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Sommaire 

Notre travail est constituk essentiellement de trois articles traitant chacun d'un 

probPme different. 

Dans le premier on montre que l'axiome de  domination est une consCquence de 

la proprikte de faisceau pour les fonctions finement hannoniques, dam un espace B- 

harmonique B base dknombrable. La reciproque a Otk montr6e par B. Fuglede. 

Le second donne certains rksultats concernant l'existence et l'unicitk de la solu- 

tion du probl6me de Dirichlet pour l'opbrateur de Monge-Ampere complexe dans un 

domaine strictement pseudoconvexe de C". On donne entre autre, un rPsultat pour 

la donnee au bord non continue. 

Le dernier article traite de l'approximation de Carleman sur les produits. PrCcisPment, 

on montre que le produit d'ensembIes de Carleman dam des surfaces de Riemann est 

un ensemble de Carleman dam le produit de ces dernikres. 
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INTRODUCTION 

Nous utiliserons dam les pr6Liminaires qui suiveront les differentes notations et 

dkfinit ions suivantes: 

Soit R un domaine de Cn. On note par Ck((n 17ensernble des fonctions de classe 

Ck dam 0. Pour simplifer, Co(Q)  = C(I1). H(R) est l7ensemb1e des fonctions hoio- 

morphes dans a. Am(F)  ( F est un fermt5) dCsigne l'ensemble de toutes les fonctions 

de classe Cm dam un voisinage de F, qui sont holomorphes & l'inthrieur de F. Pour 

simplifier, Ao(F)  = A(F) .  Par R ( K ) ,  oh K est un compact de Cn, on dCsigne 

I'algkbre des fonctions qui sont limites uniformes dam K de fonctions rationnelles 

donl les singularites sont en dehors de fi'. M ( K )  dbignera 17ensemble des fonctions 

qui sont limites uniforrnes dms K de fonctions mkromorphes d a m  R dont les singu- 

laritb sont en dehors de K. Nous noterons par Ra le compactifii d7Alexandrov de 

par adjonction d7un point {*). 

Soit u une fonction definie sur a. On d6signe par u* la r6gularisie semi-continue 

supirieurrnent de la fonction u. 

On note par 

Definition 0.1 Une fonction u dt$nie dans R d ualeurs dans RU {-m} est dite 

plurisoushannonique SUT R si u est semi-continue sup&ieurement sur R, non iden- 

tiquement -00 dam aucvne composante de R et  pour tout a E R et  w E Cn la 



fonction qui d t associe u(a + zw) est sousharmonique ou identiquement -ca sur 

chaque cornposante de I'ouvert { z  E C : a + zw E a} .  

On note par P ( 0 )  l'ensemble de tout es les fonct ions plurisousharmoniques dans 

0. 

Notons que si la fonction u est de classe C2 dam 0, d o n  u est plurisoushar- 

monique si et seulement .si son Hessien complexe 

est semi-definie positive sur Cn en tout point z E a. Si L,(u, w) est dkfinie posi- 

tive sur Cn pour tout z E 0, alors u est dite strictement plurisousharmonique sur 0. 

Les transformations bi holomorphes conservent la plurisousharmonici t i  stricte. 

Nous avons maintenant, l7 outil nkcessaire pour dhfinir une classe de domaines tr&s 

importants en analyse complexe. 

D6finition 0.2 Un domaine Q dans Cn est dit strictement pseudoconuexe, si il 

eziste un voisinage U de dR et une fonction strictement plurisoushannonique u E 

C 2 ( U )  telle que 

n n u = { Z  E u : U(Z) < 0). 



0.1 Fonct ions finement harmoniques et l'axiome 
de domination 

Dans cet article, on montre que l'axiome de domination est une consCquence de la 

propriCtd de faisceau, pour les fonctions finement harmouiques, dans un espace P- 

harmonique au sens de Bauer ou de Constantinescu-Cornea. La rkciproque a 6tC 

mont re  par B. Fuglede [16]. 

Soit R un espace locdement compact connexe et locdement connexe. On note 

par U l'ensemble des ouverts non vides de R, et par 24, l'ensernble des ouverts non 

vides et relativement compacts dans Q. 

Soit H une application qui, a tout ouvert w E 24, fait correspondre un espace 

vectoriel H(w), de fonctions reelles continues sur u. On dit que H est un kisceau 

sur R si, les deux propri6tPs suivantes sont satisfaites. 

I )  wl c u* implique H ( w ~ ) I w ~  c H ( q )  oii u, et wz E U. 

2 )  Pour toute famille ( w ~ ) ~ ~ ~  d'ouverts de Q: et toute fonction numerique u dCfinie 

dans w = UiqIui tel que la rbstriction uJwi E H ( w i ) ,  pour tout i E I. alors u E H ( d ) .  

Definition 0.3 Un ouvert w E & est dit rkgulier si, pour toute fonction f E C(du) ,  

il existe un seul diment de H ( w ) ,  note H y ,  tel que Lm,-, Hy(x) = f ( r ) ,  pour tout  

r E dw. 

Pour tout f E C(aw), f 2 0 on a HI" 2 0. Pour tout x E u, l'application qui 

B f E C(dw),  associe HT(x) est une mesure de Radon positive sur dw, notPe p z .  

dite mesure harmonique relative B w et x. On peut donc dcrire 

Axiome 1 : H est un faisceau. 



Axiome 2 : (R6solutivitd locale du probleme de Dirichlet) I1 existe une base de do- 

maines r6guliers pour la topologie de R. 

Axiome 3 : (Axiome de convergence de Doob) L'enveloppe supkrieure d'un ensemble 

filtrant croissant de fonctions hamnoniques, finies dam un ensemble partout dense de 

u, est harmonique; ceci pour tout w. 

L'espace (0, H) qui satisfait ces trois axiomes, est dit espace harmonique au  sens 

de Bauer [2]. 

DBfinition 0.4 Une fonction numin'que f ,  de'finie d a m  V E U, est dite hyperhar- 

monique si, elle satisfait les propri&t& suivantes. 

I )  f est semi-continue infe'rieurement d a m  V et > -co. 

2) Pour tout ouvert rggdier w C C C V, et pour tout x E w on  a 

line fonction f est dite hypohamonique si - f est hyperharmonique. Elle est 

dite surharmonique si elle est finie dans un ensemble partout dense dans w. Finale- 

ment on dit que f est sousharmonique si - f est surharmonique. 

On note par S(w) ,  l'ensernble de toutes les fonctions surharmoniques positives sur w. 

Definition 0.5 Une fonction p E S(w)  est dite potentiel, si toute minorante har- 

monique posztive de p  est e'gale ii z&o. 

On dbigne par P ( w )  l'ensemble des potentiels dam w.  

DCfinition 0.6 Un espace harmonique R est dit P-harmonique ou hannonique Jort 

si, pour chaque point x de R, il eziste un potentiel p sur 0 tel que p ( x )  > 0.  

Dans tout ce qui suit dans ce paragraphe, 0 designera un espace harmonique fort 

au sens de Bauer. 



Le support harmonique S(u)  d'une fonction surharmonique u est le plus petit 

ensemble fermi, tel que u est harmonique d a m  le complementaire de S(u).  

Definition 0.7 Une jonction surharmonique positive v sur R est dite verifier la 

propn'&' de domination si la propnet6 suivante est satisfaite. 

Pour toute fonction u hyperharmonique sur a, telle que u 2 v dans S(v), alors 

u 2 v partout dans S2. 

ThCorhme 0.1 [13] Etant donni une mesure de Radon positive p sur 51 ci support 

compact, et un ensemble E c 0, il existe une mesure de Radon positive sur R et 

une seule, notke p E ,  telle que pour tout potentiel f ii  et continu sur R ,  on a 

R: est la plus grande fonction semi-continue inf&rieurernent, major& par la fonc- 

tion R , E ( x )  = inf{v(x) : v E S(Q), v 2 0 et v 2 p dam E). 

La mesure pE est appelke balay6e de p sur l'ensernble E. 

Un ensemble E est dit effilk au point x si et seulement si 

oa E, est la mesure de Dirac au point x. Pour plus de detail sur la notion d'effilement, 

voir [13]. 

Soit E C 0. On notera par CE, le complementaire de E dans 0. 

TheorGme 0.2 Pour tout x, la famille V = {w c R : x E w et Cw est eB1C en x}, 

fome un systdme fondamental de uoisinage de x pour une topologie sur Q. Cette 

topologie s'appelle la topologie fine sur 0. 



La topologie fine, est aussi la moins fine des topologies, rendant continues les fonc- 

tions su rhmoniques  positives. Cette topologie est plus fine que la topologie initiale 

sur R. 

Soit V un ensemble de R, on note par V" (rCsp. afV, v') I'adhkrence fine de 

V (rksp. frontiire fine, intirieur fin de V). 

La notion de base essentielle est introduite en thkorie du potentiel par Bliedtner et 

Hansen [5], pour caractdriser la frontikre de  Choquet associ6e & un cc6ne de fonctions. 

Soit P(A) = u{B c A u b(A) : B c b(B)), @(A) est appelee base essentielle de A. 

Nous avons [5 prop. 111, 

P(A)  = b(P(A)), P(A) = P(P(A)), P(A) C b ( 4  

P( A) est non effile en chcun de ses points. 

