrodynamic equations of motion 

for the condensate 

= -VR [n,(R., T)v=(R, T)] + 2gn,(R? T)Im [ni(R, T)] , (4.31) m 

where the condensate chernical potential p ( R  T) is defined by (compare with (4.11)) 



Taking the gradient of (4.32), we obtain the generalized Landau equation P?] 

In ZGN (371, the contribution of the extenial symmetry-breaking field II> was left im- 

plicit. In the often-used Thomas-Fermi (TF) approximation, the kinetic energy of the 

condensate is omitted and the HFB approximation for the condensate chernical potential 

in (4.33) then simplifies to 

Next we consider (4.28) in the high temperature Mt. In this case, n, is s m d  and 

therefore we c m  neglect the temm proportional to pcfi in (4.28) as s m d  ( r d  that 

m = ne + f i). h o ,  we know that f i  rnust be at Ieast of order g [6], and therefore the 

# contribution to the self-energy is O(gl). Thus we can neglect the right side of (4.28), 

leaving 

This is precisely the expected collisionless Boltzmann equation for fi, valid in the HF- 

Popov approximation. This approximation is valid only at finite temperatures, in which 

case $(R,T) as defined in (4.29) gives the correct excitation energy. In this Iimit, 

the kinetic equation (4.36) becornes equivalent to that first denved (using a different 

formsüsm) by Kirkpatrick and Dorfmm (KD) [28] for a unifom gas. It is the local rest 

kame equivalent of the kinetic equation used by Zaremba, Nikuni and Grifnn (ZGN) 

[37] if one ignores the second-order collision terms. In this high temperature M t ,  we 

can negIect the g+h term on the right side of (4.25), and therefore (4.25) reduces to the 

equation for the condensate in the HFP approximation. Within this approximation, the 

off-diagonal distribution hrnction f2 can be neglected as a higher-order contribution. 
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4.4 Static HFB equilibrium solution in the semi-classical 

approximation 

For a unifonn systern, the matnv Green's functions defined in (3.15) depend only on 

the relative coordinates, Le. ( 1 1 )  = ( 1  - 1). One can then solve (4.1)-(4.2) by 

Fourier transformation to obtain expressions for $1 1 (p, w) and g12 (p, w ) .  Using these, we 

ob tain the weii- known single- particle spectral densities [l O] 

~ ~ ~ ( p , w )  = -21m ijIl(p,w +iO+) = -21m UP - VP 
w - Ep + iO+ w + Ep + iO+ 1 

The HFB quasiparticle energy E, i $\?en by 

with 

and 

The results in (4.37) have the same structure as in the simpler T = O Bogoliubov a p  

prodation (see Ch.14 of Ekf. [IO]). Rom (4.7), with 8(1) = const., it foilows that the 

cheniicd potentid in the HFB approximation is given by [24, 111 

Using this result in (4.38), we obtain 



Therefore, the long-wavelength HFB excitation spectrum in a uniform Bose gas has an 

unphysicd finite energy gap. 

The density of non-condensate atom in a uniform system cm be found using the 

singleparticle spectral density given in (4.37) 

where fo (E,) is the quasiparticle 

density is given by 

m = ]  

= - 

Bose distribution function. Similariy, the anomalous 

As is weli-known in the Bose gas literature, the anomaious density given by (4.44) has 

a ultraviolet (high-energi.) divergence. This divergence is result of using the simple 

contact interaction in (1.1). Namely, by including the pair correlation function 6, we 

are including the effect of interactions twice - part of this correlations has Bkeady been 

included in the contact interaction wùich represents the e&t of pair correlations in a 

vacuum. This divergence is removed by subtracting the high-momentum limit of the 

integrand in (4.44) ( I f 2 4  [6, 39). 

We can find an approximate solution for fi and f2 given by (4.28) and (4.30) for a 

trapped Bose gas which wiU be the analogue of the uniform gas results given in (4.43) 

and (4.44). We start from the coupled statzc HFB equations, as denved in Ref. [24]: 



where the differential operat or is 

We can solve (4.45) using the well-known "semi-classicd appro.xirnation" [40, 411. This 

assumes that the normal and anomalous densities are smooth functions of R on the scde 

of length of a ~ o  r e, which defines the size of the condensate in a h-onic potential 

with a trap kequency wo (we reinsert h in the present discussion for physical clarity). 

Hence the self-consistent Hartree-Fock mean field varies slowly (as a function of R) on 

the length scde of order awo. Therefore we cm assume that y (R) and vi(R) have the 

form of plane waves with a slowly varying amplitude in that region [40], i.e. 

We d e h e  the local momentum of elementary excitations by 

which satisfis the condition p > h/aHo. This condition, when exprewed in terms of 

wavelength, reduces to  the srnd wavelength limit (A 8: am), or equivalently, to the 

semi-ciassicd approximation ümit expresseci as kBT >> &, where is the hannonic 

weU energy level spacing. If this condition is satisfied, we can neglect the spatial deriva- 

tives of u and v, as well as the second spatial derivative of the phase tp in (4.47). This is 

consistent with a secalleci quasi-classical condition, which requires that a spatial change 

in waveIength of the particle must satisfy the condition dX/dz e: 1 [41]. The assumed 

form given by (4.47) is vaüd only in the regions of space where this condition is satisfied. 

To treat the condensate in the corresponding approximation, we use the Thomas-Fermi 

appraximation which is valid in the large N M t .  The only region where the TF approxi- 

mation for the order parameter is inadequate iç close to the classical turning points at the 
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condensate boundary [40, 21, which is consistent wit h inapplicability of the semislassical 

approximation near these points. 

The local HFB quasiparticle 

we can easiiy solve the coupled equations (4.45) for u(p, R) 

energy Ep(R) is given by 

We use the expressions for 5 and 5 given in te- of u and v (241 

where fo(E) is the Bose distribution for the quasiparticle excitations. The sum over 

the quantum states is now replaceci by the integral $ d p / ( 2 ~ ) ~  and the semi-classicd 

approximation for the diagonal static distribution h c t i o n  f io(p, R) is found to be given 

by 

while for the off-diagonal distribution function fm(p, R), we obtain 

In summary, in the semi-classical approximation, the local static equüibrîum non- 

condensate density is given by 



and the local static equilibrium anornalous non-condensate density by 

As expected, these semi-classical approximation results (or local density approximation) 

are the naturai generaüzations of the results obtained for a unifom gas given by (4.43) 

and (4.4). The same kind of semi-classical results have also been obtained in Ref. (401 

for a trapped Bose gas using the Popov appro-ximation (which corresponds to the HFB 

with %=O). Since the local quasiparticle energy EJR) given by (4.50) depends on the 

normal and snomaious densities, the quantities in (4.50), (4.54) and (4.55) m u t  be soived 

self-consist ent ly, analogous t O the discussion in Ref. [40]. 

We now show that these semi-classicd static HFB results for fia and are solutions 

of our collisionless static HFB kinetic equations. First of d, in the static limit, we note 

that the kinetic equation in (4.30) reduces to 

In static equilibrium without any mess cunent, we have flo(p, R) = fio(-p, R), and 

thus (4.56) can be further simplifieci and r e d t t e n  in the form 

We note that the HFB approximation, Zp(R) in (4.29) is given by 

Similady, in static thermal equüibrium, the equation of motion (4.28) for the diagonal 

distribution function fi (p, R, T) reduces to 



In the last step, we again have used the relation fm(-p, R) = f20(pi R) and the fact 

that nzo is real. 

The local equilibrium functions flo(p,R) and fm(p, R) given by (4.52) and (4.53) 

cm be shown to the satisfy static HFB kinetic equations. Inserting (4.52) into (4.56) [or 

(4.57)], we obtain (4.53). This shows that the static equilibrium kinetic equation (4.56) 

for the off-diagonal distribution function has a solution consistent with the semi-classicd 

approximation. Similarly, substituthg the local equilibrium distribution functions fia 

and fia given by (1.52) and (4.53), a lengthy but straightforward calculation shows that 

they satidy the static limit HFB kinetic equation given by (4.59). In a sense, these results 

may be surprising since the HFB kinetic equations ignore collisions which are needed to 

produce a static thermal equilibrium. However, this is just a generaüzation of the fact 

that in normal Bose systerns, the equüibrium Bose distribution hinction is a solution of 

the collisionless kinetic equation (see p.71 of Ref. [14]). 

We recall that the semi-classicd local equiiibrium expressions for fi and f2 are only 

valid under the conditions kBT > ho and Ep(R) B b. This means that these 

approximate forms cease to be d d  at uery low temperatures (for further discussion, see 

Ref. (401). 

4.5 Kohn mode 

In this section, fouowing the approach used in Ref. [If], we prove that our coupled HFB 

kinetic equations exhibit the rigid in-phase collective mode solution which bas the trap 

frequency (the Kohn mode) [37]. This mode is an exact solution for Bosons in a parabolic 

trap. It is independent of the interaction and hence valid for all dynamical regimes. It 

is thus an important check on any appracimate dynamical theory. This rigid in-phase 

center-of-mas oscillation of the condensate and the nomcondensate corresponds to 
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Here the center-of-mass displacement 7(T)  (with v. = v, = i)) is independent of position 

and will be shown to satisfy the hamonic oscillator equation of motion (independent of 

the interactions) 

where w, is the harmonie weil trap frequency in the rrth direction. 

