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Abstract 

Stress and deformation analysis of a U-shaped pipe using a COSMOS/M 

finite element mode1 is investigated. Bends in piping are characterized by stresses 

and defomtions unlike those of a bearn due to the tendency of the pipe to adopt 

an oval shaped cross section under load. The U-shaped pipe is of particular interest 

since it is frequently used in industrial equiprnent such as boilers and heat 

exchangers and f o m  one of the means of alleviating stresses in piping due to 

expansion and contraction in straight runs of pipe. The investigation is iimited to 

in-piane bending and includes the stresses due to intemal pressure. Stress and 

strain variation was found to be siii.liiar to that of an experirnental study reported in 

the literature and magnitudes of stress were consistent with those of a standard 

handbook design method. 
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Chapter One 

Introduction 

1.1 An Introduction to Pipe Bend Analysis 

The structural integrity and cost of  pipelines are of major concem in oil, 

chernical, and other industries. Pipelines can be subjected to severe thermal, 

seismic, pressure, and other mechanical loads, and for this reason an increasing 

amount of attention has been aven to their analysis[l 1. 

The pipelines used to transport heated fluids experience changes in their 

free length with a change in temperature of the fluids. In the general case, most 

liquids expand thermally more per unit volume than does the pipe volume. 

Therefore, with an increase in temperature the pipe is stretched by the expanding 

liquid and the liquid is compressed by the confinement of the pipe. This is a 

phenomenon which has been recognized for a long time. For any pipe segment 

which is fully closed, the pipe and the liquid are both affected by temperature and 

pressure changes. For continuously pipelines, there are basically two conditions of 

interest. These are unrestrained and fülly restrained. Unrestrained pipe constnicted 

of elastic material is free 10 expand axially and radially due to changes in 



temperature and pressure. The pipe is fiee to expand t h e d y  without significant 

additional stress being induced in the pipe wall by the action of restraints. Long, 

welded pipelines are usuaily fully restrained by soi1 fiiction acting dong the pipe 

length against axial expansion. In this case, it can be assumed that the axial strain is 

zero. Because of the axial restraint, a signrficant axial stress can be induced fiom a 

change in temperature. This is the fundamental ciifference between restrained 

piping and unrestrained piping. In addition, we know that the length of the 

restrained pipe segment wiU not change by the nature of the restraint, so we need 

to concentrate only on the change in diameter. Thus compressive axial stress, 

tensile hoop stress, and thermal expansion all tend to increase the diameter of the 

restrained pipe segment. 

The realization that such pipeline movements present several problems is 

not new, and many aspects of these problems have been studied. Current theories 

of some of these problems are, however, king pressed beyond the limits of their 

assumptions, and new practices in s tem and gas-turbine fields have introduced 

new expansion problems[2]. In ment years the use of more sharply curved pipes 

has ken  increasing. In particular, for many applications in oii refîneries and in the 

chemical industry, pipe bends have been used in which the radius of curvature, R, 

is only three times the pipe radius r. These innovations have become increasingly 

cornmon and the approximations made in the 'long radius' bend theory may no 



longer be justifiable. In addition, there have ken  a number of failures in boiler riser 

feed pipes of power plants. Most failures have ken  attributed to defects 

onginating in the boiler construction. For exarnple, pipe bends suffer fkom cross 

sectional deformation and a consequent significant local increase in the hoop 

stresses under pressure loading. There is, therefore, a great need for correctly 

iden tmg the origin and development of stresses in pipe bends with particufar 

reference to the defonned cross sections found in U-shaped pipelines. 

It is normal practice to absorb expansion of a straight pipeline by an 

expansion bend or curved pipe. The flexural rigidity of pipe bends is srnalier than 

straight pipes, since their cross section deforms into an oval shape due to bending. 

In addition, the pipe bends suffer from significant stress on the surface in both the 

circumferential and longitudinal directions [3]. Therefore, the following conditions 

have to be fulfïlIed: the pipe bend must not be overstressed; bending stresses will 

be added to the stresses due to intemal pressure; and the force needed to deflect 

the bend by the required amount must not be p a t e r  than the pipeline or its 

anchorage can safely sustain. 

The application of various rnethods of evaluation of stresses and flexibility 

in pipe bend to the design of pipeline has k e n  the subject of many publications[4]. 

Therefore, the design factor of pipe bend under different loads becornes usefùl to 

the engineer, shce it enables the determination of the reserve strength and 



addresses a critical mode of failure. This thesis shows that little effort is required 

to sirnulate a U-shaped pipe using a FEM (Finite Elernent Method) program so that 

the problem associated with bending of curved pipes can be deait with. It also 

uses the modified computer prograrns to study a pipe bend with intemal pressure. 

Stress analysis is a significant problem in pressure vessei design, especially 

if the design is based on finite element anaiysisC51. The U-shaped lhe under 

conditions of an internal static pressure is different from a pipe-line in service 

where the fluid flows through the pipe Iine; the distribution of pressure in the 

cross-section of the pipe-bend under actuai service conditions cm be only 

approximated. The estimation of stresses in pipe bends of short radius, as described 

by hrenz(l910), while providing only a rough estimate, has the advantage of 

simplicity. It is weil known that if pressure is appied to a cylindrical tube, which is 

initially non-circular, bending stresses will be added to the stresses due to internal 

pressure. The superimposed bending stresses may have considerable magnitude and 

entirely alter the stress distribution. Variations in thickness are less important, and 

Thouloup(l937) has shown that these can only influence the stresses 

proportionately [4]. 

Taking the above particular aspects into consideration, an analysis of a U- 

shaped pipe subject to internai pressure is undertaken. An approach to the practical 

problem of solving a U-shaped pipe is FEM simulation. 



1.2 Objectives 

The present study is concerned mainly with a U-shaped pipe. Attention is 

&en to a simulation of the pipe for stress analysis using the FEM. The study is 

carried out with two main objectives: 

1. To analyze a U-shaped pipe model, to study the FEM program 

description and to give a FEM simulation of the U-shaped pipe process. A mode1 is 

then used to perform a behavior analysis to help determine what the major saesses 

and deformations are in the U-shaped pipe with intemal pmsure. 

2. To obtain practical infomtion on a U-shaped pipe for diaerent loading 

values of the load case. Changes in the cross section of central U-shaped pipe of 

different angles due to bending and intemal pressure action are investigated. The 

FEM results are obtained for the locations of maximum stress and displacement, 

and the character of deformation in the U-shaped pipe is dso been analyzed. 

1.3 Finite Element Method - An introduction 

After almost two decades of extensive development, the h i t e  element 

method is now widely accepted as a powerful and general technique for the 

numerical solution of a variety of problems in engineering. 