Theorbme 0.3 [13] (Aziome de domination) Soit R un espace P-harmonique. Les 

pro priitis suiuantes sont tquivalentes: 

1 )  Pour tout potentiel p localernent borne'sar a, et tout ouvert relativement compact 

w de 0, H," est la plus grande minorante hamnonique de p sur w .  

2) Pour tout potentiel p localement borne' sur R, et toute fonction u hyperhar- 

monique positive sur fl on a : 

u 2 p sur S ( p )  implique que u 2 p sur 0 tout entier. 

Remarque : Tout ouvert d'un espace P-harmonique qui satisfait B l'axiome de dorni- 

nation est un espace avec les mGmes propridtCs que R. 



0.2 Operateur de Monge- Amphre complexe 

Le second article, quant B h i ,  donne quelques r6sultats concernant l'existeoce et 

I'unicitC de solutions du problkme de Dirichlet pour I'opCrateur de Monge-AmpGre 

complexe. 

Un premier rbul ta t  dam ce sens fut obtenu par Brernermann [8]. 

ThCorGme 0.4 [8] Soit fl un domaine borne' et strictement psetldoconvexe dans Cn 

et soit 9 une fonction continue sur an. Alors il eziste une fonction u E P ( 0 )  telle 

que 

limsup u(z) = ~ ( c ) ,  pour tout ( E dfl. 
Q ~ z , z - €  

L'opdrateur de Monge-Ampere complexe est un opCrateur 

u E P(R)  n C2(R), associe une mesure de Bore1 positive, 

qui, & chaque fonction 

o i ~  dV est la mesure de Lebesgue dam Cn. 

Dans [4], on trouve une extension de l'opdrateur de Monge-Ampere complexe & 

P(Q) n LF'(R) comme suit. Etant donne u E P(R)  n Lgc(Cl), et k = 2'3, .  . . , on 

dCfioit par recurrence ( d d ' ~ ) ~  = ddCu A . . . A ddcu, comrne un courant positif dont 

l'action sur une forme test $J de bidegree (n - k, n - k),  est comme suit 

Si k = 1 et t,b est une forme test de bidegree (n - 1, n - 1) alors 



Sadulaev a montrb que la fonction de Bremermann (voir Thkorhme 0.4) satisfait 

lY&quation de Monge-Ampbre complexe homog&ne ((ddcu)" = 0). Bedford et Taylor 

[4] ont consid&& le problbme suivant : 

u E P ( R )  n LaO(R) 

(ddCu)" = f dV, sur IR 

limsupu(z) = ~ ( 0 ,  z --+ 5, pour tout E dn, 

o t ~  f est une fonction positive mesurable dam Q. 

Les deux th6orkmes qui suivent sont les principaux outils d a m  notre deuxikme 

article. On commence par le Principe de Domination (ou Principe de Cornparaison), 

montrC par Bedford et Taylor [4]. 

Theoreme 0.5 [4] Soit R un domaine strictement pseudoconvexe et borne' de  Cn. 

Soient u et v deux fonctions dans  P(S1) n La(R) telles que 

et 

lim inf (u - v)(z) 2 0, pour tou t  5 E 30. 
R3z,z-€ 

Alors u > v dans Q. 

Le thdorkme suivant a Ctb montrb d'abord par Bedford et Taylor [3] pour f E ~ ( n )  
et g6ndralisC plus tard pour f E L2(R) par Cegrell et Persson [24]. 



Th6orBme 0.6 Soit R un domaine strictement pseudoconueze et borne' dam C". Si 

f E L2(Q)?  f 2 0 et p E C(dQ)t alors il eziste m e  fonction plurisoushamonique 

unique u E P(Q) n C(a) telle que 

lim u ( t )  = ~ ( t ) ,  pour tout { E an. 
03z-< 

Notons que ces deux r6sultats fondamentaux sont B l'origine de plusieurs travaux 

dans ce sujet. 

Soit p une mesure positive sur 52 et p E C(dQ). On pose 

Wl P) = 

{V E P ( Q )  n Lm( f l ) ;  (ddCv)* 2 p ,  lim sup,,C V(Z) < p(c),  pour tout ( E 852). 

Rapellons que la fonct ion solution donnee par le theor6rne pr&dent, est I'enveloppe 

supdrieure sup D(9, f dV)(z) = sup{v(z) : v E B(y, f dV)) de la classe de Perron- 

Bremermann B ( 9 ,  f dV). 

ConsidCrons maintenant un probkme plus gkneral, 1 savoir. 

I E P(W n L a w  

( I I )  = (ddCu)" = p,  sur 52 

limsup u(z) = y([), z - <, pour tout 6 E do,  

Une solution & ce problkme est donnQ par Cegrell et  Kolodziej [lo] dans la bode 

unit6 de Cn, dans le cas oii p est & support compact, invariante par rotation et  

B(0,p)  # 4. Une solution pour p = (ddcu)", o t ~  u est une fonction plurisousar- 

monique radiale, a CtC donnee par Persson [24]. Dans [lo], on trouve entre autre le 



rksultat suivant pour p mesure positive quelconque, qui nous sera utile. 

Remarque : Ce qui est approprie dans le th6orGme pr&dent, c'est de conclure que 

(supB(9, p))' E D(9, p ) .  Mais cela, entraine sup S ( 9 , p )  E D(9, p) .  En effet, si 

(SUP ' ( 9 1  P) )' E B ( ~ ?  p)l B ( ~ l  p))' 5 'UP 13(9, P )  5 ('UP B ( ~ ,  p))'. 

on a (sup B(91 P))' = sup B(v1 P I *  

Le th60rkme suivant nous donne la continuit6 de l'op0rateur de Monge-Ampere 

complexe pour les suites dCcroissantes, relativement & la topologie de convergence 

faible de mesures. 

ThgorBme 0.8 [4] Soit {uj) une suite dicroissante de  fonctions dans P(R)nLrc(fl)  

e t  supposons que limj,, uj = u E P ( R )  n LEc(R). AIors 

lim (ddCuj)" = ( d d ' ~ ) ~ .  
j-ca 



0.3 Approximation de Carleman 

En 1927 T. Carleman [9] a montr6 le theorkme suivant. 

ThCorgme 0.9 Soit f E C(R) 

entidre g telle que 

pour tout E > 0, a E C(R)  if existe une fonction 

f -gl < E ,  dans R. 

Ce r6sultat fondamental6tait h l'origine de la notion d'ensemble de Carleman. 

DBfinition 0.8 Soit F un ensemble f e m t  dans U domaine de C.  On dit que F 

est un ensemble de Carleman si pour toute fonction f E A ( F ) ,  pour toute fonction 

i E C ( F ) ,  E > 0, il existe une fonction g E H(U) teNe que 

Notons que le probllrme de caract6risation d'ensemble de Carleman a suscitC 

1' intkriit de plusieurs mat hematiciens. Toutefois, Keldysh et Lavrentiev [19] en 1939 

ont caract6ris8 les ensemble de Carlemann d'intkrieur vide, comme suit. 

Tht5or&ne 0.10 [19] Un fernti F c C ,  Fo = 4, est un ensemble de Cademan si 

et  seulement si il satisfait la condition suivante: 

Le complt!mentaire de F dans C est connexe et localement connexe. 

Plus tard en 1969 P.M. Gauthier [18] a montrk que la condition des longues iles 

ci-dessous est nkcessaire pour qu'un ensemble F soit un ensemble de Carleman. 

Difinition 0.9 U n  ferme' F c C satisfait ci la condition des fongues iles si, pour 

tout compact I< C C ,  il existe un compact L C C tel que L contient toutes les 

composantes de  Fo qai intersectent K. 



Peu aprks, A.H. Nersessian en 19'71 [23] a caracteris6 les ensembles de Carleman 

dans un domaine du plan complexe comme suit. 

ThCorgme 0.11 [23] Soit  F u n  fermk d'un domaine D de C tel que D' \ F soit 

connexe et localement conneze. Alors F est un  ensemble de Carleman par rapport a 

H ( D )  s i  et seulement si on  a la propritW suiuante : 

Pour tout compact IC C D, il eziste u n  compact L C D tel que L contient toutes 

les composantes de FO, qui intersected K. 

Sur une surface de Riemann, Boivin [7] a montr6 que les mOmes conditions soot 

necessaires et sufisantes pour qu'un fern6 F soit un ensemble de Carleman. Sa 

demonst ration repose essent iellement sur le Lemme 0- 1, qui est une consequence 

immediate du Lemrne de Forelli [14] et du Thiorsme de Wilken [27]. 

Theorbme 0.12 Si R est une surface de Riemann et si F est un  fern6 de R, alors 

F est un  ensemble de Carleman si  et seulernent si 

1)  R' \ F est connexe et localement connexe. 

2) F satisfait la condition des longues iles. 

Mais dans Cn, il reste encore du chemin & faire. Une caractirisation, semble- 

il, est trks difficile meme d a m  le cas d'un compact. Cependant, l'dtude de certains 

ensembles particuliers a intCressC plusieurs mathematiciens. Le premier rCsultat dans 

ce sens fut obtenu par S. Scheinberg en 1976 [26]. Plus prPciskmment il a montrk que 

la partie reelle de Cn est un ensemble de Carleman. Alexander [I] a montre qu' une 

courbe lisse dam Cn, allant & l'infini, est un ensemble de Carleman dam Cn. Frih 

et Gauthier [15] ont montre le resultat suivant. 