We h t  recail the equation of motion for the supeduid velocity given by (4.34). For 

the case of a rigid in-phase oscillation described by (4.60), this equation can be written 

in the form 

Since the equilibrium chernical putentid p ~ ,  is position independent, it foiiows that the 

first t e m  on the right hand side m&es no contribution and we are left with 

For a harmonic trap potentid described by 

a simple calculation shows that (4.63) reduces to (4.61), as claimed. 

We next argue that the ngid in-phase oscillation described by (4.60) corresponds to 

the fobwing distribution hinctions: 

Here, f io(p, R) and fm (p, R) satisfy the static equilibrium kinetic equations (4.59) and 

(4.57). respectively, and the static equilibrium densities satisfy (4.60). In this case, the 



kinetic equation (4.28) for fl(p, R, T) reduces to 

From the definition of fio(p,R), we see that fio(-p,R - q(T)) = fio(p, R - 9 ( T ) )  FVe 

also note that for the in-phase oscillation unde. consideration, m(R, T) = mo(R - q(T)), 

where mo is real. Therefore the first tenn on the right side of (4.66) vanishes, Ieaving us 

with 

Using (4.29), (4.33) and (4.60), it is straightforward to show that itp(R, T) = 4(R - 7) ) .  

Using this, (4.67) c m  be rewritten as (recall that v. = i )  is spatiaiiy independent) 

If we introduce the new variable Rt(T) E R - q(T), and note that 

then (4.68) can be rewntten as 

Since the first and the last tenn on the left side of (4.70) caacel each other, we are left 

with an equation which is precîsely the same as the static HFB equation (4.59) for the 

diagonal distribution function fr. This proves that fi(p, R, T) in (4.65) is a solution. 



Simiiarly, for the in-phase mode, (4.30) for the off-diagonal distribution function fi 

reduces to 

[$ + 2iG(R, T) + f i  vn /%(pi R-r)) = -igm~(R-ll) [2/10(p, R - 7 )  + l] . (4.71) 1 
Using the transformed rairiable in (4.69), (4.71) simplifies to 

Again, this result is seen to be equivalent to the static HF% equation resuit expressed in 

the form given by (4.57). Thus f i ( p ,  R, T) in (4.65) is a solution. 

In summary, we have cxpiicitly verifid that the ansatz given in (4.60) satisfies our 

coupled HFB kinetic equations for the two distribution function fi and fz. The oscillating 

center-of mass displacement q(T) satufies the SHO equation of motion in (4.61). Thus 

our HFB coupled kinetic equations exhibit a solution correspondhg to a ngid SHO 

wciliation of the ihree static qudibrium density profiles (n,, ii and 6) in the direction of 

T ~ ,  with the associated trap frequency w,. This expected Kohn solution is an important 

check on the correctness of our HFB equations of motion. We might note that we have 

not made use of the approximate semi-clessical local equilibrium forms for fi and f2 

(given in Section 4.4) to ptove that this Kohn mode solution exists for (4.28) and (4.30). 

4.6 Conclusions 

To summarize this chapter, we have used the simple nrst order HFB self-energy appmx- 

imation to derive the equation of motion for the condensate order parameter (given by 

(4.7)) and the kinetic equations for the diagonal and the off-diagonal distribution func- 

tions for the non-condensate atorns (@en by (4.28) and (4.30)). We have only solved 

these coupled equations to exhibit the rigid in-phase Kohn mode (Section 4.5). However, 

we emphasize that, more generdy, these kuietic equations can be used to derive col- 

lective modes which sati* all consemation laws [Il], even though they were generated 
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fiom the HFB single-particle self-energies (which gives a single-particle spectrum with 

certain problems, such as an unphysical energy gap in a uniform Bose gas). Another 

way of saying this is that for a unifonn Bose gas, the coupled equations of motion in this 

chapter will lead to the same "conserving" dynamic density response function discussed 

by Cheung and Griffin (331. The essential physics of such conserving approximations is 

discussed in Sections 6 and 7 of Griffin's Varenna lectures [6]. 

Clearly the next step is to extend our present anai* by including the appropriate 

second-order self-energy contributions, and hence incorporate the &ect of collisions int O 

o u  kinetic equations. This generalization was originally stuclied in a uniform Bose- 

condensed gas by Kane and Kadanoff (KK) [15j, work which will be extendeci to trapped 

Bose gases in Ch. 5 and 6 of this thesis [19, 291. 



Chapter 5 

Generalized Boltzmann equation at 

finite temperat ures 

5.1 Equations of motion for non-equilibrium Green's 

funct ions 

In this chapter, starting fiom the generd resuits of Ch.3, we extend the analysis of 

Ch.4 to include collisions between the atoms. We thus derive kinetic equations that 

include second order collision processes. However, we limit our discussion to high enough 

temperaimes, where the important thermaI excitations can be treated as hee particles 

moving in a dynamic HartreeFock field. This will set the stage for the more general 

theory in Ch.6. 

We start our andysis with the Dyson-Beliaev equations of motion for the real-time 

non-condensate propagators 4(1,11) written in 2 x 2 matrix fonn [see (3.16) and (3.17) 

in Ch. 31 
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846 

where the 2 x 2 matrices a and r are defined in (3.18). The Hartree-Fock self-energy 

contribution is included into the left-hand side of (5.1) aod (5.2) and will be s h o w  to 

give the mean-field contribution to the "streaming" term. The second order self-energy 

describing binary collisions is included on the right-hand side of (5.1) and (5.2); it will 

eventudy be shown to give rise to collision integrah of the kind shown in (1.6). 

We write (3.8) for the order parameter in tenns of a condensate self-energy hinction 

S, with the condensate propagator h as given by (3.6). In place of (M), we use (3.14) 

t L 
J d ï  p ( 1 ,  1) - P F ( I ,  ï)] h(ï ,  I r )  = lm d ~ ( P ( l ,  1) - P ( 1 ,  1))h(I, V). (5.3) 

As before, the mean-field contributions are inchdecl in the Hartree-Fock part of the 

condensate self-energy SHF given in (4.4). Simüarly, one c m  h d  the expression for the 
> 

second-order contribution to the condensate self-energy Se. If we recall the definition for 

the condensate propagator h in (3.6) and use the expücit form for the condensate Hartree- 

Fock self energy sHF in (4.4), we obtain a generaüzed GP equation for the macroscopic 

wave function (r, t) , namely 

The specific form of Cc and S: will depend on the approlcimation that we use. In 

this chapter, we work with the second-order selfsnergy &en by the Beliaw (gapless) 

approximation (11,241, plus the nomal second-order contributions. The advantage of the 

Beliaev apprmimat ion is that the non-condensate Green's fuaction exhibits the correct 

spectrum (phonon-like in the long-mvelength, d o m  gas limit). 
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5.2 Generalized kinet ic equat ions 

To derive a generalized kinetic equation coupled to a condensate, we follow Kane and 

Kadanoff and gauge-transform (5.1) and (5.2) to a local rest fiame to remove the phase of 

the rnacroçcopic wavefunction [15]. It is important that we work in a fiame of reference 

where the order parameter is defined without the phase because gradient expansions 

are a crucial step in the KB method. If we do not gauge transform into the local rest 

Erame (where v, = O),  one obtains terms proportional to the gradient of the phase and 

these terms would not be small. Hence, the gradient expansion wouid not work. After 

transformation, (5.1) and (5.2) remah unchangecl in form if gg' P replaceci by [compare 

with (3.10)] 

We r e c d  that the superfluid velocity vS(R, T) and the local chernical potentid p(R, T) 

are desned by (4.11) [15j 

1 - I p ( ~ ,  T) - + p u , 2  (R, T)] . 
aT 

In the tsb frame, the condensate wwefunction is given by O(R,  T) = ,/;a;(R;Tjei6m~, 

i.e., the phase is not removed. 

To illustrate how this method works, in this chapter we negkct the offdagond 

anomalous singleparticle Green's functions (j12 and ijZ1). In this approximation, the 
< 

2 x 2 matrix equations in (5.1) and (5.2) reduce to scalar equations for the 95 cornp* 

nent 
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and 

The effective self-consistent Hartree-Fock dynamic mean field U(1) is given by (4.13). 

