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Abstract 

N o n d o r m l y  Hard Boolean h c t i o n s  

and 

Uniform Complexity Classes 

Valentine Kabanets 

Doctor of Philosophy 

Graduate Department of Computer Science 

University of Toronto 

2001 

Uniform complexity classes are typically defined in terms of resource-bounded Turing 

machines, while nonuniform complexity classes in terms of families of Boolean circuits 

of bounded size. It is well known that superpolynomial circuit lower bounds for NP 

would imply that P # NP. Interestingly, the same conclusion would follow from some 

weak circuit upper bounds for EXP. On the other hand, superpolynomial circuit lower 

bounds for EXP would imply that every BPP machine can be deterministically simulated 

in subexponentid time. Thus, determining the exact relationship between uniform and 

nonuniform complexity classes is one of the most important tasks in theoretical computer 

science. 

In this dissertation, we investigate several problems related to nonunifomly hard 

Boolean functions and uniform complexity classes. In particular, we argue that it 

is unlikely that there is a deterministic polynomial-time algorithm for the following 

minimum circuit size problem (MCSP): given the truth table of a Boolean function 

f : {0,1)" + {0,1) and a parameter s E N, decide whether f can be computed by a 

Boolean circuit of size at most s. We also argue that proving the NP-completeness of 

MCSP would prove that EXP contains a language of superpolynomial circuit complex- 

ity, which is an extremely difficult open problem. However, for a weaker nonuniform 



model of read-once branching programs, we show that EXP contains a Ianguage of nearly 

maximurn nonuniform complexity. 

Exploiting the relationship between nonuniformly hard Boolean functions and efficient 

pseudorandom generators, we obtain several results relating probabilistic and determin- 

istic complexiw classes. In particdar, we prove that every probabilistic polynomial- 

time Turing machine with one-sided error can be simulated by a zero-error probabilistic 

subexponential-time Turing machine such that this simulation appears correct to all ef- 

ficient adversaries. We also show that EXP = ZPP iff EE = ZPE, where EE and ZPE are 

the exponential analogues of the classes EXP and ZPP, respectively. 

Finally: we define and study a generalization of BPP that has a natural complete 

problem: given a Boolean circuit, compute its acceptance probability. The new corn- 

plexity class consists of all real-valued functions f : {0,1)" -+ [O, 11 probabilistically 

approximable to within any E > 0 in time polynomial in n and 1 /~ .  
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Chapter 1 

Introduction 

1.1 Computational Complexity 

1.1.1 The Birth of the Theory of Computational Complexity 

When, in 1900, David Hilbert stated the tenth of his twenty-three open problems in 

mathematics, he seemed certain that is was algorithmically solvable. Here is his statement 

as it appeared in [Hi102]. 

"Given a Diophantine equation with any number of unknown quantities and 

with rational integral numerical coefficients: to devise a process according 

to which it can be determined by a finite number of operations whether the 

equation is solvable in rational integers." 

At the time, it was unknown what algorithmically unsolvable problems are and 

whether they exist, since the very notion of an algorithm was not made formal. It 

was only after the foundational work on computability by Kurt Godel, Alonzo Church, 

Alan Turing, and other logicians in the 1930's that one was able to  prove the impossi- 

bility of the existence of an algorithm for certain problems, i.e., that certain problems 

are unsolvable , or undecidable . Here and below, by a problem we mean a mathematical 



problem that can be stated in the form: "Given x, decide whether a condition C is true 

of x". In the case of Hilbert's tenth problem, for example, x is a Diophantine equation 

and C is true of x if x has an integral solution. Hilbert's tenth problem turned out to be 

undecidable, but the proof of that was not found until 1970. 

Thus, after the 1 9 3 0 ' ~ ~  mathematical problems were divided into two classes: the class 

of decidable problems and the class of undecidable problems . Undecidable problems 

cannot be solved on a computer, but decidable ones can. Or can they? Suppose that 

the best algorithm for a certain problem, when given an input of a reasonable size, runs 

for a number of steps greater than the number of atoms in the known universe! From a 

practical point of view, we can hardly call such a problem decidable. 

After actual computers were built in the 1940's and some algorithms were seen to be 

too slow to be practical, mathematicians began to distinguish between feasible and infea- 

sible algorithms. In the 1960's, Cobham [Cob64], Edmonds [Edm65], and Rabin [Rab66] 

put forward the notion of a polynomial-time algorithm ; Edmonds [Edm65] considered 

such algorithms feasible and called them "good algorithms". Since then, the natural 

question asked of every solvable problem has been whether it admits a feasible algo- 

rithm . 

In addition to polynomial-time solvable problems, one considers more general com- 

plexity classes which contain problems grouped together according to how much of certain 

resources (such as time or space) is used by a computer that solves the problem. The 

formal study of time and space complexity classes was initiated by Hartmanis, Lewis, 

and Stearns [HS65, HLS651, who also proved the first separation results (time and space 

hierarchy theorems). Today, the main research direction in computational complexity 

remains the study of the relationship among various complexity classes. Most basic 

questions are still open. 



1.1.2 Uniform and Nonuniform Complexity Classes 

The model of computation introduced by Alan Turing [Tur36], now known as the Turing 

machine model, is uniform . In other words, a problem is solvable in this model if there 

is a program of constant size (the description of a Turing machine) that specifies how 

to obtain a solution for any, however large, instance of the problem. It is precisely the 

uniformity condition that enabled Turing to show that certain problems are not solvable; 

noticing a similarity between Turing machines and natural numbers, Turing was able to 

exhibit an unsolvable problem by adapting Cantor's diagonalization argument that the 

set of real numbers cannot be put in one-to-one correspondence with the set of natural 

numbers. 

There are different versions of a Turing machine (deterministic, nondeterministic, 

probabilistic, etc.). A uniform complexity class is defined by fixing a particular kind 

of Turing machines (say, deterministic) and bounding a particular resource used by the 

machines (say, time). For example, the class P contains those problems that are solvable 

by deterministic polynomial-time Turing machines, while the class EXP contains those 

problems that are solvable by deterministic exponential-time Turing machines. Again, 

the uniformity condition allows us to establish the relationship between P and EXP: a 

diagonal argument shows that P is a proper subclass of EXP. 

In a nonuniform model of computation, on the other hand, a problem is solvable 

if there is a family of algorithms, one for each size of the problem instances. Unlike 

the uniform model, these algorithms are not required to have the same constant-size 

description. 

A standard example of the nonuniform model is the Boolean circuit model, where 

a particular Boolean circuit describes an algorithm for all instances of some fixed size. 

Recall that a Boolean circuit on n inputs is a finite directed acyclic graph with n input 

nodes and one output node such that every non-input node (or gate) is labeled with 

a Boolean connective (usually, AND, OR, or NOT); a Boolean function computed by 



a given Boolean circuit is defined in the obvious way. Thus, with a given problem, we 

associate a f d y  of Boolean circuits, one circuit for each size n of the problem instances. 

It turns out that every problem is solvable in the Boolean circuit model - there is too 

much power! 

The circuit model can be made more interesting by restricting the size of Boolean 

circuits as a function of their input size. For example, we can consider Boolean circuits on 

n inputs whose size is polynomial in n. The class of problems solvable by such families of 

polynomial-size Boolean circuits is usually denoted P /pol y . A simple counting argument 

shows that there are problems that do not belong to the class P/poly, since the number 

of ccsmall" (i.e., polynomial-size) Boolean circuits on n inputs is much smaller than the 

total number of Boolean functions on n inputs. 

What is the relationship between P and P/poly ? It is known that P P/poly, 

i-e., that every problem solvable by a deterministic polynomial-time Turing machine is 

also solvable by a family of polynomial-size Boolean circuits. It is also known that the 

inclusion is proper: the class P/poly contains problems that are unsolvable in the uniform, 

Turing-machine model (no matter how much time is allowed). But, it is unknown, for 

instance, whether there is a problem in P that cannot be solved by a family of linear-size 

Boolean circuits. 

Generally, determining the exact relationship between uniform and nonuniform com- 

plexity classes is one of the most important open problems in theoretical computer sci- 

ence. In the next two sections, we will point out particular open questions regarding 

uniformity and nonuniformity, and demonstrate their relevance to other open questions 

of computational complexity. 

1.1.3 Nondeterminism and Nonuniformity 

The question whether P = NP, formulated in 1971 by Stephen Cook [Coo'i'l], is the most 

famous open question in coaputer science. Recall that NP denotes the class of problems 



solvable by a nondeterministic polynomial-time Thing machine; a problem is solvable 

by a nondeterministic polynomial-time Turing machine if, on every no-instance of the 

problem, each possible sequence of choices made by the Turing machine leads to the 

answer no, and, on every yes-instance of the problem, there is a t  least one sequence of 

choices that leads to the answer yes. The class NP contains a large number of important 

mathematical problems for which no efficient algorithms have been found despite many 

years of intensive research, and so it is generally believed to be different from P. 

In the past, two general approaches have been tried to settle the P versus NP question. 

The first approach is to use some kind of a diagonal argument, similar to that used by 

Turing to show that certain problems are unsolvable. Since the classes P and NP can 

be viewed as polynomial-time analogues of the class of solvable problems and the class 

of recursively enumerable problems, respectively, it is tempting to try to separate P 

from NP by using the same method of diagonalization which has been very successful 

for separating the class of solvable problems from the class of recursively enumerable 

problems. So far, however, this approach has failed in the polynomial-time setting. 

The second approach towards separating P from NP is to show that NP P/poly, i-e., 

to show that there is a problem in N P that cannot be solved by any family of polynomial- 

size Boolean circuits. Despite the well-known fact that most Boolean functions require 

Boolean circuits of size exponential in their input size, nobody was able to show that 

NP contains a sufficiently hard Boolean function (e-g., a function that would require 

Boolean circuits of superlinear size). In fact, it is conceivable that EXP, the class of 

problems solvable by a deterministic exponential-time Turing machine, is included in 

P/poly; clearly, in this case, we would have that N P 2 P/poly as well, since NP EXP. 

Now suppose that we were able to show that EXP P/poly. Would this mean that 

we are even farther from proving P # N P than before? No! On the contrary, as pointed 

out by Karp and Lipton [KL82], this would give us a proof that P # NP. More generally, 

it turns out that if we prove that every problem in EXP can be computed by a family of 



Boolean circuits where each circuit on n inputs is of size strictly less than the maximum 

circuit size over all Boolean functions on n inputs, then we have a proof that P # NP. 

Thus, either proving superpolynomial circuit lower bounds for NP or proving sub- 

maximum circuit upper bounds for EXP would yield the same negative answer to the P 

vs. NP question. 

1.1.4 Probabilism and Nonuniformity 

A probabilistic Turing machine is a nondeterministic machine that £bps a coin when 

choosing among several possibilities for a next computation step. On a given input, 

such a machine does not give a definite answer, yes or no, but rather has a certain 

probability of saying yes and a certain probability of saying no. A problem is solvable 

by a probabilistic Turing machine if, on every instance of the problem, this machine has 

a "high probability" of coming up with the correct answer. 

There are several types of probabilistic Turing machines, depending on the type of 

error they are allowed to make when solving a given problem. With each type of prob- 

abilistic Turing machines, one can associate a probabilistic time complexity class. The 

formal study of such classes was initiated by Gill [Gi177] in 1977. Below we informally 

describe three main probabilistic complexity classes. 

A probabilistic polynomial-time machine with two-sided error can incorrectly say yes 

or incorrectly say no; the class of problems solvable by such machines is denoted BPP . A 

probabilistic polynomial-time machine with one-sided error can incorrectly say no, but, 

whenever it says yes, it is correct; the class of problems solvable by such machines is 

denoted RP - Both BPP and RP Turing machines always halt in polynomial time, but 

have a "small probability" of error. In contrast, a probabilistic polynomial-time machine 

with zero error only outputs a correct answer, but has a "small probability" of not halting 

within the specified polynomial time; the class of problems solvable by such machines is 

denoted ZPP . Equivalently, the class ZPP is defined as RP n coRP, where coRP is the 



complement of RP. It follows fkom the definitions that ZPP C_ RP BPP. 

It  is also not hard to see that RP C NP. The important difference between RP and 

NP is that, on every yes-instance of a problem, most sequences of choices made by an 

RP machine lead to the answer yes, whereas for an NP machine it is only guaranteed 

that there exists at least one sequence of choices leading to yes. This abundance of good 

choices for RP machines allows one to show that RP P/poly. Moreover, using a simple 

probabilistic argument, Adleman [Ad1781 showed that BPP P/poly. 

Thus, we h o w  that BPP is nonuniformly easy. However, we do not know whether it is 

also uniformly easy, i-e., whether BPP = P. Interestingly, there is a connection between 

the nonuniform hardness of the class EXP and the uniform easiness of BPP: Babai, 

Fortnow, Nisan, and Wigderson [BFNW93] proved that if EXP g P/poly, then every BPP 

algorithm can be deterministically simulated in less than exponential time. Their result 

is just one example from a series of the so-called hardness-randomness tradeofls which 

show how a nonuniformly hard Boolean function can be used for a nontrivial deterministic 

simulation of probabilistic Turing machines. 

1.2 Contributions of This Dissertation 

The main subjects of this dissertation are nonuniformly hard Boolean functions and 

probabilistic complexity classes, and our results can be roughly classified under the cor- 

responding two categories. 

1.2.1 Hard Boolean Functions 

Various issues related to nonuniformly hard Boolean functions are considered throughout 

this dissertation. They are given a particular emphasis in Chapters 4 and 8. 



Deciding Hardness 

As we have mentioned in the previous sections, showing that nonuniformly hard Boolean 

functions cannot or can be computed by relatively efficient deterministic Turing machines 

may have consequences for both the P A NP question and the P BPP question. It 

is easy to see that a family f = { fn)n20 of Boolean functions f, : {0,1) -t {O,1) 

is computable in deterministic time 2O(") if and only if the truth tables of fn7s can be 

computed in time polynomial in their size, 2"; by the truth table of an n-variable Boolean 

function f,, we mean the binary string of length 2" whose ith bit is the value of fn on 

the lexicographically ith binary n-bit string. Given that it is unknown whether truth 

tables of nonuniformly hard Boolean functions can be efficiently uniformly computed, a 

natural question is whether such truth tables can be eEcientIy uniformly recognized. We 

consider this question in Chapter 4. 

More precisely, in Chapter 4 we study the complexity of the Minimum Circuit Size 

Problem (MCSP) : given the truth table of a Boolean function f and a parameter s, 

decide whether f can be computed by a Boolean circuit of size at most s. We argue why 

this problem is unlikely to be in P (or even in P/poly) by giving a number of surprising 

consequences of such an assumption. In particular, we show that if MCSP is in P, then 

there is a probabilistic polynomial-time algorithm for factoring integers "on aver- 

ageyy, and 

BPP = ZPP, i-e., a two-sided error can always be replaced by a zero error without 

a significant loss of efficiency. 

It is not hard to see that MCSP is an NP problem. Is it NP-complete? We argue that 

proving MCSP to be NP-complete, using the standard approach, would yield an efficient 

uniform algorithm for constructing nonuniformly hard Boolean functions; in particular, 

it would imply that EXP g P/poly. 



Chapter 4 is joint work with Jin-Yi Cai. It was presented at the Thirty-Second Annual 

ACM Symposium on Theory of Computing (Portland, USA, May 2000) [KCOO]. 

Constructing Hard Functions 

As we have argued above, it is an interesting open question whether there is  a determin- 

istic exponential-time Turing machine that computes a family of Boolean functions of 

maximum Boolean circuit complexity. Can this question be answered for some restricted 

nonuniform model? 

In Chapter 8, we consider the nonuniform model of so-called read-once branching 

programs and show that there is a deterministic linear-space (and hence, exponential- 

time) Turing machine that computes a family of Boolean functions that require read- 

once branching programs of maximum size, to within a constant multiplicative factor. 

For smaller uniform complexity classes, we prove somewhat weaker nonuniform lower 

bounds. 

The results of Chapter 8 were presented at the Fourth Latin American Symposium 

(Punta del Este, Uruguay, April 2000) [KabOOa]. The full version of t h e  paper has 

been accepted for publication in the special issue of the Theoretical Computer Science 

dedicated to selected papers of the conference. 

1.2.2 Probabilistic Classes 

We consider various issues related to probabilistic complexity classes in Chapters 5 ,  6, 

and 7. 

Derandomization 

Apart horn the trivial inclusions 

P ZPP c RP BPP EXP, 



very little is known about the relationship between probabilistic and deterministic com- 

plexity classes. In particular, it  is unknown whether every ZPP machine can be simulated 

deterministically (i-e., derandomized) in subexponential time, or whet her every RP ma- 

chine can be simulated by a zero-error probabilistic machine running In subexponential 

time. These questions are addressed in Chapter 5. 

We consider a uniform setting for derandomization. In this setting, an efficient al- 

gorithm for simulating a given probabilistic Turing machine may not be always correct, 

but it must be computationally hard to find possible mistakes in the simulation. The 

intuitive reason for considering this setting is the following. In practice, probabilistic 

algorithms are efficiently simulated on computers that have no access to any source of 

true randomness, and yet these simulations appear to be successful. A natural question 

is whether these algorithms did not need true randomness in the first place (and hence, 

can be efficiently derandomized), or whether we just could not find inputs on which our 

simulations would have failed. Our notion of uniform setting for derandomization is an 

attempt a t  formalizing the latter possibility. 

For our uniform setting, we show that every RP machine can be simulated by a zero- 

error probabilistic machine, running in expected subexponential time. This is the first 

unconditional result showing that RP is "easy" in a non-trivial setting. Our techniques 

also allow us to prove the following "gap" theorem for ZPP: either every ZPP machine 

can be simulated in our uniform setting by a deterministic subexponential-time Turing 

machine, or ZPP = EXP. 

In Chapter 6 ,  we also show that our techniques can be used to relate probabilistic and 

deterministic complexity classes in the standard setting, where a simulation of a given 

probabilistic algorithm must always be correct. We show, for example, that EXP = ZPP 

if and only if the corresponding exponential analogues of these two classes also coincide, 

i-e., if the class EE of languages decidable in double exponential time coincides with 

the class ZPE of languages decidable by a zero-error probabilistic Turing machine in 



exponential time. We also prove similar results for the classes RP and BPP. 

In addition, we show that if every language in nondeterministic exponential time can 

be computed by polynomial-size circuits, then every such language can be computed by 

a deterministic exponential-time Turing machine. The contrapositive of this statement 

can be interpreted as saying that it is impossible to separate nondeterministic and deter- 

ministic exponential-time uniform complexity classes without proving superpolynomial 

nonuniform lower bounds. 

Most of the results in Chapter 5 were presented a t  the Fifteenth Annual IEEE Con- 

ference on Computational Complexity (Florence, Italy, July 2000) [KabOOb]; the full 

version of the paper has been accepted for publication in the special issue of the Journal 

of Computer and System Sciences dedicated to selected papers of the conference. The 

results in Chapter 6 are from joint (unpublished) work with Russell Impagliazzc and Avi 

Wigderson. 

Generalizing B P P 

The class BPP is intended to contain exactly those problems that can be solved efficiently 

with the help of randomness. Unfortunately, there appears to be no problem complete 

for BPP, i-e., a problem in BPP to which every other problem in BPP can be efficiently 

reduced. On the other hand, every BPP problem can be efficiently reduced to the fol- 

lowing circuit acceptance probability problem (CAPP) : given a Boolean circuit, compute 

the fraction of inputs that it accepts. It also turns out that all known attempts at  de- 

randomizing BPP have focused on designing an efficient algorithm that would estimate 

the acceptance probability of a given Boolean circuit to within a small additive factor. 

Is there a natural generalization of BPP for which CAPP is complete? Is it true that if 

BPP = P, then CAPP can be approximated sufficiently well in deterministic polynomial 

time? 

In Chapter 7, we define and study the class of real-valued functions f : {0,1)" -+ [ O , l ]  



such that f can be approximated, to within any E > 0, by a probabilistic Turing machine 

running in time polynomial in n and I/€. In particular, we show that this class, denoted 

APP (for Approximable in Probabilistic Polynomial time), contains all of BPP and that, 

moreover, CAPP is complete for APP with respect to appropriate reductions. We also 

provide some evidence that the easiness of BPP may not imply the easiness of APP, by 

constructing an oracle world where BPP = P but CAPP cannot be approximated to 

within 1/4 by any deterministic polynomial-time algorithm. 

Chapter 7 describes joint work with Stephen Cook and Charles Rackoff [KRCOO]. 



Chapter 2 

Preliminaries 

In this chapter, we give basic definitions and theorems which, hopefully, will help the 

reader in understanding the remainder of the dissertation. 

2.1 Uniform Complexity Classes 

By a Turing machine , we shall mean a standard multitape Turing machine that consists 

of a finite control, three semi-infinite tapes (input tape, work tape, and output tape) 

divided into cells, and a tape head for each of the three tapes. By a langzlage over an 

alphabet C, we mean a subset L Z*. 

2.1.1 Deterministic Classes 

A Turing machine is deterministic if, at each time step, it has a t  most one choice for a 

next move. We say that a Turing machine M decides a language L C_ C* if, on every 

input string x E C* such that x E L, M halts in the accepting state, and, on every input 

string x E C* such that  x @ L, M halts in the rejecting state. 

We will be interested in how much time and space is used by Turing machines during 

their computation. A deterministic Turing machine M takes t ime a t  most t on a given 



input string x if, when started in the initial state with x written on the input tape, M 

reaches a halting state after at  most t moves. For a function t : N - =  [0, m), we say 

that a Turing machine M is time bounded by t if, on every input of length n E H, M 

takes time a t  most t(n). Usually, we will consider functions t that are time constructible, 

where t : N -+ [0, ca) is time constructible if there is a Turing machine that takes time 

exactly t ( n )  on every input of size n. 

Similarly, a deterministic Turing machine h1 uses space a t  most s on an input x if 

M reaches a halting state without accessing more than s different cells of its work tape. 

For a function s : N + [0, co), we say that a Turing machine M is space bounded b y  s if, 

on every input of length n E N, M uses space at most s(n) .  Usually, our functions s will 

be space constructible, where s : N -+ [0, oo) is space constructible if there is a Turing 

machine that uses space exactly s (n )  on every input of size n. 

Deterministic Time 

For a function t : N -+ [0, oo) , we define DTIM E(t) to be the class of languages that can 

be decided by a deterministic Turing machine which is time bounded by some function 

in O ( t ) .  It turns out that, in more time, one can decide more languages. 

Theorem 2.1.1 (Time Hierarchy Theorem [HS65, HS661). Let t l ,  t2 : H 

be such that t2 E w ( t l  logtl) and t2 is time constructible. Then DTIME( t l )  DT 

Certain time complexity classes have special names. Table 2.1 mentions some of the 

most common such classes. It follows from the Time Hierarchy Theorem that P QP 

SUBEXP E E EXP. 

Deterministic Space 

For a function s : N -+ [0, oo) , we define DSPACE(s) to be the class of languages that can 

be decided by a deterministic Turing machine which is space bounded by some function 

in O(s). For space, we also have a hierarchy theorem. 



I notation I d e f i t i o n  I name 

Table 2.1: Deterministic time complexity classes 

P 

QP 

SUBEXP 

E 

EXP 

Theorem 2.1.2 (Space Hierarchy Theorem [HLS65]). Let sl, s2 : N + [O, cu) be 

such that sz E w(sl) and s2 is space constructible. Then DSPACE(sl) 5 DSPACE(s2). 

Some of the standard space complexity classes are listed in Table 2.2. The Space 

Hierarchy Theorem implies that L LINSPACE PSPACE EXPSPACE. 

u,~ DTIM E(nc) 

u,,~ DTI M E ( ~ o %  n, 

n,,oDTIME(2ne) 

Uc,o DTI M E(2"L) 

u,>O DTI M E(2n') 

I notation I definition I name 

polynomial time 

quasipolynomial time 

subexponential time 

Iinear-exponential time 

exponential time 

Table 2.2: Deterministic space complexity classes 

L 

LINSPACE 

PSPACE 

EXPSPACE 

It is obvious that, for every function t : N + [0, oo), we get DTIME(t) C DSPACE(t). 