The basic idea of FEM is that any structure or c o n ~ u o u s  medium can be 

regarded as consisting of individual components or finite elements whose behavior 

is well-defined and readily unders tood. These element s are interconnected at 



"nodal points" dong with their element boundaries as shown in Figure 1.1. Thus, 

such a structure, no matter how complex it is, cm be anaiyzed with relative ease by 

studying the behavior of its building blocks. 

The finite element method is based on early work by Ritz (1909), who 

developed a powerful rnethod to approximate the solution of field problems. It 

involved the approximation of a potentiai functional in t e m  of trial functions 

containkg coefficients of unknown magnitudes. The mirbkation of the funcuonal 

with respect to each unknown results in a set of hear equations that are soived for 

the unknowns. Accuracy could be improved by increasing the number of üia i  

functions 161. 

The finite element method can be applied in one of four different ways: (1) 

direct approach, (2) variational method, (3) weighted residual method, and (4) 

energy balance rnethod. Among these, the weighted residual method is the most 

general approach while the variational method is the most popular one. 

The variational niethod is the extended Ritz method in which the tiinctionai 

of the total potential energy of the system is to be minhized. The concept of 

minimum potential energy has three main forms corresponding to three variational 

prhciples: a) total potentiai energy, b) complementary energy, and c) Reissned61. 

a) The total potential energy p ~ c i p l e  is the cornerstone of the displacement- 

based finite element method. This is the most important formulation for the 



solution of rnany practical problems because of its simplicity, generality, and also 

numerical stability. 

b) In the complementary energy principle, stresses are the field variables rather 

than displacements: thus, the use of this principle results in the stress-based 

equilibrium finite element method 

c) The most general variational p ~ c i p l e  is that of Reissner[6], the primary field 

variables king both displacements and stresses, usually referred to as a mixed 

method. 

contlnuous medium 47 

Figure 1.1 : Discretization of 3-D continuous body 



In summary, the solution to a problem using the finite element rnethod 

generally consists of six main steps: (1) formulation of the problem, (2) choice of 

the elemnts, (3) detennination of the boundary conditions, (4) assemblage of 

element equilibrium equations, (5) solution of the global equations, and (6) 

calculation of strain, stresses, or any quantities of particular interest. 

In linear analysis, the global equations can be represented by : 

KU=R 

where K is a constant stiffness ma&, U is the unknown nodal point 

displacements and R is the vector of externally applied nodal forces. 

1.4 Organization of The Thesis 

Chapter One of the thesis gives background and an introduction on pipe- 

knds  and U-shaped pipe lines and the need they fill. The objectives of the thesis 

are also defmed. Finally, the organization of the thesis is detailed. 

Chapter Two gives an introduction to the basic concepts in elastic pipe 

bend analysis. The fundamental concepts such as bending stress and a description 

of the behavior of U-shaped pipe under in-plane bending and subject to interna1 

pressure are discussed. A bief review of the von Karman analysis with emphasis 

on the important concepts that H. Ohtsubo[3] employs in the nnite element 

formulation for stress analysis of pipe bends is provided. The consideration of the 

superposition of bending and pressure stresses is briefly discussed. The historical 



evolution of the method and the literature pertaining to the stress analysis of pipe 

bends are reviewed. 

Chapter Three deals with the modeling of the U-shaped pipe. The analysis 

of the finite element method and the advantage of its use are outlined. The 

development of the final method is then detailed. 

The results obtained from cornputer simulation analysis are presented in 

Chapter Four. The results of the analysis of the various stress distributions o n  the 

U-shaped pipe obtained through FEM are shown. A discussion on the significance 

of the results is then presented. In this COSMOS/' FEM software has been 

applied and similar results to those of Gross[4] were obtained. 

In Chapter Five, the main conclusions of this thesis are presented. This 

chapter is a discussion of the present results and recornmendations for M e r  

study. 

Appendix A lists the complete FEM code used to simulate the anaiysis of 

U-shaped pipe in this thesis. 

Appendix B lists the different loading cases applied to the FEM model. 

Appendix C is a standard method of manual calculation. 



Chapter Two 

Analysis and Formulation 

2.1 Basic Concepts 

The term " pipe bend" or "curved pipe" as used herein is intended to cover 

bot. shop or field bent pipe and welded elbows. 

Searnless pipe bends are made by forging svaight tubes over a curved 

mandrel, the exterior of the tubes king subjected to heat sufficient to raise the 

metal to forging temperature. 

There are various types of welded pipe-bend, one of which is the pressed- 

welded k n d  in which two flat circular sheets are pierced in their center with 

round holes. The fial rings of metal are hot-pressed into rings of semi-circular 

cross-section, and the two pressings are welded on the inner and outcr joints, to 

forrn a toms of circular cross-section, which is then cut to the required angle. As a 

consequence of the pressing process, the welded bends are thicker on the outside 

arc and thinner on the inside arc, the difference being about 15 percent[4]. 



Analyticaliy, such components may be considered as sections of an annula. 

toms. They are basicdy defined by a bend radius R, a cross section radius r, waii- 

thickness t, 41 as the coordinate in the circumferential direction, and arc angle a as 

shown in Figure 2.1. 

Figure 2.1 : Illustration of a curved pipe 

2.1.1 Purposes of Pipe Bends 

A smooth pipe bend, or pipe elbow as they are sometimes called, is ofien 

an important component in a piping work systen Normaiiy, pipe systems are 

designed with sufficient directional changes to suit the avaiIable working space 

and also to provide inherent flexibility to compensate for expansion and 



contraction. The pipe bends and the U-shape pipeline system (which is fabricated 

with 9û0 elbows and straight pipe) may be used in any piping system design. 

2.1.2 In-service Behavior 

Pipe bend subjected to in-plane bending 

A curved pipe subjected to in-plane bending behaves differently than a 

curved solid bar. Because of the ability of the pipe cross section to deform, a 

curved pipe is more flexible than a curved bar. In the development of the various 

theories for in-plane bending of curved pipe, sorne main assurnptions should be 

considered: 

1) bending moment is uniform dong the pipe length; 

2) plane pipe cross section remains plane after deformation; 

3) micisurface is inextensible even if flattening occurs; 

4) the effect of Poisson's ratio is neglected. 

For a moment throughout the length of the structure, the bending (in-plane 

bending) moment increases linearly with distance fiom the line of loading with the 

maximum bending moment occurring at the inner and outer surface. 

Pipe bend subjected to in-plane bending and interna1 pressure 

The problem of the behavior of pipe bends under in-plane bending and 

intemal pressure represents the most difficult problem discussed here. In the 

presence of combined loading, the purpose of the analysis is to examine the effect 

of a cross-sectional pipe bend on the stresses present, paying particular attention 



to the loading of interna1 pressure. The intemal pressure has a significant practical 

effect on a pipe bend. If a pressure is applied to a cyhdrical tube, which is initially 

non-circular, it will tend to becorne more circular and bending stresses must be 

considered. Of coiirse, these staternents must be qualified by the observation that 

only maximum stresses, not distributions, are considered and that a linear response 

to pressure is presumed. 