As in previous chapters, in the KB approach, we express correlation functions in terms 

of relative and center-of-mass coordinates, defined in (4.8) and (4.9). Correlation hinc- 

tions (like 3, C, etc.) are dominated by the s m d  values of relative coordinates (r, t) (or 

high momenta and fcequencies in the Fourier transforms), but vary slowly as functions of 

the center-of-mas coordinates (R, 2'). Using these key properties of correlation functions 

to s impw the equations, we can write (5.7) and (5.8) in terms of the center-of-mas and 

relative coordinates to obtain 

The (R, T ) dependence of (r, t ;  R, T) is left implicit. The double Fourier transform 

of (5.9) is given by 

As before in (4.29), me d e h e  the "normal" HF single-particle energy by 

ZJR, 7') E + U(R. T) - p(R, T). 
2m 

(5.11) 

In the Thomas-Fenni (TF) approximation [2], we note that this singleparticle energy 



We recd that the TF approximation, which neglects the kinetic energy associated with 

the condensate wavefunction, is typicdy valid when the number of atoms is 104 or larger 

[2]. Using (5.10) to calculate the single-particle spectral density dehed in (3.18), we h d  
> 

that the seif-energies Xe cancel out, leaving 

This equation is a key step in deriving a kinetic equation for the distribution function 

for the non-condensate atoms. One may explicitly verify that the HF quasiparticle a p  

proximation for the spectral density, given by 

does indeed satisfy (5.13). We note that the =umptbn that the cortclation functins 

jf (r, t; R, T) are peaked s t  s m d  values of r end t Mplies that large values of p and w 
> 

determine ij<(p, w ;  R, T). 

Following Ref.[l4], we now defme a qucrîipa7ticle distribution function f in the fol- 

lowing way 

where the spectral density al1 is given by (5.14). We recd  that the usud Wigner 

distribution function is related to the KB diagond singlepartide Green's function by 

Using (5.15) in conjunction with the explicit result for spectral density ait in (5.14) , we 

see that the quasiparticle distribution function d&ed in (5.15) does indeed d u c e  to 
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the Wigner distribution function (5.16). This is correct in the high-temperature lirnit 

only, where the HF quasiparticle spectrum reduces to the HartreeFock energy of atoms; 

t his quasiparticle distribution hinction is the same as the distribution bct ion for at oms. 

This is not the case at very low temperatures, where (5.14) is not valid. 

Using (5.13), (5.14), and (5.15) and after integration over w,  (5.10) reduces to a kinetic 

equation for the distribution function f, namely 

where f r f (p, R,T). A generalized quantum kinetic equstion of this kind has been 

derived by Stoof [42] using the related Keldysh formalism and path integrab. 

5.3 Collision int egrals in the second-order Beliaev 

approximation 

Neglecting the off-diagonal Green's functions, the Fourier transform of the collisional 
> 

paxt of the self-energy Ee, given by (3.38), is given by the following expression 

Here and elsewhere, the (R, T ) dependence of the seknergiies and the Green's functions 

is leR Mplicit. Using (5.14), (5.15) and (5.18), one can eduate the collision integral 

Ca which involves collisions between exciteci atoms (Le-, the parts of the self-energy in 

(5.18) which involve three propagators for nomcondensate atoms). We obtain 



x [(l + f ) ( i  + f d f 2 f 3  - f f i u  + f 2 ) u  f f3)1 l (5.19) 

where f f (pl R, T) and fi f (p i ,  R, T). Ca describes collisions where 2 excited 

atoms are scattered into 2 excited atoms, hence the nibscript "22". 

The collision integral Clz[f] involving collisions between themdy-excited atoms and 

one condensate atom cornes from the terms involving hl, in (5.18). One cm show that, 

for slowly varying extemal disturbances [15], one has 

Using (5.20), the contribution C12[f] is found to be given by 

Ci2 describes collisions where we go from 1 excited and one condensate atom to 2 excited 

atoms, hence the ~uhcript  ''12". Inserting (5.19) and i5.21j into (5.11j, we arrive at a 

kinetic equation which is quivalent to that derived by ZNG [17], namely 

The left-hand side of (5.22) is the expected streaming term iil the k a m e  of reference in 

wkich the superdluid velocity is zero fZGN h w e  dermed the quivalent of (5.22) in the 

lab b e ) .  For a uniform gas at elevated temperatures, (5.22) was first obtained by 

Kirkpatrick and Dorfman [28] using a completely different approach. 

5.4 Generalized Gross-Pitaevskii equation 

We findy turn to the derivation of an equation of motion for the order parameter. We 

fust mite equation (5.4) for @(r, t) in the Iocal rest kame, namely 
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We assume, as usual in the KB approach, that the Sll correlation function related to 

(3.9) is dominated by small values of the relative coordinates (r - f?  t - 0: and therefore 
< 

we cm approximate s,: in (5.23) by S>(r - F, t - ?; r, t) . For the same reason, we 

approximate the rnacroscopic wavefunction in (5.23) by 9(T) - a(1) a d m .  Hence 

we can further approximate (5.23) by 

We can rewrite (5.24) as (renaming (r, t )  (R, T)) 

approximation, Sii (pl w;  R, T) is found to be given by 

In evaluating the right-hand side of ( M S ) ,  we have used the following i den t i~  

in conjunction with (5.14) and (5.15). 

We thus hal ly obtain a generaüzed GrossPitaevskii equation of the following form 

+ U , ( R )  + 9 [Zfi  (R, T) + n@, T)] - iR(R7 T)] j z .  
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The new dissipative term R in the GP equation is seen to be related to the G2 collision 

term in the non-condensate kinetic equation in (5.22), namely [17] 

This tenu descnbes the darnping of condensate amplitude fluctuations due to collisions 

with the atoms in the thermal cloud. The appearance of t his dissipative term in (5.28) is 

ewpected, since the Gia collisions can chaqe  the number of atoms in the condensate and 

hence can modify the magnitude of the condensate macroscopic wavefunction 

The real part of the right-hand side of (5.25) is omitted since (as mentioned in Ch. 1), we 

only work to k t  order in the interaction as far as renormalized energies are concerned. If 

we transform back into the lab frame ( recd that in the lab h u n e ,  one has @ = fieie), 

(5.28) reduces to the time-dependent generalized GrossPitaevskii equation for @(R, T) 

discussed by ZNG [l71. 

5.5 Conclusions 

Zn this chapter, we have shown how the elegant and powerful Kadanoff-Baym formalism 

can be used in a trapped Bose gas to derive a generalized Gross-Pitswskii equation 

for the condensate wavefunction as  well a s  a quantum kinetic equation for distribution 

function for the non-condensate atoms. 

We have limited oursehm to the case of h i t e  temperatures, where the single-particle 

spectral density can be approxhated by (5.14). In the next chapter, we show how this 

formelism can be extended to also deal with the case of Iow temperatures, where both 

the diagonal and the offdiagonal components of the single-particle spectral densiS. a , ~  

must be kept. This means that the quasiparticles are now d d b e d  by a Bogoliubov- 

Popov spectnun, in place of the particle-Iike Hartree-Fock spectnun in (5.14) valid at 

high temperat ures. 



Chapter 6 

Quasiparticle kinetic equat ion at low 

temperatures 

6.1 Introduction 

In Ch.5, we have shown how one can generalize the Gross-Pitaevskü equation coupled to 

the kinetic equation for the distribution function for thermaliy excited atoms to study 

a trapped Bose-condenseci systern at temperatures T > O.5TBEc. However, the kinetic 

equat ion (5.22) is valid in the semiclassicd limit ody: it assumes that the thermal energy 

is much greater than the spacing between the trap SHO energy levels (ksT > h, where 

wo is the hannonic trap frequency) as weil as the average interaction energy (kBT B gn). 

ZNG have fmt have given a detailed derivation 1171 of (5.22) at h i t e  temperatures for a 

trapped Bose gas using the approach of Kirkpatrick and Dorfman (281, who considered a 

uniform Bose gas. Rom various studies [2, 401, one expects that the ZNG type of model 

based on particldike excitations will be adequate for temperatures m e r  than T 2 

0.5TBEC and perhaps much Iower. Aowewr, the ZNG model ultimately breaks down at 

very low temperatures because the thermal excitations on which it is based do not include 

the collective (or phonon) part of the Bogoliubov spectrum E, = Jw/2m)* + gn$ / m. 
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To deal with t h  generalization, one has to f o d a t e  a kinetic theory in te- of such 

Bogoliubov quasiparticle excitations. In this chapter, we do this by using the Kadanoff- 

Baym (KB) non-eqdibriurn Green's functions method to derive a generalized kinetic 

equation for the t hermally excited Bogoliubov quasiparticks. We work wit hin the second- 

order Beliaev-Popov approximation (431, rather than the full Beliaev approximation. We 

expect that our equations of motion will be wful in describing the very low temperature 

dynamics of trapped Bose gases. 

It is important to emphasize that, although our analysis invo1ve the non-equilibrium 

generalization of the Beliaev second-order self-energy used for systems in thermal equilib- 

rium, our work is quite different £rom the recent papers that calculate the poles of equilib- 

rium Green's hinctions w i t h  the second-order Beliaev approximation [43, 44, 451. In a 

very elegant formulation, Giorgini (441 has caiculated the quasiparticle energy and damg 

hg at h i t e  temperatures in a uniform Bose gas in the coilisionles re-e by h e w i z -  

h g  the equations of motion for fluctuations using the first-order dynamic Hartree-Fock- 

Bogoliubov approximation. This leads, as expected, to the same excitation spectrum 

found by Hua Shi and Grifnn [43], who calcuiated directly the poles of the singleparticle 

equilibrium Green's h c t i o n s  using the second-order Beliaev self-energy diagram contri- 

butions. 