For the converse, it can be shown that DSPACE(s) C DTIME(~~@)) for every space 

constructible function s : W -+ [0, oo) such that s(n) 2 logn. Thus, we get the following 

inclusions: 

L P PSPACE E EXP EXPSPACE. 

DS PACE (log n) 

DSPACE(n) 

u,,~ DSPACE(nc) 

U,,~DSPACE(~~') 

logarithmic space 

linear space 

polynomial space 

exponential space 



2.1.2 Nondeterministic Classes 

A Turing machine is nondeterministic if it can have more than one choice for a next 

move. A language L C* is decided by a nondeterministic Turing machine M if, for 

every input string x E C* such that x E L, there is a t  least one legal computation path 

(i-e., a sequence of moves which M can make according to its set of instructions) that 

will take M to the accepting state, and, for every input string x E C* such that x L, 

no legal computation path will take M to the accepting state. 

The amount of t ime taken by a nondeterministic machine M on input string x is 

defined as the maximum amount of time over all legal computation paths of &I on x. 

The amount of space used by M on x is defined similarly. Analogously to the case of 

deterministic Turing machines, we d e h e  nondeterministic Turing machines time bounded 

by t : N + [0, w ) ,  respectively space bounded by s : N + [0, 00). 

Nondeterministic Time 

For a function t : N + [O, oo), we define NTIME(t) to be the class of languages that 

can be decided by a nondeterministic Turing machine which is time bounded by some 

function in O(t). We have the following hierarchy theorem for nondeterministic time. 

Theorem 2.1.3 (Nondeterministic Time Hierarchy Theorem [SFM78, Z&83]). 

Let 

tl, t2 : N + [0, m) be such that t2 (n) E w (tl(n + 1)) and t2 is t i m e  constmctible. Then 

NTIME(tl) NTIME(t2). 

Several standard nondeterministic complexity classes are listed in Table 2.3. The 

Nondeterministic Time Hierarchy yields that NP 5 NE $ NEXP. 

Obviously, DTIM E(t) C NTI ME(t) for any function t. As far as simulating nonde- 

terministic time-bounded Turing machines by deterministic machines, the best currently 

known result is the trivial one: for any time-constructible function t : N + [O, w ) ,  we 



Inotationl definition I name 

Table 2.3: Nondeterministic time complexity classes 

have NTIME(t) DTIME(2°(t)). Thus, in particular, we get that NP EXP. 

NP 

NE 

N EXP 

The class NP can be equivalently defined as the class of languages with efficiently 

verifiable proofs of membership. Namely, a language L C* is in NP if and only if there 

is a polynomial-time decidable predicate R(x,  y) and a constant c E N such that 

L = { X I  3y, IyI 4 lxlC, such that R(x, y) = 1). 

For x E L, a string y such that R(x,  y) = 1 is called a witness, certificate, or a proof, of 

membership in L. One of the biggest open problems in computational complexity is to 

determine whether NP = P, i.e., whether searching for proofs is as easy as verifying their 

correctness- Most researchers believe the following 

U,,~NTIME(~~) 

u,,~ NTI M E(2-) 

U,>~NTIME(~*') 

Conjecture 2.1.4. NP # P. 

nondeterministic polynomial time 

nondeterministic linear-exponential time 

nondeterministic exponential time 

Another important open question about NP is whether NP is closed under cornple- 

mentation, i-e., whether coNP = NP. Recall that, for any class C of languages L C C*, 

the class coC is exactly the class of all complements of languages L E C. Again, it is 

believed that the answer is negative. 

Conjecture 2.1.5. coNP # NP. 

Observe that Conjecture 2.1.5 implies (and hence, is stronger than) Conjecture 2.1.4. 

Nondeterministic Space 

We define NSPACE (s) for s : N + [0, m) to be the class of languages that can be decided 

by a nondeterministic Turing machine which is space bounded by some function in O(s). 



There is a nondete nninistic space hierarchy theorem which is as tight as the one for 

deterministic space. 

It turns out that nondeterministic space-bounded Turing machine are not much more 

powerful than their deterministic counterparts. 

Theorem 2.1.6 (Savitch's Theorem [Sav70]). Let s : N -t [O, oo) be any space- 

constructible function such that s(n) 2 logn. Then NSPACE(s) DSPACE(S~). 

There is no need to have a special name for the class u,>~NSPACE(~~) since, by 

Savitch's Theorem, this class coincides with PSPACE. Note that this is in sharp contrast 

to Conjecture 2.1.4. Thus we only define N L = NSPACE(1og n) . 

Another surprising result about nondeterministic space classes is their closure under 

complement at ion. 

Theorem 2.1.7 (Immerman-Szelepcs6nyi [Imm88, Sze881). Let s : W -t [O,m) 

be any space-constructible function such that s(n) 2 logn. Then 

For any time- and space-constructible functions t and s, NTIME(t) DSPACE(t) and 

NSPACE(s(n)) DTIM ~ ( 2 * ( ~ 0 g " +  '(*))). Thus, we obtain the following inclusions: 

L G NL G P G NP PSPACE. 

We know from the Space Hierarchy Theorem that L PSPACE, and so a t  least one of 

the inclusions in (2.1) must be proper. It is conjectured that all of them are. 

2.1.3 Probabilistic Classes 

A probabilistic Turing machine is a nondeterministic machine that satisfies certain re- 

strictions on its computation paths. We assume that, at each time step, such a machine 

M has either zero or exactly two choices for a next move; we also assume that M takes 



the same amount of time on every legal computation path (i-e., all legal computation 

paths are of the same size). 

We will distinguish between two kinds of probabilistic machines: B P and R machines. 

A nondeterministic machine M is a BP machine (for Bounded Probabilistic) if, on 

every input string x, either at least 213 or at most 113 of legal computation paths 

of M lead to the accepting state. 

A nondeterministic machine M is an R machine (for Randomized) if, on every 

input string x, either at least 112 or none of legal computation paths of M lead to 

the accepting state. 

We say that a language L C C' is decided by a probabilistic (BP or R) machine M if, for 

every x E C*, we have x E L if and only if at least 1/2 of legal computation paths of M 

on input x lead to the accepting state. 

Suppose that a probabilistic machine M deciding a language L flips a fair coin at 

each computation step to decide which of the two possible moves to make. Then we can 

view M as a probabilistic algorithm that, on every input x, has a "high probability" of 

correctly deciding whether x E L. 

Note that an R machine M deciding a language L never errs on an input x 61 L, 

and has a probability a t  least 1/2 of giving a correct answer on an input x E L. It is 

not hard to see that this probability can be made at least 1 - 2-n, by running M on x 

independently n times and accepting x if M accepted x in at least one of those runs. If 

a language L is decided by an R machine, we say that there is a probabilistic one-sided 

e m r  algorithzn for deciding L. 

On the other hand, a BP machine M deciding a language L can err on both an input 

x $ L and an input x E L, but the error probability in both cases is at most 113. 

This error probability can be made extremely small by running M on x independently 

a polynomial number of times and taking the majority decision. The actual decrease in 



the error probability can be computed using, e-g., Chernoff's bound. 

Theorem 2.1.8 (Chernoff's Bound [MR95]). Let XI, X2, . . . , Xn be independent 

Bernoulli variables with Pr[Xi = I] = pi, let X = C:=L=, Xi, and let p = E[X]. Then, for 

any b E (0,1], we have Pr[X < (1 - 6)p] < e-pJ2I2. 

If a language L is decided by a BP machine, we say that there is a probabilistic 

two-sided error algorithm for deciding L. 

Probabilistic Time 

For a function t : W + [0, oo), we d e h e  BPTIME(t) to be the class of languages that can 

be decided by a BP machine which is time bounded by some function in O(t). Similarly, 

we define RTIME(t) to be the class of languages that can be decided by an R machine 

which is time bounded by some function in O(t). 

We also define ZPTIME(t) = RTIME(t) n coRTIME(t) . In other words, a language 

L is in ZPTIME(t) if there is a pair of RTIME(t) machines Ml and &I2 such that MI 

decides L and M2 decides the complement z. By running both MI and M2 on a given 

input x until one of them accepts, we can completely eliminate error in deciding if x E L; 

however, there is some (though very "small") probability that neither MI nor M2 will 

accept x for a long time. 

If L E ZPTIME(t), we say that there is a probabilistic zero-error algorithm for de- 

ciding L. A zero-error algorithm is sometimes called a Las Vegas algorithm , while a 

one-sided or two-sided error algorithm is called a Monte Carla algorithm . 

No tight hierarchy theorem for probabilistic time is known. One of the best results 

is the following theorem due to Karpinski and Verbeek [KV87] (see also [-4BHH93] for a 

slight improvement). 

Theorem 2.1.9 (Karpinski-Verbeek [KV87]). For every E ,  c > 0,  the following holds: 

BPTIME(~('o~")') BPTIME(2"'). 
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The most common probabilistic time complexity classes are listed in Table 2.4. 

notation name definition 

BPP 

RP 

ZPP 

bounded probabilistic polynomial time 

randomized polynomial time 

zero-error probabilistic polynomial time 

U,,~BPTIME(~~) 

u,>* RTI M E(nC) 

U,,~ZPTI M E(nC) 

Table 2.4: Probabilistic time complexity classes 

The classes BPP, RP, and ZPP are probabilistic analogues of the class P. Similarly, 

the probabilistic analogues of the classes QP, SUBEXP, E, and EXP w i l l  be denoted by 

adding an appropriate prefix: BP, R, or ZP. For example, the zero-error probabilistic 

analogue of SUBEXP is d e h e d  as ZPSUBEXP = n,,oZPTIME(2n'). 

As in the case of NP, the classes RP and BPP can be defined as the classes of languages 

with efficiently checkable proofs of membership. Namely, a language L {0,1)* in is 

RP if and only if there is a polynomial-time decidable predicate R(x, y) and a constant 

c E W such that, for any 3: E (0, I)", 

x E L =S Pry,v,lln~ [R(x, y) = 11 2 112, and 

x $ L PryE{O,l)nc[R(~, y) = 11 = 0. 

Similarly, a language L (0,1)* in is BPP if and only if there is a polynomial-time 

decidable predicate R(x, y) and a constant c E N such that, for any x E (0, ljn, 

We have P C ZPP C_ RP C BPP EXP. It follows from the deterministic Time 

Hierarchy Theorem that a t  least one of these inclusions must be strict; none of them is 

known. It is also obvious that RP C NP. On the other hand, the relationship between 

BPP and NP is unclear: none of them is known to be included in the other. 



Probabilistic Space 

For s : N + [O,oo), we define BPSPACE(s) to be the class of languages that can be 

accepted by a BP machine which is space bounded by some function in O(s) and time 

bounded by some function in 2O("). The classes RSPACE(s) and ZPSPACE(s) are defined 

similarly. 

Let s be any space-constructible function. Since RSPACE(s) NSPACE(s) , we get by 

Savitch's Theorem that RSPACE(s) DSPACE(s2). In fact, a better result is known for 

the more general class, BPSPACE(s) . 

Theorem 2.1.10 (Saks-Zhou [SZ95]). Let s : N + [0, CQ) be any space-constructible 

function such that s(n) 2 logn. Then BPSPACE(s) C DSPACE(S~/~). 

The most frequently encountered probabilistic space complexity classes are proba- 

bilistic analogues of L. They are BPL = BPSPACE(1ogn) , RL = RSPACE(1ogn) , and 

ZPL = RL n CORL . 

Probabilism and Nondeterminism 

It is possible to speak of a "nondeterministic version" of the class BPP, where we allow our 

proof-checking algorithm to flip random coins. More formally, we define the class MA (for 

Merlin-Arthur ) to consist of all binary languages L for which there is a polynomial-time 

decidable predicate R(x, y, z) and a constant c E N such that, for every x E (0, we 

have 

In other words, a language L is in MA if there is a probabilistic verifier (Arthur) that 

can be convinced by an all-powerful prover (Merlin) that a string x E L is indeed in the 

language L; but, Arthur is unlikely to be fooled into believing that any x 4 L is in the 



language L. It should be easy to see that BPP E MA (we can view a BPP algorithm as 

Arthur that does not use Merlin's help); i t  is also clear that NP E M A .  

We can also define a "probabilistic version" of NP, by allowing t he  predicate R(x,  y) 

from our definition of BPP on page 21 to be decidable in nondeterministic polynomial 

time. More formally, the class AM (for Arthur-Merlin ) consists of alL binary languages L 

for which there is a polynomial-time decidable predicate R(x, y, z) and a constant c E N 

such that, for every x E (0, lIn, we have 

Remark 2.1.11. We should point out that the classes MA and AM can equivalently be 

defined with perfect completeness. That is, for L E MA, we get tha t  if x E L, then 

3y E (0, lInC : Prz,{o,l)n~[R(x, y, z) = 11 = 1; similarly, for L E AM, we have that if 

x E L, then Pr,EIO,lln~ [3z E (0, lInC : R(x, y, z) = 11 = 1 [ZF87, FGMC89]. 

It is possible to show that MA A M  [Bab85]. The classes MA and  AM are examples 

of the complexity classes that consist of languages with efficiently checkable proofs of 

membership, where the proof-checking algorithms (verifiers) are probabilistic and can 

interact with computationally unbounded provers. Note the difference from the class 

NP, where the verifiers are deterministic and there is, essentially, no Enteraction with the 

provers. 

We also define generalizations of the classes MA and AM to arbitrary time functions 

t : N -+ [0, 00). The class MA-TIME(t(n)) contains all binary languages L for which 

there is a predicate R(x, y, z)  decidable in deterministic time O( t (n ) ) ,  for x E (0,l)" 

and y, z E (0, l)'("), such that for every z E (0, I)", we have 



Similarly, we define the class AM-TIME(t(n)) to consists of all binary languages L 

for which there is a predicate R(x,  y, z) decidable in deterministic time O(t(n)), for 

x E {0,1)" and y, z E {0, l)t(n), such that for every x E (0, I)", we have 

We shall use the following exponential-time analogues of MA and AM: MA-E = 

M A - T I M E ( ~ ~ ( ~ ) ) ,  M A - M P  = M A - T I M E ( ~ ~ ~ ~ Y ( ~ ) ) ,  AM-E = AM-TI  ME(^^(")), and AM-EXP = 

AM-TI M E ( ~ P o ~ Y ( ~ ) )  . 

2.1.4 Reductions and Completeness 

The notion of a reduction plays an important role in complexity theory since it enables 

one to say that a particular problem A is as hard to solve as some other problem B. This 

can be achieved by giving a reduction from B to A. If the problem B is known (or, at 

least, believed) to be computationally intractable, then such a reduction shows that A is 

also hard. For instance, if A is Hilbert's tenth problem mentioned in the Introduction and 

B is a known undecidable problem, then a reduction f?om B to A shows that Hilbert's 

tenth problem is undecidable. 

Generally, in computability theory, a reduction from language L1 to language L2 is an 

algorithm for deciding L1 that uses, as a subroutine, a hypothetical algorithm for deciding 

LP. That is, when deciding whether a given string x is in Ll, such a reduction may ask 

whether some other strings yl, . . . , yk are in La. These reductions are sometimes called 

Turing reductions. In a more restricted case, a reduction from L1 to L2 is a computable 

function f mapping strings to strings such that, for any string x, we have x E L1 if and 

only if f (x) E L2. These restricted reductions are usually called many-one reductions. 

19 complexity theory, the reductions are required to be eficient. In particular, one 

considers polynomial-time Turing reductions and polynomial-time many-one reductions. 



Thus, if L1 is polynomial-time (Turing or many-one) reducible to L2, then the existence 

of a polynomial-time algorithm for deciding L2 would immediately translate into the 

existence of a polynomial-time algorithm for deciding LL- 

It turns out that many compleldty classes contain languages to which all other lan- 

guages in that class can be efficiently reduced. These special languages are called com- 

plete . A language L which is complete for a complexity class C captures the complexity 

of the entire class since, in a certain rigorous sense, L is the most computationally difficult 

member of C, and any other Ianguage in C can be obtained from L via an appropriate 

reduction. 

In his seminal paper [Coo71], Stephen Cook showed that the class NP has very natural 

complete problems. For example, the well-studied problem in logic of deciding whether 

a given propositional formula is satisfiable is NP-complete . The satisfiabitity problem, 

denoted SAT, is defined as follows. 

SAT 

Instance: A Boolean formula q5(xl, . . . , xn), where xl, . . . , x, are propositional variables. 

Question: Is q5 satisfiable? (That is, is there an assignment of truth values to xl , . . . , x, 

that will make q5(xl, . . . , xn) evaluate to true?) 

Independently, although somewhat later, Leonid Levin [Lev731 also proved what is 

equivalent to the NP-completeness of SAT. Thus the following theorem is often referred 

to as the Cook-Levin theorem. 

Theorem 2.1.13 (Cook-Levin Theorem [Coo?l, Lev731). SAT is complete for NP 

under polynomial-time reductions. 

Note that, in view of the Cook-Levin Theorem, the question of whether P = NP is 

equivalent to the question of whether SAT (or, any other NP-complete problem) can be 

solved by a polynomial-time algorithm. 



The great importance of the notion of N P-completeness became particularly evident 

after Richard Karp [Kar72] demonstrated that many other well-studied problems in math- 

ematics are also NP-complete. Since then, literally hundreds of natural problems from 

diverse areas of mathematics have been shown NP-complete (see, e.g., [GJ79] for a large 

collection). 

Completeness and Probabilistic Classes 

There are no problems known to  be complete (under polynomial-time reductions) for 

any of the probabilistic classes BPP, RP, or ZPP. In fact, it is conjectured that these 

classes simply do not possess complete problems. Some evidence to the truth of this 

conjecture is provided by known constructions of the so-called oracles relative to which 

the classes BPP, RP, and ZPP provably have no complete problems. We refer the reader 

to Section 2.3 for a formal definition of relativized complexity classes. 

2.2 Nonuniform Complexity Classes 

From several existing nonuniform models of computation, we will be primarily interested 

in the Boolean circuit model. 

2.2.1 Boolean Circuits 

A Boolean circuit on n inputs is a directed acyclic graph with n input nodes and one 

output node such that every non-input node (called a gate) is labeled with a Boolean 

connective. Usually, a Boolean connective is from the set {AND, OR, NOT), but other 

sets may be used. The gates labeled by AND and OR have two incoming edges, and 

one outgoing edge; the gates labeled by NOT have one incoming edge and one outgoing 

edge. If we label the n input nodes by Boolean variables XI, . . . , x,, then such a circuit 

will compute a Boolean function f (xl,. . . , x,) in the obvious way. 



We define the size of a Boolean circuit to be the total number of its gates. Sometimes, 

the size of a Boolean circuit is defined as the total number of edges in the underlying 

graph; it is not hard to see that the two measures differ by at most a factor of 2. 

We define the depth of a Boolean circuit to be the length of a longest path in the 

underlying directed graph. Intuitively, the depth corresponds to the amount of time that 

a circuit takes to compute the output. 

Size 

For a Boolean function f, : (0, lIn + (0, I), we define size( f,) to be the size of a smallest 

Boolean circuit computing fn. Let us denote by size(n) the maximum circuit size required 

by a Boolean function on n variables, i.e., size(n) = max{size( fn) I f, : {0,1)" + (0,l)). 

Shannon [Sha49] observed that almost all Boolean functions require Boolean circuits 

of exponential size; this lower bound was later improved by Lupanov [Lup59, Lup63]. 

Theorem 2.2.1 (Shannon-Lupanov [Sha49, Lup59, Lup631). For every E > 0 and 

suficiently large n, 

Moreover, for every E > 0, the fraction of Boolean functions f, : (0,l)" +- {0,1) for 

which 

tends t o  0 as n grows. 

This lower bound on the circuit size of most Boolean functions is quite tight, as the 

following theorem due to Lupanov [Lup59, Lup63] shows. 

Theorem 2.2.2 (Lupanov [Lup59, Lup631). For all suficiently large n, we have 

log n 
size(,) Q n (I + o (&) - 



A tight hierarchy for circuit size is known. 

Theorem 2.2.3 (Size Hierarchy Theorem [PW86]). For every s < size(n), there 

is a Boolean function fn : (0, lIn + {0,1) such that size(fn) > s, but 

To measure the circuit size complexity of families of Boolean functions f = {fn},bo, 

where fn is a Boolean function on n variables, we define for every function s : N + N 

the class SIZE(s) as the class of all families f such that size( fn) < s(n). The class of 

families of Boolean functions of polynomial circuit size is usually denoted P/poIy; that 

is, P/poly = U,,~SIZE(~~)  . 

Depth 

For a Boolean function fn : {0,1)" -t {O,l), we define depth(f,) to be the depth of a 

shallowest Boolean circuit computing fn- We denote by depth(n) the maximum circuit 

depth required by a Boolean function on n variables, i.e., depth(n) = max{depth(fn) [ 

f n  : {O, + 107 1))- 

It is known that most Boolean functions require the circuit depth at least n-log logn- 

o(1). A tight upper bound is also known [Gas78]: for all sufficiently large n, we have 

depth(n) < n - loglogn + 2 + o(1). 

The hierarchy for circuit depth is especially tight. 

Theorem 2.2.4 (Depth Hierarchy Theorem [McC78]). For every logn < d < 
depth(n), there is a Boolean function f, : (0, l)n -t {O,1}  such that depth( fn)  = d. 

For every d : N + N, we define DEPTH(d) to be the class of families f = {fn)nao of 

Boolean functions f, : (0,1}" -t { O , l }  such that depth ( fn) < d(n).  



2.2.2 Boolean Circuits Simulating Turing Machines 

We can think of a language L C (0,l)' as a family f = { fnInao of Boolean function 

fn : (0, lln + (0, 1)) where fn computes the characteristic function of the set L n (0, I)", 

i.e., for every x E {O, l ) "  we have x E L iff f,(x) = 1. Thus, we can talk about the 

Boolean circuit complexity of languages. 

The following theorem relates uniform and nonuniform complexities of a language. 

Theorem 2.2.5 (Schnorr-Borodin [Sch76, Bor771). Let L C {0,1)* be decided a 

deterministic Turing machine that is time bounded by t : W + [0, oo) and space bounded 

by s : N + [0, co) such that s(n) 2 logn. Then we have that L E SIZE(O(t1ogs)) and 

L E DEPTH(O(s1ogt)). 

Thus, by the theorem above, we have that P c P/poly. It is unknown whether 

NP C P/poly or whether EXP c P/poly. On the other hand, it is known that the 

probabilistic complexity classes ZP P, RP, and B PP are nonuniformly easy. 

Theorem 2.2.6 (Adleman [Ad178]). BPP c P/poly. 

It is worth pointing out, however, that an exponential-time analogue of the class MA 

requires superpolynomial-size Boolean circuits- 

Theorem 2.2.7 (Buhrman-Fortnow-Thierauf [BFT98]). MA-EXP @ P/poly. 

2.3 Relat ivizat ion 

Here we discuss Turing machines and Boolean circuits that have oracle access to some 

languages. 

2.3.1 Oracle Turing Machines and the Polynomial Hierarchy 

Let R be any language. A Turing machine M with oracle access to R , denoted MR , is a 

Turing machine that has an additional one-way readlwrite tape (oracle tape) and three 



additional states: s,,, s,,, and s,,. During its computation, M~ can write a string x 

to its oracle tape and enter state s,,. In the next time step, the contents of the oracle 

tape is erased and MR finds itself in the state s,,, if x E R, or in the state s,, if x $C R. 

The time and space used by an oracle Turing machine MR are defined in exactly the 

same way as for Turing machines without oracles. In particular, we do not count the 

oracle tape when determining the space complexity of an oracle Turing machine. 

For a language R and a function t : N + [0, m), we define the relativized complexity 

class D T I M E ~ ( ~ )  as the class of all languages that can be decided by an an oracle Turing 

machine MR that is time bounded by a function in O(t).  The relativized versions of 

other uniform complexity classes can be defined similarly. In particular, N P ~  is the class 

of languages that can be decided by a nondeterministic polynomial-time oracle Turing 

machine with oracle access to R. 

For a class R of languages and a function t : R? + [0, w), we define 

We get similar definitions for other uniform complexity classes. 