Theoreme 0.13 [15] Le produit de covrbes lisses ai c Cni, i = 1,2 .  . . , k ,  , est un 

ensemble de Carleman dans Cn, 06 n = nl + n2 + . . . + nk. 



Dans le dernier article, nous g&Gralisons le thkrkme de Frih et Gauthier dans le 

cas oh chaque ni = 1. Pour se faire nous avons besoin des outils suivants. 

Soit MA l'espace des id6aux maximaux d'une algkbre de Banach, ou ce qui re- 

vient au rngme, l'espace des homornorphismes non n d s  de A dam C. Deux ho- 

mornorphismes cp et 1C, dam MA sont dit equivalents, si IIp - 1 < 2, la norme 

&ant celle du dual A* de A. Les classes d' equivalences de l'espace des idkaux max- 

imaux de A relativernent & cette relation sont dites parties de Gleason de l7alg&bre 

A. Notons que si A = R ( K ) ,  alors Ma .- K, oii l? est l'enveloppe rationnelle de li. 

Theoreme 0.14 [27] Soit p une mesure repre'sentatiue de  x pour R ( K ) .  Soit P une 

partie de  Gleason de R ( K )  contenant x. Alors p est portie par P et p reprisente 

x d a m  R(P).  

Le lemme suivant, qui est une cons6quence du lernme de Forelli et du th6orkme 

pricedent, est du B Boivin (71 

Lemme 0.1 Soit K un compact d'une surface de  Riemann R, soit P une partie de  

Gleason non triuiale de M ( K )  e t  En une suite de sous ensembles compacts tel que 

UE,, = K \ F. Alors, il existe une suite de fonctions g, dans M ( K )  telle que 

2) 11 - g,J < sur En. 

3) La suite g, tend uers zero sur Po, uniformthent sur les compacts. 
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Chapitre 1 

Fonct ions finement harmoniques 
et l'axiorne de domination 

Ce chapitre est une reproduction mot par mot, de l'xticle publie dans le journal, 

Potential Analysis 2 (1993), no. 2, 131-136. 

Abstract: In a harmonic space with the domination Axiom ( axiom D), B. Fu- 

glede [5] has introduced the sheaf property of the cones of the finely hyperharmonic 

functions (defined in the fine opens). In 171, [8], 3. Lukes, J. Mali and L. Zajicek have 

studied a not ion analogous to the finely hyperharmonic functions without supposing 

axiom D, and have proved ([8] theorem 12.16) that if the cones of the positive finely 

hyperharmonic functions make a sheaf, then axiom D is satisfied. See N. Boboc, Gh. 

Bucur and A. Cornea [3] for the first result of this type given within the context of 

the H-cones. 

In this paper, we prove axiom D is a consequence of the sheaf property even for the 

smallest class of the functions (the class of the finely harmonic functions; absolute- 

value bounded in a convenient sense). This result implies that of Lukes et al. cited 

above. Consequently, the tow 'fine' properties of the sheaf are equivalent, which has 

not been evident previously. 

Sur un espace harmonique satisfaisant & I'axiome de domination (axiome D),  B. 

Fuglede [5] a introduit le faisceau des c6nes des fonctions finement hyperharmoniques 

(dCfinies sur des ouverts fins). Dans (71, [a] , J. Lukes. J. M a l i  et L. Zajicek ont CtudiC 



une notion analogue de fonctions finement hyperharmoniques sans supposer l'axiome 

D, et  ils ont montr6 ([8] th&or&rne 12.16) que si les clines des fonctions finement 

hyperharmoniques positives foment un faisceau, alors l'axiome D est satisfait. Voir 

M. Boboc, Gh. Bucur et A. Cornea [3] pour le premier rgsultat de ce type, donne 

dam le cadre des H-clines. 

Dam le papier prisent nous rnontrons que l'axiome D est une consiquence de la 

propriit6 de faisceau meme pour une plus petite classe de fonctions, B savoir la classe 

des fonctions finement hamoniques (majorkes en valeur absolue dam un sens conven- 

able). Ce r4sultat entraine donc celui de Lukes et a[. citC ci-dessus. Par consequent 

les deux propriCtCs 'fines' de faisceau sont iquivalentes, ce qui n'etait pas Cvident B 

l'avance. 

On disigne par Cl un espace B-hamnonique & base dkombrable au sens de Bauer 

[I] ou de Constantinescu et Cornea [4]. 

Soit U un ouvert fin de Q. On note par L ( U )  l'ensemble des fonctions numeriques 

finement semi-continues inftkieurement > -oo sur U, et  par B(U) l'ensemble des 

ouverts fins relativement compacts (par rapport & la  topologie initiale) V tels que 
- 
V C U. D'aprks [7] une fonction nurnkrique f d6finie dam U est dite : 

I )  jinernent hyperhamonique sur U, si f E L ( U )  e t  si, pour tout V E B(U), f 

est bornee inferieurement sur v, et 

2 )  jinement hyperharmonique au sens de Fuglede sur U, si f E L ( U )  et  si l'ensemble 

des V E B(U) te1s que soit born6e infirieurement sur V et que f C V  < f sur V, 

forme une base de la topologie fine induite sur U  (on pose f C V ( x )  = fd€EV); 

3) localement finement hyperharmonique sur U, si f E L(U)  et  si pour tout x E Li 

l'ensemble des V E B(U) avec x E V tels que f soit bornie inf6rieurement sur V 

et que fCV(x)  < f (x),  forme un systeme fondarnental de voisinages fins de x dam U. 



Remarque. On dit que f est finement harmonique sur un ouvert fin U de R si, 

f et - f sont finernent hyperharmoniques sur U, c'est i dire si f est finernent 

continue et  si, pour tout V E B(U), f est born& sur V et 

f d e v  = f(x), pour tout x E V. 

Definition 1.1 ([5] p.34) Un ouvert fin V c 0 est dit rigulier lorsque CV est une 

base, c'est d dire que b(CV) = CV. Autrement dit, CV est inefilC en tout point de 

la frontidre fine &V de V .  

Lemme 1.1 Les ouverts fins riguliers f o m e n t  une base pour fa topologie fine sur 0. 

Preuve. Soit V un voisinage fin d'un point x de R. La topologie fine est rbgulihe; 

il existe donc un voisinage fin et finement fermd W de x contenu dans V. Or CW 

est un ouvert fin; C W C /3(CW), la base essentielle de C W, voir [2]; et P(C W) est 

un ferm6 fin. Donc Y = CP(CW) C W est un ouvert fin. De plus 

(CW)" = CW' = CWU b(CW),  (w' = l'intdrieur fin de W), 

voir ([5] p.27), et comme x E w', il vient x n'appartient pas & b(CW), donc + 
n'appartient pas & /?(CW). Par suite x E Y C W C V. On sait que Y est un ouvert 

fin regulier. 

Proposition 1.1 Soient u et v deux fonctions localement Jnement hyperhannoniques 

sur un ouvert fin U, alors inf(u,v) est une fonction localernent Jinement hyperhar- 

monique sur U .  

Preuoe. Soit w ( x )  = inf(u(x), v(x)), x E U ;  alors w est finement semi-continue 

inferieurement > -CG sur U. Soit x E Uet  soit LIZ un voisinage fin de x dans 



U. Supposons par exemple que w ( x )  = u(x) 5 v(x). I1 existe V E B ( U )  tel que 

z E V c U,, w soit born& inftkieurement sur V et que 

et w est donc localement finement hyperharmonique sur U. 

Proposition 1.2 Soit u (re'sp. v )  une fonction localement Jnement hyperhar- 

monique sur un ouvert fin U (r6sp. sur un ouvert fin V tel que V C U). On 

suppose que 

liminf Jne v(x) 2 u(y), pour tout y E U n &V. 
x-y.zEV 

Alors la jonction w d6Jnie par 

est localement finement hyperharmonique sur U. 

Preuve. La fonction w ainsi d6finie est finement semi-continue inferieurement > 
-cm sur U et localernent finement hyperharmonique sur U\df V selon la Proposition 

1.1. Soit x E a f V ,  et soit U, un voisinage fin de x dans II; il existe W E B(W) tel 

que x E W c U' et que uCW(x) u(x). Or w 5 u dam U, et la preuve s7achkve 

comme celle de la Proposition 1.1. 

Ddfinition 1.2 On dit que l'espace harmonique R possdde la propn'e'te' de  faisceau 

pour les /onctions finernent hannoniques si, pour toute famille (Ui)ieI d 'ouverts /ins 

Ui dans 0 et pour toute fonction f d6finie dans U = UicrUi telle qu 'on a 1 / 1  5 h 

pour une fonction finernent harmonique h sur U, 17hamonicite' fine de f Illi pour 

tout i E I entraine celle de f. 



Sans I'hypothise If  1 5 h cette proprietd de faisceau ne serait pas rernplie par 

I'espace harmonique classique Rn, n 2 2, voir Fuglede [6]. D'illeurs on pourrait 

remplacer h dam la dCfinition par un potentiel locdement born6 sur Q. 

Th&or&me 1.1 Dans un espace B-harmonique R ci base d6nombrable, la propriUd 

de faisceau pour les fonctions jkement harmoniques implique l'aziome de domination. 

Ce thkr8me r4sulte du corollaire du lemme suivant o t  l'on suppose que 0 possede 

la propridtd fine de faisceau ci- dessus. D7$lleurs le thborkrne reste valable avec la 

mime ddmonstration si on emploie la definition d7harmooicit6 fine donn6e dam [8] 

(au lieu de celle de [7] utilis6e dam la note prksente). 