2.2 Basic Equations and Development 

It is generally known that a curved pipe subject to bending is more flexible 

and has higher stresses than would be indicated by the elementary theory of 

bending. 

Th. von Karman showed that the apparent decrease in stifihess in such a 

case is due to an ovalization of the pipe in the curved section. The effect of the 

ovalization is to reduce the stifFness parameter EI of the curved pipe to a fictitious 

vdue 

The number k has k e n  named the flexibility factor. 



The ovalization also yields a stress dismbution different from that 

computed by the simple formula <r = My/I of beam theory. It is found that the 

maxium bending stress is given by 

where p is a stress -intensification factor. 

In the formulas for k and p given by von Kamian[l6] and subsequent 

investigators, the influence of internal pressure on the ovalization has not been 

considered. However, the recent trend has been toward the increasing use of thin- 

wali pipe at high stresses and in such piping the effect of the internal pressure 

becomes significant. 

Theoretical studies of the stresses distribution and deformation of curved 

pipe began many years ago with the work of von Karman, who develoged 

theoretical formulas for in-plane bending of curved pipe without intemal pressure. 

A large amount of experirnental work has k e n  done which confirms the 

theoretical development . The stress distribution in a t hin- wali pipe of circular 

cross-section subjected to uniforni internal pressure has also been studied. The 

expressions for the longitudinal and transverse stress derived by Lorenz(l910) art: 

aven by Foppl(1920): 



and 

where Si and SH are the longitudinal and hoop stress respectively, r the mean 

radius and 2h the wall-thickness of the pipe, R the radius of curvature, and d=R + 

miné the distance fiom the axis of rotation to the point at which the stresses are 

deterrnined. 

Barthelemy[28] developed a theory for in-plane bending with interna1 

pressure which can be also obtained by a relatively simple extension of the energy 

methods used by von Karman[l6] and Vigness[8]. Accordingly, the starting point 

is the basic energy equation developed by these authors. 

Equation (5) gives the elastic energy stored in a unit center-line length of 

curved pipe due to tangentid displacements w, and radial displacements w,. The 

assumption made for in-plane bending is 

w= C a , ,  sin 2 4  
n=l 



The relation w, = - dw/d@ is derived koom the condition of inextensibiüty, 

dropping second and higher-order t e m .  a. is nth coefficient of a series describing 

the tangential displacements. 

When intemal pressure is considered, the additional work represented by 

the interna1 pressure P acting against the change in volume must be considered. 

Per unit length of center line, this is[8], 

U2 = PAA 

where AA, the increase in area of the curved pipe cross section, is 

The longitudinal sbain on which Equation (5) is based is as follows[8]: 

Circumferential strains at the outer and inner-waH surfaces are given by 

The plus sign applies to the outside-wall surface; the minus sign to inside- 

wall surface. 

Strains may be converted to stresses by the usual formulas 



Combining Equations (10) through (13) along with Equations (6),  they 

obtained the following equations for the stresses. The terms within the curved 

brackets cornes from the coefficients of equation (6). 

These expressions are inconvenient for design purposes and FEM 

precludes their use by designer. 

2.3 Modeling Approach and Equations of a U-Shaped 

Pipeline 

23.1 Modeling Approach 

In the analysis of a pipeline it is convenient to distinguish between the 

straight and curved portions of the pipe. The straight portions of the pipeline can, 

in general, be adequately represented by simple beam elements with circular cross 



sections. However, the elbow components of the pipeiine are much more difncult 

to analyze because, in addition to undergohg the usual barn deforrnations, the 

pipe bends also ovalize. This ovalization affects the flexibility of a pipe bend a 

great amount and must be properly modeled in the analysis [9-111. The approach 

in the linear analysis of a U-shaped pipeline is to mode1 the U-shaped pipeline 

using general thin sheU theory by scaüng the stiffness constants and calculating 

stress and deformation that account for the ovalization of the pipe cross section 

and the pipe intemal pressure. 

2.3.2 Review of Finite Element Formulation 

Because of the importance and the diffculties that lie in the analysis and 

design of pipe bends, much research has been devoted to the study of their 

structural behavior. The stress and defomtion analysis of elastic thin walIed pipe 

bend attracts growing interest, as do al1 types of pressure vesse1 siructures. 

The finite element formulation of the pipe bend is a very naturai extension 

and generalization of von Karman's pioneering analysis. In essence, von Karman 

nnalyzed in his work a length of pipe using the Ritz rnethod to calculate the 

flexibilit y and stress-intensificat ion factors. Because of the lack of digital 

cornputers, von Karman could only consider in the Ritz analysis the hoop direction 

of the pipe, but it is interesthg to note that von Karman "urges us, engineers, to 

become farniliar with the Ritz method, because the method is simple and ideal to 

develop approximate solutions to complex practical problems"[lS]. The actual 



analysis presented here is only possible because the digital cornputer is available 

and the analysis is performed efficiently using b i t e  element numerical 

procedures. 

von Karman first theoretically analyzed the behavior of bends su bjected to 

in-plane bending in 191 1. The suain-displacement relations by von Karman were 

derived by superimposing pipe flattening deformations on curved beam 

displacements. The assumptions which von Karman applied are shown to be 

appropriate for pipe bends whose pipe factor ( 2 h ~ l j )  is greater than 0.3. Gross 

and Beskin[29] used additional Fourier terms to make von Karman's method of 

solutions applicable to sharper bends. Clark and Reissner[l8] derived the 

governing equations by treating pipe bends as a part of a toms and proposed the 

asymptotic solutions for the stress and flexibility factors. Turner and Fordr123 

verified the assumptions used by von Karman's theory and other authors. The 

foregoing solutions based on von Karman's theory require the assumption that the 

bend angle is very small or that the pipe bends deform uniformly dong the pipe 

length. 

Thcrcfore, in the following discussion one only needs to focus attention on 

the equilibrium equations[3] of pipe bends. 