The polynomial hierarchy, denoted PH, was introduced and studied by Larry Stock- 

meyer [Sto76]. It can be d e h e d  as follows. First, we define CE = IIE = P. Then, for 

each i 2 0 ,  we recursively define Ck, = N P ~  and = COZY+,. Finally, we define 

PH = ui2,q.  

Observe that C'; = NP and I Iy  = coNP. As with NP and coNP, it is generally believed 

that Cy # ll: for all i 2 1. The following statements can be shown equivalent: 



The last statement is usually referred to as "the polynomial hierarchy collapses to the 

ith level". Thus, "CY # for all i 2 1" is equivalent to "the polynomial hierarchy does 

not collapseyy, i-e., C: 5 Cy C; 5 . . .. 

Probabilistic Classes and Polynomial Hierarchy 

m i l e  it is unknown whether BPP 2 NP, it is known that BPP is low in the polynomial 

hierarchy. 

Theorem 2.3.1 (Sipser-Lauteman [Sip83, Lau831). BPP C Cg n II;. 

Moreover, it is known that M A  and AM are in the second level of polynomial hierarchy. 

Theorem 2.3.2 (Babai-Moran [BMBB]). a MA G Cg n g, and 

It is easy to see that NP AM. It is unlikely that coNP G AM, as the following 

theorem shows. 

Theorem 2.3.3 (Boppana-Histad-Zachos [BHZ87]). If coNP C AM, then C; = 

The above theorem has interesting consequences for the Graph Isomorphism (GI) 

problem (the problem of deciding whether two given graphs are isomorphic). It is easy 

to see that GI is in NP. But, it is not known to be NP-complete; actually, it is conjectured 

that GI is not NP-complete. Some evidence to support this conjecture is the fact that the 

Graph Nonisomorphism problem (the complement of GI) is known to be in AM. Thus, if 

GI were NP-complete, then coNP would be included in AM, and by Theorem 2.3.3, this 

would imply a collapse of polynomial hierarchy to the second level. 



Circuit Complexity and Polynomial Hierarchy 

An interesting relationship between P H  and the circuit complexity of N P  and EXP is 

provided by the next theorem due to Karp and Lipton [KL82]. This theorem may be 

viewed as some evidence that neither N P  nor EXP can be decided by polynomial-size 

Boolean circuits. 

Theorem 2.3.4 (Karp-Lipton [KL82]). The following implications hold. 

1. If NP c P/poly, then P H  = Cg. 

2- If EXP c P/poly, then EXP = Cz .  

An improvement of statement 2 of the above theorem has been obtained in [BFNW93]. 

Theorem 2.3.5 (Babai-Fortnow-Nisan-Wigderson [BFNW93]). If EXP c P/poly, 

then EXP = MA. 

No superlinear circuit lower bound is known for any language in NP. On the other 

hand, the polynomial hierarchy cont ains languages that require any fixed polynomial 

circuit size. 

Theorem 2.3.6 (Kannan [Kan82]). For every k 2 0, there is  a language Lk E 

such that Lk $! SIZE(nk). 

2.3.2 Oracle Circuits 

Let R be any language. A Boolean circuit with oracle access to R is a circuit that has 

oracle gates . The inputs to a n  oracle gate of fan-in k are ordered y,, . . . , yk, and its 

output is a single bit which is 1 if yl . . . yk E R, or 0 if yl . . . yk R. 

The size of an oracle circuit is defined as the number of edges in the underlying 

graph. Let s : N -t N be any function. For a language R, the relativized complexity 

class SIZE~(S)  is defined as the class of languages that can be decided by oracle circuits 



of size O ( s )  that have oracle access to R. Similarly, for a class of languages R, we define 

SIZE*(S) = U R ~ ~ S I Z E ~ ( S )  . For example, ~ / ~ o l ~ ~ ~  is the class of languages that can be 

decided by polynomial-size Boolean circuits with NP-oracle gates. 

2.3.3 Relativizing Theorems and Relativizable Proof Techniques 

Most known theorems in complexity theory are relativixing in the sense that they remain 

true when all algorithms involved (Turing machines and Boolean circuits) are allowed 

access to the same oracle. For example, statement (1) of Theorem 2.3.4 remains true 

with respect to any fixed oracle. The corresponding relativized statement says that, for 

any oracle A, if N P ~  c ~ / ~ o l ~ ~ ,  then P H ~  = C;,~. On the other hand, statement (2) 

of Theorem 2.3.4 is a rare example of a theorem that does not relativize: there is an 

oracle B such that E X P ~  c ~ / ~ o l y * ,  but E X P ~  # c : ' ~ .  Theorems 2.3.5 and 2.2.7 do 

not relativize either [BFT98]. 

Relativizing theorems are proved using relativizable proof techniques. These are the 

techniques that remain valid in the relativized worlds where all algorithms gain access 

to the same oracle; diagonalization and reduction are examples of such relativizable 

techniques. We should point out that the P vs. NP question cannot be resolved using 

relativizable techniques since there exist oracles A and B such that PA = N P ~  and 

PB # N pB [BGS75]. Many other important open questions in complexity theory are also 

known to require non-relativizable proof techniques. 



Chapter 3 

Pseudorandomness 

"The generation of random numbers is too important to be left to chance." 

Robert R. Coveyou 

This chapter is expository. Here we give an intuitive explanation why Boolean functions 

of high circuit complexity are useful for derandomization, i.e., the reduction of the number 

of truly random bits in probabilistic algorithms. We also state some hardness-randomness 

tradeo ffs, i-e., the theorems relating the hardness of a Boolean function and the efficiency 

of the derandomization procedure based on that function. 

3.1 Different Notions of Randomness 

3.1.1 Information-Theoretic Randomness 

The information-theoretic notion of randomness has its roots in probability theory and 

considers randomness to be an attribute of a probability distribution. *4 probability 

distribution over a set of all n-bit strings is given by a function Dn : (0, lln + [O, 11 such 

that &,,,), Dn(x) = 1. The amount of randomness present in a distribution D, is 

equated with the amount of information contained in D,. 

According to Shannon [Sha48], the amount of information contained in a distribution 



The value H(D,) is usually called the entropy of Dn. Thus, the bigger the entropy of a 

distribution, the "more random" that distribution is. In this sense, a perfectly random 

distribution over the set (0,l)" is the uniform distribution LS, that assigns the same 

probability 2-, to every n-bit string - the entropy of this distribution, H(Un) = n: is 

maximum over all distributions. 

Limitations of Shannon's Definition 

To obtain a perfectly random (i-e., uniform) distribution over the set (0, I)", one must 

use exactly n bits of randomness. In other words, for any function f : (0,  lIrn + (0, l)n, 

with m < n, the distribution over (0,1)" obtained by applying f to a uniformly chosen 

m-bit string has the entropy at  most m, and hence, is not  random in Shannon's sense. 

3.1.2 Computability-Theoretic Randomness 

Classical probability theory and information theory only consider distributions over 

strings as random or  non-random, but they do not allow us to speak of individual 

strings as being random or non-random. Intuitively, however, it seems obvious that 

some binary strings are "more random" than others. For instance, for the two strings 

1010101010101010 and 1010001101000001 of equal length, one can easily see the pattern 

in the first string but no apparent pattern in the second one ', and so one can declare 

the second string more random-looking than the first. 

To formalize the idea of a random string, Kolmogorov [Ko165] and, independently 

(and at about the same time), Solomonoff and Chaitin (cf. [LV9?]) introduced the notion 

lThe second string was obtained by ftipping an actual coin (a Canadian quarter) sixteen times, and 
recording the outcomes. 



of algorithmic complexity of a binary string. The algorithmic (or Kolmogorov) complexity 

of a string x, denoted K ( x )  , is defined as the length of a shortest string p such that a 

universal Turing machine Mu outputs x when given p as input. It can be easily show. 

that replacing Mu by any other universal Turing machine can change the Kolmogorov 

complexity of any string by at most a constant additive factor (this fact is known as the 

Invariance Theorem); thus, the value K(x) reflects the intrinsic complexity of a string x. 

In this setting, we can say that strings of high Kolmogorov complexity are more 

random than strings of low Kolmogorov complexity. In particular, a binary string of 

length n is considered Kolmogorov-random if K ( x )  is "very close" to n, i-e., if x is, 

essentially, incompressible. A counting argument shows that almost all n-bit binary 

strings are Kolmogorov-random. 

Limitations of Kolmogorov's Definition 

By the definition of Kolmogorov complexity, it is impossible to have a Turing machine 

M that, on input n, would output a string x E (0, l I n  that is Kolrnogorov-random (i-e., 

K(x) = n). This is so because any n-bit string x output by such a machine M can be 

described by giving the description of M (of constant size) together with n written in 

binary, which means that K(x)  E O(1ogn). 

Also, the problem of determining K(x) for a given x is a lg~~thmica l ly  undecidable. 

3.1.3 Complexity-Theoretic Randomness 

As we saw in the Introduction, the theory of computational complexity was born when 

the focus of attention shifted from the question of the existence of algorithms in general 

to the question of the existence of eficient algorithms. The notion of randomness can 

be also reconsidered from the point of view of resource-bounded computation. 



Relaxing Shannon's Definition 

The complexity-theoretic approach to the randomness of a probability distribution is 

based on the notion of computational indistinguishability put forward by Goldwasser, 

Micali, and Yao [GM84, Yao82]. According to this notion, two probability distributions 

are considered the same if they appear almost the same to any efficient algorithm. Thus, 

for instance, if no efficient algorithm can distinguish (in the sense formalized below) 

between the uniform distribution U, over (0, lln and a (not necessarily uniform) dis- 

tribution D, over (0, I)", then the distribution D, is declared random for all practical 

purposes. 

More formally, we consider families of probability distributions D = {Dn)n>o, where 

each D, is a distribution over the set {0,1)". We denote by x t Dn the random exper- 

iment in which a string x is chosen according to the distribution Dn. Now, we can state 

the definition of computational indistinguishability for the nonuniform setting, where 

families of polynomial-size circuits play the role of efficient algorithms; the uniform ver- 

sion of this definition considers probabilistic polynomial-time Turing machines as efficient 

algorithms. 

Definition 3.1.1 (P/poly-Indistinguishability). Two families of probability distribu- 

tions X = {Xn),20 and Y = {Yn)n20 are Plpoly-indistinguisMe if, 

for every family of polynomial-size Boolean circuits C = {Cn),30, 

for every k E N, and 

0 for all sufficiently large n, 

we have that 

The definition above was originally motivated by cryptographic applications [GM84, 

BM84, Yao821, where it is required that no efficient algorithm should be able to "break" 



the system. For the purpose of derandornization, however, we can focus on a subclass 

of algorithms (circuit families) with fixed resource bounds. For this setting, we get the 

following version of Definition 3.1.1. 

Definition 3.1.2 (SIZE(s)-Indistinguishabili@). Let s : N -+ N be any function. 

TWO families of probability distributions X = {Xn)n20 and Y = {Yn)n20 are SIZE(s)- 

indistinguishable if, 

for every family of Boolean circuits C = {Cn)n20 such that the size of Cn is at 

most s(n) and 

0 for all sufficiently large n, 

we have that 

If a distribution family D = {Dn)n20 is SIZE(s)-indistinguishable from the family of 

uniform distributions U = {Un}n20, then D is called SIZE(s) -random. 

Relaxing Kolmogorov's Definition 

At the heart of Kolmogorov's definition of algorithmic complexity lies the notion of a 

smallest possible descriptor. In the case of the traditional Kolrnogorov complexity, the 

descriptor for a binary string x consists of a program p for a universal Turing machine 

Mu such that M, outputs x when run on the input p. A string x is considered random 

if it does not have a small descriptor (of size significantly less than the length of I). In 

other words, a string is random if it is almost incompressible. 

We would like to speak of families of random strings { x ~ ) ~ ~ ~ ,  where each xn is of 

length n. But we wish to keep our notion of randomness n o n u n i f o r m :  we want to consider 

the family ( x ~ ) ~ ~ ~  random only if every individual string x, is random (i.e., has no small 

descriptors). 



On the other hand, we would like to impose certain restrictions on the class of de- 

scriptors that we allow, so that the problem of finding a smallest descriptor for a given 

string becomes decidable. One way to achieve decidability is to require that an n-bit 

string x should be obtained fiom its descriptor in time nk for some fixed k E K 

We believe that one of the cleanest ways to relax Kolmogorov's definition of algorith- 

mic complexity that achieves the two goals stated above is to consider Boolean complexity. 

The Boolean complexity of a binary string x E {0, l)n, denoted B(x) , is defined as the 

size of a smallest Boolean circuit C on rlog,nl inputs such that x is the prefix of the 

truth table of the Boolean function computed by C. 

Note that, by Theorem 2.2.2, we have B ( x )  E O(n/  log, n) for every n-bit string 

x; while Theorem 2.2.1 implies that B ( x )  E Q(n/ log, n) for almost all n-bit strings x. 

We consider an n-bit binary string x Boolean-random if B ( x )  is very close to n/ logz n. 

It follows that almost all n-bit binary strings are Boolean-random, which parallels the 

situation with Kolmogorov-random strings. 

3.2 Applying Complexity-Theoretic Randomness 

Here we only consider how the complexity-theoretic notions of randomness are used for 

the purpose of derandomizing probabilistic algorithms; specifically, we do not consider 

the use of these notions in cryptography. 

3-2.1 Pseudorandom Generators 

Intuitively, a pseudorandom generator is a deterministic algorithm that provides an effi- 

cient way to transform the uniform distribution U, over n-bit strings into a distribution 

Dm over (0, l)m, for m > n, such that Dm is computationally indistinguishable from the 

uniform distribution Um over (0 ,  lIm. 
More formally, a generator is a deterministically computable function G : {0,1)* + 



{0,1)* such that an input string of length n is mapped by G to a string of length 

m = m(n) > n, and m uniquely determines n. We will often write G : (0, lln + (0,l)" 
to indicate the relationship between the input and output lengths. We must point out 

that the family of functions from {0, I)* to (0, lIrn implied by this notation is induced 

by an algorithm for computing G, and hence, this family of functions is uniform. 

Every generator G : {O, 1)" -t (0, lIrn induces the family D(G) of probability distri- 

butions Dm over (0, I)", where D,(x) = PryE{O,lp [G(y) = XI. For s : N + N, we say 

that a generator G : {O, l )*  + (0, llrn is SIZE(s)-pseudorandom if its induced family of 

distributions D (G) = {Dm},2o is SiZE(s)-random. That is, G is S IZE(s)-pseudorandom 

if, for every family of Boolean circuits {Cm),20, where the size of C, is at most s(m), 

and for all sufficiently large m, the following holds: 

3.2.2 Using Pseudorandom Generators to Derandomize B P P 

The standard use of pseudorandom generators for derandomization is as follows. Let 

L {0,1)* be a language in BPP, i.e., there is a polynomial-time decidable predicate 

R(x, y) and a constant c E N such that, for every x E (0, I}", we have 

For every fixed string x of length n, the Boolean function f,(y) = R(x, y) can be computed 

by a deterministic polynomial-time Turing machine and hence, by Theorem 2.2.5, f,(y) 

can be computed by a Boolean circuit C, on m = nC inputs such that the size of C, is 

md for some d E N. 

Suppose that a generator G : {0,1)' + (0, 1)" is SIZE(md)-pseudorandom, where 

I = l(n) < m. Then P = Pr,E~o,ll~[C,(G(z)) = 11 is within l /md from the actual 

acceptance probability of the circuit C,. Thus, for large m, we can determine whether 



the acceptance probability of C, is a t  least 213 or a t  most 113, and hence decide whether 

x E L or x @ L, by using the value p'. If the output of the generator G on an I-bit input 

can be computed in time t(l), then the total amount of time we need to decide whether 

x E L is polynomial in 2't(l) and rn. Since the described procedure can be applied to 

every x E {0, I)*, we obtain that L E ~ T l M E ( ~ o l ~ ( 2 ~ ( ~ ) t ( l ( n ) ) ,  m)). 

Since the running time of the described deterministic algorithm deciding a given BPP 

language is exponential in the size of the input of the generator, we will be interested in 

the generators G : {0,1}" + (0, lIm such that, for every x E (0, lIn, the output G ( x )  

can be computed in time 2O("). Although such generators are not efficient in general, 

they are sufficiently quick for our purposes, and so we will call them quick generators . To 

achieve any nontrivial derandomization of BPP, we need quick generators with n << m. 

3.3 Boolean-Random Strings and SIZE(s)-Random 

Distributions 

The reader may wonder why t h e  previous section does not mention Boolean-random 

strings, but only SIZE(s)-random probability distributions. After all, aren't Boolean- 

random strings random in some sense? And if so, why can't they be used to derandomize 

BPP? 

It turns out that Boolean-random strings can be used to construct SIZE(s)-pseudo- 

random generators, and hence, to derandomize BPP. To give the reader some intu- 

ition why Boolean-random strings are useful for derandomizing BPP, we first show how 

Kolmogorov-random strings are useful for that purpose. 

3.3.1 Kolmogorov-Random Strings and B PP 

Consider an arbitrary language L E BPP. As we mentioned in Section 2.1.3, one can 

make the probability of error in  deciding L exponentialIy small in the input length by 



running a given BPP machine some polynomial number of times and taking the majority 

decision (see Theorem 2.1.8). In particular, we can assume that there is a polynomial- 

time decidable predicate R(x ,  y) and a constant c E N such that, for every x € (0, I)", 

we have 

Consider a string r of length nC that is Kolmogorov-random in the sense that K(r)  2 

nC - O(1). Then we get that x E L if and only if R(x,r) = 1. 

Indeed, suppose that x E L but R(x, T) = 0 (the case where x $Z L but R(z, r) = 1 

is treated similarly). Let S = {y E (0; 1)"' 1 R(x,  y) = 0). The size of S is at most 

2nc-n2 by (3.1). Given S, each string y E S is completely specified by its index in the 

lexicographical ordering of the elements in S; this index can be written in binary, using 

log, I SI < nC - n2 bits. The set S is completely specified by the n-bit string x and the 

description of the Turing machine computing R. It follows that, for every y E S, we have 

K ( y )  < nC - n2 + O(n)  < K(r). Hence, r $!! S, and so R(x,  r) = 1. A contradiction. 

Note that the reason why a Kolmogorov-random string r gave us the correct answer 

is the incompressibility of r. Since the error probability for a BPP language can be 

made exponentially small, the set of "bad" strings for a given input x (i-e., those random 

strings that  make the given BPP machine take the wrong decision on the input x) is also 

reIatively small. This implies that every bad string can be described concisely, i.e., can 

be compressed. Consequently, no incompressible string r can be bad. 

We must point out, however, that, although each bad string has a reIatively short de- 

scription, the naive method for reconstructing (decoding) this string from its description 

is extremely inefficient: one needs to search through all strings y, computing R(x ,  y), and 

wait until the required bad string shows up. 



3.3.2 Boolean-Random Strings and BPP 

Here we outline a different method for reconstructing bad strings which is much more ef- 

ficient than the naive method mentioned in the previous subsection. The efficiency of the 

new method allows one to use Boolean-random , rather than KoImogorov-random, strings 

for derandomizing probabilistic algorithms. Given the space constraints, we cannot de- 

scribe this method in sufficient detail, but we believe that it is important for the reader 

to get a t  least some intuition about how hardness-randomness trade-offs are proved, and 

hence we give this (extremely) informal description below. For more details, the reader 

is encouraged to consult [NW94, B F W 9 3 ,  IW97, STV991. 

Let L E BPP be any language with the corresponding polynomial-time decidable 

predicate R(x, y) (say, with the error probability 113). Consider any fixed x E {O,1)"; 

let us assume that the corresponding length of y is m = nC for some c E N. 

At a high level, our algorithm will be the following. Rather than taking a Boolean- 

random string r of length m and then outputting R(x,  r) as in the previous subsection, 

we instead will take r of length 1 > m (where I E poly(m)), "extract" fiom r a polynomial 

number of substrings TI,.  . . , r k  of length m each, and then output the majority decision 

of R(x ,  T ~ ) ,  . . . , R(x ,  rk). 

In order for this to work, the algorithm for extracting TI, .  . . , r k  from r needs to 

have the follonring property: if the majority decision of R(x, rl), . . . , R(x, rk) is wrong 

for a given x, then there is a Boolean circuit for computing r which is smaller than 

the assumed Boolean complexity of r. The Nzsan-Wigderson generator [NlV94] almost 

achieves this. Namely, this generator computes a function that maps a string r to a 

sequence of its substrings TI, . . . , r k  so that the following holds: if the majority decision 

of R ( x ,  r,), . . . , R(x, rk) is wrong for a given input x, then there is a "small7' Boolean 

circuit which correctly computes a fraction 112 + l/lrlE of the bits of r, for some E < 1 

(the size of this circuit depends on the size of circuit for R). 

How do we get a circuit for computing r fiom a circuit that approximates r? The 



idea is to use enor-correcting codes. Suppose that instead of the string r ,  we applied the 

Nisan-Wigderson generator to an encoding i of r ,  using some efficient locally decodable 

error-correcting code (e.g., the one from [AS97, STV991). In this case, if the majority 

decision of R(x,rl),  . . . , R(x ,  rk) is wrong for a given input x, then we will be able to 

"error-correct" the Boolean circuit which approximates F ;  and obtain a sufficiently small 

Boolean circuit computing r, thereby contradicting the Boolean randomness of r. 

SO, our revised algorithm for deciding if x E L when given a string r of high Boolean 

complexity is as follows. Encode r using an appropriate error-correcting code. Apply 

the Nisan-Wigderson generator to the encoded string f ,  obtaining the strings TI,. . . , r k .  

Accept x if and only if the majority of R(x,  r,), . . . , R(x,  rk) are equal to 1. 

3.3.3 Hardness-Randomness Tradeoffs 

Here we make precise how the Boolean complexity of a string r affects the efficiency of 

the derandomization procedure described above. The results of that form are usually 

referred to as hardness-randomness tradeoffs. 

We state two such results due to Babai, Fortnow, Nisan, and Wigderson [BFMV93] 

and Impagliazzo and Wigderson [IW97]. 

Theorem 3.3.1 (Babai-Fortnow-Nisan-Wigderson [BFNW93]). There i s  a poly- 

nomial-time computable function F : {0,1)' x {0,1}* + (0, 1)' with the following prop- 

erties. For every € > 0, there exist 6 < E and c E N such that  

and i f  r is a binary string of length 2"' with B (r )  2 n", then  the function G, ( s )  = F(r,  s)  

is a SIZE(n)-pseudorandom generator mapping {O,l)"'  in to  {O,l)". 

Theorem 3.3.2 (Impagliazzo-Wigderson [IW97]). There is a polynomial-time com- 

putable function F : {0,1)* x (0,l)' + {0,1)* with the  following properties. For every 



E > 0, there &st c, d E N such that 

F : (0, 1Inc x {0, l ) d l O g n  _t (0, lIn, 

and i f r  is a binary string of length nC with B(r) 2 n", then the= function G,(s) = F(r,  s )  

i s  a SIZE(n)-pseudorandom generator mapping {0, l l d l O g n  in to  (0,l)". 

Similar hardness-randomness tradeoffis are known for othen values of B(r). Nearly 

optimal tradeoffs for the entire range of B(r) are given in [ISWOO]. 

Conditional Derandomization of BPP 

The theorems stated above would give us nontrivial derandonkzation for BPP, provided 

that binary strings r of sufficiently high Boolean complexity cam be efficiently generated. 

The latter is equivalent to having nonuniformly hard Boolean functions in the uniform 

complexity classes EXP or E. We immediately get the following corollaries. Note that 

when we say that a language L {0,1)* is in a complexity class C infinitely often (i-o.), 

we mean the following: there is a language M E C such that In n (0, 1ln  = M n { O , l ) "  

for infinitely many n. For two compIexity classes C1 and C2, w e  say that CI C C2 i.0. if 

every language L E CL is in the class C2 i.0. 

Theorem 3.3.3 (Babai-Fortnow-Nisan-Wigderson [BFNTV93]). If EXP P/poly, 

then, for every E > 0, we have BPP C D T I M E ( z n e )  infinitely o&en. 