Lemme 1.2 Soit u une fonction Jnement hypoharmonique au sens de Fuglede sur 

n, et v une fonction hyperhannonique positive localement bomie sur !I telle que 

u 5 v .  Alors il existe une fonction hanonique h 2 0 sur 0 telle que u 5 h < v.  

Bien entendu, u est dite finement hypoharmonique au sens de Fuglede si -u est 

finement hyperharmonique au sens de Fuglede. 

Preuve. Soit 

H = {s hyperharmonique 2 0 sur a :  u 5 s 5 v )  

On a H est non vide, car v E H. Cornme u est finement hypoharmonique au sens 

de Fuglede sur Q, il existe une famille (Ui)iEr d'ouverts fins Ui E B(U) telle que 

R = UiEIUi, et que U(X) 5 J* uezUi pour tout i E I et tout x E Ui. On a donc pour 

tout x E Ui 

D7aprbs ([7] Corollaire 7) sCut est finement harmonique dam Ui.  D7aprks le Lemme 

1.1, il existe pour tout i E I une famille d'ouverts fins rkguliers xj € B(Ui) telle 

que Ui = UjK j j .  Alon 



et par suite u 5 sCK] 5 v, dam xi. Comme K j  est regulier on a sCv~(+)  = s ( r ) ,  

pour tout x E CK,, d70G u 5 sCK] $ v dam Q tout entier. Ceci montre que 

sCK] E H. Comme plus haut on sait que sCV.] est finement harrnonique dans K,. 

Posons 

h ( x )  = inf s ( x )  = inf 1 s&ZY.ld' pour tout id' j et tout r E 0. 
s € H  s E H  

Alors h 2 0 est finernent harmonique dam K j  dd'apr&s [8: thbrhrne 12.121, vu que 

H, donc aussi la famille {sCV.] : s E H), est filtrante d6croissante. Evidemment. 

u 5 h $ v dans R, et il reste B montrer que h est harmonique. 

Soit x E n, il existe un voisinage W, de I, W, ouvert relativement compact 

dans 0, et une fonction harmonique ho > 0 sur W, tels que 

0 5 h 5 v  5 ho, dam W,. 

Or Wx = U i j  K, n W, et h 1 Kj n W, est finement harmonique. D7apr&s ([7], Thkorkme 

4)  ho est finement harmonique, et il rbul te  donc de la propriCt6 fine de hisceau que 

h est finement harmonique sur W,, donc aussi harmonique sur Wx et donc dans 

UZEnW, = n. 

Si v ci-dessus est un potentiel, il vient h = 0 et par suite u 5 0, d'oii le corollaire 

suivant: 

Corollaire 1.1 Soit p un potentiel localement borne' sur et  u une fonction fine- 

ment hypoharmonique au sens de Fuglede sur fl telle que u < p. Alors u < 0. 

Ceci signifie que tout potentiel localement born6 sur fl est un 'potentiel fin', voir 

([5] paragraphe 10) (oh l'on suppose l'axiome D). 

Preuue du thiorkme 1.1. Soit p un potentiel localement borne sur !2, de support 

harmonique S, et soit u une fonction hyperharmonique positive telle que u 2 p 



dms S. Pour montrer que u 2 p dans 0 tout entier, on pose 

Comme p est harmonique dam CS, u-p est hyperhannonique, donc aussi finement 

hyperharmonique dam CS d'aprks ([7], th&r&me 4). De plus u et p sont finement 

continues dam R et u - p 2 0 dans S, d'oii 

D'apr&s la proposition 1.2, w est localement finement hyperharmonique sur R. w 

est aussi finement hyperhamonique au sens de Fuglede sur R, voir ([7], corollaire 9). 

Or -w 5 p dam n, et il en rbulte d'aprks le Corollaire 1.1 que -w < 0, ce qui 

entraine que u - p 3 0 dans CS, donc u 2 p dans Q. 

Remarque . La proprietk de faisceau pour les fonctions finement hyperharmoniques 

est dkfinie comme celle plus haut pour les fonctions finement harmoniques, sauf que 

1 J 1  < h est remplac6 par f 2 -h, ou d'une manikre kquivalente par f 2 0; voir 

aussi ([8] p.331). Evidemment la propri6ti de faisceau pour les fonctions finement 

hyperharmoniques implique celle pour les fonctions finement harmoniques. Comme 

l'axiome de domination entraine ces deux propridtis de faisceau selon ( [ 5 ] ,  lernme 

9.5) (utilis6 pour f + h 2 0 dans le cas hyperharmonique), on tire du Tht5orkme 1.1 

ci-dessus le corollaire suivant qui &tend la premikre partie du ([8], thkor6me 12.16). 

Corollaire 1.2 Dans un espace B-hamonique au sens de Bauer ou de Constantinescu- 

Cornea d base dgnombrable, la propriiti de faisceau pour les fonctions finement hyper- 

harmoniques est iquivalente d celle pour les fonctions finernent hamoniques; laquelle 

est iquivalente 8 1 'axiome de domination. 
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Chapitre 2 

The Dirichlet problem for the 
complex Monge- AmpBre operator 

Definition 2.1 Let D be an open set in Cn. A function u defined on D to R u 

{-oo) is said to be plurisubharmonic on D i f  u is upper semi-continuous, identically 

infinite on no component of D and for every a E D and zu E Cn the function which 

to r associates u(a + ZW) is subharmonic or identically -00 on each component of 

the open set {I E C : a + zw E D}. 

P ( R )  denotes the set of all plurisubharmonic functions on R. 

The complex Monge-Amphre operator for u E P(S2) nC2(R)  is defined as follows: 

where d = 8 + 8, dc = i(8 - a), and d V  is Lebesgue measure in Cn. 

Definition 2.2 A real valued C2 function u defined on an open set D c Cn is said 

to be strictly phrisubhanonic on D, i f  



is positive semi-definite on C" for every z E D. 

We now use strictly plurisubharmonic functions to define an important class of 

domains. 

Definition 2.3 A bounded domain D in Cn is called strictly pseudoconvex if there 

are a neighborhood U of aD and a strictly plurisubhamonic function r E C 2 ( U )  

such that 

D n  U = {Z E U :  r ( z )  < 0 } .  

Bedford and Taylor [2] have extended the definition of the complex Monge-Ampke 

operator to functions u E P ( 0 )  f~ L a ( 0 ) ,  where 0 is a strictly pseudoconvex domain. 

as follows. Given u E P ( Q )  n LEc(R),  they define ( d d ' ~ ) ~  = ddCu A . . . A ddcu. 

( k  - t imes) ,  inductively as a current, where its action on a test form 11 of bidegree 

The following theorem was first proved by Bedford and Taylor [I] for f E c(D) 
and generalized later for f E L2(0) by Cegrell and Person [6]. 

Theorem A: Let R be a bounded strictly pseudoconvex domain in Cn. If f E L 2 ( n ) ,  

f 2 O and rp E C(aR), then there exists a unique plurisubharmonic function 

u E P(O)  n C(n) such that 

and 

lim u(r) = p((): for every ( E aR. 
R3z-< 



where dV is the Lebesgue measure in Cn. 

The following principle is of great importance. We shall use it severai times in 

our paper. 

Theorem 2.1 [2] (domination principle) Let 0 be a bounded strictly pseudocon- 

vex domain in  Cn. Let u and v be two  functions in P ( 0 )  n Lm(R) such that 

and 

lim inf (U - v ) ( r )  2 0, lor every { E an. 
fl3zlz-< 

Then uzv in R. 

Let p be a positive measure on Q and p  a continuous function on an. We 

consider the Perron-Bremermann class: 

W? P )  = 

{v E P ( 0 )  n Lm(Q) : (ddCu)" 2 p; Iim sup v(r) 5 p((), z ---t (, for every E dfl). 

Remark 1: For z E an, and u defined on a, 

lim sup u(x) = inf ( sup ~(x)), 
X-z VEW4 Z E V ~ Z Z  

where V ( z )  is the set of all neighborhoods of z. 

u' will denote the smallest upper semi-continuous majormt of the function u. 

Remark 2 The solution in Theorem A, is the upper envelope supB(9,  f d V ) ( z )  = 

SUP{V(Z) : v E B ( p ,  f d V ) )  of the Perron-Bremermann class. 

In [5] Cegrell and Kolodziej suggested the general problem as follows: 



u E P ( n )  n Lm(R) 

(ddCu)" = 8, on 0 

lirnsupu(z) = rp(t), as z - e, for every [ E a R ,  

where p is a positive measure and 9 E C(6Q). They showed that, if R is the unit 

ball in Cn, p has compact support and is invariant under rotations, and the Perron 

- Bremermann class B(0, p) is nonempty, then the function (sup B(9, f dp))' where 

0 5 f E LW(dp), solves the problem for the measure Jp. Cegrell and Sadulaev 

in [7] construct a function f E L 1 ( 0 ) ,  such that there is no u E P(Sl) n Lm(Q) 

with (ddCu)" 2 f d V  on 0. Persson [9] showed that the problem always has a radial 

solution on the unit ball, if p = (ddcu)", where u is radial. 

In this paper we discuss some questions related to sufficient conditions for the 

existence of a solution. Let fl be a bounded strictly pseudoconvex domain in Cn. 