Stîain-Displacement Relations: 

The strain-displacement relations as presented by Ohtsubo and 

Watanabe[3] are based on the general thin shell theory which hcludes shear and 



distributed deformations dong the pipe length. The pipe bend shown in Figure 2.2 

is considered. The orthogonal curvilinear coordinate system 0 and $ is imbedded 

in the middle surface of the pipe bend. The nomial coordinate 5 is chosen so that 

the coordinates 8, 4 and < fom a nght-hand orthogonal system The snain- 

displacement relations will be obtained here under the Kirchhoff-Lave hypothesis 

that the straight fibres of the bend, perpendicular to the middle plane, remain 

straight and perpendicular to the defomd middle plane. The displacements of the 

rnidde surface in the 6, and directions are denoted 

Figure. 2.2: Local coordinates and displacements and 

global mcan displacemcnts and moments 

by u, v and w, respectiveIy. The strain-displacement relations are obtained in the 

following equaîions[3]: 

w here 



k, = 
(R + r sin @)r d@ 

w here 

- " =&+ l &  w). 

where 

Equations (14a, b, c) will now be compared with the strain-displacernent 

relations applied in the conventional mthod. von Karman considered a pipe bend 

of small angle and fomulated the strain expressions of the following form: 



7* =O,  k, = O  ( 1 Sc) 

where 6yl is angular change of the cross section. Considering the following 

assumptions, equations (14a, b, c) coincides with equations (15a, b, c). 

1. bend angle y, is very srnall or the behavior is uniform dong the pipe length; 

2. plane pipe cross sections remains plane after deformation; 

3. circumferential midsurface is inextensible even if flattening occurs; 

4. the pipe radius r is negligible compared wiîh the bend radius R, or R+rsin$ in 

equations (14a, b, c) is approximated by R; 

5. shearing strain y@ is negligible. 

The longitudinal displacement u is obtained based on assumption 2 as 

follows: 

( 1 6a) 

Then, equation (15a) is derived by substituting the foregoing relation into equation 

(I4a) and using üssumption 4. Assumprion 3 gives the following relation; 

By substituting the above relation into equation (14b), q cm be obtained as 

follows; 



The foregoing assumptions are valid for pipe bends subjected to in-plane bending. 

The designer using FEM does not have to be concemed with solution of these 

strain equations. 

Shape Function of a Finite Element: 

Ohtsubo and Watanabe[3] approached the pipe bend problem by adopting 

a pipe element which is Mg-shaped and is cut around the pipe bend as shown in 

figure 2.3. The bend angle of each element is denoted by 0, and each element is 

connected with adjacent elements at 8=0 and 0=@ These connecting sections 8 4  

and 0 = 8  are designated as i and j sections as shown in figure 2.4. 

Trigonomehic functions and the Hermitian functions of the second order 

are employed for displacement variation in the circuderential and longitudinal 

directions, respectively. The displacements u, v, and w are expanded as follow[3]: 

Figure 2.3: Idealization by finite elements 



Figure 2.4: Local coordinates for a finite element 

where the displacement derivatives at the sections i and j denoted by ue, = 

adaû 1 i, vq  = av/& 1 , wq = ~ w / a 0  1 are generalized coordinates as weii as 

displacements Uj , Vj? q at the sections. Hermitian polynomials of the second 

order fi(@), ..., %(O) are used and are expressed as follows; 



e 2  e 3  H, =-- +- 
0 a? '  

Two different sets of trigonornetrïc functions are used for Gu, G, and G w  

for the in-plane bending case as shown in Table 2.1. The shape functions for in- 

plane bending are chosen by considering symmetry of deformations with respect 

to the plane 4 = */2.  The shape functions chosen here are more generd Fourier 

series than those used in the conventional method. The conventional method 

assumes that plane cross sections remains plane aher deformation, that is the 

displacement u is approximated by only the first term sin$. This limits the 

consideration of warping of the cross section under combined bending. 

Table 2.1 Shape functions for in-plane bending 

Derivation of Stiffness Matrix: 

In detemining the stifiess for their elements, Ohtsubo and Watanabe[3 ] 

expressed displacements, strains and stresses in matrix form for convenience in 

derivation of the stiffness matrix as follows: 



The relation between strains {€)and displacements {d} is given in the following 

form by using equations ( 1  4a, b, c); 

14 = [~l{dI 
where 

Here R+rsin@ is denoted by R'. The no& coordinate is chosen so that the 

coordinates@, 0 and form a right-handed orthogonal system The stresses {O} 

relate with the strains { E )  in the foiiowing form, if plane stress condition holds; 

According to equations (17a, b, c),  the displacernent Cd} cm be expressed 

by the displacernent coefficients {q} by using the shape function [A] as: 



in which subscripts i and j represent the values at the boundary sections i and j of 

an element. 

The index T indicates the transpose of vectors or matrices. 

The principle of Wrual work is empIoyed to obtain the equilibrium 

equations as 



where {F} and (a} are body and surface forces, respectively, V(') and S(') are 

the volume and surface of the structure in the original state and Sr and Sd are the 

force and displacement boundaries, respectively. Equations (22a) and (23a) are 

substituted in equation (1 la) , resulting in 

[KI is the stiffness ma& and IF} is the nodal externd force. Equation (25a) 

should hold for any variation {&}. Then the final form of the equilibrium 

equation for an elernent is found to be 

Superposing equation (1 3) for complete structures, the equilibrum 

equation of the total system is given as follows; 

in which N is the number of elements. M e r  {q }  is determined by equation (27) 

displacements, strains and stresses are determined by equations (23a) , (20) and 



(22a), respectively. The integation for calculation of the stifkess mtrix is carried 

out by use of a Gauss inteption formula. 

Ohtsubo and Watanabe[3] thus obtained a means for cdculating stresses 

and srnains in a pipe bend, but their method is in sharp contrast to the standard 

FEM method and requires a dedicated computer program. The standard FEM 

approach use simpler elements (e.g. small rectangular ebments) and the built-in 

processing method of the FEM software package. 

2.4 Literature Survey 
The pipelines used in nuclear and other power plants are of major 

importance with regard to considerations of safety and cost. Therefore, in recent 

years, increasing attention has ken focused on the methods of structural analysis 

and design of such pipelines. The major stresses and deformations experienced by 

the pipelines are due to seismic and dead weight loads, and themial expansions. 

Due to the latter expansions, forces are induced on pressure vessels and 

supporting structures that connect to the pipelines. It is highly desirable to keep 

these forces as srnall as possible or, what is equivalent, to allow more free t h e d  

expansion of the straight portions of the piping system to take place. This 

expansion is accormnodated by U-shaped pipe components which, for low 

pressure systems, have a high degree of flexibility in cornparison with that of the 

straight components. These problems have become increasingly c o m o n  as 



powerful numerical analysis techniques such as finite element analysis have 

increased in popularity. 

The use of the Finite Element Method(FEM) dates back to the early 

1960's when the method, then known as the structure stiffness method, was 

developed by civil engineers for so1vhg linear elastic structural problems. As 

computer technology progressed in the 1960s, the FEM received greater attention 

and quickly gained popularity in industry. The number of research papers 

published on the subject increased dramaticaUy[l3], and at the sanie tirne the 

method was extended to many other fields of Science and Engineering, such as 

Fluid Mechanics, Structure analysis, Electric-Magnetism, etc. A number of books 

about the technique were written, covering in detail the various capabilities. 