Theorem 3.3.4 (Impagliazzo-Wigderson [IWW]). If E  SIZE(^'(^)), then BPP 

P infinitely often. 

There are also corresponding "almost everywhere" versions of the theorems above. 

For instance, if E contains a family of Boolean functions f = {f,),20 such that, for some 

E > 0 and all sufficiently large n, size(f,) z 2fn,  then BPP = P. 



Chapter 4 

Deciding the Boolean Complexity 

In this chapter, we study the complexity of the following circuit minimization problem: 

given the truth table of a Boolean function f and a parameter s, decide whether f can 

be realized by a Boolean circuit of size at most s. We argue why this problem is unlikely 

to be in P (or even in P/poly) by giving a number of surprising consequences of such an 

assumption. We also argue that proving this problem to be NP-complete, using a natural 

approach, would imply proving strong circuit lower bounds for the class E, which appears 

beyond the currently known techniques. 

4.1 Introduction 

As we have seen in the previous chapter, binary strings of high Boolean complexity exhibit 

certain random-Like properties that can be used for derandomization of probabilistic 

algorithms. While it is well known that most binary strings have nearly maximum 

Boolean complexity, there are no efficient algorithms for generating sficiently complex 

strings. Since a binary string of length 2" can be thought of as the truth table of 

an n-variable Boolean function, the problem of generating complex binaxy strings is 

equivalent to that of computing Boolean functions of high circuit complexity. At present, 

no superlinear circuit lower bounds are known for any family of Boolean functions in the 
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class E; in other words, it is conceivable that E c SIZE(n). 

The- problem of computing truth tables of complex Boolean functions is an example 

of a search problem. It is customary in complexity theory to consider decision problems. 

In our case, the decision problem is the following. 

Minimum Circuit Size Problem (MCSP) 

Instance: A Boolean function fn : {O,l)" + {0,1) given by its truth table (of length 

2") and a number s, E N (in binary). 

Question: Is f, computable by a Boolean circuit of size at  most s,? 

What is the complexity of MCSP? It seems unlikely that MCSP can be solved in 

polynomial time. On the other hand, it is easy to see that MCSP is in NP: just note that 

the input size is 0 (2 " ) ,  and so there is enough time to check whether a guessed circuit 

of size s, computes a given n-variable Boolean function. Is MCSP NP-complete then? 

We know that determining the Kolmogorov complexity of a binary string is an unde- 

cidable problem. Since the notion of Boolean complexity can be viewed as a complexity- 

theoretic analogue of Kolmogorov complexity, it is tempting to conjecture that MCSP 

is NP-complete. However, as we argue below, any natural proof of NP-completeness of 

MCSP would imply non-trivial circuit lower bounds for the class E, and hence is unlikely 

to be found soon. Here, by "natural", we mean a proof that gives a many-one reduction 

from, say, SAT to MCSP such that the size of the output depends on the size of the input 

only, and these sizes are polynomially related. We note that all known NP-completeness 

proofs appear to be natural in this sense. 

Unable to reduce SAT to MCSP, we nonetheless show that the assumption that MCSP 

is in P does have a number of interesting consequences. In particular, it would imply 

the existence of an average-case polynomial-time algorithm for factoring integers, the 

existence in ENP of a family of Boolean functions of maximum circuit complexity, the 

inclusion BPP ZPP, a "gap" in the circuit complexity of E: either E c SIZE(S"(~)) or 

E $ SIZE(2n/n), and the equivalence of certain local and global complexity assumptions 
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sufficient for derandomization of BPP. 

The remainder of the chapter. In Section 4.2, we give some consequences of the 

assumption that MCSP is easy. Section 4.3 contains an argument why it seems unlikely 

that one can prove MCSP to be NP-complete without proving strong circuit lower bounds. 

We give concluding remarks and present some open problems in Section 4.4. 

4.2 Minimum Circuit Size Problem and P 

4.2.1 Natural Properties 

Let r be an arbitrary complexity class. Following Razborov and Rudich [RR97], we 

call a combinatorial property {Cn)n20 of n-variable Boolean functions f, r-natural with 

density bn if each Cn contains a subset C; such that 

? 
1. the predicate fn E Cz is computable in r, where f, is given by its truth table, and 

2. C; contains at least 6, fraction of all n-variable Boolean functions. 

Informally, a natural property contains a sub-property which is easy to check and 

which holds for a significant fraction of all Boolean functions. One standard setting of 

the parameters in the above definition is r = P and 6, = 2-O("). 

For a complexity class A, a combinatorial property {Cn},20 is useful against A if each 

family of Boolean functions {fn)n20 such that fn E C, i.0. is not in A. 

Razborov and Rudich noticed that a P/poly-natural property useful against P/poly 

can be used to break certain pseudorandom generators. We say that a generator Gk : 
k W )  (0, lIk + (0, 1}2k is strong if it is SIZE(2 )-pseudorandom. Now, the main result 

in [RR97] can be stated as follows. 
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Theorem 4.2.1 (Razborov-Rudich [RR97]). If there exists a Plpoly-natural prop- 

erty useful against P/poly, then there is no strong pseudorandom generator computable 

C P/poly. 

As an immediate corollary of Theorem 4.2.1, we get the following. 

Theorem 4.2.2. If MCSP is in P/poly, then there is no strong pseudorandom generator 

computable in P/poly. 

Proof. It is easy to see that if MCSP (and hence also the complement of MCSP) is in 

P/poly, then we get a P/poly-natural property useful against P/poly (by setting, e-g., the 

parameter s, = dog") .  The claim then follows from Theorem 4.2.1. CI 

As pointed out by Luca Trevisan [Trevisan, personal communication, July 20001, 

the proof of Theorem 4.2.1 from [RR97] can be easily generalized to handle the case 

of P/poly-natural properties useful against SIZE(2rn), for sufficiently small e > 0. The 

existence of such a property would imply that there is no generator computable in P/poly 

that is P/poly-pseudorandom; recall that a generator Gc : (0, + (0, 1)2k is P/poly- 

pseudorandom if it is SIZE(nC)-pseudorandom for every c E N. Thus, we can improve our 

Theorem 4.2.2 as follows. 

Theorem 4.2.3. If MCSP is in P/poly, then there is no Plpoly-pseudorandom generator 

computable in P/poly. 

Proof. Suppose that MCSP is in P/poly. Then we show that every generator Gk : 

(0, lIk + (0, 1)2k computable in Plpoly can be "broken" by a polynomial-size circuit, 

i.e., Gk is not P/poly-pseudorandom. 

Our proof is very similar to that from [RR97, Theorem 4-11, and so we only sketch 

it here- Let Gk : {0,1)' + (0, 1Izk be a generator computable by circuits of size at 

most kc, for some c E N. Let E = 1/(4c). We will use Gk to construct a pseudorandom 

function generator F{o,l)k : (0, lIn -+ (0, I}, where k = rZEnl - That is, with each string 

s E {O, I)", we associate a Boolean function F, : {0, l)n + {0,1). 
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Namely, we let Go, GI : (0, lIk + (0, I}* be the first and the last k bits of Gk, 

respectively. For x E (0, I}", we define Gz : {0,1)" + (0, I)" by G, = Gzn o GXn-, o 

- - o G,,, where o denotes composition. Finally, for s E (0,l)": we define F,(X) to be 

the leftmost bit of G,(s), for every x E (0, lIn. 
Note that F,(X) is in  SIZE(^"/^), by our choice of E. On the other hand, we know that 

most n-variable Boolean functions require circuit size at least Y / n  (see Theorem 2.2.1). 

Let Cn be a Boolean circuit that accepts truth tables of only those n-variable Boolean 

functions that require circuit size greater than 2"12. By the assumption that MCSP is in 

P/poly, such circuits Cn will be of size poly(2"). It follows that 

where f, is a random n-variable Boolean functions and Fs is a pseudorandom n-variable 

function for s E (0, 1Ik chosen u n i f o d y  a t  random. 

In exactly the same way as in [RR97, Theorem 4-11, these circuits C, can be used 

to construct Boolean circuits of size 2O(") that distinguish between Gk(x), for a random 

x E (0, I ) ~ ,  and a random string y E (0, 1)2k. That is, the outputs Gk(x), for a random 

3: E (0, ilk, are not ~ l Z ~ ( 2 ~ ( ~ ) ) - r a n d o r n .  Since k = r2Ln], we conclude that Gk is not 

P/poly-pseudorandom. 0 

It is ~ d e l y  believed that P/poly-pseudorandom generators computable in P/pol ex- 

ist. In particular, it is believed that the generator based on factoring Blum integers is 

such a generator; a Blum integer is a product of two primes, each congruent to 3 mod 4. 

Breaking this generator implies being able to factor Blum integers well on the average. 

Theorem 4.2.3 shows that the existence of an efficient algorithm for MCSP yields an ef- 

ficient average-case algorithm for factoring Blum integers, or more generally: an efficient 

algorithm for factoring integers chosen according to any reasonable probability distribu- 

tion. Here, by reasonable, we mean a probability distribution such that the assumption 

that factoring is hard on the average with respect to this probability distribution implies 



the existence of a one-way funct ion (a function which is "easy" to compute, but "hard" 

to invert on the average). The distribution of Blum integers is one such example. The 

uniform distribution on integers from an in t end  (N/2, N], for a given N, is another 

example of a reasonable distribution; this follows from the result of Bach [Bac88] show- 

ing that there is a poly(1ogN)-time randomized algorithm for generating a uniformly 

distributed integer N/2 < x < N together with the prime factorization of x. 

Corollary 4.2.4. If MCSP is in P, then  for any  reasonable probability distribution of 

integers there is a polynomial-time probabilistic algorithm for  factoring that  works well 

o n  the  average (relatiue t o  this probability distribution). 

Note that the best-known (worst-case) deterministic factoring algorithm has the run- 

ning time approximately 2n/4 on n-bit integers [Po174, Str761, while the best probabilistic 

algorithm runs in time approximately 2 6  [LP92] (there is also a heuristic with the run- 

ning time approximately 2 *). 

The widely believed hardness of factoring may be taken as  the most compelling piece 

of evidence that MCSP is hard. However, we give more examples below of some unlikely 

consequences to the assumption that MCSP 

4.2.2 Hardness Amplification 

Suppose that one has an n-variable Boolean 

is easy. 

function of high circuit complexity, say, 2'" 

for some E > 0. Given the truth table of such a function, can one efficiently (i.e., in time 

polynomial in 2n) produce the truth table of a harder Boolean function in m E R(n) 

variables, eg., of circuit complexity greater than 2m/m? In other words, can Boolean 

complexity be efficiently amplified? 

The affirmative answer to this question would imply the existence of a gap in the 

circuit complexity of E. Namely, it would mean that either E c S I Z E ( ~ O ( ~ ) )  or E < 
SIZE(2"ln). As the next theorem shows, Boolean complexity can be amplified under the 
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assumption that MCSP is in P. 

Theorem 4.2.5. Assume MCSP is in P. Then there exists a polynomial-time algorithm 

that, given the truth table of a n  n-variable Boolean function of circuit complexity a t  least 

2fn, for some E > 0, outputs a Boolean function on  rn E Q(n) variables that has circuit 

complexity greater than F(l+ (1 - y) %), for any y > 0. 

Proof. For given E > 0, let c, d E N and the function F : (0, I)~'" x (0, lIdn + (0, I}*" 

be as in Theorem 3.3.2. Thus, if F is given as the first argument the truth table of a 

Boolean function on cn variables of circuit complexity at least 2Em, then the resulting 

function G : (0, lIdn -+ {O, 112" is a SIZE(2")-pseudorandom generator computable in 

time 2°(n). 

Let 7 > 0 be arbitrary, and let s(n) = :(I + (1 - y)?). Assuming that MCSP 

is in P, we get a polynomial-size circuit family that accepts only the truth tables of n- 

variable Boolean functions of circuit complexity greater than s(n), by fixing the parameter 

s,  = s(n). Clearly, the acceptance probability of our circuits will be very close to one, 

by Theorem 2.2.1. 

Since the size of these circuits on inputs of Iength 2" is bounded by some fixed function 

l(n) E zO("), the Impagliazzo-Wigderson generator G with the output size l(n) will fool 

them. That is, almost all 2"-bit prefixes of 2O(")-bit strings output by G will be the truth 

tables of n-variable Boolean functions of circuit complexity greater than s(n). We can 

tell which functions are hard by running a polynomial-time algorithm for MCSP, which 

is assumed to exist, and hence we can output hard functions only. We define the output 

of our algorithm as the lexicographically first such hard function. 13 

As a consequence of the theorem above, we get, under the assumption that MCSP 

is easy, that E contains a relatively hard Boolean function iff it contains a very hard 

function. More precisely, we have the following "gap" theorem for E. 



Theorem 4.2.6. Assume MCSP is in P. Then exactly one of the following statements 

is true: 

2- E  SIZE($(^ + (1  - y)?), for any  y > 0. 

Proof. It is obvious that at  most one of the statements (1) and ( 2 )  holds. To prove 

that at  least one of them holds, it sufEces to show that if statement (1) is false, then 

statement (2) is true. 

Let y > 0 be arbitrary and let s ( n )  = s(1 + ( 1  - ?)*). Suppose that MCSPE P 

and that E $Z s I Z E ( ~ O ( " ) ) .  The latter means that E contains a family of Boolean functions 

fn : {0,1)" + {0,1) such that size&) 2 2'" for some E > 0 and for f in i te ly  many n. 

It follows fkom Theorem 4.2.5 that there is an algorithm A, running in time p0 ly (2~ ) ,  

that outputs the truth tables of m-variable Boolean functions g, such that the following 

holds: for infinitely many m, the function gm requires circuit size greater than s(m).  Let 

9 = {gm)m>o- Obviously, we have g E E but g  6 S I Z E ( s ( m ) ) .  0 

4.2.3 Natural Properties Revisited 

Here we observe that the results of the previous subsection are just particular cases of 

a more general phenomenon. Recall that a property of n-variable Boolean functions is 

called natural if it holds for sufficiently many functions, and if it can be decided efficiently 

in the size of an input truth table. Let N = 2". Below, by a natural property, we will 

mean a P-natural property {Cn)n20 with density 1/N. 

An obvious question one may ask about a given natural property {Cn)n20 is this: 

What is the uniform complexity of computing a particular family of n-variable Boolean 

functions satisfying property {Cn),30? At present, the best answer to this question is 

the trivial one: we need time 22n. 
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On the other hand, suppose that we are given access to  an arbitrary fixed family of 

sufEciently hard n-variable Boolean functions. Then, for every natural property {C,},20 , 

we can find, in time 2*@), the truth table of a particular n-variable Boolean function 

satisfying Cn. In other words, any single hard f d y  of Boolean functions contains 

enough information for an efficient search of witnesses for every given natural property. 

Formally, we have the followingg 

Theorem 4.2.7. Let f = {fn}n>o be a n  arbitrary fized family of Boolean functions 

of circuit complexity at least 2En, for some E > 0. Then,  for every natural property 

C = {Cn}ngo, the class Ef contains a family of Boolean functions satisfying C. 

Proof- As in the proof of Theorem 4.2.5, we use Theorem 3.3.2 to transform the truth 

table of a hard Boolean function fo(n) into a pseudorandom generator G that fools the 

circuit deciding the property CN. It follows that the range of G contains an n-variable 

Boolean function satisfying CN. Let g, be the leaxicographically first Boolean function 

output by G that satisfies CN.  It is easy to see that the family g = {gn}n>,o of such 

functions is in E. 

The following corollary is immediate. 

Corollary 4.2.8. Suppose E contazns a family of Boolean functions fn : {0,1}" + {0,1) 
of circuit complexity at least Zen, for some E > 0. Then, for every natural property 

C = {Cn}n20, the class E contains a family of Boolean functions satisfying C .  

4.2.4 Hard Functions in Uniform Complexity Classes 

It is well known that the class E ~ ;  contains a family of Boolean functions of maximum 

circuit complexity. If MCSP were easy, we would get the following improvement to this 

result. 
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Theorem 4.2.9. If MCSP is in P, then E N P  contains a family of Boolean functions of 

maximum circuit complexity- 

Proof. We essentially follow the proof of a similar result from [MVW99, Lemma 21. 

First, for a given n, we find the maximum circuit complexity over all n-variable Boolean 

- functions by asking a series of questions of the form: ''Is there a string tl . . . tzn repre- 

senting the truth table of a Boolean function that requires circuit size a t  least s?", for 

s = 2n, Zn  - 1, . . . ; the first value of s = sf that gets the positive answer will be the 

required maximum circuit size. Note that, under our assumption that MCSP is in P, 

these questions will be NP-questions. 

Now we find the lexicographically first truth table T = tl . . . t2n of a Boolean function 

with circuit complexity s*, by starting with the empty truth table T = F ,  and appending 

0 to T if the answer to the following NP-question is positive: "Can the string TO be 

extended to a truth table of a Boolean function with circuit complexity at least s*?" , and 

appending 1 otherwise. Continuing in this way for 2" steps, we completely specify the 

truth table of a Boolean function with maximum circuit complexity. Clearly, the overall 

running time of the described algorithm is 2*("), given access to an N P-oracle. r] 

It was shown in [Kan82] that, for every k E N, Cg f~ IIg contains a family f = {fn}n20 

of Boolean functions fn  with size(f,) > n$ in [kV98], Cg f~ was replaced by the class 

2ppNP By a padding argument, me easily get from Theorem 4.2.9 the following. 

Corollary 4.2.10. If MCSP i s  in P, then, for every k E N, there &sts a language Lk 

in P N P  such that Lk @ SIZE(nk).  

Proof. Suppose that MCSP is in P. Let M be the oracle Turing machine from The- 

orem 4.2.9 that runs in time 2°(n) and computes a family of Boolean functions fn : 

{0,1)" -+ { O , 1 )  of maximum circuit complexity. It follows from Theorem 2.2.1 that 

size(fn) > 2"/' for all sufficiently large n. 



For a given k E N, we set E = 1/(2k). Let m = L2"J. Consider the following family 

g of Boolean functions g, : (0, lJrn + (0, I), where gm(xl,. . . ,x,) = fn(xl,. . . , xn). 

Clearly, we have g E PNP (since we can use M to compute g) . On the other hand, it should 

be obvious that size(g,) 2 size( f,) . Thus, me obtain that size(g,) > m1/(2~) = mk. 

As we noted above, the best unconditional result along the lines of Corollaq 4-2-10 

states that languages of circuit complexity at least nk exist in zppNP [KW98]. This 

is about the best possible one can get using relativizable techniques as the following 

theorem shows. 

Theorem 4.2.11 (Wilson [Wi185]). There exists an oracle A such that 

It is not hard to see that both Theorem 4.2.9 and Corollary 4.2.10 relativize. Here, by 

a relativized version of MCSP, we mean the problem of deciding whether a given Boolean 

function can be computed by an oracle circuit of size at most s. Using Theorem 4.2.11 

above, we immediately obtain the following. 

Corollary 4.2.12. There exists an oracle A svch that M C S P ~  # PA. 

4.2.5 Two-sided Error vs. Zero Error 

It is well-known that BPP zppNP [ZH86] (see also [Sip83, Lau83, NW94, GZS'i]). It 

is also obvious from the definitions that ZPP G RP G BPP, On the other hand, it is not 

known whether SPP C RP or BPP C NP. 

We observe that if MCSP is easy, then any probabilistic algorithm with a two-sided 

error can be replaced by an equivalent probabilistic algorithm with zero error. This will 

follow from the next theorem saying that the oracle access to MCSP yields a partial 

derandomization of BPP. 

Theorem 4.2.13. BPP C_ 2ppMCSP. 
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Proof. ImpagIiazzo and Wigderson [IW97] show how to use a hard Boolean function on 

0 (log n) variables to derandomize BPP. We use their result to get the following algorithm 

in zppMCSP for every given BPP algorithm. (A similar argument was given in [NMi94] 

to obtain another proof that BPP c zppNP.) 

First, our algorithm guesses a truth table of a Boolean function on O(1ogn) variables 

of circuit complexity nR('). This step is in zppMCSP since most Boolean functions are 

sufEciently hard and we reject any easy function with the help of the MCSP oracle. 

Having found a hard Boolean function, we use Theorem 3.3-2 to obtain an efficient 

deterministic simulation of the given BP P algorithm on any n-bit input. Since the second 

step of our algorithm is in P, the claim follows. 0 

We should point out that the result of Theorem 4.2.13 would follow trivially &om the 

well-known inclusion BPP zppNP if one could show that MCSP is NP-hard. However, 

as we argue below, the proof that MCSP is NP-hard (if it is indeed true) is beyond the 

current state of the art of theoretical computer science- 

Now we can state an easy corollary to Theorem 4.2.13. 

Corollary 4.2.14. If MCSP E P, then BPP ZPP. 

4.2.6 Global vs. Local Conditions Sufficient for Derandorniza- 

In the study of the P vs. BPP question, several conditions were formulated that are 

sufficient for derandomizing BPP. They can be split into two categories: global conditions 

and local conditions. Roughly speaking, a global condition assumes the existence of an 

efficient algorithm for generating a certain combinatorid object (usually, a set of binary 

strings) which contains some information "useful" with respect to all small circuits. On 

the other hand, a local condition assumes the existence of an efficient algorithm that, 

given a small circuit as input, produces some information "useful" with respect to this 
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particular circuit. 

Intutively, local conditions seem much weaker than global ones. Below, we give the 

standard examples of both global and local conditions, and show that the assumption 

that MCSP is easy leads to a surprising conclusion: the two kinds of conditions are 

equivalent. 

The global conditions usually have to do with the existence of pseudorandom genera- 

tors that can 'Yool'l" every sufficently small Boolean circuit. One standard meaning of the 

term fooling is that every small circuit C on n inputs must accept the fraction of outputs 

of the generator that is sufficiently close to PrzE(O,l)"[C(~) = I], the actual acceptance 

probability of C. The other meaning is that C must accept at least one of the outputs 

of the generator, provided that the acceptance probability of C is sufficiently high (say, 

a t  least 112). 

Generators of the first kind are usually called discrepancy set  generators , and those 

of the second kind hit t ing set  generators ; a discrepancy set generator is also a hitting 

set generator, but the converse need not be true. Let us call a generator ef icient  if it 

outputs n bits on an  input of O(1ogn) bits, runs in time poly(n),  and fools every circuit 

of size n on n inputs. 

It should be obvious that the existence of efficient discrepancy set generators implies 

BPP = P. Remarkably, Andreev et al. [ACR98] proved that the same conclusion can 

be achieved under the seemingly weaker assumption that efficient hitting set generators 

exist (see also [ACRT99, BF99, GW991 for simpler proofs). It turns out that these two 

assumptions are equivalent to the assumption that E contains a Boolean function of high 

circuit complexity. Namely, given an efficient hitting set generator, one can construct 

a Boolean function computable in E that has very high circuit complexity; the idea of 

such a construction was implicit already in [NW94], and is stated explicitly in [ISWSS, 

Theorem 91. Conversely, an efficient discrepancy set generator can be obtained from a 

hard Boolean function, using the results in [IW97] (recall Theorem 3.3.2). 



An example of a local condition is the existence of an efficient circuit approximator, the 

algorithm that sufficiently closely approximates the acceptance probability of a given 

circuit. This condition is obviously sufEcient for derandomizing BPP, and it is trivially 

implied by the global conditions stated above (in particular, polynomial-time circuit 

approximators exist if E contains a Boolean function family of circuit complexity 2R(n)). 

In fact, this condition can be viewed as a local version of the condition that efficient 

discrepancy set generators exist. 

A Local version of the condition that efficient hitting set generators exist is the exis- 

tence of an efficient algorithm for solving the following promise problem. 

Promise SAT 

Given: A Boolean circuit C on n inputs. 

Output: O if P&E(O,ll"[C(~) = 11 = 0, and 1 if Pr,ES,lp[C(~) = I] 1/2. 

As in the case of their global counterparts, the two local conditions stated above are 

also equivalent; the proof can be extracted from [ACRT99] (see also [BF99]) . 