If f is any non-negative measurable function on 0 and if there exists a function 

p E C ( n )  n P(R) such that 

then we show a solution exists for the measure f dV. We study the weak solution 

(i.e. lim sup u 5 9) for a bounded upper semi-continuous function on the boundary. 

Finally, we give a solution to the problem above if the measure p = (ddcu)", where 

u E ~ ( n )  n cZ(n) n c(Q. 

We shall also need the following results. 

Remark : The appropriate conclusion in the last theorem is that (sup B(p, p))' E 

B(p,p).  But this implies that supB(9, p )  E B(p,p). Indeed, if (supO(9, p))' E 

B(v, p ) ,  then (sup B(P? p))' 5 SUP B(P, P )  5 (SUP w, p))=. Thus we have (sup WP? = 

SUP w, 8). 



The following theorem gives the continuity, on a decreasing sequence, of the com- 

plex Monge-Ampere operator in the topology of the weak convergence of measures. 

Theorem 2.2 [2] Let { u j )  be a decreasing sequence of functions in P ( 0 )  n LEc(R) 

and assume that limj,, u j  = u E P ( R )  n Lcc(Sl). Then 

lim (ddCuj)" = (ddcu)", 
j--00 

in the topology of weak convergence of measures. 

Proposition 2.1 Let R be a bounded strictly pseudoconvex domain in Cn,  p E 

C(BR) and p be a positive measure on a. If B(9, p )  # 4 and u = sup B(9, p ) ,  then 

limsup u(z) = ~ ( t ) ,  for every E dR. 
Q3z,z-< 

Proof : u E B(9, p ) .  Thus limsupu 5 p, on dn. Suppose that there exists 

xo E t3Q such that limsupu(xo) < p(xo). We can suppose that u is defined and 

is uppersemicontinuous on n. There exists a neighbourhood V of xo such that 

u < a < @ on V n where a and p are two real numbers, and /3 < 9 on V n 8Q. 

Let W be a neighbourhood of xo with W c V. There is a continuous function / 
on dfl such that 

and f 5 ,B - a, on dR. By Theorem A, there is v E P ( n )  n C(n) such that v = f 

on t3R and (ddCv)" = 0 on R. So, w = u + v is plurisubharmonic on Q. By [S. 

Corollary 3.4.91 we have 

(ddCw)" = (ddc(u + v))" 3 (ddCu)" + (ddCv)" 2 (dd'u)" 2 p.  on R 



and 

limsup w(z)  5 ~ ( c ) ,  for every E XI. 
n3z,z-( 

Lemrne 2.1 Let R be a bounded strictly pseudoconvex domain in Cn,  and p E 

C(aQ). If p = (ddco)" where v E P ( 0 )  n C(n) ,  then there ezists u E P ( 0 )  such 

that 

and 

Proof: According to Theorem A, there is w E P(Q) n C(n) ,  such that 

and 

lirn w(z) = v( ( )  - v((), for every E dn.  
W ~ Z , Z +  

Thus the function u = w + v E P(R)  n ~ ( n ) ,  l i r n ~ ~ , , , - ~  u ( z )  = ~(6) + v ( E )  = 

p([), for every < E Xi and 



Theorem 2.3 Let 0 be a bounded strictly pseudoconvex domain in Cn,  p E C(BR) 

and f be a non-negative measurable function on a. I f  there is v E P(R)  nC(n) such 

that 

then there exists a unique bounded function u E P ( 0 )  such that 

(ddCu)" = f dV, on R 

and 

lim U ( Z )  = y ( [ ) ,  for every E 80 - 
fl32,2-< 

Proof : Let fj = min( f, j). fj E L2(R) for every j 2 0. Using Theorem A, for 

each j 1 0, there is u, E P ( 0 )  n c@) such that 

and 

Let now a be a real number such that v + a 5 9 on an. We have 

(ddC(v + a) )"  2 (ddcv)" 2 f dV > fi+,dV = ( d d ' ~ ~ + ~ ) "  > fjdV = (ddcuj)", 

for every j 2 0, and 

for every j 2 0 and every ( E an. By the domination principle, v + a 5 uj+l 5 u j .  

The sequence {uj} is decreasing and bounded from below by v + a, then u = 

hi-, u j  is in P (R) ,  and is bounded on 0. It follows that 

fdV = lim (ddCuj)" = (ddCu)", on R . 
I-=' 



Clearly, limsupu 5 9 on an. Hence u E B(p, f d V )  and we claim that u  = 

SUP B ( 9 ,  f d V ) ) .  Indeed, let @ E B ( 9 ,  f d V )  then (ddcP)" 1 f d V  2 f j d V  = (ddCuj)" 

and lim supmz,,, P(Z)  5 ~ ( c )  = lirnn3,+ u,  for every 5 E an, and for every 

i 2 0. So lim i n f n 3 z , z - ( ( ~ j - / 3 ) ( ~ )  2 0 ,  for every E do, and for every j 2 0. Then 

by the domination principle we have P 5 uj  on fl for every j 2 0. It follows that 

p < u  on Q. Thus u = (sup B ( 9 ,  f d v ) ) ' .  By Proposition 2.1, 

limsup u ( z )  = ~ ( t ) ,  for every [ E ail. 
%Jz,z-< 

According to Lemma 2.1, there is UI E P ( 0 )  n C@), such that 

and l i r r ~ ~ ~ , , , ~  zu(r) = ~ ( c ) ,  for every ( E aR. This means that w E B(p, !dl/). 

Thus w 5 u, on R. We conclude that 

The unicity follows from the domination principle, and the proof is complete. 

Corollary 2.1 Let a be a bounded strictly pseudoconuez domain in Cn and p E 

C(BR). If p = (ddCv)" on R, where v E P( i2 )nC2(n)  n~(a), then there is a unique 

bounded function u E P ( R )  such that 

and 

U r n  U ( Z )  =(P((), for every[ E aR.  
123z,z-.E 

Proof: Since v E C 2 ( n ) ,  then (ddcu)" = f dV, where f is a non-negative contin- 

uous function on 0. The result follows irnmediatly from the last theorem. 



Theorem 2.4 Let R be a bounded strictly pseudoconvex domain in Cn. If f E 

L 2 ( n ) ,  f 2 0 and p is a bounded upper semicontinuous /unction on aR,  then there 

exists a bounded plurisubharmonic function u,  upper semi continuous on such that 

and 

limsup u( r )  5 9 ,  on an. 
Q3t.z-€ 

Furthemore, if rp is continuous at x E 80 then 

lim U(Z) = ( ~ ( x ) .  
0 3 2 - x  

Proo!: Let {pj} j>o be a decreasing sequence of continuous functions which con- 

verges to p. According to Theorem A, there exists a sequence {uj} of functions 

plurisubharmonic on and continuous on n, such that (ddCuj)" = fdV and uj = pj 

on 30. We have 

(ddCuj)" = ( d d ' ~ ~ + ~ ) " ,  on R 

and 

By the domination principle the sequence { u j }  is decreasing on 0. 

Since 9 is bounded, there is a constant c such that p 2 c on 8R.  It follows that 

uj 2 c on 8 0 ,  for every j 2 0. Let v f P ( 0 )  n ~ ( n )  such that (ddcv)" = f d V  and 

v = c on da. Again by the domination principle we have uj  3 v for every j 2 0, 

SO uj  2 u = hj,, uj 2 v. Thus u is in P(R), upper semicontinuous and bounded 

on Ti: Since uj  = 9j on do, for every j 2 0, it follows that limsupn,,,,-&) 5 

lim SuPz3.,.-( u(z) = 9 on 80. It was shown that the sequence { u j }  is decreasing 

on 0, then 



Let now so E afl such that y is continuous at so. Then there is a function 

.rlr E C(an) S U C ~  that $ 5 9 on an and +(lo) = 9(xo). Let w E P(R)  nc(K) such 

that 

and 

/d l /  = (ddCw)" 

lim W ( Z )  = $((), for every E an . 
R3r-< 

We have 

(ddCw)" = JdV  = (ddCuj)", for every j 2 0 

By the domination principle w 5 uj  on Q, for any j 2 0. It follows that w _< u on 

0. Hence, p(xo) = $(so) = limn3,,10 w ( z )  5 lirninfn3,-, u(z) 5 limsup,-, u(;) < 
limn3,-zo u j ( " )  = vj(xo), for every j 3 0. Thus 

lim u ( r )  = p(xo). 
2 - I 0  
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Chapitre 3 

Carleman approximat ion on 
products in Cn 

Seddik Chacrone, Paul M. Gauthier and Ashot H. Nersessian. 

Abstract 

In [I91 Scheinberg generalized a celebrated theorem of Carleman by show- 

ing that a continuous function on Rn can be approximated with arbitrary 

speed by entire functions of n complex variables. Alexander showed in 

[I] that an unbounded smooth curve in Cn is such a set of Carleman 

approximation. Frih and Gauthier in [8] studied Carleman approximation 

by entire functions in Cn on products of curves in Cni , nl + - - + nt = n. 

In the present paper, we show that products of Carleman approximation 

sets in C are Carlernan approximation sets in Cn, thus generalizing the 

results of [18] and [19]. 

For a locally compact Hausdorff space a, we denote by fl* = R u {*) the one- 

point (Aleksandrov) compactification of R. Unless otherwise specified, all topological 

notions in R are with respect to Q (rather than 0'). For example, if X c Q, 

and XC denote the closure and complement of X in R. X is said to be bounded if 
- 
X is a compact subset of a. A hole of X is a non-empty bounded component of Xc. 