En this chapter, we use the second-order Beliaev approximation to diçcuss the non- 

equiZibrium dynamzcs of a trapped Bose-condenseci gas at finite temperatures. We use the 

second-order Beliaev self-energies with the lower order Bogoüubov excitation spectrum, 

including off-diagonal single-particle propagators, but we still omit the pair anornaIous 

correlation hinctions 7%. This 1st aosumption defines what we c d  the Bogoüubw- 

Popov approximation [24j. In this chapter, we are primady interesteci in the darnping 

arising fkom the collisions between atoms. We do not explicitly calculate the second- 

order corrections in g to the quasiparticle ertergy spectnim or to the condensate chernical 

potential. These corrections are associated with the real parts of the second-order Beliaev 



self-energies. One effect of inciuding the real part of the second-order self-energies in an 

improved kinetic equation is the appearance of a renormaüzed quasiparticle energy [see 

Eq. (6.3.77) in Ref. [20]]. In this context, the onginal work of Kane and Kadanoff [15j 

is superior to our present study since they use the KB method to derive equations of 

motion for the order parameter and non-condensate Green's functions keeping the real 

parts of their (simpüfied) second-order self energies. 

In this chapter, we derive a kinetic q a t i o n  for the distribution function for the 

thermaily excited quasipaxticles, as weU as a generalizeà equation for the Bose condensate 

order parameter. The kinetic equation we obtain is the same as the one given for a 

uniforrn Bose gas by Eckem [27] in 1984, and discussed in great detail by Kirkpatrick 

and Dorfman (KD) in 1985 [28]. The KD derivation was based on a direct extension of 

the traditional method used to derive kinetic equations for clessical gases, which we do 

not beüeve is as physicdy transparent as the KB approech [Ml. An additional major 

Merence fiom o u  work is that is that KD did not explicitly derive a GP-Like equation 

of motion for the condensate degree of fieedom. In a con-Bose condenseci uniform gas, 

similar kinetic equations are derived in Ref. (201 using the reiated Keldysh formaliçm. 

The present chapter is a natural generaiization of work presented in two earlier chap 

ters. In Ch. 4, we have derived kinetic equations within the full Hartree-Fock-Bogoliubov 

aPPr mcimation but ignoreci collisions. In Ch. 5 ,  we derived a kinetic equation incIuding 

collisions, based on a simple Hartree-Fock particle-iike spectnim and hence not valid at 

very low ternperat ures . 

In Section 6.2, we review the general equations of motion for the non-equilibrium 

Green's hinctions describing the non-condensate atoms as well as the equation of motion 

for the macroscopic order parameter. In Section 6.3, we transform these equations to a 

local rest frame of reference (see &O Ch. 5 ) where the order parameter @(r, t) is real, 

Le., to a kame where the local superfluid velocity is zero. This naturally introduces the 

superfluid velociw and the local chernical potential as the spatial and time derivatives, 
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respectively, of the phase of the order parameter [15]. We then specialize o u  equations 

of motion for the non-equiiibrium Green's functions to the case of slowly varying external 

perturbations. We make the key assumption that alI correlation hinctions vary slowly as 

a function of center-of-mass space-the coordinates but are dominated by smail values of 

the relative coordinates. Following the Kadanoff-Baym approach [14, 15, 161, we derive 

a generalized quantum Boltzmann equation for the quasiparticle distribution function 

f (p, w; R, T) which is now frequency-dependent! 

In Section 6.4, we use this generaüzed KB quantum Boltzmann equation to derive the 

kinetic equation for quasiparticles at low temperatures, with the collision integral describ- 

ing collisions between quasiparticles in the Bogoüubov-Popov approximation. FinaIly, in 

Section 6.6, we derive a generaüzed Grosditaevskii equation. 

6.2 Equations of motion for non-equilibrium 

Green's functions 

In this chapter, we work with the second-order self-energy Cc as given by the Beliaev 

(gapless) apprmhatian (see Section 3.1 and Re&. [43, 24, 111). The aàvantage of 

the Beüaev approximation is that the non-condensate singleparticle Green's lunction 

exhibits a quasiparticle spectnim with the correct form (111. In the second-order Beiiaev 
> 

approximation, the secondader self-energy F is given by (3.38), nameiy 
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For conveaience, we write again the equations of motion for the non-condensate 2 x 2 

matrix propagators as aven in (3.16) and (3. li), 

and 

As before, the equation for the condensate in terms of the 2-component order parameter 

where the condensate source function 7 is defined by the three-field correlation function 

in (3.9). The exact coupled equations of motion (6.2), (6.3) and (6.4) are the starting 

point of our analysis in this chapter. The extemal generating fields U and q d  will be left 

implicit in the rest of this chapter. As before, we gauge transform (6.2), (6.3) and (6.4) 

in the local rest frame. We recd  that, after the gauge transformation defmed in (4.12), 

equations (6.2), (6.3) and (6.4) remain unchangeci in form if the g;' is replaced by (5.5). 

This gauge transformation changes the momentum p - p - mv, , as expected for the 

momentum in the local test fiame (when we Fourier transfom, the gradient operator in 

(4.13) becomes the momentum) . 

6.3 Generalized kinetic equation 

In Section 6.2, we have written down the equations of motion (6.2) and (6.3) for the non- 

equilibrium real-time Green's functions. We now want to use these to derive a kinetic 

equation for an appropnately defineci quasiparticle distribution function. We recd that 



CHAPTER 6. QUASIPARTICLE KINETIC EQUATION AT LOW TEMPERATURES 77 

these are 2 x 2 matrix equations. In addition, (6.2) involves differentid operators with the 

respect to the coordinates (r, t) and (6.3) involves derivatives with respect to coordinat es 

(r', t'). Since our singleparticle Green's functions are functions of both coordinates (l,lt), 

one has to End a way to combine both equations to denve a single kinetic equation for 

a quasiparticle distribution function. We will discuss later how these Green's functions 

can be relateci to the quasiparticle distribution function. However, we emphasize that we 

need both (6.2) and (6.3) to derive a kinetic equation for quasiparticles. 

Using the same physics as in earlier chapters, we now write (6.2) and (6.3) in terms 

of the center-of-mass and relative coordinates [19, 15, 16, 261, and take the trace of the 

resulting matrix equation to obtah: 

For simplicity, the (R, T) dependence of the 3, C and m is left implicit. The new operators 

e and & on the Mt-haad side of (6.5) are dehed  as 

a d I & -2 - + (r -VR + t-)  (p(R. T) - Ueff (R, T)) + - VR -VP m aT m 

where the effective dynamic KF field Ueff(RT T) is given by 

We emphasize that, in the expansion for the s m d  d u e s  of relative coordinates (r, t) , we 

did not keep all t e m  of order a/aT and OR in (6.5). These additional terms t hat we have 
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neglected contribute to the many-body renormsüzation effects, Le. how the two-body 

interactions change the dispersion relation of the quasiparticles. Such corrections, second 

order in g, involve the real part of the second-order Beliaev self-energies. The Bogoliubov- 

Popov quasiparticle approxirnat ion t hat we use for the Beliaev spectral densities aa8 

dehed in (3.18) leaves out such second-order renomaüzation e fk ts .  In the present 
< 

chapter, we concentrate on the damping associated wit h the collisionai self-energies Z: 

on the right-hand side of (6.5). Fûr further discussion of the KB formaüsm relateci to 

going past the simple Bogoliubov quasiparticle approximation, see Ch. 9 of Ref. [Id] and 

Ch. 6 in Ref. [20]. We &O note that Kaae and Kadanoff [15, 16) have, aibeit working 

within a tnincated second-order self-energy approximation, derived equations of motion 

which keep the extra terms le& out of (6.5 ) and (6.6). Thus thcy Uiclude rnany-body 

renormalization effects to second order in g. Their work is thus a more sophisticated 

implementation of the Kadanoff-Baym formalhm than our present discussion. 

A double Fourier t r d o n n  of (6.5) gives 

Here Z' is defineci by 

p2 k(R, T) = - + U . ( R )  + 2gn(R T) - pC(R, T). 2m 
(6.10) 

In Section 6.6, we s h d  find that the condensate chernical potential p,(R, T) is given by 
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The result in (6.8) gives an equation closely related to the quasiparticle kinetic equat ion 

we are trying to derive. 