Typical are those by Zienkiewicz[l4] and more recenùy by Bathe[lS]. 

To facilitate use of finite element analysis in pressure vesse1 design, a 

number of simple-to-use design and simulation tools have k e n  proposed in recent 

years[5]. Work done in the area of pipe bend analysis is briefly discussed below. 

2.4.1 Analysis of Pipe Bend Without Interna1 Pressure 

The earliest methods for the anaiysis of pipe bends without internal 

pressure which received wide attention date back to the early 1900's. The first 

method was by Bantlin(1900), which is an experirnental method based on the 

theory for curved bars on an elastic foundation. T. von Kannan[l6] gave a 



theoretical explanation for this phenornenon. The work[l6] and its extension 

provided the foundation for a pipe bend analysis based on the theory of a beam. 

"Lorenz(l912) also attempted an analysis based on the equilibrium of forces 

acting on an element of the tube wali"[4]. 

"After the von Karman solution for a curved tube of circula. cross-section 

was published, Timoshenko(l923) dedt in a similar way with a rectangular cross- 

section. Vigress(l943) extended von Kamian's solution to bending in a plane 

perpendicular to the plane of curvature"[4]. An extensive literature (Gross and 

Ford 1952-53) exists on many aspects of the problem of pipe bends[2]. 

The simplest and most widely used approach in the b a r  analysis of 

pipelines is to mode1 a pipe bend using simple curved bearn theory and scale the 

stiffness constants and calculated stresses using factors that account for the 

ovalization of the pipe cross section and the pipe intemal pressure. If the effect of 

the internal pressure can be neglected, the constants used in this anaiysis are, in 

essence, the von Karman flexibility and stress-intensification factors. These 

constants were derived by von Karman for in-plane loading. A major point is that 

von Karman considered a diierentiai length of the elbow in which the internal 

bending moment is constant. 

Because of the limitations of the foregoing bem analysis of pipe bends, 

various refined analytical and finite eiement methods have k e n  proposed. In 

essence, these methods use sheii theory to describe the behavior of the pipe bend. 



The thin-sheli theory approach was fmt used by Tueda [l7]. This approach used 

analysis of elbows and curved tubes loaded with in -phe  bending moments 

without internal pressure. In 1951, Clark and Reissner[l8] used the thin-sheli 

theory developed earlier by Reissner. Clark and Reissner proposed equations that 

treat pipe bends as part of a toms and proposed an asyrnptotic solution for the 

stress and flexibility factors. Sorne approximations were made which were 

essentiall y equivalent to the assumptions made by von K m a n  in his analysis. 

In 1968, Cheng and Thailer[l9] published an analysis for in-plane bending 

which was based on the two differential equations of Clark and Reissner but 

without their sirnplifymg assumptions. 

An analytical finite element method for treating the stress analysis of pipe 

bends based on an extension of the Karman approach was developed by H. 

Ohtsubo[3]. Its ernphasis was given to the theoretical aspects of the method. The 

loading conditions studied include in-plane and out-of-plane bending cases. 

2.4.2 Analysis of Pipe Bends with Interna1 Pressure 

The conditions during an internal pressure analysis are different fiom those 

in pipe bends with in-plane bending. Hence a study of the eEect of pressure 

loading on the pipe bends, and the resulting pressure siresses, was required. 

Some experimental results and a complete theoretical analysis of a pipe 

bends of long radius(R=9*6r) under internd pressure, have been published by de 



Leiris and Barthelemy[28]. Good agreement between experiment and 

mathematical analysis was shown. But according to the authors their analysis was 

valid only for tubes curved to a radius R>5r. The effects of intemal pressure and 

external tension were studied sirnultaneously, initial ovality and variations of wall- 

thickness also king taken into account[l8]. 

Gross and Ford (1952-53) considered the superposition of benhg  and 

pressure stresses and also design criteria for curved pipes, with particular 

reference to short radius bends of thin wall section (that is, small pipe factor h Iess 

than about 0.3). The equivalent stress based on von Mises aiterion of yield was 

proposed as a basis of design[2]. 

In 1955, Kafka and Dunn[20] incorporated the influence of internal 

pressure into von Karman's in-plane bending analysis. This was done by including 

in the potential energy expression the elastic work done on the tube by the 

pressure during deformation of the cross section. 

Bathe and Almeida[l2] concentrated their efforts on the formulation of a 

new elbow element, which shows much promise for the development of a simple 

and effective element tliat can also accurately mode1 elbow end-effects, internal 

pressure effects and, in particular, nonlinear material and geomeeic behavior. 

Throughout the literature, a few authors have discussed the effects of in- 

plane bending and internal pressure on pipe bends. Also s o m  studies have been 



done on numerical modeling of pipe bends, but the choice of the FEM simulation 

to descnbe the behavior of a particular pipe bend or U-shaped pipe , which 

concerns such aspects as final stress and displacement distributions due to bending 

and interna1 pressure operations, still remains to be proved. It is therefore 

worthwhile to investigate the possibility of this problem which focuses on the 

following considerations: the identification of significant response characteristics 

such as magnitude and location of maximum messes and deformations. 



Chapter Three 

Modeling of the Specimens 

3.1 Objective of Finite Element Modeling 

'Engineering design is aided by engineering analysis, the cdculation of 

performance of trial design. To predict the performance, it is often necessary to 

caiculate a field, which is defined as a quantity that varies with position within the 

device analyzed."[21]. The mechanical stresses of a pipe line king designed 

should be calculated to make sure the pipe line will not fail. In Chapter Two, the 

theoretical analysis estimation of the pipe bend mode1 was discussed. However, it 

was a simplified mode1 for the pipe bend. The finite element methods (FEM) are 

invaluable to eng inee~g  problems to simulate complex structural action and 

identm potentially critical weaknesses before the structure is fabricated. FEM 

techniques allow many alternative structural concepts to be evaluated in the 

design analysis stages to obtain the optimum structural design for fabrication and 

evaluation. Thus, produc t development and evaluation time is reduced b y 

minimizing the costly, tirne-consumhg prototype testing cycle. Other benefits 



include: (1) providing significant insight as to the causes of design failures. (2) 

completing an analysis in which it is fairly simple to change loads, rnaterials, and 

geometry and recompute stresses for a modified structure. Therefore, the use of 

the FEM techniques for the U-shaped pipe is discussed in this thesis. AU the finite 

element analysis in this thesis is canied out using the COSMOS/M Revision 

1.75 [22] finite element compu ter prograrn. 