Let X be a closed subset of a Riemann surface R. We denote by H ( 0 )  the holo- 

morphic functions on R. by C ( X )  the set of continuous complex-valued functions on 



X, and by A(X) those functions in C ( X )  which are holomorphic in the interior of 

X. A proper closed subset X is said to be a Carleman set in R if for each f E A ( X )  

and each positive E E C ( X ) ,  there exists a function g E H(R), such that 1 f -g/ < E .  

A compact Carleman set is called a Mergelyan set. 

The following characterization of Mergelyan was first proved by Mergelyan in [I7 

] for plane domains and later extended by Bishop [3] to Riemmn surfaces. 

Lemma 3.1 A compact subset K of a Riemann surface $2 is a Mergelyan set if and 

only i /  R* \ 1 -  is connected. 

The following characterization of Carleman sets was first proved by Nersessian in 

[IS] for plane domains and later extended by Boivin (41 to Riemann sufaces. 

Theorem 3.1 A closed subset X of a Riemann surface l2 is a Carleman set in 

fl if and only i f  0' \ X is connected and locally connected and for any compact 

K c there exists another compact L, I< c L c such that no component of intX 

intersects both I- and Q \ L. 

Now, for j = 1,2, . . . , n, let X j  be a closed subset of a Riemann surface Oj. Con- 

sider the closed subset X = XI x . . . x Xn of the complex manifold Q = R1 x . . . x Q,. 

We denote by H(R) the holomorphic functions on 0, by C ( X )  the set of contin- 

uous functions on X, and by A ( X )  the slice product A(Xl)#. . . #A(Xn), that  

is, the family of those functions f E C(X) such that: for each p E X, setting 

g j (q )  = f(~~,*.-,Pj-l,q,pj+l,---,pn), for q E X j ,  we have gj E A(Xj); for every 

l L j < n .  

The set X = Xl x . . . x X,  c 0 is said to be a Carleman set in R, if for each 

f E A(X) and each positive E E C ( X ) ,  there exists a function g E H ( R ) ,  such that 

If - gl < E ,  on X. 

We now formulate the main statement of this paper. 



Theorem 3.2 Let fl = Rt x . . . x fl, be a product of Riemann surfaces O j , j  = 

1,2,.  . . , n and assume X = XI x . . . x Xn is a product type subset of R, closed in 

0. Then X is a Carlernan set in R i f  and only i f  each Xi is a Carlernan set in nj .  

An unbounded Jordan arc in C is (the image of) a homeomorphism J : R --+ C 

such that J(t) - co as t -+ m. 

Corollary 3.1 [8] For j = 1,2, let J j  be unbounded Jordan arcs in C and set 

J = J1 x Jz.  Then, J is a Carleman set in C2. 

In [8] it was actually shown that if, for j = 1,2, J, is a smooth unbounded Jordan 

arc in C"J , then J = JI x J2 is a Carleman set in Cnl x Cn2. In case each nj = 1. 

the proof in [8] works without the smoothness assumption on the Jj .  

If C2 is represented as R2 + iR2, then we may identify R2 with the real part of 

C2. 

Corollary 3.2 (Scheinberg [19]) In C2, the real part EL2 is a Carleman set. 

In what follows we consider in detail only the case of nl x R2, noting that the 

treatment for higher dimensions is identical. 

At this point, we pause to explain why we insisted that X be a proper closed 

subset of 0, when we defined a Carleman set X in a Riemann surface R. After 

all, the set X = 0 trivially satisfies the required approximation property. Our first 

reason for excluding X = R is that Theorem 3.1 would fail for X = 0. This is 

obvious. 

Our second reason is that Theorem 3.2 would also fail if some X, were allowed 

to be a,. Indeed, let XI = (0) U { l l n  : n E N) and set X = X1 x C. On X 

we define f (zl, i2) as zz if zl = 1 and as 0 otherwise. Suppose g is holomorphic 

in a connected open neighbourhood of X in C2 and 1 f - gl < 1. Then, by the  

Liouville theorem, for each 21 E XI \ {1}, g(zl, .) is constant. Hence, dg/dz2 = 0 



on (XI \ {I}) x C .  Since this set is contained in no proper analytic set, ag/az2 

is the zero function. Thus, g(l,.) is constant. But this contradicts the fact that 

g(1, 22) approximates z2. Thus, X is an example of a product of two sets on each 

of which Carleman approximation is possible. Yet, as we have just shown, Carleman 

approximation is not possible on X. 

This example shows, in fact, that not only is Carleman approximation impossible 

on X, even the (apparently) easier task of uniform approximation is impossible. We 

are left with the open problem as to whether there is an analog of Theorem 3.2 for 

uniform approximation. The last example shows that, in defining a set X of uniform 

approximation in Q, we should exclude the trivial case X = R, just as we have done 

for Carleman approximation. 

There is another difficulty in trying to find a uniform analog of Theorem 3.2. 

Although, for plane domains 0, there is a complete discription of uniform approxi- 

mation sets ( a famous theorem of Arakelyan ): for Riemann surfaces 0, in contrast t o  

the Carleman situation, there is no known description of Arakelyan sets. In fact, Gau- 

thier and Hengartner [12] have shown that the topological characterization of uniform 

approximation sets given by Arakelyan in planar domains fails on Riemann surfaces. 

Moreover, Scheinberg [20] subsequently showed that no topological characterization 

thereof is possible! This seems to indicate that the well-known phenomenon, that de- 

scribing approximation sets in several complex variables is not a topological question, 

seems to  emerge already on ~ i e m a n n  surfaces. 

This paper is devoted to better-than-uniform (Carleman) approximation. The pre- 

vious paragraph already shows that, surprisingly, we obtain more complete answers to  

problems in better-than-uniform approximation than are presently available for uni- 

form approximat ion. This is because the conditions necessary for better- t han-uniform 

approximat ion are so stringent that they point the way to sufficient conditions. 

The tensor product of the algebras A ( X I )  and A(X2), denoted by A ( X 1 ) @ A ( X 2 ) :  

is the smallest dosed subalgebra of C(XI x X2) containing the functions f orj, where. 

for j = 1.2. rj is the natural projection of XI x X2 onto X, and f E A(,%). 



A Banach space A has the approximation property, if and only if for each compact 

subset K of A and each E > 0 there exists a continuous linear operator T mapping 

A into A such that T has finite rank and ] I t  - T(x)ll 5 E ,  for each x E K. The 

following result was formulated by Eifler [7] (see also [9], [ll, Coroll. 6.31, [13], [lo]). 

Theorem 3.3 (Eiper) Suppose A and B are closed linear subspaces of C(X) and 

C(Y) respectively where X and Y are compact spaces. If A has the approzimation 

property, then A 8 B = A#B. 

Lemma 3.2 If each K j  is a Mergelyan set in Oj, then I( = Kl x K2 is a hlergelyaa 

set in R. 

Proof. Boivin [5] has shown that each of the algebras A ( K j )  is Tinvariant, where 

T is the Vitushkin localization operator. It then follows from Theorem 1 in another 

paper by Boivin [6] that there is a sequence of linear operators on A(li j )  of finite 

rank which converges to the identity operator on A ( K j )  pointwise, i.e. in the strong 

operator topology. 

Our lemma now follows directly from Eifler's theorem. 

3.1 Preliminaries about parts 

Let M ( X )  represent the class of functions uniformly approximable on X by mero- 

morphic functions of the form f = glh, where g ,  h E H(R), and h has no zeros on 

X. We note that if Q = C2 and X C C* is compact, then M ( X )  coincides with 

R ( X ) ,  the class of functions uniformly approximable on X by rational functions 

f = glh ,  where g and h are polynomials and h has no zeros on X. 

is the uniform norm of a function 1 defined on X. 



Proposition 3.1 A product t ype  compact subset .Y = X1 x X2 of f l l  x f12 is m e m  

morphically convex. 

Proof. Assume (zl, zz) 6 X1 x X2. Then zl 6 XI. There exists a meromorphic 

function r without poles on XI such that lr(rl)l > IIrllxl - Since this function can 

be taken as a meromorphic function in Ql x R2 (as a function which is constant with 

respect to the second variable) and its supremum on X is equal to llr 11 we see that 

(rl, z2) is not in the meromorphically convex hull of X, and the proposition is proved. 

Lemma 3.3 For a product type compact set X = X1 x &, the mazimal ideal space 

of the algebra M ( X )  coincides with X.  

ProoJ. This follows from Proposition 3.1 and Lemma 2.1 in [9; Chap.31: taking 

into account that R can be properly embedded into some Cn (see also [lj. Theorem 

7.2.111). 

According to the definition of Gleason: two homomorphisms 9: @ of a Banach 

algebra A are called equivalent, if 119 - $ 1 1  < 2. where llpll = sup{lq( f ) l  : / E 

A 1 f 1 .  1 .  The equivalence classes of the maximal ideal space of A under the 

defined relation are called Gleason parts of the algebra A (see [9, Ch. VI] for further 

details). 

Our next objective is to find a characterization for Gleason parts of the algebras 

M(X) for product type compact subsets of R1 x Zt2. 