Now we show that, under the assumption that MCSP is easy, all of the global and 

local conditions stated above are equivalent. That is, if MCSP is in P, the following 

conditions are equivalent: 

1. E contains a family of Boolean functions fn : (0, lIn + {0,1) of circuit complexity 

at least 2En, for some E > 0, 

2. there is an efficient discrepancy set generator, 

3. there is an efficient hitting set generator, 

4. there is a polynomial-time algorithm solving Promise SAT, and 

5. there is a polynomial-time circuit approximator. 

As we mentioned above, it is known that, without any assumptions, (1) @ (2) w (3) 

and (4) w (5). Hence, it suffices to prove the following theorem. 
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Theorem 4.2.15. If MCSP E P, then the following conditions are equivalent: 

1. E contains a family of Boolean functions fn : (0,l)" + {0,1) of circuit complexity 

at  least 2'", for some E > 0, and 

2. there is a polynomial-tim e circuit approximat or. 

Proof Sketch. (1)  (2). Given a hard function in E, we get an efficient discrepancy 

set generator by Theorem 3.3.2. Obviously, such a generator can be used as a circuit 

approximator. 

(2) + (1). Given an efficient circuit approximator, we can construct an efficient 

algorithm that, when given a circuit with acceptance probability of at least 112, finds an 

input accepted by this circuit. The idea is to look for an accepted input by fixing one bit 

a t  a time, using the circuit approximator to guide the search: fix the bit value so as to 

get a greater estimate for the acceptance probability of the resulting circuit. Note that 

since this witness-finding algorithm is deterministic, its output is uniquely determined 

by the input circuit. 

Under our assumption, there is a polynomial-time uniform family {Cm),20 of Boolean 

circuits deciding MCSP. By fixing the parameter s, in MCSP to be 2'", we obtain the 

family of circuits C;, accepting only the truth tables of n-variable Boolean functions of 

circuit complexity greater than 2'". Clearly, each circuit CL accepts more than a half of 

its inputs (by Theorem 2.2.1). 

Now we can appIy our witness-finding algorithm to the family of circuits C;, and find 

a unique family of n-variable Boolean functions of high circuit complexity. The total 

running time for constructing a particular n-variable function from this family will be 

P O ~ Y  (2?. a 



4.3 Minimum Circuit Size Problem and N P-Complete- 

ness 

4.3.1 Implications for Circuit Complexity 

Even though we have given some evidence that MCSP is probably not in P, we cannot 

show that it is NP-hard. The difficulty is that m y  "natural" proof of the NP-hardness of 

a problem A yields a way to construct hard instances of A. In the case of MCSP, such a 

proof would give rise to an explicit Boolean function in E with superpolynomial circuit 

complexity. 

A .  instance of MCSP consists of a truth table of a Boolean function and a numerical 

parameter s. Thus, a many-one reduction R from a decision problem A to MCSP can 

be viewed as a pair of mappings Rl and &, where R1 maps an instance of A to a truth 

table of a Boolean function, and R2 maps an instance of A to a numerical value for the 

parameter s. We say that A is naturally reducible to MCSP via a many-one reduction 

R = (R1, R2) if there exists a constant c E W and a function f : N + N such that, for all 

sufficiently large instances I of A, the following holds: 

In other words, the mapping R1 neither stretches nor shrinks the input by much, and the 

value for the numerical parameter s produced by R2 is the same for all input instances 

of A of equal size. 

The notion of a natural reducibility defined above for MCSP can be readily applied to 

other parameterized decision problems. Here, by a parameterized decision problem, we 

mean a decision problem obtained from a corresponding search (optimization) problem 

by introducing a numerical parameter. For example, the search problem of finding a 

smallest vertex cover of a graph can be recast as the decision problem, denoted Vertex 



Cover, of deciding whether a graph contains a vertex cover of size a t  most s for a given 

parameter s E N- It can be shown that 3-SAT is naturally reducible to Vertex Cover. In 

fact, alI NP-complete parameterized decision problems that  we are aware of seem to be 

complete under natural reductions. This includes the Minimum Size DNF Problem, for 

which a natural reduction fkom SAT is given in [Mas79]. 

Theorem 4.3.1. If MCSP is NP-hard under a natural reduction from SAT, then 

1. E P/poly, and 

Proof. Statement 1. First, it is easy to see that if NP & QP, then PH 2 QP. Also, using 

the techniques from [Kan82], one can easily show that Q P ~ ~ ,  for some k E N, contains 

a language of superpolynomial circuit complexity. Combining these two results, we get 

that NP G QP implies that 4pPH Q P ~ '  G QF c E contains a family of functions not 

in P/poly. 

Now suppose that NP QP. A given natural reduction R = (R1, R2) from SAT to 

MCSP maps formulas of size n to the truth tables of Boolean functions on k = B(1ogn) 

variables and a parameter s,. Since the reduction is natural, s, is a function of n only. 

If s, could be upper-bounded by some fixed polynomial ( l ~ g n ) ~ ,  then all such instances 

of MCSP would be solvable in deterministic time np~'y"g(~) (since there are at most that 

many different circuits on k inputs with (logn)= gates). This would imply that SAT is 

in QP. 

Thus, under the assumption that NP QP, we can obtain the desired family of k- 

variable functions not in P/poly as follows. Apply the reduction R1 to some fixed trivial 

family of unsatisfiable formulas 4, (e-g., 4, = pl A pi A p2 A p, A - - A pn, where pi's are 

propositional variables). By the argument above, every such unsatisfiable formula of size 

n is mapped by R1 to a Boolean function fk on k = O(log n) variables so that the following 

holds: for every c E N, there are infinitely many k such that fk requires circuit size greater 



than kc. For those k E N where R1 does not produce a k-variable Boolean function, we 

define fk to be the constant function 0. It follows that the family f = { fn-Ikao of Boolean 

functions d e h e d  above is not in P/poly, but is, obviously, computable in time 2'('). 

Statement 2 is proved similarly. If s, could be upper-bounded by 2'10gn for every 

E > 0, then S.4T would be solvable in deterministic time znd for every b > 0. Assuming 

that NP g SUBEXP, we get that any trivial family of unsatisfiable formulas will be 

transformed by R1 to a family of Boolean functions on k = B(1ogn) variables of circuit 

complexity 2R(k) for infinitely many k. This family of hard functions will be in E. O 

4.3.2 Implications for BP P 

Using Theorems 3.3.4 and 3.3.3, we easily obtain the following corollary from Theo- 

rem 4.3.1. 

Theorem 4.3.2. If MCSP i s  NP-hard under a natural reduction from SAT, then 

1. BPP C SUBEXP i.o., and 

2- BPP = P i-o., unless NP C SUBEXP. 

Corollary 4.3.3. If MCSP i s  NP-hard under a natural reduction from SAT, then BPP 5 

E. 

Proof. If MCSP is NP-hard under a natural reduction from SAT, then BPP is in SUBEXP 

for infinitely many input lengths, by Theorem 4.3.2. Since we can diagonalize against 

SUBEXP with an E-machine that differs from every language in SUBEXP on at  least one 

input for all sufficiently large input lengths, the claim follows. 0 

4.4 Concluding Remarks and Open Problems 

It is easy to see that, in all results of Section 4.2 except Theorem 4.2.9, which are 

based on the assumption that MCSP is in P, this assumption can be replaced by the 



assumption that MCSP is efficiently approximable, i-e., that the minimum circuit size 

of a given n-variable Boolean function can be approximated in deterministic polynomial 

time to within nC for some c E N. As pointed out by Richard Lipton [Lipton, personal 

communication], there is an efficient transformation of the truth table of any given n- 

input Boolean function f, to  that of a monotone 2n-input Boolean function f i n  such that 

the monotone circuit complexity of fk is within an additive factor 0 (n) from the circuit 

complexity of f,. It follows that, in all aforementioned results, the assumption that 

MCSP is efficiently approximable can be replaced by the assumption that the monotone 

version of MCSP is efficiently approximable. 

In Section 4.3, we have argued that proving the NP-hardness of MCSP would be 

difficult because of the lack of any superlinear lower bounds for a language in E. How- 

ever, we have very strong lower bounds for some restricted models of computation, e.g., 

constant-depth circuits and monotone circuits. Is the Minimum Depth-d (Unbounded 

Fan-in) Circuit Size Problem NP-complete for every d 3 2? At present, only the case of 

d = 2 is known [Mas79]. 

Unfortunately, one obstacle to proving the NP-completeness result for minimum cir- 

cuit size of depth-d unbounded fan-in circuits is the lack of strongly exponential lower 

bounds for this model; the known lower bounds for the parity function are exponential 

in some root of the input size only. We do not have a proof that E contains a Boolean 

function with a strongly exponential lower bound for const ant-depth unbounded fan-in 

circuits. On the other hand, the output of a natural reduction, when given an unsatisfi- 

able formula, will need to produce a function in E with strongly exponential lower bound, 

unless NP SUBEXP. 

There also appear to be no strongly exponential lower bounds for the case of monotone 

Boolean circuits; the lower bounds for CLIQUE and BMS (Broken Mosquito Screen) are 

exponential in some root of the input size only. So we have the same obstacle in proving 

the N P-completeness result for monotone circuits as we do for constant-depth unbounded 
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fan-in circuits. 

We point out two more open problems. Can Theorem 4.2.6 be improved to say that, 

under the assumption that MCSP is in P, the class E contains a language of circuit 

complexity at least 2€", for some E > 0, iff E contains a language of maximum circuit 

complexity? O w  proof used the fact that a significant fraction of n-variable Boolean func- 

tions have high circuit complexity, whereas there may be very few functions of maximum 

circuit complexity. 

Another question is whether MCSP is self-reducible- Namely, is it possible to find 

a minimum-size circuit for a given Boolean function f in time polynomial in the size of 

the truth table of f ,  when given oracle access to the language of MCSP? If I\/ICSP is 

N P-complete, then, obviously, the answer is positive. 



Chapter 5 

Uniform-Setting Derandomizat ion 

In practice, probabilistic algorithms are simulated on computers without access to any 

source of true randomness, and yet, these simulations appear to be correct: they pro- 

duce the correct answer on a large number of test instances. Does this mean that such 

probabilistic algorithms do not need true randomness at all, and hence, can be efficiently 

derandomized? Or, does this mean that the test instances on which our simulations would 

fail do exist, but are difficult to find? The latter possibility can be formalized through the 

notion of uniform setting for derandornization. In such a setting, a simulation of a given 

probabilistic algorithm is considered correct if no efficient uniform algorithm (adversary) 

can generate test instances on which the simulation makes a mistake. 

In this chapter, we present several results for such a uniform setting. In particular, we 

prove that every RP algorithm can be simulated by a zero-error probabilistic algorithm, 

running in expected subexponential time, that appears correct infinitely often (i.0.) to 

every efficient adversary. We also get the following gap theorem for ZPP: either every 

RP algorithm can be simulated by a deterministic subexponential-time algorithm that 

appears correct i.0. to every escient adversaq, or EXP = ZPP. 
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5.1 Introduction 

5 1  Power of Randomness 

The use of randomness has been quite fruitful in developing algorithms for many diverse 

applications [MR95]. Randomized algorithms are often simpler than their deterministic 

counterparts, and, sometimes, are the only known efficient algorithms. Despite the belief 

held by many researchers that the probabilistic complexity class BPP should be "close" 

to P, there are no unconditional results to that effect. 

Apart from the trivial inclusions ZPP 2 RP BPP, very little is known about the 

relative strength of the three probabilistic classes. It is unclear whether two-sided error 

in a given probabilistic algorithm can be replaced by, say, one-sided error without making 

the running time exponential. It is also unclear if the assumption that RP is easy, e-g., 

RP = P, can be somehow used to show that BPP is then also easy. In fact, there are 

oracles with respect to which RP = P, but BPP # P [MV96, BF991. As in the case of 

NP, it is unknown if RP is closed under complementation, i.e., if ZPP = RP, or even 

if every RP algorithm can be simulated by a zero-error probabilistic algorithm running 

in expected subexponential time. The question whether assuming ZPP = P yields any 

non-trivial easiness result for RP also remains open. 

However, there are conditional results showing the easiness of BPP. These are usually 

based on the conjectured existence of Boolean functions that are hard in an appropriate 

sense, and the fact that such hard Boolean functions can be used to construct pseu- 

dorandom generators that fool all sufliciently small Boolean circuits. Early on, Yao 

observed [Yao82] (see also [BH89]) that any one-way permutation can be converted into 

a polynomial-time computable pseudorandom generator which allows placing BPP in de- 

terminist ic subexponential time. A series of subsequent results [Lev87, GKL88, GL89] 

culminating in [HILL991 show that any one-way function suffices for that purpose; intu- 

itively, a function f : {0,1)* + {0,1)* is one-way if f (x) is easy to compute for every 



string I, but it  is computationally infeasible to find any preimage of f (x) for a string x 

chosen uniformly a t  random. 

On the other hand, Nisan and Wigderson [NW94] noted that, for derandomizing BPP, 

it suffices to have a sufficiently strong pseudorandom generator that is computable in time 

poly(2"), where n is the seed length, since the standard may of derandomizing a given BP P 

algorithm already involves going through all seeds to the generator. Using this relaxation, 

Babai, Fortnow, Nisan, and Wigderson [BFNW93] showed that if there is a language in 

EXP of superpolynomial circuit complexity, then B P P is in deterministic subexponential 

time for infinitely many input lengths (cf. Theorem 3.3.3). Under the stronger assump- 

tion that E contains a language of circuit complexity a t  least 2O("), Impagliazzo and 

Wigderson [NV97] showed that BPP = P infinitely often (cf. Theorem 3.3.4). 

5.1.2 A Uniform Setting 

All assumptions mentioned above are stated in terms of nonuniform hardness of uniformly 

computable functions. Intuitively, this is due to the fact that a small Boolean circuit, 

which we want to fool using our pseudorandom generator when derandomizing BPP, is 

determined by a given BPP algorithm together with an input to this algorithm. Since the 

input can be arbitrary, we need to have a generator that is pseudorandom with respect 

to all small Boolean circuits, and so the function on which our generator is based should 

be nonuniformly hard. 

We can weaken our requirements to deterministic simulations of probabilistic algo- 

rithms. What if, instead of insisting that a simulation be correct, we allow it to make 

occasional mistakes, provided that these mistakes are infeasible to find? That is, even 

though the simulation can fail for infinitely many inputs, no efficient algorithm that, 

given In as input, outputs a string of length n will 6nd infinitely many such problematic 

inputs. Still, no unconditional derandomization results are known even for this relaxed, 

uniform setting. 



By examining the proofs of the main results in [BFNW93, IW9'71, one observes the 

following. Let G be a generator from [BFNTV93] (or [IW97]) which is based on a Boolean 

function f from EXP. If G fails at derandomizing a particular BPP algorithm and if 

inputs to this algorithm on which G fails can be efficiently uniformly generated, theo 

one can construct, in probabilistic polynomial time, small Boolean circuits computing f ,  

provided one has oracle access to f. In this way, the assumption that EXP contains a 

nonunifody hard language can be weakened to say that small circuits computing an 

EXP-complete function are hard to learn fYom examples. The conclusion becomes weaker 

as well: it is hard to find infinitely many mistakes made by the deterministic simulation of 

a given BPP algorithm, although the simulation may not always be correct. Impagliazzo 

and Wigderson [IW98] strengthened this result by showing that, if G is broken by an 

efficient uniform adversary, then small circuits for an EXP-complete function f can be 

constructed in BPP, without any oracle access to f .  Thus, they obtained the following: 

if EXP # BPP, then BPP can be simulated in subexponential time so that every efficient 

algorithm will fail to find a mistake in the simulation for infinitely many input lengths. 

5.1.3 Our Approach 

We also consider the uniform setting where a simulation of a given probabilistic algorithm 

is allowed to make mistakes, provided that these mistakes are infeasible to find. Unlike 

in [IW98], we are trying to simulate a probabilistic algorithm by using a generator based 

on a certain easiness, rather than hardness, assumption. The easiness assumption is 

chosen so that if the generator fails in our uniform setting, i-e., if there is an efficient 

algorithm constructing the inputs on which the generator fails, then we obtain an efficient 

algorithm for testing the nonuniform hardness of Boolean functions. As observed in the 

previous chapter (Theorem 4.2.13), such a test can be used to guess, with zero error, a 

Boolean function that is sufficiently hard to be a basis for the hardness-based generator 

from [BFNW93, TVV971; thus, every BPP algorithm can be simulated by a zero-error 



probabilistic algorithm. 

Our choice of the easiness assumption is inspired by the notion of a n a t u r a l  property of 

Razborov and Rudich [RR97]. Recall that a P/poly-natural property is a family of sets of 

n-variable Boolean functions satisfying the following two conditions: (i) given the truth 

table of an n-variable Boolean function fn, it is possible to check, by a Boolean circuit 

of size poly(2"), whether fn satisfies the property, and (ii) at least 2-OCn) fraction of all 

n-variable Boolean functions satisfy the property. A natural property is called useful 

against P/ pol y if every family { fn)n20 of n-variable Boolean functions fn ssatisfylng the 

property for infinitely many n has superpolynomial circuit complexity- 

I t  is conjectured that P/poly-natural properties useful against P/poly do not exist. In 

other words, for every family of polynomial-size n-input Boolean circuits C, such that 

almost every Cn accepts a t  least a polynomial fraction of all n-bit inputs, there is a d E N 

such that almost every C, accepts the n-bit prefix of the truth table of a rlognl-variable 

Boolean function of circuit complexity at most [log n] d .  

The conjecture above suggests the following way of derandomizing any RP algorithm: 

use the truth tables of nonuniformly easy Boolean functions instead of random strings, 

and accept if at  least one of them works. The resulting deterministic simulation runs 

in subexponential time since there are few easy functions. If the simulation fails in the 

uniform setting, we obtain a natural property which can be used as a hardness test. 

5.1.4 Applications 

We show that, in the uniform setting, every RP algorithm can be simulated by a zero- 

error probabilistic algorithm running in expected subexponential time. This follows from 

a more general statement, Theorem 5.3.3 below, saying that at least one  of the following 

inclusions must be true: either every RP algorithm can be infinitely ofien simulated in 

deterministic subexponential time in the uniform setting, or every BPP algorithm can be 

simulated, in the traditional setting, by a zero-error probabilistic algorithm running in 



expected subexponential time. 

Our results are similar in spirit to those from [TW98]. However, the important differ- 

ence is that ours are unconditional: no complexity-theoretic assumption is used to show 

that RP is easy. 

As another application, we obtain the following gap theorem for ZPP , which is similar 

to the gap theorem for BPP in [IW98]. We show that either every RP algorithm can be 

infinitely often simulated in deterministic subexponential time in the uniform setting, 

or EXP = ZPP. In particular, this implies that if ZPP is somewhat easy, e-g., ZPP C 

DTIME(2"') for some fixed constant c, then RP is subexponentially easy in the uniform 

setting. 

The remainder of the chapter. We state the necessary definitions in Section 5.2. 

The easiness of RP is shown in Section 5.3. We prove the gap theorem for ZPP in 

Section 5.4. In Section 5.5, we present the constructive versions of the results proved 

in Sections 5.3 and 5.4. We show how our techniques can be generalized in Section 5.6. 

Finally, we give concluding remarks and state some open problems in Section 5.7. 

5 -  2 Computational Indistinguishability of Languages 

Here we define the setting where heuristics for a given language are considered good if, 

even though they can make occasional mistakes, no efficient algorithm can pinpoint many 

of these mistakes. By a refuter , we shall mean a length-preserving Turing machine R 

such that R(ln) E (0, l)? Refuters can be either deterministic or probabilistic. We 

consider the case of deterministic refuters first. 



5.2.1 Deterministic Refuters 

Definition 5.2.1. Let t(n) be a time bound. Two languages L, M C {O,l}* are called 

t(n) -indistinguishale , denoted as L '2) M ,  if, for every deterministic t(n)-time refuter 

R, we have R(ln) LAM for all but finitely many n, where A denotes the symmetric 

difference of two sets. 
P 

We say that L and M are P-indistinguishable , denoted as L = M, if L M 

for every polynomial p(n)  . Similarly, L and M are EXP -indistinguishable , denoted as 
EXP L = M ,  if L '2) M for every exponential function e(n) E 2 ~ 0 ' y ( ~ ) .  Finally, L and M are 

SUBEXP 2nC SUBEXP-indistinguishable , denoted as L = M ,  if L = M for some E > 0. 

Definition 5.2.2. For a complexity class C of languages over (0, I), we defme the com- 

plexity class 

pseudoPC = {L C {0,1)*1 3M E C such that L M).  

The classes pseudo,,-C and pseu dosusDcp-C are defined analogously. 

In Definition 5.2.1, the refuter is required to fail almost everywhere at producing a 

string from the symmetric difference of two given languages. This requirement can be 

relaxed as follows. 

Definition 5.2.3. Let t(n) be a time bound. Two languages L, M {0,1)* are called 

t(n)-indistinguishable i.o. , denoted as L 'g)i0 M, if, for every deterministic t(n)-time 

refuter R, there are infinitely many n for which R(ln) # LAM. 

Similarly to Definition 5.2.1, we define P-, EXP-, and SU BEXP -indistinguzshabilit y i. o. 

Definition 5.2.4. For a complexity class C of languages over {0,1), we define the com- 

plexity class 

[io-pseudop]-C = {L {0,1)*1 3M E C such that L $, M). 

Analogously, we define the classes [io-pseudoMp]-C and [io-pseudoSuBExp]-C. 
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We will usually omit the subscript P. Thus, for example, the class pseudop-(: will be 

denoted simply as pseudo-C. 

5 -2.2 Some Properties of Deterministic Refuters 

We observe that exponential-time refuters are especially strong in the case of complexity 

classes contained in EXP. More precisely, we can show the foUowing. 

Lemma 5.2.5. For any complexity class ' C EXP, we have that C = EXPnpseudoEx,<. 

Proof. It  is clear that C c EXP n pse~do,~-C. To prove the opposite inclusion, let L be 
EXP any language in EXP fl p s e ~ d o ~ ~ - C  such that L = M for some language M E C. We 

get that L and M should be indistinguishable by the following exponential-time refuter 

R. On input In, R goes through d n-bit strings, checking whether any of them is in 

LAM (this checking can be done in exponential time since L, M E EXP); R outputs the 

lexicographically first string in LAM if such a string exists, and the string On otherwise. 

Obviously, if L and M differ for infinitely many input lengths n, then R will succeed 
U(P 

infinitely often. But, in this case, L # M, contradicting our assumption. Thus L and 

M must coincide for all but finitely many input lengths, and so L E C. 17 

We have a version of Lemma 5.2.5 for the i.0. case as well; its proof is essentially 

identical to that of Lemma 5.2.5. 

Lemma 5.2.6. For any complexity class C & EXP and any language L E E X P ,  we have 

that L E C i. o. iff L E [io-pseudo,,]C. 

Finally, we state the following "time hierarchy theorem" for the pseudo setting; this 

theorem is a simple generalization of thre standard time hierarchy theorem- 

Theorem 52.7.  Let tz(n) be a fully time-constmctible function, and let tl (n) log tl (n) € 

o(t2 (n)). Then D T I M E ( t 2  (n)) g [io-pseudo]-DTIME(tl(n)). 

lHere and below, we only consider "well-behaved" complexity classes; in particular, we assume that 
these cIasses are closed under finite variation of contained languages. 



Proof. We need to show that there is a language L in DTIME(t2(n)) such that, for 

every language M E DTI M E(tl (n)) , there is a deterministic polynomial-time refuter RM 

satisfying the following: RM(In) E L A M  for all but finitely many n. 

We will modify a standard proof of the time hierarchy theorem (see, e.g., [HU79, 

Theorem 12.91). The idea is to take L to be a "diagonal" language which differs from 

each M E DTIME(tl(n)) on inputs LYM, where n~ is a padded encoding of a deterministic 

tl (n)-time Turing machine accepting M. More precisely] let Enc be any fixed function for 

encoding Turing machines such that these encodings start with 1; if e is such an encoding 

of a Turing machine A, we define One to be a padded encoding of A, for say n E N. The 

language L is defined so that x is in L iff Ax rejects x within time t2(n), where Ax is a 

Turing machine whose padded encoding is x. 