Calculation of the above stress analysis can be performed using finite 

element analysis. The analysis begins by making a finite element mode1 of the 

structure or device. The rnodel is an assemblage of finite eiements, which are 

pieces of various sizes and shapes. The finite element rnodel contains the 

following information about the structure or device to be analyzed: Geornetry 

(subdivided into finite elements), M a t e d ,  Loads, Constraints. Material 

properties, loads, and constraints can often be expressed quickly and easily, but 

geometry is usually difflcult to describe. The finite element method of analysis is 

to divide the structure, device, and region king analyzed into a iarge nurnber of 

f i t e  elements, and then to analyze the response of each node of elements. The 

task of the finite elernent cornputer prograrn is to solve for ail the unknown nodes 

and finite elements. 



3.2 The mode1 

3.2.1 Analytical Mode1 of the U-shaped Pipe 

Any piping system should be designed both to safely contain the gas or 

fluid and to have sufficient flexibility to cope with any loading condition that is 

imposed upon it. 

A piping system consists of straight and curved pipes (elbows), integrated 

in a cornplex manner in order to fûnction properly. It is normal practice to 

accommodate expansion of a straight pipe line by providing an expansion bend or 

curved pipe. The plane U-shaped pipeline, consisting of two quarter-bends and 

one half-bend, plays an important part in the piping system In order to obtain the 

full potential of a typical structure in piping system, it is important to consider the 

design of the expansion bend and curved pipe - the cornponents of the U-shaped 

pipe. The practical problem selected for this thesis is a U-shaped pipe (the 

specification of the pipe is based on ASME standard), consisting of two 90' pipe 

bends, a 180' pipe bend and two straight pipe segments. The dimension of this 

pipe is 88.90 rmn (outside diameter is 3" NPS) and I l .  1 1 mm thickness. The 

specific U-shaped pipe configuration analyzed herein is depicted in Figure 3.1. 

The U-shaped pipe to be analyzed is represented by its middle surface, that is an 

imaginary surface mid-way between the inner and outer surfaces, which has a 



certain stifiess. The snaight and curved pipe of the whole assembly are of the 

same uniform thickness t, mean pipe radius r, and material properties E=Young's 

and v=Poisson's ratio. 

ALL DIMENSIONS ARE IN MM 

Figure 3.1: The geometry of the model to be analyzed 

From the analytical standpoint, the component could best be analyzed as 

sheli elements. After reviewing the loads it was decided that a whole section 

model made up of shell elements would be sufficient to provide a reasonable 



anaiysis. By modeling the component in the piping system, it is possible to assess 

the stress condition of the pipe bend for any given loop on the pipe system. 

The main objective in modehg the pipe line is to compute the stress state 

of the U-shaped pipe and determine the areas in the component where high 

stresses and maximum deformation are concentrated in the U-shaped pipe under 

the applied loading. As well, this approach can indicate that failure will normally 

take place by a longitudinal crack. The finite element prograrn COSMOS/M is 

used to mode1 the plane U-shaped pipe in this work. 

3.2.2 Element Type 

A comprehensive set of finite elements are available for finite element 

modeling in the COSMOS/M finite element program. The elements are grouped 

in the COSMOS/M element library under six different classifications. Since the 

curved surface is subjected to pressure loading normal to the surface, a thin shell 

elements should be used. COSMOSjM features a variety of shell elements 

applicable to thick, thin and composite sheUs. For this work a 4-node thin sheil 

element(SHELTA) is used. SHELL.4 is a 4-node quacirilateral thin sheil element 

with membrane and bending capabilities for the analysis of three dimensional 

stnictural models[22]. 



Each of the four nodes has six degrees of freedom - translations in the X-, 

Y-, and 2- directions and three rotations. The mode1 of the curved surface of the 

U-shaped pipe is broken into elements with the help of the nodes, keypoints and 

line-segment defitions. 

In order to maintain the cornpatibility of displacements, the nodes on the 

cornmon boundaries have to be merged. The finite element mesh shown in Figure 

3.2 will be used for the stresses analysis. This mode1 uses thin shell theory to 

describe the behavior of the U-shaped pipe. In theory using either three- 

dimensional or general thin sheil elements, any curved pipe component can be 

modeled very accurately by using a fine enough finite-elernent mesh. However, in 

practice, such an analysis of a U-shaped pipe involves typically in the order of a 

thousand finite-element equilibrium equations that need to be solved which means 

that the linear analysis of a U-shaped pipe is very costly. Therefore, the mesh is 

refined here so that more accurate stress magnitudes can be obtained. Six 

elements are sufficient and adequate for reasonable accuracy in pipe-bend[3]. The 

final mesh chosen is 16 elements wide with 6 elements dong each elbow. Six 

elements each spanning 15' are used to simulate the 90" bend, and each of the 

two straight segments is sirnulated by 2 elements, Figure 3.2. 







3.2.3 Specifying material properties 

The material specified is SA335(Grade P2) seamless ferritic doy-steel- 

pipe for the U-shaped pipe. Table 3.1 [23] lists the chernical composition. 

Table 3.1 : The Chernical Requirements of SA335 

The following physical propenies are assumed for the analysis in this thesis. 

The physical properties of the material as given by ASME 1241 are: 

Tensile strength, min. : 380 MPa 

Yield strength, min. : 205 MPa 

Maximum Allowable Stress Values in tension : 

Young's modulus : 0.21E+6 MPa 

Grade 
PI2 

3.2.4 Boundary and Loading Conditions 

' Composition 
Carbon 1 Maneanese 1 Phos~horusMax 1 ~ u l f u r ~ a d  Silicon 1 Chromium 1 Molvbdenurn 

The boundary condition were set at both ends of the U-shape loops. The 

end was held fked by applying the constraints ( six degrees ) on the circle c w e  

of the end of the U-shape. The circle to be constrained ( fixed boundary ) and the 



value of ail displacements and rotation are zero. The other end was displaced 

dong the global '2' direction only. 

Load was applied as a force on only the circle curve of one side of the U- 

shape. Due to an increase in force, the lower pipe bend is subjected to moments 

reducing its radius of curvature, as well as applying the pressure loading on the 

curved shell. The execution of the PSF command resdts in a pressure applied 

normal to the curved shell surfaces. Figure 3.3 shows the boundary conditions 

applied to the finite element model. 







Chapter Four 

Results and Discussions 

The resuits of the analysis of the stress distribution in the U-shaped pipe by finite 

elemnt simulation will be presented in this chapter. The major stresses in the s p e c k n  

are found afier the variation of stresses are reviewed. The positions of maximum stresses 

are obtained fiom a fhite element simulation and the area of maximum stress is also 

found in the analysis. The results fkom the COSMOS/M run give a good representation 

of the state of stress with respect to direction and magnitude in the U-shaped pipe. The 

results of the analysis are shown graphically in Figure 4.1 through 4.8. The variations 

generally are in agreement with the approxirnate stress state obtained by Gross[4]. 