Theorem 3.4 The Gleason parts of M ( X )  for the product type compact subsets 

X c R1 x R2, .X = .Yl x X2, are exactly the subsets of the type GI x G2. where Gj 

are Gleason parts of the respective algebras 1\1 (.Y, ). 



Proof: Let G = G1 x G2, where each Gj, j = 1,2,  is some Gleason part of M ( X j ) .  

XI, x2 E G1 and yl , y2 E GZ . We claim that the points 

are equivalent as homomorphisms on M(X).  We have to verify that 

Note, that f(-, y)  E M(Xl)  and /(I,=) E M(X2) for any x E Gl, y E G2. Hence, 

since XI - 2 2  and y~ - y2, then (21, y1) - ( ~ 2 . ~ 1 )  and ( ~ 2 ~ 9 1 )  - ( ~ 2 ~ 9 2 ) ~  which 

results in the desired equivalence: (xl, yl ) - (x2, y2). This implies that G = GI x G2 

is contained in a single part of M(X) .  

On the other hand, if G is a part of M ( X ) ,  take G1 = alG, the projection of 

G on R1. First, according to the Lemma 3.3 we have Gl C XI. We claim that G1 

is contained in some part of M(Xl).  Indeed, for every f E M(X1 ), 11 f l l x l  5 1, set 

g ( x ,  y) = f(x) for (XJ) E X. Then we have g E M ( X )  and for all pairs ~ 1 ~ x 2  E GI, 

for some suitable yl, 32 such that ( x ,  y ) and (x2, y2) E G. In the same way we see 

that G2 = 7r2G, the projection of G on n2, is contained in a part of M ( X 2 ) .  If 

these parts were larger than, either, respectively, Gl or G2, then, according to the 

above reasoning, their product would be contained in some part for ill ( X )  larger 

than G, which is inconsistent with the definition of a part. Hence GI, G2 are parts 

for, respectively, M (XI ) and M(X2).  

We see that the product of two parts is contained in some part for M ( X )  whose 

projections are parts for M ( X j ) -  The proof is complete. 



The following assertion generalizes the characterization, due to Arens and Sarason 

(9, Theorem V1.4.41, of the Gleason parts for the algebra R ( X )  on a compact subset 

of the plane, having a finite number of complementary components. 

Corollary 3.3 A non-trivial Gleason part of the algebra R ( X )  for a product type 

compact subset X of C2, with projections Xj having a finite number of complemen- 

tary components, is either 

a) a component of the interior of X ,  o r  

6) coincides with a subset of the type { a l }  x G2 or G1 x { a Z ) ,  where aj E 8.q 

and Gj is a component of the interior of X j -  

As a further auxiliary statement we shall need a generalization of Wilken's theo- 

rem on supports of representing measures (see [9, p. 1461). Although we will be using 

this theorem only in part, we give it in full because of its own interest. Define the 

Cauchy transform of a Bore1 measure p with compact support: 

where kj is a Cauchy kernel on nj. It is easy to see that j is holomorphic in X; x X;, 

if suppp c X = XI x X z .  

Theorem 3.5 C( I M ( X )  i j  and only if ji = 0 in X; x X;. 

Prooof. Necessity is obvious. Indeed, p is orthogonal to M ( X )  implies f i  = 0 on 

x; x x;. 

Suficiency. Suppose = 0 in X; x Xi. By Ei%er7s theorem the slice and tensor 

products of the algebras M(X1) and M(&)  coincide, so it is sufficient to see that 



p is orthogonal to products f 1 f2  for each pair of rneromorphic functions fj without 

poles on Xj. Assume L, c Xf axe smooth contours surrounding X j  but no poles 

of f j .  We have, as a consequence of the Cauchy representation formula and Fubini's 

theorem: 

where aG is the distinguished boundary of a set G = G1 x G2 such that the functions 

fj have no poles in the smoothly bounded neighbourhoods Gj of the corresponding 

sets Xj- 

Theorem 3.6 The representing measures of a point p E P, where P is a Gleason 

part of M(X1 x X2), are supported on P and represent p on M ( P ) .  

Proof. We define the "projectionsn of a finite measure p defined on Xl x X2 by 

setting ?rlp(El) = p(E1 x X2),  for each Borel set El C XI and r 2 p ( & )  = p(X l  x E2) ,  

for each Borel set E2 c X2. From the definition, supprjp = rjsuppp. We now show 

that the measures rj/i give representing measures for the points x j on h. i (Xj ) ,  if p 

is a representing measure for ( x l ,  x 2 )  on M ( X ) .  Assuming again that M ( X j )  are 

embedded in M ( X )  in the natural way (see the second paragraph in the proof of 

Theorem 3.4, for an arbitrary f E M ( X 1 ) ,  

Therefore, by Boivin's version of Wilken7s theorem for Riemann surfaces [4] and from 
- 

Theorem 3.4, suppqp c x j P  which implies suppp c P and the first assertion is 

verified. 

Let hj  E H(Rj) have a simple zero at pj and no other zeros. If rn is a represent- 

ing measure for p on M ( X ) ,  it is supported on P as shown and hence the measure 



p = mhlh2 ,  which is orthogonal to iCI(X). is supported on P. By Theorem 3.5. 

ji = 0 on X;  x X i .  Since jl is holomorphic in P; x P;. each component of the 

interior of which contains a component of Xi x Xi, then ji = 0 on P; x Pi  (we set 

Pj = % P ) .  Again by Theorem 3.4 this implies p L M(P). For an arbitrary pair of 

meromorphic functions fj, having no poles on Pj we have, 

In deducing the latter equality we have assumed that ir,m represent pj on  M(P,). 

which follows from Boivin7s version of Wilken's theorem for Riemann surfaces [.L] that 

rjm represent pj on hf (P , ) .  

Remark. It is easy to show that cartesian products of representing measures of 

respective points i j  on respective algebras R(X,.), j = 1,2: give representing mea- 

sures for the points (xl, x2) on the algebra R ( X ) .  We do not know if all representing 

measures on R ( X )  are obtained in this way. If this be true, the proof of the sec- 

ond assertion in Theorem 3.6 could be further simplified, reducing it to yet another 

application of the corresponding assertion of Wilken7s theorem for the planar case. 



3.2 Proof of the theorem 

Proof. Necessity. Assume f E A(&) and 0 < E E C(Xl). Then the functions 

j(z,  v) = f (z), q z ,  w )  = ~ ( z ) ,  z E XI, w E X2 are in A ( X )  and C(X) respec- 

tively. By assumption there exists a function g E H(Q) such t hat if  - gl < d on X. 

This implies (f - g ( - ,  yo) ( < E on Xl and it remains to notice that g ( - ,  yo) E H(nl ) 

for arbitrary yo E X2. An identical agument shows that X2 is a Carleman set in Q2.  

Suficiency. We need certain exhaustions of both projections flj and we give the 

details of the construction for O1. Let pj stand for a distance function on 0; and 

assume the positive number ro is so small that A:o # 0, where Alo = {z E Rl : 

pl(z, *) 2 ro). According to Theorem 3.1 the closure Blo of the union of bounded 

components of Ql \AlouX1 is a bounded subset of R1. From the last condition in that 

theorem we also have that the closure Clo of the union of the bounded components 

of X,O whose closures meet Alo U Blo is bounded. Denote Dlo = Alo U Blo U Clo- 

The following properties of Dlo are immediate. 

a) Dlo is a compact subset of R1. 

b) aD10 c a(Dlo U XI). Indeed, aDlo c aAlo u aBlo U K l o .  A point zo E aClo 

cannot be an interior point of XI and zo E aDlo n aClo implies zo E d(Dlo u XI) .  

A point zo E n U aBlo) is a limit point of the complement of the set 

Dl0 U X because clearly 20 E R1 \ Dlo and zo E Rl \ XI. 

c) n1 \ Dl, has no bounded components. Indeed, suppose zo were a point of such 

a component. If zo were in the interior of XI, then zo would be in Clo c Dlo. If 

zo were not in the interior of XI, then zo would be in Blo c Dlo. 

By a), pl (Dlo ,  *) = r; > 0. Take a number rl, 0 < rl < 4 2 ,  and carry out 

the previous construction starting from All = {z E fll : pl(z, *) 2 r l )  in place 

of Aloe Continuing this procedure by induction, taking each time 0 < r, < rhdl/2. 

we construct a compact exhaustion Dlo, Dl1,. . . for Rl such that each Dl, has 



the properties a)-c). By the same construction we obtain an exhaustion {D2n}T=0 

having properties a)-c) with respect to R2 and X2. 

We further construct another pair of compact exhaustions {Din, DTn}T=o of the 

sets R j ,  j = 1,2, having following properties: 

e) R j  \ Dy:, have only a finite number of components none of them bounded. 

Denote D, = Dl, x Dz,, Dk = Din x Din and D: = D;, x Din, n 2 0. Then 

we have Dk c DO, c D, c D ~ O  C D:+~. 

Remarks. 1)  We notice first, that thanks to Bishop's Mergelyan type theorem [3], 

each of the sets X j  n Dyn, n 2 0, is a set of approximation by meromorphic functions 

on Oj. Boivin 15, 61 has shown that A ( X j  n D L )  has the Banach approximation 

property. Therefore, by Eifler's theorem we obtain that each set X  n DL is a set of 

approximation by meromorphic functions on 51. 