A kinetic equation for thermdy excited atoms in a trapped Bose gas c m  be written in 

terms of distribution funutions for the atoms directly or for quasiparticle excitations. At 

high temperatures, we were able to transform the equations of motion for non-equdibrium 

Green's functions into a kinetic equation for a distribution f'unction f (p, R, T) directly 

descnbing non-condensate atoms with a Hartree-Fock spectrum. If one wants to use 

a more realistic spectnim valid at low temperatures, it is much more convenient to 

work within a quasiparticle picture. In the theory of Bosecondensed trapped gases, 

one introduces quasiparticles by expressing the quantum field operators for the non- 

condensate atoms as a coherent superposition of creation and annihilation operators for 

Bose quasiparticles, with the weights given by the usual Bogoüubov amplitudes u and u 

In the semiclassical approximation, (6.12) becornes 

Here 6; and &, are the Bogoüubov quesiparticle creation and annihilation operators, re- 

spectively, which obey the usual Bose commutation relations. One can see that creating 

an atom with momentum p is equident to creaüng a quasiparticle Mth rnomentum 

p with amplitude zl, and at the same t h e ,  destroying a quasiparticle with momentum 

-p aad amplitude v,. The quasiparticle distribution function is given by the statisti- 

c d  average of the quasiparticle operators, Le., f (p) = (â$ip). We recall [19, 261 that 

distribution fûnction for atoms f, (p, w; R, T) is directly related to the diagonal Green's 

function, namely 

In terms of quantum field operators. 35 is given by [see Ch. 9 of Ref.[l41] 

r t r t 
-i& (p, U; R, T) = 1 drdtë ipw ($(R - -i,T - -)&R + I ,  T + $)- (6.15) 

2 
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The usuai Boltzmann equation is expresseci in terms of the Wigner distribution func- 

tion fw (p, R, T) (14, 191. This Limits the description to the semiclassical approximation, 

since it is assumed that the position and momentum of the a t o m  can be defined si- 

multaneously. In order to use this kind of distribution function for quantum systems, 

it is necessary to perfom some type of averaging in order to remove effects due to 

the uncertainty principle. In our present work, we want to derive a kinetic equation 

for the quasiparticles which is vaüd at aJl temperatures and therefore the semiclassicd 

approximation will no longer be vaiid. To include the quantum effects, we introduce 

the qvmpar?icle distribution hinction f (p ,w;  R,T) with an additional variable w in the 

foUowing way [15, 20, 21, 311 

where tne spectral densities a*@ are defined in (3.18). Using the Bogoliubov-Popov 

approximation for the spectral density [see (6.22)], one can use (6.16) to obtain the weU- 

known relation (401 between the quasiparticle distribution hc t i on  f (p, w;  R, T) and the 

atom distribution function f, (p, R, T) in (6.14), namely 

One can show, asing (6.2) and (6.3), that the spectrd function in (3.18) satisfis the 

equation 

> 
Using (6.16) and (6.18). one can rewrite the kinetic equation (6.8) for ij& to obtain finally 

a new kinetic equation speci.ficdly for the quasiparticle distribution hinction f (p, w ;  R, T) 

in the following fom: 
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am- a/ + al2-- 
am a j  

mdw + a ~ - -  = fTr(C>â) - (1 + f)Tr(CCà). mdw 

We note t hat (6.19) includes terms involving alaw. The additional variable w in f (p, U; R, T) 

resdts in new streaming terms on the left side of (6.19). These t e m  are not present in 

the semiclassical kinetic equation (which is obtained Erom (6.19) by integrating over w ) ,  

which remind us that the terms involving a/Bw are of quantum origin [20, 21, 311. 

We emphasize that (6.19) is the most generd form for a kinetic equation for the 

quasiparticle distribution b c t i o n  / within the KB formalism. To derive (6.19) we have 

assumed only that the externd disturbances vary slowly in space and tirne, and there- 

fore all relevant physical quantities mry slowly as function of center-of-mass coordinates 

(R, T) defineci in (4.8). Our other assumption is that one can introduce a quasiparticle 

distribution h c t i o n  f through the definition in (6.16). Of course, at this stage, one 

could say that we are only replacing one unknown function with another. Such a gener- 

aüzed kinetic equation for a Bose-condenseci system (6.19) was first discussed by Kane 

in his unpublished Ph.D. thesis [16]. 

From (6.19), we see that the general stmcture of the collision integral 1 has the 

following form [15, 16, 421 

< 
Using (6.16) in the general expression for the non-equilibrium Beiiaev self-energies C> 

given in (6.1) , one can prove that the collision integral given by (6.20) conserves momen- 

tum (see Appendix of Ref. [29] for detaüs) , 

One can also prove that (6.20) conserves energy as wd. To prove this, however, we 

need to work within a specific approximation for the singleparticle spectral density 

GB(P, w; R Tl- 
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6.4 Kinet ic equat ion in the Bogoliubov-Popov 

approximation 

In this section, we approximate the general KB kinetic equation in (6.19) to derive 

a quasiparticle kinetic equation, working within the Bogoliubov-Popov approximation 

(with m = O). More precisely, this means that we use the spectral densities with the 

Bogoliubov-Popov quasiparticle e x i t  at ion energies [14, 16, 101 

Here the Bose-coherence factors u(R, T) and z (R, 7') are aven by j lO i  

and the quasiparticle energy Ep is given by 

f t  is important to note that the spectral densities in (6.22) are consistent with the general 

equation of motion given in (6.18), when we set 5 = O. This can be verified explicitly by 

direct substitution. We emphasize that the spectral densities in (6.22) could be derived 

in the quasiparticle approximation from the general equations of motion for the Green's 

huictions, as it has been shown in Kane's thesis [16]. We simply start with them here as 

input into our general KB formalism. We might note that in the Bose-gas literature, v, 

is sornetimes d&ed with the opposite sign, such chat y u ,  in (6.23) is negative. 

In the Thomas-Fermi approximation [2], where one neglects the "quantum presure" 

term in (6.1 1), the quasiparticle energy E' reduces to the m a l  Bogoliubov excitation 
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energy (generaüzed to finit e temperat ures) 

where cp = p2/2m. We note that spectral densities am8(p, w ;  R, T) in (6.22) exhibit both 

positive and negative energy poles. In the Hartree-Fock approximation used in Ch. 5 [19]. 

one has  up = 1 and v; = O. Physicdy, (6.22) corresponds to the assumption that the 

thermal cloud can be considerd as a gas of weakly interacting single-particle excitations 

with the evcitation energy given by (6.25). 

Substituting the spectral densities (6.22) into (6.19), we can now proceed to denve a 

kinetic equation for the quasipart icles. Aft er lengt hy algebra, we obtain 

where COB = &(p, w; R, T). This is a kinetic equation for the frequency-dependent 

quasiparticle distribution function f (p, w ;  R, T) expressecl in terms of an integral over 

both positive and negative energy poles. If we r e c d  the expression for Bose coherence 

factors u and u given by (6.23), we note that the second term in (6.26) is the same a s  the 

k t  tenn in (6.26) if we replace -Ep with Ep. Therefore, it is sufncient only to consider 

the bt tenn to obtain the kinetic equation for the pucrszpa~cle distribution function 

defined by 

fW(p,R,T) E / ( P , ~ =  EP+vs*p ;.R,T). (6.27) 

We obtain W y  
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Here the collision integral I [f& R, T)]: defined in (6.20), becomes 

Su& a kinetic equation is also derived by Kane in his thesis (161, but this was not in- 

cluded in Ref. 1151. We remark that in our Popov quasiparticle approximation, the 

quantum terms in (6.19) involving derivatives with respect to w make no contribution. 

A simüar quasiparticle kinetic equation has also been derived by Stoof 1421 using the re- 

lated Schwinger-Keldysh formaiisrn for non-equilibrium processes. However Stoof mainiy 

studied the high-temperature limit of the collision integrai, as in Ch. 5 of this thesis. 

What remallis to be done is to choose a specific approximation for the second-order 

self-energy Ca#, so that we c m  evaluate the collision integral in (6.29). In this chapter, 

we use the second order Beliaev approximation given by (6.1). The Fourier transform is 

As usual, the (R, 2') dependence of the hinctions C, ij and h on the right-hand side has 

been suppressed for simplicity of notation. The quasiparticle energy Ep(R, 2') in (6.28) is 

the energy of the quasiparticles in the local rest kame (v, = O). The Beliaev second-order 

expression (6.30) consists of two kinds of contributions: (1) Tenns that include both the 

condensate propagator h and the non-condensate propagators 9; (2) Terms that include 

the non-condensate propagators 3 only. The fint type of contribution wilI give rise to 

the collision integral that describe collisions that inchde one condensate atom interacting 
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with the t h e m d y  excited quasipartides. As in Ch.5 (17, 19, 281, we denote this part of 

the collision integral as CL2, inàicat hg that we go from 1 thermdy excited quasiparticle 

(and one condensate atom) to 2 thermaliy =citeci quasiparticles. The second type of 

contribution in (6.30) only includes non-condensat e  propagaton. We denote this part 

of the collision integral as CQ2, indicating that it describes collisions where 2 thermally 

ex i t  ed quasi part ides are scat t ered into 2 ex i t  ed quasipart icles. At Iow temperatures , 

when the number of thermally-excited quasiparticles is very small, we can neglect the 

Czl collision integral relative to Ci2. 

From (6.2 1) , it foliows that both C12 and C2* conserve momentum, Le., 

In addition, using (6.22) in (6.30) one can show that the collision integral in (6.20) con- 

serves quasiparticle energy Ep and therefore both Crz and Cp WU satisfY the conditions 

However, we note that the number of condensate atoms is not consewed by CL2, i.e., 

dp42 # 0. 