4.1 Stresses Under Interna1 Pressure Loading 

The determination of elastic stresses in a U-shaped pipe is approached by a fmite 

elernent solution. The total finite elemnt stresses are divided into membrane and 

bending portions[25]. A set of cornputer-plotted diagrams showing the stress 

distribution due to the membrane and bending portions for a pressurized U-shaped pipe 

are given in Figure 4.1 and 4.2. 





L f n  S T R E S S  Lc=3 

COSMOSIM 
Version : \/ 1.75 

u-pipe 

9- 4-96 

Figure 4.2 Bending portion of stress distribution for pressunzed U-shaped pipe 



The highly-stressed regions are found at the curved portion in the central pipe. 

Figure 4.3 and Figure 4.4 gives the equivalent stresses of membrane and bending 

component in these regions. It can be seen that the stresses due to bending are 

predominate for an internally pressurized U-shaped pipe. This bending stress is due to 

interna1 pressure on the U-S haped pipeline. 

4.2 The Location of Maximum Stress 

When major bending stress is found according to the last section, an important 

question arises as to locate the maximum stress in the U-shaped region. Figure 4.5 

shows the hoop stress according to its direction (X-direction). This result is important in 

that it reveals the location and direction of the largest stress in the maximum stress 

circle. Its value and location are detemiined by plotting the results of calculations of 

various values of + in the region. It is ciearly seen that the maximum hoop stress occurs 

at a point (point A and C) of the central cross-section nearest to the center of curviiture. 



4.3 Analysis Results 

4.3-1 Stress and Displacement 

Figure 4.3 Membrane stress in circumferential direction 



Figure 4.4 Bending stress in circurnferential direction 



+(O= 4 
- Load Case 1 : Hoop Stress 
-C Longitudial Stress 

- Load Case 2 : Hoop Stress 
d Longitudial Stress 

L o a d  Case 3 : Hoop Stress 
+ Longitudial Stress 

Figure 4.5 The curves of hoop saress and Iongitudinal stress around the pipe circle 
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The effect of intemal pressure on the U-Shaped pipe iine will be discussed in this 

section. The variation of stresses in the hoop and longitudinal directions at the highest 

stressed element, and its value and location, are determined by plotting the results of 

calculations for various values of @ in the region(Figure 4.5). These c w e s  are obtairied 

for different loading cases. It can be seen that as pressure increases there is little 

innuence on the longitudinal stress. However, the hoop stress increases significantly. 

The results confirm that maximum hoop stress occurring at the center of curvature has a 

dominant role on the U-Shaped pipe line subjected to constant in-plane bending moment 

and interna1 pressure. 

It should be noted that the hoop or circumferential stress is twice as large 

longitudinal or axial stress[26]. 

In addition to providing stress plots, COSMOS/M is also used to produce 

displacement plots. The displacement plots for load case 3 in the X, and Y direction are 

shown in Figure 4.6 and 4.7. A typical result of progressive deformation of the cross- 

section at the most highly-stressed region is shown in Figure 4.8. The incremental 

deformation of U-shaped pipe at each intemal pressure load level cm be attributed to 

bursting behavior. The Iargest variation of displacement analysis has an interesting result 

in the solution of Figure 4.8. Figure 4.8 is a displacement plot in the X, Y, direction 

which shows that bursting wiii occur at the point A and Cl of the central cross-section, 

because in this region the wall-thickness will be somewhat thinner than elsewhere. 

The shape of a burst results fiom the highest stress distribution. The direction of 

cracking which has occurred in service shows that stresses causing failure are hoop 



stresses. The fault mns along the length of the U-Shaped pipe wall at a point which is the 

neutral mis in normal beam bending theory. 

4.3.2 Comparison with Experimental Results 

The results from COSMOShl mns give a good representation of the state of 

stress with respect to direction and magnitude in the U-shaped pipe, as compared to the 

summary of findings obtained by Gross[4]. 

( 1) Experimental Results 

(a) Location of Stress Peaks 

Strain-Sensitive lacquer was used in the experimentai determination of 

the largest stresses. The largest stress in a U-shape pipe of circular cross- 

section is the hoop stress at the extreme point of the cross-section nearest 

to the center of curvature. 

(b) Failures in the experiments took place by a longitudinal crack passing 

through this point. 

(2) FEM Simulation Results 

(a) Location of Hoop Stress 

The results shown as Figure 4.2 and 4.5 confirm that maximum hoop 

stress occurs at the center of curvature. 

(b) Deformation of U-shape Pipe 

A typical result of deformation of the cross-section at the most highly- 

stressed region is shown in Figure 4.8. The displacement plot shows that 



bunting will occur at point A and C of the central cross-section. 

The COSMOS/M results show general agreement with.the expeximental work. A 

bursting point at the central cross-section of U-shaped pipe is obtained by expriment and 

with the COSMOSM results. 

4.3.3 Results of the analysis 

The results of the FEM analysis are show as Figure 4.1 through Figure 4.8. The 

locations of maximum stress are found in the analysis. These stresses are investigated 

further by hand analysis to ensure that there is a correct qualitative trend and a reasonable 

quantitative agreement between the FEM simulation and theory (Appendix C). For the 

test case shown in Appendix C, maximum transverse stress was found to be 94.4 ~ l m r n *  

using hand calculations and 94.76 Wmm2 using COSMOS/M. 







AX - Load Case 1, - Load Case 2, - Load Case 3 1 

(Ix 1 - Load Case 1, - Load Case 2, - Load Case 3 1 

Figure 4.8: Deformation with the different loading 



Chapter Five 

Conclusions and Recommendations 

5.1 Conclusions 

A simple and realistic FEM model for the stress analysis of a U-Shaped 

pipe has been presented in this thesis. The model for the simulation takes 

advantage of COSMOS/M's powerfûl modeling capabilities resulting in the 

simplification of the program development process and allowing a program which 

is general enough that it will be suitable for a U-shape pipeline. This model is 

based on the thin-shell theory and c m  be expected to confonn to von Karman's 

theory in which plane pipe sections remain plane and the center-line of the cross- 

section is in extensible, even if flattening occurs. The model may be suitable for 

out-of-plane bending, but this was not evaluated. 

The fmite element analysis has provided a means by which U-shaped 

pipeline failure analysis c m  proceed. In this analysis the behavior of a consistent 

thin shell model of U-shaped pipe is examined in detail for combined pressure and 

in-plane bending loading. The overd conclusion which cm be drawn korn the 

computer simulation results is that the presence of internal pressure will stiffen the 

U-shaped pipe and alter the solution obtained when internal pressure is ignored. 