2) According to Boivin [5] Proposition 1, and by property b) , the sets 0% con- 

stitute (no more than countable) unions of entire Gleason parts for the respective 

algebras M ( D j n  U X j  n Dym) for any m 2 n. Consequently, according to Theorem 

3.4, the sets DO, constitute unions of Gleason parts for the algebras M(En), where 

En is the product set [(Dl, U XI) x (D2, U X z ) ]  n Dx+, . It is important for the next 

remark to notice that Dn U X n D:+:+, c En. 

3) Since the sets D:+:,, \ Dn are obviously of F,-type, the conditions of Lemma O- 

1 and its Corollrtry 2 in 14, p. 611 are satisfied. Although in [5] these are formulated 

for the algebra M ( K ) ,  where I< is a compact subset of a Riemann surface, the first 

assertion in Theorem 3.6 provides the only additional statement that is needed to 

extend Boivin's proof to the case where I< is a product Kl x 16. Therefore, for any 

n 2 0 and an arbitrary E > 0, there exist meromorphic functions r ,  such that 



i )  1 r < E on En \Dz, 

iii) 1r.l < e o n  D:. 

We show that r, can be taken to be holomorphic. Take en = mino; a, n 2 0. By 

Remark 1) there is a holomorphic function & such that 

We choose the next holomorphic function Ql so that 

According to the Remark 3) above, there exists a holomorphic function ro, constructed 

for the sets D;, £0, D{ and appropriately small e, such that the function Rl = roQ1 

has the properties: 

€1 I f  - & - & I  q, in X n  (D:\ Dt). 

Then we have for z E X n Di: 

Suppose that for some n > 1 the functions &, Rl, . . . , R, have been chosen in 



such a way that 

Again by Remark 1) there exists a holomorphic function Qn+l such that 

Taking the number E > 0 small enough we can assure that the function = 

rnQn+l, where r, is the function constructed according to the Remark 3) for the sets 

Dh , En, D',', satisfies the following inequalities: 

Then we have in X n (DE \ D:-,) from (3.1,iii) and (3.2): 



Continuing this process we will find a sequence of holomorphic functions {&);P=,, 

satisfying (3.l,i), (3.1,ii) for all k = 0, 1, . . . . We then see from (3.1, i)  for all k 2 0 

that xrz0 P, converges uniformly on each compact subset of D. Thus g = C;f=, R, 

is holornorphic in D, and, passing to the limit in (3.1,ii) as n -, a, for a fixed k, 

such that the arbitrarily selected point z E X is in (D; \ DL,) n X, we will have 

3.3 Case of bounded interior 

In this section we give a different proof of the sufficiency in Theorem 3.2, for the 

special case where intXj are bounded. We remark that  Kasten and Schmieder [16] 

had already shown that X = Xl x X2 is a set of uniform approximation in C2 if 

XI is a bounded set of uniform approximation (a  Mergelyan set) in C and .1(2 is a 

set of uniform approximation in C with intXz = 4. 

Lemma 3.4 [2] For each j = 1,2, there exist compact sets Af c A: c ... such that 

a) R j  = ~ ' ; "=~in t (~ : ) ;  

b )  A; has no holes, for k = 1,2, ...; 

c) A: u X ,  has no holes, for k = 1,2, .... 

The following lemma is an adaptation of a technique due to Hakim and Sibony 

Lemma 3.5 For j = 1,2, let Slj be a Riemann surface, and let Aj and I(j be 

compact subsets of O j ,  where K j  has no interior. Suppose A j  U K j  has no holes 

relative to nj .  Set A = A1 x A2, I< = Kl x K2, and R = 0, x 0,. Then, 

each function continuous on A U K and holomorphic on A is the uniform limit of 

functions holomorphic on R. 



ProoJ Let p be a measure on A u I< such that p I H ( Q ) .  It is sufficient, 

by the Hahn-Banach theorem, to show that p 1 C(A u K) f~ H(A) and in order 

to show this it is sufficient to show that supp p c A. Indeed, if supp p C A and 

f E C(A U K) n H ( A ) ,  then, since each Aj is hole-free, according to Lemmas 3.2 

and 3.4 there exists a sequence of functions gk E H(R) such that: 

Let 9 E C(A n K), with (supp 9) u A = a. We show that vy is the zero measure. 

For j = 1,2, let d j  be a metric on nj md for p E A U K, set Oj(p) = dj(pj, Aj)- 

Define h as Bj on supp 9 and as zero elsewhere. Then h is continuous, with 

the same support as 9 and 9 = C hej- It is sufficient to show that Ojp = 0, for 

each j. For each j ,  Bj E A(Aj U Kj) and, by Lemma 3.1, can be approximated 

uniformly by functions in H ( Q ) .  Thus, Bj can be approximated uniformly on A U I{ 

by functions in H ( O ) ,  and hence Bjp I H(Q). Since supp (Ojp) c I(, it follows 

from Lemma 3.2 that each function continuous on supp (Bjp) can be approximated 

uniformly by functions in H ( 0 ) .  Since, on the other hand, 0,p 1 H(R), it follows 

that Ojp G 0. This concludes the proof of the lemma. 

We now give an alternate proof of the sufficiency in Theorem 3.2, when intXj are 

bounded. To prove the sufficiency, let A:, k = 1,2, ... be the exhaustion of R j  given 

by Lemma 3.4. Let dk) be an arbitrary sequence of positive numbers. Using Lemmas 

3.2 and 3.5 in a standard way, we can inductively construct a sequence of functions 

g(k) E H(R) such that, setting AO = 0 and do) = 0, we have, for k = 1,2, . . . , 

Indeed, set X: = X j  n A;, Xk = X: x X,k, and suppose that x c X2. 

There exists g(') E H(R) such that 1 f - g(l)l < dl) on X2 (Lemma 3.2). Let h ( 2 )  



be a function continuous on A' u X3, bounded by dl), zero in a neighborhood of 

A', and equal to f - g( ' )  on X3 \ A2. We may assume that the interior of X j  is 

contained in A' and so by Lemma 3.5, there exists a function g(2) E H ( 0 )  such that 

1 h(2) - g(2) 1 < d2) on A' U X3. Then (3.3), ( 3 4 ,  and (3.5) are satisfied for k = 1. 

Suppose now that (3.3), (3.4), and (3.5) have been already established for k = 

1, . . . , m - 1. We establish (I), (2), and (3) for k = m. Let him) be a function 

continuous on Am-' U Xm+', bounded by dm-'), vanishing on a. neighborhood of 

Am-', and equal to f -g(l) - . . . g (m- l )  on Xm+' \ A m .  By Lernma3.5, there is a 

g(m) E H ( Q )  such that Ih(") - g(")l < dm) on Am-' u Xm+'. Then g(m) satisfies 

( I ) ,  (2), and (3) for k = m. By induction, then, we may construct a sequence g('), 

k = 1,2, . . . , satisfying ( I ) ,  (2), and (3). 

We may choose dk)  such that C",, dk) < 00. Thus, by (I) ,  g = Cg"=,(kl is in 

H( f2 ) .  Now fix f and E in C ( X )  with E > 0. If the dk) are chosen to decrease 

sufficiently rapidly, it follows from (2) and (3) that on X 1 f -gl < E.  This completes 

the proof of the theorem. 
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CONCLUSION 

Aprbs le depBt de cette thkse, E. Bedford et E.A. Poletsky nous ont signal6 que le 

thiorl.me 2.3 du chapitre 2 a kt6 publib r6cemment dam Indiana University Journal of 

Mathematics par S. Kolodzej sous une forme plus g6nbrde que la n6tre. Precisement, 

si I( est une mesure positive et E C(R) ot R est un domahe strictement pseudo- 

convexe dam Cn, si de plus il existe une fooction u E P ( 0 )  telle que 

et 

lim sup u = 4, sur d o ,  

alors il existe une solution du probleme de Dirichlet pour l'op8rateur de Monge- 

ArnpPre c o r n p l e ~ e ~  pour la mesure p et  la donn6e frontikre 4. 

Soient R ouvert fin dans un espace B-harmonique au sens de Bauer ou de Con- 

stantinescu et  Cornea, B base d6nombrable: u une fonction finement hypoharmonique 

dam R et v une fonction finement surharmonique localement b o d e  dans R,  telle 

que rr 5 u7 dans R. Existe-t-il une fonction h finement harmonique dans Rt  telie 

que u 5 h 5 v, dans Q. Ceci, g&&alisera le lemme 1.2, page 21. Cette propriPtP. 

une fois prouv&e, donnera une rbponse B la question pos6e par B. Fuglede, B savoir 

si on peut ddfinir un potentiel fin cornme &ant une fonction finement surharmonique 

positive dont la  plus grande minorante finement harmonique est nulle. 

En ce qui coocerne le chapitre 2, nous avons deux questions. 

Quelles sont les conditions necessaires et suffisantes pour que la mesure de Slonge- 

Ampere d'une fonction u E P ( R )  n C(a) soit de la forme ( d d ' ~ ) ~  = f dC'. oh f est 

une fonction mesurable positive dans R?  



Dans le chapitre 3, nous avons itudie 17approximation de Carleman sur les pro- 

duits de C. Soit X = XI x . . . x &, oG Xj est un ensemble de Carleman dam 

C"J. Est ce que X est un ensemble de Carleman dam Cn, o t  n = nl + . . . + nk? 

I1 ya aussi le problitme & savoir si le produit d'ensembles d'approximation uniforme 

est un ensemble d'approximation uniforme. 