One c m  show that for slowly extemal disturbances, the condensate propaga- 

tor in (3.6) can be approximated by 

To evaluate the collision integral Cl* in terms of the Bose coherence factors u and v, we 

need to substitute (6.22) and (6.33) into (6.30). One can simpli& (6.30) greatly using 

the foilowing exact symmetry relations: 
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< > 

&(P, W ;  R, T) = g&(-P, -w; R3 T), 

After considerable algebra, one h d s  the following expressions for the non-equiiibrium 

self-energy (limiting ourseives to ody the C12 colliSion terms, which include one conden- 

sate propagator) : 

Again, the (R, T) dependence of the g7s is suppressed on the right-hand side of these 

equations. One notices that these expressions have the same structure as the thermal 

equilibrium ones obtained by Hua Shi aad G* as well as others [43? 44, 451. This 

is expected since the whole structure of our theory is oniy valid for a systems süghtly 

perturbed korn thermal equilibrium, with all physical guantities assumed to vary slowly 

as nuictions of center-of-mass coordinates (R.,T)- The entire KB formalism reduces to 
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the usual equilibrium self-energies in the appropriate limit , which is one of its strengths. 

One can show, using the generai properties of the non-equilibrîwn Greenk func- 

tions in (6.34) in conjunction wit h (6.16), that the quasiparticle distribution funct ion 

f (p, w ; R, T) satisfies the exact relation 

If we introduce the following standard abbreviations for the Bose-coherence factors 

2 2 A, = u,, B, r v,, C, r -gv, ,  (6.40) 

the self-energies in (6.35)-(6.37) cm be finally h t t e n  as [using the key identity (6.39)] 
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- where p - p2 = pi and w - y = wl.  

Using these resuits, we c m  h d y  evaluate the Cl* collision integral contribution to 

given in (6.29) 

The last term in (6.44) clearly vanishes because of the energy delta hmction. We r e c d  

that aII urs, v's and the quasiparticle energy Ep in (6.44) have an implicit (R, T) de- 

pendence. If we change pl -+ -pl in the second term in (6.44), and use (6.39), we can 

simpbfy (6.44) slightly to obtain 
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The ftst term in (6.45) describes the decay of an excitation with rnomcntum p into 

two excitations with rnomenta pi and p2. At T = O, this is the only scattering process 

possibie since there are no excitations thermdy excited. The second term describes an 

excitation of mornentum p absorbing a thermal excitation of momentum pi, leaving an 

excitation with momentum p? = p + pl. 

The expression for the collision integral in (6.45) was k t  written down by Eckem (271, 

and shortly after by Kirkpatrick and Dorfman [28] who gave a more detailed derivation. 

Here, we have used the Kadanoff-Baym approach to give what we beiieve is a cleaner 

derivation of this expression for ClP, in a form which is &O vaiid for a trapped Bose- 

condensed gas. 

After some algebra, one can also rewrite (6.45) in the following more compact form 

[281 

Here the scattering amplitude in (A(* is given in term of the Bose coherence factors u 

aad v 

In conclusion, the thermdy-excited quasiparticle distribution function defineci by 

(6.27) satisfies the kinetic equation 

Here, C12 given explicitly by (6.45), or equivalently, (6.46). The derivat ion of this equn- 

tion using the KB formalism is the main r d t  of this chapter. As we have noted, a 

kinetic equation of this kind has been derived by other authors [16, 27, 28, 421 using a 

variety of techniques and appmximations. The earliest mimoscopic derivation was giwn 
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in Kane's thesis [16], but he did not evaluate explicitly the collision integral to obtain 

results such as (6.46) and (6.45). 

To remove the rapidly varying phase of the order parameter, we have gauge-transformed 

to the local rest frame where the condensate is at rest. Hence the energy of the ther- 

m d y  evcited quasiparticles is measured relative to this local hame. Since the thermal 

excitations are moving with the superfluid velocity v, relative to the condensate, the 

energy of quasiparticles measured relative to the condensate is E, + v, + p. Therefore, 

the expression Ep + v, p in the streaming term on the leRhand side of (6.48) is ex- 

pected. Similady, if we denote the quasiparticle distribution function in the coordinate 

system where the macroscopic velocity of the quasiparticles is zero by f (p, w;  R, T), the 

quasiparticles moving with the velocity v, relative to the condensate wili be describeci 

by the distribution function f (p, w = Ep + v, -p; R, T) = f,(p, R, T), which occurs in 

(6.48) [30, 46). If we use the frame of reference where the m&croscopic velocity of the 

quasiparticles is zero, the streaming tenn will include the energy of the quasiparticles 

o d y  ( i.e., the v, -p term in (6.48) will not be present). 

To understand the Cis collision integral in (6.45) better and the correspondhg scat- 

tering processes t hat it descnbes, it is useful to consider a few limiting cases for a uniform 

gas. We defme pg = 2 m p ,  as the characteristic rnomentum for the crossover between 

the linear and the qudratic part of the quasipartiele spectntm @o = hiçc E ly-l , where 

is the so-cded healing length). We then consider the following specid cases: 

1) If ail momenta pi > po, then the quasiparticle spectnun E' defined by (6.25) 

is equd to a single-particle spectnun CP dehed in (6.10). Moreover, in this b i t ,  it 

follows from (6.23) that Bogoüubov amplitudes u + 1 and u -+ O. Hence, the scattering 

amplitude A in (6.47) becomes uni& and the collision integral in (6.46) then reduces to 

the result in ((5.21) of Ch.5 and derived by Zaremba, Nikuni and Griflin [19, 171 using a 

different approach (see also Ref. (421). Clearly, this approximation is only valid at f i t e  

temperatures, where the dominant excitation spectrum is described by the Hartree-Fodc 
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single-particle spectnun descrîbed by (6.10). 

2) In the opposite lirnit, when ail three momenta pi are s m d ,  one caa evpand the 

Bose coherence factors u and v in the following way [47, 481 

where Ep ZZ cp and c = ,/gn=/m is the speed of Bogoliubov sound. In this ümit , one 

obtains for the scat t ering ampli tude the following e-xpression [27] 

This approximation is vaüd at low temperatures, where only low-momentum excitations 

are relevant. We remark that the sign of up in (6.49) is oppusite fiom the one given in 

i47, 481 because we have defhed y v, in (6.23) to be positive. 

3) FinaUy, one can consider the scattering of phonons (low-momentum excitations) 

with momentum f i  *: po with atoms (high-momentum excitations) with momenta 

p l ,  > m. The corresponding amplitude for t his process is given by [27] 

Therefore, in the case of a sound wave scattering with partide-like excitations, the scat- 

tering amplitude depends ody on the wavevector of the sound wave: it is independent 

of the momenta of the scat tering particles. 

6.5 Local equilibrium solution 

In this thesis, we do not discuss solutions of the quasiparticle kinetic equation (6.48) 

in any detail. Ho-, it is usefid to make some remarlcs about the local equilibrium 

solution. To describe the thermaiization of quasiparticles, it is sufficient to consider the 
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Cn collision integral. From (6.16), (6.20) and (6.30), one obtains 

The "local equilibrium" distribution function for quasiparticles fo (p, w; R, T) is deter- 

mined by the requirement that C'=[fa] = O. One can see from (6.52) that one doesn't 

have to choose a specific apprmcimation for the single-particle spectral densities. We only 

need s solut ion for f such that the expression in (6.52) containhg the f 's vanishes. One 

can ver* that Cg2 [fol = O as long as fo(p, w; R, T) has the foilowing form 

In the locd rest fiame, the entire current is carried by thermdy excited quasiparticles. 

For small velocities, we have for the quasiparticle current [7, 281 

This defines the normal density pn in the Lsndau quasiparticle picture [?]. The distribu- 

tion function given in (6.53) differs from the usual equilibrium quasiparticle distribution 

hinction discussed in the standard literature for phonons and rotons in superfluid 4He 

[7]. Since the number of quasiparticles in not conserved, the usual form for the equilib 

rium quasiparticle distribution f ' c t i o n  has no chernical potential (more precisely, the 

chernical potential is zero). Here we have introduced a quasipartide chernid potential 

in (6.53) to d o w  for the possibiüty that the condensate atoms and the thermdy excited 

quasiparticles are not in the diflusive equilibrium with each other. 
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To understand the physics of the quasiparticle chemical potential in (6.53) better. 

let us consider the high temperature case. At high temperatures, the atom and the 

quasiparticle excitation spectnim are quivalent (see Ch. 5) and the local equilibrium 

distribution function in the lab frame is aven by [l?] 

with U(R, T) = U,(R) + 2gn(R, T) and fi(R, T) is the local chemical potential of the 

non-condensate atoms. If we trançform (6.53) to the local rest frame (where v, = O), 

then p' = p - mv, is the rnomentum in the local rest frame and (6.55) becornes 

Here E$ = $ + gn,(R, T) is the excitation energy in the local rest frame. Therefore, if 

we see that the quasiparticle chemical potential p,  introduced in (6.53) can be identifiai 

precisely with mff as discussed at length by Zaremba, Nikuni and Grifnn [17]. Hence we 

see that, in the quasiparticle description, and in a local frame in which the condensate 

is stationary, the difference (pdidin) between the chemical potentials of the condensate 

and non-condensate atoms that was introduced by ZNG to describe the non-diffusive 

equilibnum of these two components appears very naturdy as the quasiparticle chernical 

potential pw. The standard case discussed in the superfluid helium 4He literature [î] 

corresponds to pw = O ( s e ,  however, the discussion [7] of the second viscosity coeeicients 

in supeduid 4He). 