It is easy to see that L will differ from every language in DTIME(tl (n)). Moreover, if 

A is a deterministic tl (n)-time Turing machine accepting language M, then okEnc(A) E 

LAM for all su£Eiciently large k. Thus, for every language M E DTI ME(tl  (n)) decided by 

a deterministic tl(n)-time Turing machine A such that c = IEnc(A) 1 ,  we can define our 

refuter RM so that RM (1") = CFCEnc(A). Obviously, RM runs in polynomial time. 

5.2.3 Probabilistic Refuters 

We can make our refuters stronger by allowing the use of randomness. There are two 

natural definitions for such probabilistic refuters, which roughly correspond to the proba- 

bilistic complexity classes ZPP and B PP. In the first one, we require that a distinguishing 

refuter R halt within the allotted time with non-negligible probability, and whenever it 

halts, R should output a string from the symmetric difference of two given languages. In 

the second one, we require that a distinguishing rehter R always halt within the allotted 

time, outputting, with non-negligible probability, a string from the symmetric difference 

of two given languages. We give the formal definitions below. 

Definition 5.2.8. Let t(n) be a time bound. Two languages L, M & (O,1}* are zero- 



ZP-t(n) 
error pro babilistically t (n) -indistinguishable , denoted as L = M, if, for every prob- 

abilistic refuter R that halts within time t ( n )  with probability at least n-=, for some 

c E N, the following is true for aLl but finitely many n :  R(ln) 6 LAM for at least one 

legal computation of R on 1" which halts within time t(n). 

Similarly, L, M {0,1)* are zero-error pro ba bilistically t (n) -indistinguishable i. o. 
ZP-t(n) 

denoted as L = io M, if, for every probabilistic refuter R that halts within time t(n) 

with probability a t  least n-=, for some c E N, there are infinitely many n for which the 

following is true: R(ln) $Z LAM for at  least one legal computation of R on 1" which 

halts within time t(n). 

The notions of zero-error probabilistic P- and SU BEXP -indistinguishability , as well 

as their i-o. counterparts are defined similarly to the deterministic case. 

Definition 5.2.9. Let t ( n )  be a time bound. Two languages L, M C { O , l ) *  are bounded- 
BP-t(n) 

error probabilistically t(n)-indistinguishable , denoted as L = M, if, for every proba- 

bilistic refuter R running in time t ( n ) ,  the following is true: for every c E N, Pr[R(ln) @ 

LAM] 2 1 - n-' for all but finitely many n. 

Similarly, L, M & {0,1)* are bounded-error pro babilistically t (n) -indistinguishable 
BP-t(n) 

i. o., denoted as L = io M, if, for every probabilistic refuter R running in time t(n), 

the following is true: for every c E N, there are infinitely many n such that Pr[R(ln) 

LAM] 2 1 - n-'. 

Bounded-error probabilistic P-indistinguishability and its i.0. counterpart are defined 

in the obvious way. 

Analogously to Definitions 5.2.2 and 5.2.4, we define pseudozp-,-C, 

pseudoB,-,-C, [io-p~eudo,,-~]-C, [ i o - p s e u d ~ ~ ~ - ~ ~ ~ ~ ~ ] - C ,  and [io-pse~do~~-~]-C. 

Remark 5.2.10. Our refuters are defined as un i fo rm  adversaries. Note that nonuni- 

f o r m  refuters are extremely strong: the indistinguishability of L and M with respect to 

nonuniform refuters implies that L and M coincide on all but finitely many input lengths. 



5.3 Easiness of RP 

In this section, we combine appropriate easiness and hardness complexity conditions to 

show the easiness of RP. The main technical result of this section is the following. 

Theorem 5.3.1. At least one of the following inclusions holds: 

1. for every E > 0, RP [ i o - p ~ e u d o ~ ~ ~ ] - D T I M E ( 2 ~ ) ,  o r  

2. BPP = ZPP. 

Proof. Form E N and 6 > 0, let 

i-e., S$ is the set of truth tables of aU [logml-variable Boolean functions of circuit 

complexity a t  most md. Let A be an arbitrary RP algorithm that, on inputs of length n, 

uses at  most m = nu random bits, and let E > 0 be arbitrary. Consider the deterministic 

algorithm B i  which, on a given input x of length n, accepts x iff A(x) accepts for at 

least one a E S& used as a random string, where E' = ~ / ( 2 a ) .  Clearly, the running time 

of BL is a t  most 2n'. 

ZP-P If, for every RP algorithm A and every E > 0, we have that L(A) = io L(B i ) ,  

then inclusion (1) holds, and we are done. Otherwise, there exist an RP algorithm 2, a 

constant E > 0, and a probabilistic polynomial-time refuter R such that, for L = L(-4) and 

M = L(B;), we have R(ln) E L A M  for almost every n, whenever R(ln) halts. Since, 

obviously, M C L, the above is equivalent R(In) E L \ M. That is, for almost every n, 

we have that if R(ln) halts, then A(R(P)) can be viewed as a Boolean circuit Chad that 

accepts a significant fraction of all m-bit strings and every accepted string a! has Boolean 

complexity B(a) > met, where E' = 8/(2a). Since R ( I n )  halts with significant probability 

and always outputs a string in L \ M, we get a zero-error probabilistic algorithm for 

constructing such circuits Chad that runs in expected polynomial time. 



We will show that, for some d E N, a poly(k)-time computable SIZE(k)-pseudorandom 

generator Gdlog k+ : (0, l ) d l o g k  + (0, ilk can be constructed in zero-error probabilistic 

time poly(k). For 8, let c, d E N be as in Theorem 3.3.2, and let nu = rn = kc. Consider 

the algorithm that first constructs a testing circuit Chad as described above, then guesses, 

uniformly at random, a string P E (0, llrn accepted by Chmd, and, finally, uses ,B to con- 

struct the Impagliazzo-Wigderson generator Gdlog k,k frOm Theorem 3.3.2. It follows that, 

for all sufficiently large k, the constructed generator GdlOgkC is SIZE(k)-pseudorandom. 

The first two stages of the described algorithm can be done probabilistically, with zero 

error, in expected polynomial time; the third stage is done in deterministic polynomial 

time. We conclude that, for every L E BPP, we have L E ZPP, and thus equality (2) 

holds. 0 

We remark that, using Theorem 3.3.1 as a hardness-randomness tradeoff, we can 

prove the following version of Theorem 5.3.1. 

Theorem 5.3.2. At least one  of the following inclusions holds: 

2. BPP ZPSUBEXP. 

We can increase the power of our refuters in Theorem 5.3.1, obtaining the following. 

Theorem 5.3.3. At least one  of the following inclusions holds: 

1. for every E > 0, RP [io-pseudozPsusucP ] -DTlM E(B~'), o r  

2. BPP c ZPSUBEXP. 

Proof. The proof is similar to that of Theorem 5.3.1. The difference is that now, if 

inclusion (1) fails, we can construct, for almost every n in zero-error probabilistic subex- 

ponential time, a poly(n)-size circuit Chad that accepts many n-bit strings a such that 

B(a) > nd for some E' 0. The rest is the same: we use these circuits as hardness tests 



when guessing a hard Boolean function to be the basis for the ImpagLiazzbWigderson 

generat or. 

Thus, the first stage of constructing a poly(k)-time computable SIZE(k)-pseudorandom 

generator Gdlog k,C : (0, l)dlogk + (0, ilk, for some d E N, takes zero-error subexponen- 

tial time, the second stage takes zero-error polynomial time, and the third stage takes 

deterministic polynomial time. This yields the inclusion BPP C ZPSUBEXP. 

Now, we can state the unconditional result showing the easiness of RP. 

Corollary 5.3.4. For every E > 0, RP C [io-pseudoZP-suBDcP]-ZPTIME(2nc). 

Proof. The claim follows from Theorem 5.3.3, by observing that, for every e > 0, 

[ i o - p ~ e u d ~ z p ~ s u B m p ] - ~ ~ ~  M ~(2"') U ZPSU BEXP [io-pseudozp~suB,,]-~~~l M ~ ( 2 ~ ' ) .  

5.4 A Gap Theorem for ZPP 

In [IW98], Impagliazzo and Wigderson proved a "uniform" hardness-randomness tradeoff. 

Using our notation, their result can be stated as  follow^.^ 

Theorem 5.4.1 (Impagliazzo-Wigderson [IW98]) . If BPP 5 E X P ,  then, for every 

E > 0, 

BPP C_ [ ~ O - ~ S ~ U ~ O ~ ~ , ] - D T I M E ( ~ ~ ~ ) .  

Obviously, under the same assumption that EXP # BPP, we also get that, for every 

E > 0, ZPP C [ icz-p~eudo~~-~]-DTIME(2~' ) -  It is natural to ask, however, what can be said 

about the complexity of ZPP under the weaker assumption that EXP # ZPP. We answer 

this question next. 

2~ctually, Impaglimzo and Wigderson [TW98] stated their theorem for a slightly weaker setting, but 
their proof goes through to show the stronger theorem that we state. 



Theorem 5.4.2. If ZPP C EXP, then, for every E > 0, 

Proof- We will prove the contrapositive. Suppose that the conclusion of the theorem 

does not hold. Then it follows from Theorem 5.3.1 that BPP = ZPP. On the other hand, 

then it also follows that BPP [ io -pse~do~~-~] -DTlME(2~ ' )  for some E > 0, and hence, by 

Theorem 5.4.1, that BPP = EXP. Thus, we obtain that, if the conclusion of our theorem 

does not hold, then EXP = BPP = ZPP- El 

We would like to point out that it  is not clear whether Theorem 5.4.2 can be proved 

using the methods of [IW98] alone. In the series of probabilistic polynomial-time re- 

ductions there, starting with an input on which the deterministic simulation of a BPP 

algorithm fails and ending with a polynomial-size circuit for an EXP-complete function, 

allowing bounded error seems unavoidable. 

Remark 5.4.3. Theorem 5.4.2 can also be viewed as relating the easiness of ZPP to 

that of RP: if ZPP is somewhat easy, e.g., ZPP DTIME(PC) for some fixed c E N (and 

hence, by the Time Hierarchy Theorem, ZPP # EXP), then RP is subexponentially easy 

in the pseudo setting, 

By proving the converse to Theorem 5.4.1, Impagliazzo and Wigderson [IW98] ob- 

tained the following "gap" theorem for BPP, saying that either no derandomization of 

BPP is possible, or else BPP allows a non-trivial derandomization. 

Theorem 5.4.4 (Impagliazzo- Wigderson [IW98]). Exactly one of the following holds: 

I .  BPP = EXP, or 

2- for every E > 0, BPP C [io-pseudoBp~]-DTIME(2nc). 

We can show an analogue of Theorem 5.4.4 for ZPP. 

Theorem 5.4.5. Exactly one of the following holds: 



I .  ZPP = EXP, or 

2. for every E > 0,  RP [ i o - p s e ~ d o ~ ~ - ~ ] - D T I M E ( 2 ~ ~ ) .  

Proof. Suppose that ZPP = EXP, and hence, RP = EXP. But, it follows from Theo- 

rem 5.2.7 that, for every fixed E > 0, EXP [i0-~seudo~,,]-DTIME(2"'). Thus, a t  most 

one of statements 1 and 2 holds. On the other hand, it follows from Theorem 5.4.2 that 

a t  least one of statements I and 2 holds. 0 

5.5 Explicit Constructions 

5.5.1 Corollary 5.3.4 Revisited 

-4bove, we proved Corollary 5.3.4 non-constructively. That is, we did not exhibit a zero- 

error subexponential-time algorithm for a given RP language such that the corresponding 

languages are cornputationally indistinguishable i.0. Here we give a more constructive 

proof of a weaker version of Corollary 5.3.4. Namely, for a given RP algorithm A and 

E > 0, we will construct a simulation B that satisfies the following: for every probabilis- 

tic refuter R running in expected subexponential time, there are infinitely many input 

lengths n on which B behaves like a ZPTIME(2"') algorithm and R fails to find a mistake 

in the simulation, i.e., if a = R(ln), then A(a) = B(a). 

The idea is to partition the set N of all input lengths into two infinite sets Nd and 

N . .  Given an RP algorithm A and E > 0, we simulate A on lengths in Nd using the 

deterministic 2"'-time simulation B> from the proof of Theorem 5 -3.3. For the ith element 

ni in N,, we simulate A by a probabilistic ZC-time algorithm from the second part of the 

proof of Theorem 5.3.3, as if inclusion (1) of that theorem failed for A = A and d = E 

due to a refuter R = Mi, where Mi is the ith probabilistic 2"'-time Turing machine. 

There are two cases to consider. In the first case, for every refuter R, there are 

infinitely many n E Nd such that, if cu = R(ln), then A(a) = &(a), and hence we are 



done. In the second case, there is a refuter R such that, for almost every n E Nd7 we have 

for a = R(1") that A@) # B;(CY). Then, for all these n E Nd7 the pair of algorithms A 

and R give rise to an efficient test of hardness of Boolean functions, as in the proof of 

Theorem 5.3.3. This test can be used to place into ZPTIME(2"') every BPP algorithm 

restricted to the appropriate lengths. If we make the set Np sufliciently sparse (e-g., 

every two consecutive n, n' E Np are separated by an exponentially long contiguous block 

of elements in Nd)7 then, for infinitely many n E Np, our probabilistic simulation of A 

will use such a test, and hence will behave like a ZPTIME(Te) algorithm that correctly 

decides our RP language on these input lengths. 

5.5.2 Theorem 5.4.2 Revisited 

We can also construct a deterministic subexponential-time algorithm that satisfies the 

conclusion of Theorem 5.4.2, when the assumption EXP # ZPP holds. For a given RP 

algorithm A and E > 0, we simply run, in parallel, the following deterministic algorithms: 

B f i  from the proof of Theorem 5.3.1, and the algorithm from a constructive proof of 

Theorem 5.4.1. We accept if either of the two algorithms accepts, and reject otherwise. 

It is easy to see that the failure of this simulation in the pseudo setting will result in 

EXP = ZPP, by the reasoning analogous to that in the proof of Theorem 5.4.2. 

5.6 Some Generalizations 

5.6.1 Nondeterministic Rehters 

First, we generalize our notion of a refuter distinguishing between languages L and M to 

that of a nondetenninistzc refuter . Here, we consider nondeterministic Turing machines 

that have a special state qCMTe,t. We say that a nondeterministic Turing machine enters 

the state q-,.., within time t(n) if, for every input of length n, there is at least one legal 

computation path of length at most t (n)  that ends in the state qmreCt. 



Definition 5.6.1. Let t(n) be a time bound. Two languages L, M E {O,l)* are nonde- 
N-t(n) 

terministically t(n)-indistinguishable, denoted as L = M, if, for every nondeterministic 

refuter R that enters the state qme, within time t(n), the following is true for all but 

finitely many n: R(ln) 6 L A M  for at least one legal computation of R on 1" that ends 

in the state qcatted. 

Similarly, L, M C_ {O,l}' are nondetenninistically t(n)-indistinguishable i-o., denoted 
N-t(n) 

as L = io My if, for every nondeterministic refuter R that enters the state q-,,, within 

time t(n), there are f i n i t e l y  many n for which the following is true: R(ln) LAM for 

a t  least one legal computation of R on 1" that ends in the state qCmTed. 

The notions of NP-i72distinguishability and its i.0. counterpart are defined in the ob- 

vious way. 

Analogously to Definitions 5.2-2 and 5.2.4, we define the following classes: pseudoNp-C 

and [io-pseudoN&. Now, we can state the following analogue of Theorem 5.3.1. 

Theorem 5.6.2. At least one of the following inclusions holds: 

1. for every E > 0, NP [ io -p~eudo~~]-DTIME(2~~) ,  or 

2. BPP NP. 

Proof. The proof is essentially the same as that of Theorem 5.3.1. We simulate a given 

NP machine deterministically by trying strings of low Boolean complexity as witnesses. 

If this does not work, then we have a nondeterministic refuter for providing inputs to the 

given NP machine so that these inputs are in the NP language, but all their witnesses 

have high Boolean complexity. 

It follows that we have a nondeterministic polynomial-time procedure for generating 

binary string of high Boolean complexity (we nondeterministically guess a witness of high 

Boolean complexity). These complex strings can be used to construct the Impagliazzo- 

Wigderson generator, and hence to approximate the acceptance probability of any small 

Boolean circuit. Consequently, we can place BPP into NP. I7 



As pointed out by Dieter van Melkebeek [Melkebeek, personal communication], the 

proof of Theorem 5.6.2 goes through to show the stronger result with BPP replaced 

by MA in the second inclusion, i.e., MA = NP instead of BPP NP. The idea is to 

guess, nondeterministically, Merlin's proof to Arthur, and then approximate Arthur's 

acceptance probability in nondeterministic polynomial time as described above. 

5.6.2 Relativized Boolean Complexity 

It turns out that Theorem 5.6.2 can be strengthened even Further, as demonstrated 

by Chi-Jen Lu [LuOO]. The idea is to use binary strings of low reletivized Boolean 

complexity as NP witnesses. That is, instead of going through all binary strings of low 

Boolean complexity, we go through all strings that have low Boolean complexity relative 

to a certain oracle, eg., an NP oracle. More formally, we define the relativized Boolean 

complexity as follows. 

Definition 5.6.3. Let A be any oracle. For a string x E (0, we define the Boolean 

complexity of  x relative t o  A denoted BA(x), a s  the size of a smallest rlognl-input 

Boolean circuit C A  with A oracle gates such that the truth table of the Boolean function 

computed by CA contains the string x as a prefix. 

It is not hard to see that, for derandomizing AM (i.e., simulating AM in small non- 

deterministic time), it suffices to have a quick generator that is pseudorandom for SAT- 

oracle circuit of fixed polynomial size. Indeed, let L E AM be any binaq language. 

By the definition of AM, there is a polynomial-time decidable relation R(x, y, z )  and 

a constant c E W such that the following holds. If a string x E {0,1)" is in L, then 

PryqIO,l)n~ [31 E (0, 1Inc : R(x, y, I) = 11 2 213; whereas, if x 6 L, then this probability 

is at most 113. 



Consider the following predicate S(x, y): 

(0 othenvise. 

Clearly, S is an NP predicate, and so, it can be easily computed by a polynomial-size 

Boolean circuit with SAT oracle gates. Let CSAT(x, y) be such a circuit computing 

S(x, y); let nd be the size of this circuit. We have for every string x E {O,l)" that 

x E L + Pr,,{o,l)n~[~SAT(x, y) = I] 2 213, and 

x # L + Pry,{o,l)n~ [csAT(x, y) = 11 < 113. 

If we have a generator that is pseudorandom with respect to small SAT-oracle circuits, 

then we can decide for any x E (0,l)" if x E L nondeterministically as follows. Let 

~1 , . . . , yl E (0, 1)"' be outputs of a ~ l ~ ~ ~ ~ ~ ( n ~ ) - ~ s e u d o r a n d o r n  generator. We nonde- 

terministically guess 1 strings zl, . . . , zl E (0, 1Inc and accept iff R(x, yi, zi) = 1 for more 

than a half of i's. 

Klivans and van Melkebeek [KM99] noticed that Theorems 3.3.1 and 3.3.2 relatzvize. 

That is, there is an efficient algorithm for converting binary strings that have high Boolean 

complexity relative to an oracle A into a quick generator that is pseudorandom for A- 

oracle circuits. For instance, the relativized version of Theorem 3.3.2 is as follows. 

Theorem 5.6.4 (Klivans-Melkebeek [KM99]). Let -4 be any oracle. For every E > 

0, there exist c, d E W and a function 

deterministically computable in t ime poly(n) svch that the following holds: if r is  a binary 

string of length nC with B ~ ( T )  3 nrc, then the function G,(s) = F(r,  s) is a  SIZE^(^) - 

pseudorandom generator mapping (0, l )d logn into {O,1)". 

Thus, if we can efficiently nondeterministically compute binary strings of high Boolean 

complexity relative to SAT, then we obtain a nontrivial derandomization of AM. Applying 



these ideas to the techniques from the proof of Theorem 5.6.2, Chi-Jen Lu [LuOO] obtained 

the following. 

Theorem 5.6.5 ( L u  [LuOO]). At least one of the next statements must hold: 

1. for every e > 0, NP [io-p~eudo,,]-DTIME(2~~), o r  

2. AM = NP. 

Proof, The proof is similar to that of Theorem 5.6.2, except that now we try all binary 

m-bit strings a. such that BSAT(a) < rn' as witnesses to a given NP-language. When 

computing an m-bit string given by some SAT-oracle circuit of size me, we need to 

evaluate SAT-oracle gates. Since the size of the circuit is a t  most me, the size of an input 

to any of the SAT-oracle gates is also at most me. Each such SAT-query can be computed 

mo(4 by a "brute-force" deterministic algorithm in time 2 . Hence, any m-bit string a such 

mo(4, that BSAT(a) < me can be computed in time 2 , we can afford spending this much 

time on every such cr since we are searching through all 2 mo(4 SAT-oracle circuits of size 

mE in any case. 

If this deterministic simulation of a given N P language fails in the uniform setting, 

then we obtain a nondeterministic polynomial-time algorithm for generating m-bit strings 

a with B'*~(cv) > me for almost all m E N. Using Theorem 5.6.4, we conclude that 

AM = NP. CI 

5.7 Concluding Remarks 

We have shown that every RP algorithm has a zero-error probabilistic subexponential- 

time simulation whose correctness is infeasible to refute. Admittedly, this is still a weak 

result, given that it is possible that RP = P. However, it is the first unconditional result 

showing that RP is easy in a non-trivial setting, and we hope that more will follow. 



A possible next step could be to strengthen CoroLlmy 5.3.4 so that RP is pIaced in 

deterministic subexponential time (in the pseudo setting), and to prove an analogue of 

Theorem 5.3.1 for BPP, rather than just RP. The main open problem is to show that 

any of the probabilistic complexity classes BPP, RP, and ZPP is unconditionally easy in 

the standard setting. 



Chapter 6 

Easy Witnesses and Exponential 

Time 

In the previous chapter, we have obtained several derandomization results in uniform set- 

ting by using the idea of "easy witnesses", i.e., binary strings of low Boolean complexity. 

In the present chapter, we use this idea to obtain several theorems for exponential-time 

complexity classes in the standard setting. One of our results relates the nonuniform 

and uniform complexity of the class NEXP: if NEXP can be decided by polynomial-size 

circuits, then it coincides with the class EXP. 

6.1 Introduction 

6.1.1 Exponential Time 

Some of the biggest open questions in theoretical computer science are to determine if 

nondeterministic (or probabilistic) polynomial-time Turing machines are more powerful 

than their deterministic counterparts. That is, we would like to know whether NP f P 

and whether BPP P. The same questions can be posed for exponential-time Turing 

? ? machines; for instance, we may ask if NE = E and if BPE = E. Unfortunately, such 
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questions are widely open for the exponential-time setting as well. 

We should point out that separating exponential-time complexiv classes may be 

harder than separating their polynomial-time analogues. The reason is that the equalities 

of complexity classes usually "translate upwards" by simple padding arguments. For 

instance, if N P = P, then we get NE = E. Indeed, given any language L E N E, we consider 

its padded version LPd = (xo*"-" 1 z E L, 1x1 = n). Because of the exponential-length 

padding, Lpad E NP, and hence, by the assumption NP = P, we get that Lpad E P. 

The deterministic polynomial-time algorithm A deciding L,& immediately gives us a 

deterministic 2°(n)-time algorithm for deciding L: given any string x E (0, I)", we 

simply run A on the string so2'-", accepting ifE A accepts. 

Thus, the inequality NE # E implies NP # P, and hence NE # E is at least as difficult 

to prove as NP # P. Is the converse true? That is, does NE = E imply that NP = P? 

The answer is unhown. In general, there are very few results known where a collapse 

at a higher level implies a collapse at a lower level; such implications are usually referred 

to as downward closure results. 

The exponential-time classes EXP and E have recently attracted more attention 

thanks to the so-called hardness-randomness tradeoffs, the results relating the existence 

of nonuniformly hard languages in these classes and the efficient deterministic simulation 

of BPP. For example, it is shown in [BFNW93] that if EXP contains a language that 

has superpoiynomial circuit complexity almost everywhere, then every BPP language can 

be decided deterministically in subexponential time. If E contains a language of circuit 

complexity 2n(n) almost everywhere, then BPP C P, as shown in [IW97]. 