One of the main conclusions that can drawn from Figures 4.2 and 4.4 is 

that the hoop stress due to intemal pressure is significant. In addition, the largest 

stress in a U-shaped pipe of circular cross-section will be hoop stress at point A of 

the cross-section nearest to the center of curvature. 

The evaluation of the range of the maximum hoop stress and deformation 

rnakes contributions to the failure analysis. For the case of combined loading 

acting alone, which may be of interest for the failures mentioned in the 

introduction, some conclusion can be given. Failure will nomally take place by a 

longitudinal burst along points successive cross section at the neutral axis as 

defined for customary beam bending anal ysis. 

The results obtained through finite element analysis have been compared 

with the work of Gross[4] in terms of the nature of stress variation and the location 

of failure. The results have also been compared in terms of stress magnitude with 

the ofien-used method for bent pipe analysis published in Mark's Standard 

Handbook for Mechanical Engineerç[27]. 

5.2 Recommendations for Further Research 

In this thesis work, only the linear analysis of U-shaped pipe line is 

considered. The fidl potential for a U-Shaped pipe subjected to both out-of-plane 

bending and twistiiig moments is not used. The out-of-plane bending movement 



causes cross section deformation to an oval shape. In view of this, more work 

should be done on differences of the geometry and material, and nonlinear analysis 

of a U-Shaped pipe. The nonlinear formulation of the element and modeling needs 

to be c d e d  out. Consequently, computing time is very cost-effective and indeed 

allows an accurate nonlinear dynamic and analysis of assemblages of U-shaped 

pipe. Thus, methods of  reducing computer time needs to be addressed. 

It is well know that a major problern in predicting pipe life or residual pipe 

life is that the rate of creep damage changes during the lifk of the pipe due to 

variation in stresses through the pipe wall with tirne. The mode1 presented in this 

thesis could be extended to include the behavior of the U-shaped pipe when it is 

subjected to a creep loading. An analysis of this kind will be usefül in situations 

where both temperature and stress vary îhrough the pipe wall. 
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Appendix A 

Finite Element Codes 

C* COSMOS/M Geostar V1.75 

C* Roblem : u-pipe Date : 8-27-96 T i e  : 15: 16:46 



C** Specify Ropemes 

EGROUPJ ,S~LL4,1,0,0,0,0,0,0,0, 

PHDRAG.RG,1,1.1,1.10,6,6,2.11.6,12,6,8,2.13.6,7.63612.0.0001. 

ScAE,O,  

MPROP. 1 ,EX,2lOO,NU?CY,O.28, 

RCONST,I,1,1,6,1l.l1,0,0,0.0,0, 



1 

C** Specify Loads and Boundary Conditions 

DCR, 1 ,ALL,O,4,l, 



C** Analysis - 

C* R-CNECKSTATXC, 

C" R-STATIC, 

mw,o, 1 ?O,O, 

mw, 1,0,0?0, 

rNrrSEL,Ml, 1,l 

ACTTSET,S=? 1 

ACrDMESfIJ?Ei,l 

SELINP, ND, 346,350,1,1 

SELINP. ND, 382,385,1,1 

SELINP, ND, 417,420,l.l 

SELiNP, ND, 452,454,1,1 

ACïSET.SEL, 1 



ACTDMESH,PH, 1 

VIEW,O,O, 1 ,O, 

m w ,  l*O,O,O* 

ArnMESH,PH, 1 

C** END 



Appendix B 

Load Case 

Load Case 1: Activate load case (LC) number 1. A uniform pressure of 0.5 

~ / m m '  is applied on inter-surface of U-shaped pipe when the U-shaped pipe is 

being pushed with force of lOOON on the end. 

Load Case 2: Activate load case (LC) number 2. A uniforrn pressure of 1 lV/mm2 

is applied on inter-surface of U-shaped pipe when the U-shaped pipe is king 

pushed with force of lûûON on the end. 

Load Case 3: Activate load case (LC) number 3. A unifonn pressure of 1.5 

IV/mm2 is applied on inter-surface of U-shaped pipe when the U-shaped pipe is 

being pushed with force of 1OOON on the end. 



Appendix C 

Validity of the stresses obtained by FEM 

In order to test the validity of the stresses obtained by FEM, a standard 

method of manual calculation was employed The method chosen is outlined in 

Mark's Standard Handbook for Mechanical Engineers, Eighth Edition(27I. 

Assuming both ends of the U-shaped pipe are fuiiy fixed and seiecting the 

CO-ordinate system such that the U-shaped pipe is symmeûical about the y-mis: 



Mo = 
EIAXF 
GH- F~ 

where A 8  = twist in pipe at the ongin in the x-y plane 

AX = small displacement at the origin 

F, G & H are constants obtained by adding tabulated values o f  F, G & H for 

each section of pipe between O and 5. 

E = Young's modulus 

1 = moment of inertia of pipe cross section 

Section 
of pipe 

O -1 

1 - 2  

2 - 3  

3 - 4 

4 - 5  

Total 
0 - 5  

Value of Integrals 

h[$ + R(R + h)) 



Substituting h = 3 5 m m  

(10 + 12h2) tR 11.11 x195 
K =  where A=--= = 1.432 

(1 + 1 2 2 )  r2 38.8952 

Using 

the constants are F = -3.667 x 10' mm2 

G =  1.171 x 10~rnrn~ 

H = 1.726 x 103 mm 

E = 2.1 x 10' bI/rnm2 

1 = 2.096 x 106 mm4 

to obtain M,, = -2.386 x 106 x AX N*mm 

Fx= 1.123 x lo4xAX N 

the boundary conditions at the left end are established. 

Suppose that the left end is moved by 2 mm in the positive direction, 

M. = -4.772 x 106 N @ m  

Fx = 2.246 x 104 N 

From simple statics and the use of a fiee body diagram, the moment and load at the 

bottom of the U-shaped pipe are obtained: 

F = Fx = 2.246 x 104 N 

M=M,+Fx(2R+h)  

= -4.772 x 106 + 2.246 x 104 (2 x 195 + 35) 

= + 4.773 x 106 N.mm 



Stresses are now calculated fiom: 

Axial load stress = F/A = 2*246 O4 = 8-27 N/mm2 

n(ito2 - ~ i ~ )  



At the bottom of the U, the peak longitudinal stress(bending stress phs axial 

load stress) is (78.3 + 8.3) - a compressive stress of 86.6 ~ / r n m ~  on the upper 

surface of the pipe. At the sides of the pipe shear in the same location peak 

transverse stress and shear stress occur. 

The maximum transverse stress calculated by a standard method of manual 

is 94.4 ~ / m &  and the result fiom COSMOS/M is 94.76 ~ / d .  
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