To s u m m d e .  we can distinguish two distribution hnctions f which satisfy CP[ fol = 

0: 

(1) The condensate atoms and the quasiparticle excitations are in dinusive thermal 

equiiibrium, i.e. p, = O  and hence Cia[f]  = O. 
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(2) The condensate atoms and the quasiparticle excitations are not in the difhisive 

thermal equilibrium, i-e. pW # O. In this case, one finds that Ciz[f] is proportional to 

[l - #NP], as discussed in ZNG [L 71. 

6.6 Generalized Gross-Pitaevskii equat ion 

It is clear that the second-order collisions which we have included in deriving the quasi- 

particle kinetic equation in Section 6.4 must also be included in a generalized GP equation 

for the condensate wavefunction @(R, T). Technically, this arises fkom the three-field cor- 

relation function given in (3.9). In Ch.5, we have derived (191 the same generalized GP 

equation as ZNG using the KB method method for h i t e  temperatures. In this section, 

we now extend this kind of calculation so that it is valid at low temperatures. The new 

GP equation of motion for the order parameter will be shown to be identical to that 

obtained in Refs. [19, 171, apart from the fact that CI2 is now given by the expression 

in (6.45). That is, it now involves the Bogoliubov-Popov quasiparticles and the collision 

cross-section is renomalized by various Bose-coherence factors involving the u's and v's. 

To derive an equation of motion for the condensate order parameter, we k t  write 

equation (5.4) for @(r, t) in the local rest kame. As before, under the gauge traasfor- 

mation (4.12), the only change is that the non-interacting propagator is now aven by 

(4.13). The equation of motion in the new local frarne is 

Here we have rewritten the condensate self-energy in the center-of-mas and relative 

coordinates and, as usual, set f i  = O (the Popov a p p r d a t i o n ) .  We recall that in the 

local rest Erame, the order parameter phase is removed and hence O(r, t )  = &(r, t )  . 
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We assume, as in Ch. 5, that the S correlation hc t ion  dehed in (3.13) is dominated 

by s m d  values of the relative space-time coordinates (r - t, t - 0. Hence we can approx- 
< < 

imate Sc in (6.58) by S> (r - 5 ,  t - f; r, t ) .  For the same reason, we can &O approximate 

the macroscopic wavefunction (2, f )  in the integrand of (6.58) by @(r, t )  dm* 
Hence (6.58) simplifies to 

t 

= L d~df[(S:, - S;) (r - F, t - 6 r, t )  @(r, t )  

+ (S& - Ss) (r - 2, t - E; r, t )  W(r, t)] . (6.59) 

We can rewrite (6.59) [labeling (r, t )  -r (R, T)] as foilows 

a EV(R,T) 1 
[i- m - 

aT 
+ - [VR + imv, (R, T ) ] ~  + ~ i a  - Ud(R) 

2m 

In our second-order Beliaev approximation, the condensate self-energy is given by (3.36), 

The Fourier transform of this is 

In evaluating the nght-hand side of (6.60), we use the identity 
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and only keep the delta fuaction part, to obtain 

a ae(R,T) 1 + - [VR + imv, (R, T)]* 
2m 

Using (6.16) in the condensate self-energy S given in (6.62), the second-order te- 

appearing in (6.64) reduce to 

Recalling that in the local rest, Frme we have <P(R, T) = \/n,(~, T), fina,& a 

generalized Gross-Pitaevskii equation in the following form 

The new dissipative term R in the GP equation is precisely related to the C12 collision 

term in the kinetic equation (6.48), namely (17, 191 

This 

wit h 

term describes the damping of condensate amplitude fluctuations due to collisions 

the thermal excitations. As in Ch. 5, the appwance of the dissipative texm in 

(6.66) is evpected since the Cl2 collisions change the number of atoms in the condensate 

and hence can mot%& the magnitude of the condensate macroscopic wavefunction. W e  

note that since we ignore the real part of the second-order self'nergies, the hst order 

condensate chernical potential in (6.11) is not modifiecl. 



CHAPTER 6.  QUASIPARTICLE KINETIC EQUATION AT LOW TEMPERATURES 97 

For consistency, since we have used the Thomas-Fermi approximation in detining our 

Bogoliubov quasiparticle energies in (6.25), we couid neglect the V& term in the chernicd 

potentid in (6.11), as well as in our equation of motion for the condensate, as given by 

(6.58) and the final resdt (6.66). However, the structure is better shown by (6.66). 

If we transfonn back into the lab â m e  (where we have <P = fiei8), (6.66) reduces to 

the t ime-dependent generalized GrosîPitaevskii equation for Q (R, T) such as discussed 

by ZNG [17]. However, Ci2 now involves the Bogoliubov-Popov quasiparticle spectrum 

in place of the HF particle-like spectrum used in Ref. [17], and in addition, the collision 

integral matrix elernents involve the characteristic Bose coherence factors u and v. 

6.7 Kohn mode 

In this section, we use our kinetic equation for quasiparticles to prove t hat it stili exhibits 

a solution conespondhg to the Kohn mode. This mode is also discussed in detail in Sec- 

tion 4.5 of this thesis. The present section shows this solution still &ts in the presence 

of collisions between the quesiparticles. The analpis in Ref. [17] is easily generalized 

to the more general equations we are discussing. The center-of-mass oscillation of the 

non-condensate and condensate density profles correspondhg to the Kohn mode is given 

by 

Here the center-of-mass displacement q(T) (with V, = q )  satisfies the harmonic oscillator 

equation of motion 

where w, is the trap frequency in the a* direction. The quasipartide distribution func- 

tion f (p, R, T) corresponds to the equilibrium density profle oscfiating around its center 
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of mass with the trap frequency, i.e., 

f (P? R, T) E f o ( ~ 9  R - rl(T)). (6.70) 

To prove (6.?'O), we note that with (6.68), the expression for the Bogoliubov excitation 

energy in (6 -25) reduces to 

Therefore the kinetic equation for the quasiparticle distribution h c t i o n  given in (6.48) 

is 

anci nrglist the quaciratic r e m  in r) ,  then (6.72) simplifies to 

V&O(R - W)) V R ~ O ( P <  R - ?(Tl) - VRE~O(R - v ( V  Vpfo(pT R - q(T) )  

= C12[fo(p7 R - q(T))]. (6.74) 

The Ieft-hand side of (6.74) is seen to be the kinetic equation for the equilibrium distri- 

bution function. To prove that the Kohn mode (6.68) is a solution, one only has to show 

Cir[,fo(~t R- ?(TH = O. Assumulg the equiübrilmt quasiparticle distribution function f8 

is given by (6.53) with ~ i ,  = 0, and using the identity for the Bose distribution fùnction 
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Using the delta functions in (6.76) corresponding to the conservation of energy and 

momentum, it immediately foUows that 

This proves that the nonîondensate exhibits a rigid simple harmonic displacement with 

the trap fiequency, with Cl* colliSi~ns having no effect . 

Since we have proven that the collision integral vsnishes for the Kohn mode type of 

oscillations, the dissipative term R in the generalized GP equation in (6.66) wiU vanish 

as weU. Therefore it foUows that the equilibrium condensate profîles oscillate with the 

trap frequency. 



Chapter 7 

Final remarks 

In t his thesis, we have given a detailed discussion of a microscopie theory for the dynamics 

of a trapped Bose gas at Wte temperatures using the powerful Kadanoff-Baym formal- 

km. Starting fiom several approximations to the Beliaev sùigleparticle self-energies, 

we derived a generslized Gross-Pitaevskii equation of motion for the condensate order 

parameter that is coupled to a Boltzmann equation for the single-particle distribution 

function descnbing the thermally excited Bose excitations. The resuiting equations cm 

be used to study a variety of problems asociated with the non-equiiibrium dynamics in 

a trapped Bose gas, but this aspect is not addressed in this thesis. 

In Ch. 4, we deriveci the eqU8tions of motion for the thmw-excited atoms thst 

are coupled to the equation of motion for the atoms in the condensate in the collisionles 

regime by using the full first-order Hartree-Fock-Bogoliubov self-energies. The Hartree- 

Fock-Bogoliubov approximation indudes both the dynamics of the condensate atoms 

a s  weU as the dynamia of the non-condensate atorns self-consistently. Ruthemore, 

the HFB theory slso includes the pair correlation h c t i o n  f i  that describes the broken 

symmetry correlations between atoms in the presence of the condensate and excited 

atoms. However, as well knowrt in the thmry of Bose-condenseci systems [14, this theory 

has some problems. For a d o r m  Bose gm, the HFB approximation ka& to unphfical 



energy gap in the long wavelength (k - O) excitation spectnim. However, the HFB 

is a consenring approximation (see Ch. 3) and thus it c m  give a good approximation 

for thermodynamic quantities, even though the HFB quasiparticle spectnvn is not very 

realist ic. 