Such hardness-randomaess tradeoffs have been generalized to probabilistic complexity 

classes other than BPP. It is proved in [KM99] and [MV99] that if NE n CONE contains a 

language of very high SAT-oracle circuit complexity or nondeterministic circuit complex- 

ity, respectively, then the class AM, a probabilistic version of NP, can be simulated in 

nondeterministic polynomial time infinitely often. Can a similar conclusion be obtained 
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under a uniform complexity assumption, e.g., the assumption that NE n CONE contains a 

language that is hard for deterministic Turing machines? 

While it is unknown whether EXP contains a language of superpolynomial circuit 

complexity, we h o w  some unlikely consequences of the assumption that EXP c P/poly. 

As shown in [BFNW93], improving upon a result in [ECL82], if EXP c P/poly, then 

EXP = MA, where M A  can be viewed as a nondeterministic analogue of BPP. That is, 

if EXP is nonunifonnly easy, then it is also uniformly easy. On the other hand, it is 

unknown if the a s s ~ p t i o n  N EXP c P/pol y yields any nontrivial deterministic uniform 

simulation of NEXP. 

Finally, we would like to discuss the issue of search and decision problems in the 

exponential-time setting. It is well known that if NP = P, then every NP search problem 

can be solved in deterministic polynomial time. Here, by an NP search problem , we mean 

the problem of finding, for a given input string x, a witness string y of length at most 

polynomial in the length of x such that R(x7 y) holds, where R(x, y) is a polynomial- 

time decidable binary relation. Assuming that NP = P, we can find such a string y  

in polynomial time, fixing it "bit by bit". That is, we find y  by asking a series of NP 

questions of the form: "Is there a y with a prefix yo such that R(s, y)?" 

The same approach fails in the case of NEXP search problems . Suppose that NEXP = 

EXP. Let R(x, y )  be a predicate decidable in time 2~0'~(1~1), and the NEXP search problem 

is to find, given a string x, a witness string y of length a t  most 2p0'y(IZl) such that R(x,  y) 

holds. When we attempt to find a y satisfying R(x,  y )  by encoding prekes  yo of y as part 

of the instance, we eventually get an instance whose size is exponential in lxl, the size of 

the original instance. Being able to solve such an instance in deterministic exponential 

time would only give us a double-exponential time algorithm for solving the original 

search problem, which is not better than solving it by "brute force". 

Thus, apparently, the assumption NEXP = EXP does not suffice to conclude that 

every NEXP search problem is solvable in deterministic time ~ P O ' Y ( ~ ) .  On the other hand, 



if NP = P, then, of course, we easily get the desired conclusion. Is there a weaker 

assumption on the complexity of NEXP that would yield an efficient solution for every 

N EXP search problem? 

6.1.2 Our Results 

We establish several results for exponential-time complexity classes, resolving some of 

the questions raised in the previous subsection. Assuming that NEXP c P/poly, we 

show that NEXP = MA. In fact, we show that these two statements are equivalent: 

NEXP C P/poly iff NEXP = MA. 

As a corollary, we also obtain a "gap" theorem for MA which says that either MA = 

NEXP, or MA can be simulated infinitely often in nondeterministic subexponential time 

with sublinear advice. 

Assuming that NEXP = AM, we show that every NEXP search problem can be solved 

in det erministic time 2p0'y("). 

Finally, we establish several downward closure results. We show that EXP = ZPP ifE 

EE = ZPE, where EE is the class of languages decidable in double exponential time and 

ZPE is the exponential-time analogue of the class ZPP. We also prove similar theorems 

for the classes RP, BPP, and MA. ' 

6.1.3 Our Techniques 

The main technique that we use to derive all of our results can be informally described 

as an "easy witness" method. It consists in searching for a desired object (e.g., a witness 

y in a NEXP search problem) among those objects that have concise descriptions (e-g., 

binary strings of low Boolean complexity relative to SAT). 

Since there are few binary strings with small descriptions, such a search is more 

lFor BPP, RP, and ZPP, the same downward closure results were independently obtained by Fortnow 
and Miltersen Fortnow, personal communication, July 20001. 



CHAPTER 6. EASY WITNESSES AND EXPONENTIAL TIME 91 

efficient than the exhaustive search. On the other hand, if our search fails, then we 

obtain a certain "hardness test", an efficient algorithm that accepts only those binary 

strings which do not have small descriptions. With such a hardness test, we can guess 

an incompressible binary string, and then use it as a source of randomness via knonm 

hardness-randomness tradeof&. 

As the reader may recall, we used the "easy witness" method in the previous chapter to 

derive some derandomization results for probabilistic polynomial-time complexity classes 

in uniform setting. In the present chapter, we apply this method to get results for 

exponential-time complexity classes in the standard setting. 

The intuitive reason why we do not need to talk about refuters in the case of exponen- 

tial time is the following. Consider a NEXP search problem given by a binary predicate 

R(x, y) that is computable in deterministic time ~ P O ' Y ( ~ ) .  Given x, our goal is to find 

a y of length at most 2p0[y(lxl) such that R(x, y) holds. Suppose that a given algorithm 

attempting to find such a y fails for at least one x. Because y's are exponentially longer 

than x's, the refuter's job is now much easier: to find a bad x, the refuter has enough 

time to look at all possible strings x. In the proofs of our theorems, we, essentially, 

"simulate" such refuters ourselves, and thus, we do not need to mention them explicitly. 

The remainder of the chapter. In Section 6.2, we give the necessary definitions and 

describe the tools that we will need. In Section 6.3, we prove several results about NEXP. 

The downward closure results for BPP, RP, ZPP, and MA are proved in Section 6.4. We 

give some concluding remarks in Section 6.5. 



6.2 Preliminaries 

6.2.1 Notation 

We will use exponential-time analogues of the probabilistic complexity classes BPP, RP, 

ZPP, and MA defined in Chapter 2: BPE = BPTIME(~~(^)), RE = RTIME(~~(")), ZPE = 

ZPTI M E(2O(")), and MA-E = MA-TI M E(~O(")). We also define the double-exponential 

time complexity classes EE = DTIME(~~~'"'), NEE = NTIME(~~~~ ' " ) ,  and the class 

SUBEE = n,,oDTIME(22en). 

Let C be any complexity class over an alphabet C. We define the class Clpoly to 

consist of all languages L for which there is a language M E C and a family of strings 

( Y ~ ) ~ ~ ~ ~  where yn E ~ p * ' y ( " ) ,  such that the following holds for all x E En: 

More generally, for any function t : N -+ N, we define the class C / t  by requiring that 

y, E ~ O ( t ( n ) )  - 

For any complexity class C, we also define the class 

io-C = {L C* I 3M E C such that L n Cn = M n Cn infinitely often). 

6.2.2 Pseudorandom Generators 

Recall that a generator is a function G : {0,1)' -t {0,1}* which maps (0, I)'(") to 

(0, I)", for some function 1 : N -t N. We will be interested only in the generators with 

l(n) < n; we say that such a generator "stretches" a given input string (seed) of length 

1 (n) to Length n. 

For any oracle A, we say that a generator G : (0,  I)'(") + {0,1)" is  SIZE^(^)- 

pseudorandom if, for any n-input Boolean circuit C of size n with A-oracle gates, the 

*Such a circuit C may not use some of its n inputs. 
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following holds: 

For the case of the empty oracle A, we will omit the mention of A and simply call the 

generator SIZE(n) -pseudorandom. 

Finally, we call a generator G : {0,1)'(") -+ {0,1)" quick if its output can be computed 

in deterministic time 2O('(")). 

6.2.3 Conditional Derandomization 

Below, we recall some of the def i t ions  and theorems stated in Chapter 3. 

BPP 

Babai, Fortnow, Nisan, and Wigderson [BFNW93] showed how a Boolean function of 

superpolynomial circuit complexity can be used to construct SIZE(n)-pseudorandom gen- 

erators that stretch seeds of length n' to length n. It was observed by Klivans and van 

Melkebeek [KM99] that the proof in [BFNW93] relativizes. Thus, we have the following. 

Theorem 6.2.1 ([BFNW93, KM991). There is a polynomial-time computable func- 

t ion F : {0,1)* x {0, 1). -t {0,1)* with the following properties. Let A be any oracle. 

For every E > 0, there exist 6 < E and d E N such that 

and i f  r is  the truth table of an  nb-variable Boolean function of A-oracle circuit complexity 

a t  least nsd, then the function G,.(s) = F(r,  s)  is  a  SIZE*(^)-pseudorandom generator 

mapping (0,1)" into {O,l)".  

It is not dXcult to see that a quick SlZE(n)-pseudorandom generator G : (0,l)"' -t 

{0,1)" allows one to simulate every BPP algorithm in deterministic time 2"*', for some 
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k E N- Indeed, let L {0,1)* be any language in BPP. This means that there is 

a polynomial-time decidable relation R(x, y) and a constant c E N such that, for any 

x E (0, l I n ,  we have 

Suppose that R(x, y) is computable by a Boolean circuit of size nu, for some a E K Then 

the following deterministic algorithm will decide L: on an input x E (0, l)n, accept x iff 

R(x, G(y)) = 1 for more than a half of all strings y E {O,l)na'. Clearly, the running time 

of this deterministic algorithm is poly(n)20(na'), as claimed. 

Suppose that there is a deterministic 2p01y(")-time algorithm which, given an a.dvice 

string of length at  most a(n) for some function a : N + N, generates the truth tables of 

n-variable Boolean functions of superpolynomial circuit complexity. Then it follows from 

Theorem 6.2.1 that there is a c E N such that, for every E > 0, a SIZE(n)-pseudorandom 

generator mapping (0, I ) ~ '  into (0, lln can be deterministically computed in time 2nc', 

given an advice string of length at most a(nf). Hence, we get in this case that BPP 

SUBEXP/~(~O( ' ) ) .  If EXP (t io-P/poly, then the truth tables of hard functions can be 

constructed without any advice (i-e., a(n) = O), and so BPP E SUBEXP. More precisely, 

we have the following. 

Corollary 6.2.2 ([BFNW93]). 1. If EXP io-[P/poly], then BPP SUBEXP. 

2. If EXP (t P/poly, then, for every e > 0, BPP 2 ~o-DTIME(~~').  

It is also easy to see that a quick SIZE(n)-pseudorandom generator G : (0,l)"' + (0, lIn 
allows one to decide every MA language in nondeterministic time 2nke, for some k E N 

Indeed, let L C {0,1)* be any language in MA, and let R(x,  y, z )  and c E N be such that 



the following holds for every string x E {O,l)": 

Suppose that R(x, y, z) is computable by a Boolean circuit of size nu, for some a E N 

Then the following nondeterministic algorithm will decide L: on an input x E (0, I)", 

accept x if there is a y E (0, 1Inc such that R(x,  y, G(z) )  = 1 for more than a half of all 

strings z E (0, l)na'. The running time of this algorithm is poly(n) 2O(""'), as claimed. 

Thus, if we can "efficiently" generate the truth tables of Boolean functions of super- 

polynomial circuit complexity, then we can derandomize MA, by placing it in nondeter- 

ministic subexponential time. Note that, for the case of BPP, we needed a deterministic 

algorithm for generating hard Boolean functions, but, for the case of MA, a nondeter- 

ministic algorithm suffices. 

More precisely, we say that a Turing machine M nondeteministically generates the 

truth table of an n-variable Boolean function of circuit complexity a t  least s(n), for some 

function s : N -+ N, if for every input x = In 

1. there is a t  least one accepting computation of A4 on x, and 

2. whenever M on x enters an accepting state, the output tape of M contains the 

truth table of some n-variable Boolean function of circuit complexity at least s(n). 

Theorem 6.2.1 now readily implies the following. 

Theorem 6.2.3. 1 .  Suppose that there is a 2 p " ~ ( ~ ) - t i m e  Turing machine which, given 

an advice string of size a ( n )  for some a : W + N, nondeterministically generates 

T - b i t  truth tables of n-variable Boolean functions f, satisfying the following: for 

every d E N and all suficiently large n E N, f ,  has circuzt complexity greater than 

nd. Then  MA C NSUBEXP/~(~O( ' ) ) .  
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2- If the Boolean functions fn from Statement (1 )  above are such that, for every d E N 

and injtnitely many  n E N, fn has circuit complexity greater than  nd, then for every 

E > 0 we have MA C io-[NTIME(2"')/a(nt)]. 

It is not hard to show that a quick ~ ~ ~ ~ ~ ~ ~ ( n ) - ~ s e u d o r a n d o r n  generator G : ( 0 ,  1InC + 
(0 ,  lln allows one to simulate every language in AM in nondeterministic time 2nke, for 

some k E PI. To see this, consider any language L ( 0 ,  I)' in AM. Let a polynomial-time 

decidable predicate R(x,  y, z )  and a constant c E N be such that, for every x E ( 0 ,  l }n ,  

x L + Pr,,pzl)nc [3y E (0 ,  1Inc : R ( x ,  9, z )  = 11 2 2/3, and 

x @ L + Pr,,~o,l)nc [3y E (0,l)"' : R(x ,  y, z )  = 11 < 1/3. 

For any given x  E ( 0 ,  consider the function f ,  : (0,l)"' + { 0 , 1 }  defined by 

Clearly, every such function f, can be computed by a polynomial-size oracle circuit with 

SAT-oracle gates. Let nu be the size of this oracle circuit, for some a E N. Then it 

follows that x E L iff f Z ( G ( z ) )  = 1 for more than a half of all strings z E ( 0 ,  l)nae.  

Let zl, . . . , z, be an enumeration of all strings in ( 0 ,  l}na'. I t  is not difficult to see 

that the following nondeterministic algorithm decides L: on input x E (0, l I n ,  nonde- 

terministically guess strings yl, . . . , yl E (0 ,  1lRc and accept x iff R ( x ,  yi, G(y)) = 1 for 

more than a half of the i's- 

Thus, if the truth tables of Boolean functions of superpolynomial SAT-oracle circuit 

complexity can be generated nondeterministically in time quasipolynomial in their length, 

then A M  C NSU B H P .  More precisely, we have the following. 

Theorem 6.2.4. 1. Suppose there is  a 2po'y(")-time algorithm which, given an advice 

string of length at most  a(n) for some a : N -+ N, nondetenninistically generates 



2,-bit truth tables of n-variable Boolean functions f, satisfying the following: for 

every d E N and all suficiently large n E N, fn has SAT-oracle circuit complexity 

greater than nd. Then AM C NSUBMP/~(~O(')) .  

2- If the functions f, from Statement (1) above are such that, for every d E W and 

infinitely many n E N, fn has SAT-oracle circuit complexity greater than nd, then 

for every E > 0 we have AM io-[NTIME(Zne)/a(n')]. 

We should also mention that stronger derandomization results hold for BPP, MA, and 

AM, under stronger complexity assumptions. In particular, Impagliazzo and Wigder- 

son [IW97] show that a quick SIZE(n)-pseudorandom generator G : (0, l)O(lOgn) + 
(0,l)" can be constructed from a given truth table of an n-variable Boolean function of 

circuit complexity a t  least 2R(n). 

Theorem 6.2.5 ([IWW]). There is a polynomial-time computable function I7 : {0,1)* x 

{0,1)* + {0,1)* with the following properties. For every E > 0, there exist c, d E N such 

that 

and if r is the truth table of an clogn-variable Boolean function of circuit complexity 

a t  least ntc, then the function G,(s) = F(r ,s )  is a SIZE(n)-pseudorandom generator 

mapping {Q,1) d'"gn into {o,I)". 

Note that if there is a deterministic poly(2")-time algorithm that generates the truth 

tables of n-variable Boolean functions of circuit complexity a t  least 2R(n), then BPP = P; 

and if this algorithm is zero-error probabilistic, then BPP = ZPP. 

Since Theorem 6.2.5 relativizes (see [KMSS]), we also obtain the following version of 

Theorem 6.2.4. 

Theorem 6.2.6. 1. Suppose there is a constant E > 0 and a poly(2")-time algorithm 

which, given an advice string of length at most a(n) for some a : N + lV, non- 

deterministically generates 2"-bit truth tables of n-variable Boolean functions fn 
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satisfying the following: for all suficiently large n E N, f, has SAT-oracle circuit 

complexity at least 2? Then AM C NPla(O(1ogn)). 

2. If the functions f, from Statement (1) above are such that, for infinitely many 

n E Nl fn has SAT-oracle circuit complm~ty at least 2m, then we have AM C 

io-[NP/a(O(log n))]. 

6.2.4 Our Main Tools 

Easy Witnesses and Hard Functions 

In several applications below, we will need to decide whether a polynomial-time checkable 

relation R(x, y) has a satisfying assignment (witness) y E {071)* for a given input x E 

(0, I)*, where lyl < Z(lx1) for some function I : N + N That is, we need to compute the 

Boolean function fR(z) defined by 

fR(x) = 1 iff 3y E {O,l)l(lxl) : R(x,y) holds. 

To simplify the notation, we shall assume that l(n) = 2", i.e., that fR(x) is the char- 

acteristic function of a language in NE. Our approach will be to enumerate all possible 

truth tables 6 of Boolean functions on n = 1x1 variables that are computable by A-oracle 

circuits of size s (n ) ,  for some oracle A E EXP and a function s : N + N7 and check 

whether R(x, 9) holds for at least one of them. 

Let TA (s(n) ) denote the set of truth tables of n-variable Boolean functions computable 

by A-oracle circuits of size s(n) . Then, instead of computing fR(x), we will be computing 

the following Boolean function fR,A,r (x) : 

fR,A,,(x) = 1 iff 3y E TA(s(l~l))  : R(x, y) holds. 

The following easy lemma shows that the set TA(s(n)) can be efficiently enumerated. 

Lemma 6.2.7. For an3 f ied  oracle A E E X P ,  there is a constant c E N such that the set 

TA(s(n)) can be enumerated in deterministic time 2('("))', for any function s : N + N. 
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Proof. Let A E DTIME(Z") for some d E PI. Then the value of an A-oracle circuit on 

an n-bit input can be computed in deterministic time poly(s(n))2(s(n))d, since the circuit 

of size s(n) can query the oracle A on strings of size at most s(n), and these oracle 

queries can be answered by running the deterministic 2 ~ ~ - t i m e  Turing machine deciding 

A. Thus, the truth table of an n-variable Boolean function computed by such a circuit 

can be found in deterministic time 2npoly(s(n))2(s(n))d, by evaluating the circuit on each 

n-bit input. Since the total number of A-oracle circuits of size s is at most 2°(s10gs), the 

lemma follows, 

It follows that the Boolean function fR,A,s(z) defined above is computable in deter- 

ministic time 2°([x1)2(S(1x1)c, which is less than the trivial upper bound 2°(1x1)22'" (of a 

"bruteforce" deterministic algorithm for fR(x)) whenever s(n) E 20(~) .  For example, if 

s (n) E pol y (n) , then the function fR,A,s (x) is computable. in deterministic time 2p0'y(lXl), 

.. 
i-e., feATS is the characteristic function of a language in EXP. 

If fR = fRIA,,, then we get a nontrivial deterministic algorithm for computing fR. On 

the other hand, if fR # JRYAls, then we get a nondeterministic p0ly(2~)-time algorithm 

which, given a "short" advice string, generates the truth table of an n-variable Boolean 

function of "high" A-oracle circuit complexity. More precisely, the following is true. 

Lemma 6.2.8. Let R(x ,  y )  be any polynomial-time decidable relation defined on {O,l)"x 

(0, I )~" ,  let A E E X P  be any language, and let s : N + N be any function. Let fR(x) 

and fR7a,s(z) be the Boolean functions defined above. If fR # fR,a,s, then there is a 

nondeterministic poly(2") -time algorithm B and a family { x , ) , , ~  of n-bit strings with 

the following property: for injhitely many n E N, the algorithm B on  input xn+l non- 

deterministically generates the truth table of an n-variable Boolean function of A-oracle 

circuit complezity greater than s(n). 

Proof- If fR # f ~ , ~ , ~ ,  then for infinitely many n E N there exists a string tn E {0, 

such that fR(zn) = 1 but ~ R , ~ , ~ ( z ~ )  = 0. For those n E N where such a string tn exists, 
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we define xn+l = 1% (i-e., the string r, preceded with a 1)  ; for the remaining n E N, we 

defme xn+l = On+'. 

It is easy to see that the following n~ndeterministic algorithm B is the required one: 

on input 12 E {0,1)*+', nondeterministically guess a y E 10, 112", verify that R(z, y )  

holds, output y,  and halt in the accepting state; on input On+', output 02", and halt in 

the accepting state. 17 

Using the relationship between Boolean functions of high circuit complexity and pseu- 

dorandom generators that was described in Section 6.2.3, we obtain that if fR # &.4,s for 

some A E EXP and s(n) E nR(') , then certain derandomization of probabilistic algorithms 

is possible. For instance, Theorem 6.2 -1 yields the following. 

Lemma 6.2.9. Let  R ( x ,  y) be any polynomial-time decidable relation defined on  {0,1)" x 

(0, 112" and let A E EXP be any language. Suppose that  fR # fR,Aind for all d E N 

Then there is a nondeterministic 2°(n) -time algorithm C and a family { x ~ ) , ~ ~  of strings 

x ,  E {O,l)n with the following properties: for every E > 0, there exist 6 < E and infinitely 

many n E PI such that C on  input x , ~ , ~  outputs (an encoding o f )  a circuit computing a 

~ l ~ ~ ~ ( n ) - ~ s e u d o r a n d o m  generator G : {0,  l)*' + (0 ,  11,. 

Proof. Suppose that fR # fR,A,nd for all d E N. Then Lemma 6.2.8 implies that there 

is an algorithm B and a family of n-bit strings with the following property: 

for every d E N, there are infinitely many n E N such that B(X,+~) nondeterministically 

generates the truth table of an n-variable Boolean function of A-oracle circuit complexity 

greater than nd. 

For an arbitrary E > 0 ,  let b < 6 and d E N be as those in Theorem 6.2.1. Our 

algorithm C will be the following. Simulate B on xn6+,, obtaining a truth table r 

of an n6-variable Boolean function. Output the Boolean circuit computing the function 

G, (s )  = F (r, s )  from Theorem 6 -2.1. Since such a string r will infinitely often be the truth 

table of a Boolean function of A-oracle circuit complexity greater than nbd, the function 
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G, : {O, 1)"' + { O , l J n  will infinitely often be a ~ l~~*(n)-~seudorandom generator. El 

For example, Lemma 6.2.8 yields the following derandornization result for AM, based 

on a uniform hardness assumption. 

Theorem 6.2.10. If NEXP # DCP, then, for every E > 0, AM i0-[NTlME(2~')ln']. 

Proof. It follows by a simple padding argument that if for every polynomial-time decid- 

able relation R(x,  y) defined on {O, l )"  x {O, 112" there is a d E PI such that fR = fRysqSAT,*d7 

then NEXP EXP. Hence, our assumption that NWP # EXP implies, by Lemma 6.2.8, 

that there is a poly(2")-time algorithm which, given an advice string of length a(n) = 

n +  1, nondeterrninistically generates the truth table of an n-variable Boolean function f, 

such that, for every d E N, there are infinitely many n where fn has SAT-oracle circuit 

complexity greater than nd. By Theorem 6.2.4 (statement 2), the claim follows. 0 

Under the stronger assumption, we show that AM = NP. The same conclusion is 

known to hold under certain nonuni form hardness assumptions [KMSS, MV991, and the 

assumption that NP is hard in a certain "uniform" setting [LuOO] . 

Theorem 6.2.11. If NE n CONE ~o-DTIME(~~'") for some E > 0, then AM = NP. 