In Ch. 5 ,  we used an improved approximation by including the second-order con- 

tributions to the self-energy functions and derived a kinetic equation that now includes 

the effect of binary collisions between themally-excited atoms, as weU as between atoms 

in the condensate and themaily-excited atoms. The latter coilisions rnow the Gross 

Pitaevskii equation of motion for the Bose condensate order parameter as weil, which 

now includes a damping term resulting fÎom collisions between the condensate and the 

non-condensate atoms. However, the results of Ch. 5 are limited to finite temperatures 

(estimated to be T 2 0.5TBEC), since we used the normal Hartree-Fock =citation spec- 

trum for the non-condensate atoms. This is much simpler than the KFB spectrurn we 

used in Ch.4. Our emphasis in Ch. 5 was to incorporate the new effets arising Ekom 

collisions. This simpued HF spectnun must become invalid at very low temperatures 

1401 

Finally, in Ch. 6 we derived a kinetic equation for the quasiparticle distribution h c -  

tion and a generalized Gross-Pitaevskii equation which, whüe still a p p r h a t e ,  should 

be valid even at low temperatm.  We have included both the diagond and o&liagond 

Beliaev propagators, but we again neglect the pair correlation described by fi. The 

resuit ing kinet ic equat ion describes the dynamics of BogoIiubov-Popov quasipart icles. 

As expected, Bose coherence factors inv01ving the Bogoliubov u and u huictions enter 

into the integrand of the collision integr&. Of course, these results reduce at higher 

temperatures to those obtained in Ch. 5. 

We note that Kane and K s d M  [15j based their pioneering work four decades ago 

on a simpler second-order approximation for the self-energies than the one we use in 

Ch. 6. It had the a d w t a g e  of being a "conservhg" apprachation (se Section 3.2). 



The quasiparticle approximation that we have used in Ch. 6 dowed us to derive the 

kinetic equation in a Boltzmann-like fom as given in (6.48). In deriving these resuits, 

however we neglected the real part of the second-order self-energies. These wili give 

rise to many-body corrections to the single-particle spectnim, fiiçt considemi by Beliaev 

at T = O in 1957 [22]. Our present KB andysis (in Ch. 6) could be generalized to 

include such second-order renormalization effects in a more self-consistent manner, but 

this improved theory would be very cornplex. A first step might be to include some of 

these renormalization effects by using a Lorentzian quasiparticle approximation for single- 

particle Beliaev spectral densities. However, this simple procedure cannot be guaranteed 

to lead to a consenring apprmhation [l5, 201. 

An obvious question that mises in comection with the discussion in Ch.6 is to estimate 

at what temperatures will we expect that the use of a kinetic theory based on Bogoliubov 

quasiparticles wi l l  be necessary ( vs. the simpler Hartree-Fodc spectrum of Ch.5). We 

recail that Giorgini et al. have shown (401 t hat the t hermodynamic properties of a trapped 

Bose-condensed gas at low temperatures are still well approlcimated using the Hartree 

Fock singleparticle spectrum. One thus could expect that the HartreeFock spectnun 

will also be good for the tramport properties in a trapped Bose-condensed gas. The 

difficulty is that the corrections to the simple HF spectrum will probably always be smail 

until we get into a region of temperature where the contribution of thermal excitations 

is very small to begin with. 

We codd use our results in Ch- 6 to derive the Landau-Khalatnikov twefluid hy- 

àrodynamic equations [7], which are valid in the collision-dominated local equilibrium 

region. Indeed, this derivation was the original goal of the classic work of Kane and 

Kadanoff [El. We note that the approach developed in Ref. [7] is based on a quasipar- 

ticle kinetic equation which is precisely of the kind we have derived in Ch. 6. Thus one 

sees how our kinetic equation in (6.48) could be used to  derive the Landsu-Khalatnikov 

wf lu id  equations, including hydrodynamic damping h m  vsrious transport processes. 
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Kane and Kadanoff (151 did not indude these latter processes in their work. This would 

generalize recent work [18] in which the Landau-Khalatnikov twefluid equations with 

hydrodynamic damping are denved starting from the kinetic equation djscused in Ch. 

5. 

The kinetic equation for the quasiparticle excitations which we derived in Ch.6, cou- 

pled to a generaüzed GP equation, provides the platform for studying different non- 

equüibrium aspects of a dynamics of a trapped, Bose-condensed gas at  all temperatures 

in the collisionles regime. Some applications of these equations are: 

(1) The coupled equations in (5.22) and (5.28) derived in Ch. 5 have been recently 

used to study theoretically the rate of condensate formation and growth in a trapped 

Bose gas [49]. T L  most detadeci experimental study of condensate creation was done at 

MIT by Miesner et al. [50] using "Na atoms contined within a highly anisotropic trap. 

Using evaporative cooling, sodium atoms were cooled to a temperature just above the 

transition temperature sad subsequently a large fraction of the atoms above a certain 

energy was removed. The gas then relaxes to a new equilibnum state below the BEC 

transition temperature and a condensate forms. 

To describe these experiments, Bijlsma at al. (491 start Erom (5.22) and (5.28) to de- 

scribe the non-equilibrium dynamics of the both condensate and non-condensate atoms. 

The collision integral in (5.21) allows the transfer of the agoms between the two compo- 

nents. To describe the condensate, they use the Thomas-Fermi approximation for the 

condensate density profile and neglect the dynamics of the condensate. To describe the 

non-condensate atoms, an ergodic approximation was used for simplici@ That is, al1 

points in phase space having the same energy are 8ssumed to be equally probable and 

therefore the distribution function describing the non-condensate atoms only depends on 

the energy and time variables, i.e. f (r, p, t )  = g[E,(r, t )  , t] . This ergodic approximation 

leads to a simplifiecl kinetic equation which is solved numerically. The results reproduce 

the experimental data [50] quite well. - 



(2) Jackson and Zaremba 151, 521 have recently developed a powerful bfonte-Car10 

algorithm to solve the kinetic equation (5.22) numericdy. They used t h  method, to- 

gether with a numerical solution of the generalized GP equation (5.28), to determine 

the temperature-dependent frequency and damping of- the secaLled "scissors modey' in 

an anisotropic trap. This scissors mode is particdarly interesthg because it gives a di- 

rect probe of superfluidity [53] in a trapped atornic Base gas and has been measured 

experimentally (541 as a function of temperature. 

The scissors mode is excited in the experiment [54] by suddenly mtating the con- 

fining trap with respect to the equilibrium configuration resuiting in the oscillations of 

the condensate in the horizontal plane. At finite temperatures, both the condensate and 

thermal cloud excite complex coupled damped oscillations. S tarting from the (5.22) and 

(5.28), Jackson and Zaremba [51,52] numericdy simulate the Oxford experiment. They 

numericdy solve the generalized GroûsPitaevskii equation to describe the dynamics of 

the condensate, while the semiclassicai Boltzmann equation is simulated using a Hamil- 

tonian description of the particle dynamics. The trajectory for a given atom between 

collisions is cdcuiated by using Newton's equations of motion. To simulate the colii- 

sion integrak, they calculate the probability of two atoms to undergo a collision. If this 

probability is greater than the randomly generated d o m  number between O and 1, 

the collision is accepted. This procedure is then repeated for each pair of a t m .  When 

the equilibrium state of the system is obtained, they rotate the particle coordinates and 

condensate wavefunction relative to the trap and then let the system evolve. The resuits 

they obtain are in very good agreement with the Oxford experimental results. 

These results of Jackson and Zaremba show in s convincing manner that the ZNG 

coupled equations [17] as derived in Ch. 5 contain the correct physics to describe the 

dynamics of trapped Base gases at finite temperatures. 

Stimulated by our work as presented in Ref. (291, resdts sunilar to  those in Ch. 6 

have been &O recently derived by a group working at JILA [55, 561 starting from a 
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very different formaüsm. The JILA kinetic theory is based on a quantum kinetic master 

equation approach [57]. Wachter at al. [55, 56) have recently shown that this JILA 

kinetic theory can be refomulated in terms of Bogoüubov quasiparticles and shown to 

reduce to the resuits we obtaiaed in Ch. 6. based on the Kadanoff-Baym formalism 

Mt hin the second-order Beüaev self-energy approximation. However , the KB formaikm 

would seem to be more general than the JILA kinetic theory approach, since it dom one 

to derive the kinetic equations for any self-energy approximation. More precisely, given 

any specific approximation for an equilibrim self-energy functions, one can generalize 

them using the KB method to h d  a related theory of the non-equiübrium dynamics of 

a trapped Bose gas. An important area of future work on the non-equilibrium behaviour 

of a trapped Base gas wili be to understand the precise coriiiection between the dinerent 

formalisms used in the modern BEC iiterature. 

Throughout the thesis, we have noted several extensions of o u  formalism which would 

ba very worthwhiIe. One specilïc cdculation wouid be to include collisions in a kinetic 

theory based on the full Hartree-Fock-Bogoliubov (HFB) spectrum discussed in Ch. 4. 

We also note that the kinetic equation given in (6.19) is stiil quite general and presumably 

would be a good starting point for further theoretical studies. 
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