Proof. Consider all pairs (Q, R-) of polynomial-time decidable relations defined on 

(0,l)" x (0, 112" such that fRf-(x) = 1 fR(x) for all x E {0,1)". If, for every such pair 

(R+, R-) and every E > 0, there are infinitely many n where f- (z) = fR+,SAT,2c" (z) 

for all x E (0, l)", then we get by a simple padding argument that, for every E > 0, 

NE n CONE io-~Tl~E(2""). Thus, under the assumption of the theorem, there is a 

pair (R+, R-) of polynomial-time decidable relations defined on {0,1)" x (0, 112" such 

that, for some E > 0 and all sufficiently large n, we have fh(x) # fh,SAT,2cn(~) for 

at least one x E {O,l)". This implies that there is a ~oly(2~)-time algorithm B that 

nondeterrninistically generates 2n-bit truth tables of n-variable Boolean functions f, such 

that, for all sufficiently large n, f, has SAT-oracle circuit complexity 2R(n). 
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Indeed, let {O,l)" = {xl,. . . , x2n), let yl, . . . , y p  E {O, 112" be any strings such that 

&(xi,yi)  = 1 or R-(xi7yi) = 1 for all. 1 < i < 2n, and let Y = yl.. . y2n be the 

concatenation of all the yi7s. Note that such a Y can be found nondetermi.istic=tUy in 

time 2O("). It is clear that, for all s ~ c i e n t l y  Large n, such a string Y is the truth table 

of an 2n-variable Boolean function of SAT-oracle circuit complexity greater than 2'". 

Hence, the existence of the required algorithm B follows. 

Applying Theorem 6.2.6 (statement 1) with a(n) = 0, we conclude that AM = NP. U 

P-Sampleable Distributions and Padding 

If BPP C SUBEXP, then, by a trivial padding argument, we get BPE C SUBEE. If the 

inclusion holds only infinitely often, then it can be translated upwards at the cost of 

introducing a small amount of advice. 

Lemma 6.2.12. If BPP 2 io-DTIME(2"') for every E > 0, then BPE i0-[DTlME(2~'")ln] 

for every E > 0. 

Proof, For any given language L E BPE, let us define its padded version as follows: 

Clearly, Lpad E BPP, and by the assumption, for every E > 0, Lpad E ~o-DTIME(~~'). 

Thus, there is a 2ne-time deterministic algorithm A satisfying the following: for in- 

finitely many n E N, there is an 0 < i < 2" such that A(zo~"'-I~I+') = x L P ~  ( z ~ ~ " ' - I ~ l + ~ )  = 

xL(x) for all x E (0, l)? If we use the binary encoding of this i as an advice string of 

Length at most n, we obtain a deterministic algorithm running in sub-double-exponential 

time which, using linear-length advice, correctly decides L for infinitely many input 

lengths n. 0 

It turns out that the conclusion of Lemma 6.2.12 holds under a weaker assumption 

that BPP is infinitely often in deterministic subexponential time on the average. 
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To be precise, we need the following definitions. A family of probability distributions 

p = {h}n)n20 is P-sampleable if there is a polynomial p(n) and a polynomial-time Turing 

machine M such that the following holds: if r E {0,1)~(") is chosen uniformly a t  random, 

then the output of M(n, r) is an n-bit string distributed according to pn. 

For any language L (0, I)', we define its characteristic function XL : {0,1)* + 
{O,1} so that xL(x) = 1 iff x E L. 

Lemma 6.2.13. Suppose that, for every language L E BPP, everg E > 0, and every P- 

sampleable distribution family p = {pn)n20, there is a deterministic 2"'-time algorithm 

A such that Pr,+,[A(x) # XL(X)] < l /n for infinitely many n E N. Then, for every 

e > 0, BPE 5 io-[~TlME(2~'")/n]. 

Proof. Let e > 0 be arbitrary. As in the proof of Lemma 6.2.12, we define a padded 

version of any given language L E BPE by LPad = {x02[r1 -1~l-i-i I x E L, 0 < i < 2kl). 

Clearly, Lpad E BPP. 

Note that, for every n E N and 0 < i < 2", the number of "interesting" strings 

y = X O ~ " - ~ + ' ,  for some x E {0, I}", is 2n, which is at most their length m = 2n fi. Hence, 

the uniform distribution pm on the set of such y's dl assign each y the probability at least 

l/m. It is easy to see that this probability distribution is P-sampleable: for m = 2" + i, 
where 0 4 i < 2", and r E {0, lIn, we define M(m, r) to output rOm-". 

By the assumption, there is a 2m'-time algorithm A such that, for infinitely many 

m E N, Pr,,, [A(y) # XL,, (y)] < l l m .  For infinitely many rn = 2" + i, where 

0 < i < 2n, this algorithm A must be correct on every string y = XO~"-~+', since each 

such y has probability a t  least l / m  according to pm. Thus, there are infinitely many 

lengths n E H such that, for some 0 < i < 2", we have for every x E (0, 1)" that 

A(xo~"-"+') = xL(x). As in the proof of Lemma 6.2.12, we use the n-bit encodings of 

such 2's as advice, to obtain a deterministic algorithm with linear-length advice that runs 

in sub-double-exponential time and correctly decides L idinitely often. 0 
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6.3 Complexity of NEXP 

6.3.1 Uniform versus Nonuniform Complexity of NEXP 

It is known that the existence of small circuits for the class EXP implies a nontrivial 

uniform simulation of EXP. Namely, Babai, Fortnow, Nisan, and Wigderson [BFNW93], 

improving on a result of Karp and Lipton [KL82], show that if EXP c P/poly, then 

EXP = MA. In other words, a nonuniform speed-up of EXP implies a certain uniform 

speed-up of EXP. 

On the other hand, no result appears to be known that would translate the nonuniform 

speed-up of NEXP into a uniform deterministic speed-up of NEXP. The main result of 

this section is the following equivalence. 

Theorem 6.3.1. NEXP c P/poly NEXP = MA. 

In order to prove Theorem 6.3.1, we will first show the following. 

Theorem 6.3.2. If NEXP C P/poly, then NEXP = EXP. 

Proofi Our proof is by contradiction. Suppose that 

NEXP c P/poly, (6.1) 

but 

NEXP EXP. 

By [BFhqV93], we get that assumption (6.1) implies that EXP = AM = MA. By Theo- 

rem 6.2.10, we get from assumption (6.2) that, for every E > 0, A M  io-[NTIM E(2n') /nt]. 

Combining the two implications, we get that EXP io-[NTIM E(2") In]. 

We shall need the following easy claim. 



Claim 6.3.3. Assumption (6.1) implies that there is a universal constant do E W such 

that 

almost everywherec 

Proof of Claim 6.3.3. Let L E NTIME(2")In be any binary language. Then there is a 

language M E NTIME(Sn) and a sequence (yn)n30 of binary strings y, E {O,1)" such 

that, for every x E (0, l)", 

Consider the following nondeterministic Turing machine U. On input (i, x) of size 

n, where i E N and x E {O,l)*, the machine U runs in time 22n, simulating the ith 

nondeterministic Turing machine Mi on input x; the machine U accepts iff Mi accepts. 

By assumption (6.1), there is some constant k E N such that the language of U can be 

decided by Boolean circuits of size nk almost everywhere. It follows that every language 

M E NTIME(2n) can be decided by Boolean circuits of size (lil+ n)k E O(nk), where i is 

the constant-size description of a nondeterministic 2"-time Turing machine deciding M. 

Consequently, every language L E NTIME(2")In can be decided by Boolean circuits of 

size O((2n)" E O(nk) ). The claim follows if we take do = k + 1. a 

Thus, our assumptions allow us to conclude, using Claim 6.3.3, that there is a uni- 

versal constant do E N such that 

EXP c ~ O - S I Z E ( ~ ~ ~ ) .  

As the next easy claim shows, inclusion (6.3) is impossible. 

Claim 6.3.4. F o r  every d E N, we have that EXP $!C io-SIZE(nd). 
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Proof of Claim 6.3.4. The proof is a simple diagonalization. Let d be arbitrary. Con- 

struct a Turing machine M that, on input s E (0, lIn, finds the lexicographicaliy first 

n-input Boolean circuit C of size nd+l that computes the function which cannot be com- 

puted by any n-input Boolean circuit of size nd (such a function exists for all sufficiently 

large n, by a counting argument), and outputs the value C ( x ) .  Clearly, M runs in 

deterministic time 2p0'y("), but the language decided by M is not in io-SIZE(nd). 0 

This finishes the proof of the theorem. 

As a corollary, we prove one direction of Theorem 6.3.1. 

Corollary 6.3.5. If NEXP c P/poly, then NEXP = MA. 

Proof. If NEXP C P/poly, then NEXP = EXP by Theorem 6.3.2, and EXP = MA by the 

result of [BFNW93] mentioned above. 0 

Remark 6.3.6. The proof of Theorem 6.3.2 actually shows that if NEXP c P/poly, 

then for every language L E EXP there is a constant c E W such that all sufficiently large 

strings x E L have at least one witness that can be described by a Boolean circuit of size 

Remark 6.3.7. The contrapositive of Theorem 6.3.2 can be interpreted as saying that 

one cannot separate NEXP from EXP unless one proves superpolynomial circuit lower 

bound for NEXP. 

The other direction of Theorem 6.3.1 was proved by Dieter van Melkebeek [van Melke- 

beek, personal communication, September 20001. For the proof, we shall need the fol- 

lowing claim. 

Claim 6.3.8. If NEXP = EXP, then there is a universal constant co E N such that 

NTIME(Pn) DTIME(2nc0). 
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Proof. The proof is very similar to that of Claim 6.3.3. Consider the nondeterminis- 

tic Turing machine U which is "universal" for NTIME(Zn) in the following sense. On 

input (i, x) of size n, where i E N and x E (0, I)*, the machine U simulates the ith 

nondeterministic Turing machine Mi on input x for at  most 2*" steps, accepting iff Mi 

accepts. 

Bjr our assumption that NEXP = EXP, we have some constant c E N such that 

the language of U is in DTI M E(2"'). Since U is universal for NTI M E(Bn) , every language 

L E NTlME(2") is in DTIME(~(~ '~+~) ' ) ,  where i is the constant-size description of a 2"-time 

Turing machine deciding L. Taking Q = c + 1 finishes the proof of the claim. 0 

Theorem 6.3.9 (van Melkebeek). If NEXP = MA, then NEXP c P/poly. 

Proof. Suppose that 

NEXP = MA, (6.4) 

but 

NEXP $ P/poly. (6-5) 

The assumption (6.4) implies that NEXP = EXP, and so by (6.5) we get that EXP @ 

P/poly. By Theorem 6.2.3 (statement (2)) with a(n) = 0, the latter yields that MA C 

io-NTI M E(2"). 

Thus, our assumptions (6.4) and (6.5) together with Claim 6.3.8 imply that there is a 

universal constant co such that EXP io-DTI M E(2""), contradicting the Time Hierarchy 

Theorem. 0 

Proof of Theorem 6.3.1. The proof follows immediately from Corollary 6.3.5 and Theo- 

rem 6.3.9. 0 

6.3.2 M A  versus NEXP 

As a corollary of Theorem 6.3.1, we get the following "gap" theorem for MA. 
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Theorem 6.3.10. Exactly one of the following holds: 

2. for every E > 0, MA C_ ~ o - [ N T I M E ( ~ ~ ' ) / ~ ~ ] .  

The proof of this theorem will follow from the two statements below. 

Theorem 6.3.11. If M A  # NEXP, then for every E > 0, M A  C io-[NTIME(2ne)/ne]. 

Proof. I f  MA # NEXP, then, by Theorem 6.3.1, NEXP (t P/poly. This, in turn, implies 

that there is a 2p0'y(") algorithm B and a family ( x ~ ) ~ > ~  of n-bit strings x, such that 

B on input xn nondeterministically generates the truth table of an n-variable Boolean 

function fn so that the following holds: for every d E N, there are infinitely many n 

where f, is of circuit complexity greater than nd. 

Indeed, let L E NEXP \ P/poly be any language. Suppose also that xn is the binary 

encoding of the cardinality c, = I L n {O, 1)"l; obviously, the length of xn is at most 

log, 2n = n. Then we can nondeterministically construct the truth table of the Boolean 

function deciding L f~ (0, l)n with the following algorithm B. Given xn as input, B 

nondeterministically guesses c, strings yi E L n (0,l)" together with their certificates 

oly(n) zi E (0, 112' . After B verifies the correctness of its guess, it outputs the 2"-bit binary 

string t which has 1 in exactly those positions that correspond to the guessed yi7s, and 0 

elsewhere. 

Applying Theorem 6.2.3 (statement 2) concludes the proof. Cl 

Theorem 6.3.12. If M A  = NEXP, then MA io-[NTIME(2")/n]. 

The proof of Theorem 6.3.12 relies on the following version of the Time Hierarchy 

Theorem. 

Claim 6.3.13. EXP g ~ O - [ D T I M E ( ~ " ~ ~ ) / ~ ] ,  for any f i e d  co E N. 
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Proof. The proof is by diagonalization. For a given n E N, let S, be the set of the truth 

tables of all n-variable Boolean functions computable by some deterministic 2"" -time 

Turing machine of description of size n that uses an advice string of size n; clearly, we 

have IS,I < 22n. Define the truth table t = tl . . . t2" of an n-variable Boolean function 

not in S, as follows. The first bit tl has the value opposite to that of the first bit of the 

majority of strings in S,. Let SA be the subset of Sn that contains the strings with the 

first bit equal to tl; the size of SA is at most a half of the size of Sn- We define t2 to have 

the value opposite to that of the second bit of the majority of strings in SA; this leaves 

us with the subset SE of SA of half the size. After we have eliminated all the strings in 

Sn (which will happen after at  most 2n + 1 steps), we define the remaining bits of t to 

be 0. 

It is easy to see that the string t can be constructed in deterministic time z ~ ( ~ ' " ) .  We 

define our language L E EXP so that, for every x E {O, l )" ,  x E L iff the corresponding 

position in t is 1. By construction, L @ i0-[DTlME(2~'~)ln]. 0 

Proof of Theorem 6-9-12. Suppose that MA = NEXP and MA io-[NTlME(2*)/n]. If 

M A  = NEXP, then NEXP = EXP, and hence, by Claim 6.3.8, there is a universal con- 

stant co € N such that NTIME(Zn)/n s DTIME(2"")/n. But, then EXP = MA C 

io-[~TlME(2"'~) /n], contradicting Claim 6.3.13. [7 

6.3.3 Search versus Decision for Exponential Time 

The following theorem of Impagliazzo and Tardos [IT891 gives some evidence that the 

assumption NEXP = EXP may not suffice to conclude that every NEXP search problem 

can be solved in deterministic exponential time. 

Theorem 6.3.14 ([IT89]). There is  an oracle relative to which NEXP = EXP, and yet 

there is a N E X P  search problem that cannot be solved deterministically in less than double 

exponential time. 
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Under the stronger assumption that NEXP = AM, we obtain the desired conclusion 

for N EXP search problems. 

Theorem 6.3.15. If NEXP = AM, then every NfXP search problem can be solved in 

deterministic time 2~0'y(~).  

Proof. For the sake of contradiction, suppose that NEXP = AM, but some NEXP search 

problem cannot be solved in deterministic time 2p0'y("). 

It is easy to see by a simple padding argument that if, for every polynomial-time 

decidable relation R(x ,  y) defined on {0,1)" x (0, I)", there is a d E N such that 

fR = fR,sAT,nd, then every NEXP search problem is solvable in deterministic time 2p0'y("). 

Hence, by our assumption, there is a polynomial-time decidable relation R ( x ,  y) on 

(0, ljn x (0, 1)2n such that, for every d E N, we have fR # fKsAT,nd- 

Applying Lemma 6.2.8 and Theorem 6.2.4, we obtain that, for every E > 0, AM 

io-[NTI M E(2"')/nf]. Similarly to the proof of Theorem 6.3.12, our assumption that 

N EXP = EXP = AM yields, by Claim 6.3.8, that there is a universal constant co E N such 

that EXP = AM io-[DTIME(2"')/n], contradicting Claim 6.3.13. I7 

6.4 Downward Closure for Probabilistic Classes 

It is well-known that equalities of compledty classes translate upwards by a padding 

argument. For instance, we can easily prove the following sequence of implications: 

On the other hand, it is unknown whether the converse implications hold. That  is, it is 

not known if, e-g., E = NE i P = NP. 

The results showing that a collapse of higher complexity classes implies a collapse 

of lower complexity classes are known as downward closure results. Very few such re- 

sults are known. For example, Impagliazzo and Naor [IN881 prove that P = NP * 
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DTI M E(polylog(n)) = NTI M E(polylog(n)) n coNTI M E(polylog(n)) = RTI M E(polylog(n) ) ; 

see also [BFNWSB] and [HIS85]. Below we shall prove several downward closure results 

for probabilistic complexity classes. 

6.4.1 Case of BPP 

Here we prove 

Theorem 6.4.1. EXP = BPP e EE = BPE. 

Our proof will rely on the following result by Impagliazzo and Wigderson [IW98] on 

the derandomization of B P P under a uniform hardness assumption. 

Theorem 6.4.2 ([IWgS]). Suppose that EXP # B P P .  Then, for every binary language 

L E BPP and every E > 0, there i s  a deterministic 2%5rne algorithm A satisfying the 

following condition: for every P-sampleable distribution family p = {pn)npo, there are 

infinitely many n E W such that Pr,,,,[A(z) # xL(x)] < lln. 

This allows to prove the following. 

Theorem 6.4.3. If EXP # BPP, then, for every E > 0, B P E  C ~ o - [ D T I M E ( ~ ~ ' " ) / ~ ] .  

Proof. If EXP # BPP, then, by Theorem 6.4.2, the assumption of Lemma 6.2.13 is 

satisfied, and hence, our claim follows. 

We also need the following stronger version of the Time Hierarchy Theorem. 

Claim 6.4.4. EE ~ O - [ D T I M E ( ~ * ~ O " ) / ( ~ ~  - n)], for any fized co E N. 

Proof. The proof is by a simple diagonalization. Let s(n) = 2" - n. Define a language 

as follows. Cn inputs of length n, we construct all truth tables of the first n Turing 

machines run for time 22c0" with a l l  advice strings of length s(n)  or smaller; there are at 

most n2s(n)+1 < 22n such truth tables. Then we enumerate all 22* possible truth tables 

of n-variable Boolean functions, and use the first one that is not on our list. We output 

the value of our input in this table. 0 
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Proof of Theorem 6.4.1. +. I f  EXP = BPP, then by padding, we conclude EE = BPE. 

+. Assume BPE = EE, but BPP # EXP. By Theorem 6.4.3, BPE C io-[DTlME(2")/n]. 

But then so is EE, contradicting Claim 6.4.4. 0 

6.4.2 Case of ZPP and RP 

In this subsection, we will prove 

Theorem 6.4.5. EXP = ZPP EE = ZPE. 

The proof will rely on the following. 

Theorem 6.4.6 ([IW98]). Suppose that EXP # BPP. Then, for every binary language 

L E ZPP and every E > 0, there is a deterministic 2"'-time algorithm A satisfying the 

fallowing conditions: 

1. for every x E (0, I)', we have A(x) E {xL(x), ?}, where xa(z) is 1 i f x  E L, and 

is  0 i f x  @ L, (i.e., A(x) either outputs the correct answer, or  says "don't know"), 

and 

2. for every P-sampleable distribution family p = there are infinitely many 

n E W such that Pr,,,[A(x) =?] < l/n. 

As a corollary, we can prove 

Theorem 6.4.7. If EXP # B P P ,  then, for every E > 0, we have ZPE ~O-DTIME(~~'*). 

Proof. If EXP # BPP, then the conclusion of Theorem 6.4.6 holds. Proceeding exactly 

as in the proof of Lemma 6.2.13, we obtain that, for every language L f BPP and every 

c > 0, there is a deterministic 2""-time algorithm A satisfying the following: there are 

infinitely many n E N such that, for some 0 < i < 2", we have A(xo2"-"+') = xL(x) for 

every x E {O, 1)". 



At that point in the proof of Lemma 6.2.13, we took the binary encodings of such 

"good" i's a s  advice. However, in the present case we know that, by condition 1 of 

Theorem 6.4.6, our algorithm A never gives a wrong answer, though it may output ?. 

Hence, we can simply try all possible i's and check if A outputs 0 or 1 on any of them. 

That is, our new algorithm B is the following: On input x E (0, lIn, accept x if there 

is a 0 < i < 2n such that A(xo~'-~+') = 1, and reject otherwise. It is easy to see that 

B correctly decides L infinitely often, and that the running time of B is sub-double- 

exponential. 17 

Before we can prove our downward closure result, we need to show that the assumption 

of Theorem 6.4.7 can be weakened to say EXP # ZPP. To this end, we prove the following. 

Lemma 6.4.8. If, for some E > 0, ZPE g io-~~lME(2""), then BPP = ZPP. 

Proof. The proof is very similar to that of Theorem 6.2.11. For a given language L E ZPE, 

there are two polynomial-time decidable predicates R+(x, y) and R- (x, y) such that, for 

some c E N, we have for every x E (0, that 

Without loss of generality, we may assume that c = 1. 

If, for all such pairs (R+, R-) and every E > 0, there are infinitely many n where 

f&c) = fR,0,2en(x) for every x E (0, I)", then it follows by a simple padding argument 

that ZPE 2 ~wDTIME(~~'")  for every E > 0. Hence, by our assumption, we have some 

pair (&, R-) and some E > 0 such that, for all sufficiently large n, fR, (x) # f~,B,2en (x) 

for at least one x E {O,l )" .  

Proceeding as in the proof of Theorem 6.2.11, we obtain the existence of a ~ o l y ( 2 ~ ) -  

time algorithm that nondeterministically generates the truth tables of 2n-variable Boolean 

functions of circuit complexity 2R(n). This algorithm outputs the string Y = yl . . . yp,  



where yi E (0, 112", such that, for each XI,. . . , x p  E (0, I)", either &(xi, yi) = 1 or 

R-(xi, yi) = 1. However, in our case, this algorithm can be viewed as zero-error proba- 

bilistic because of the abundance of witnesses for x E L and for x L. Once we have 

such an algorithm, we conclude that BPP = ZPP, by applying Theorem 6.2.5. 

Now we can strengthen Theorem 6.4.7. 

Theorem 6.4.9. If EXP # ZPP, then, for every E > 0, we have Z P E  ~o-DTIME(~~'"). 

Proof. We prove the contrapositive. Suppose that, for some c > 0, ZPE g ~o-DTIME(~~'") .  

Then, by Theorem 6.4.7, we get EXP = BPP, and, by Lemma 6-4.8, we get BPP = 

ZPP. 0 

Proof of Theorem 6.4- 5. This follows by a simple padding argument. 

+=. Suppose that EE = ZPE but EXP # ZPP. Then, by Theorem 6.4.9, we have 

EE = ZPE E io-DTIM E(2'"), contradicting the Time Hierarchy Theorem. 0 

We easily get a similar downward closure result for the class RP. 

Theorem 6.4.10. EXP = R P  e EE = RE. 

Proof. +. This follows by a simple padding argument. 

-+. If EE = RE, then EE = ZPE, and hence, by Theorem 6.4.5, we get EXP = ZPP = 

RP. 0 

6.4.3 Case of M A  

Here we will establish the following. 

Theorem 6.4.11. NEXP = MA NEE = MA-E. 

First, we prove 

Theorem 6.4.12. If NEXP # MA, then MA-E ~O-[NTIME(~~~") /~~*] ,  for every E > 0. 



Proof. I f  NEXP # MA, then we get by Theorem 6.3.11 that MA c io-[~TlME(2~')/n'], 

for every E > 0. By the padding argument of Lemma 6.2.12, we obtain that MA-E C 

io-[~Tl M ~(2~'")/(2'(~+') + n)] , for every E > 0. The theorem follows. CI 

We also need 

Claim 6.4.13. If NEE = EE, then there is a universal constant co E N such that 

NTIME(22n) DTIME(~~"") .  

Proof. The proof is analogous to that of Claim 6.3.8. 

We are now ready to prove Theorem 6.4.11. 

Proof of Theorem 6-4-11. a. This holds by a simple padding argument. 

-+. Assume NEE = EE = MA-E, but NEXP # MA. By Theorem 6.4.12, we get 

MA-E io-[NTIM E(22n)/20-5n]. By Claim 6.4.13, there is a universal constant co E W such 

that  MA-E C io-[DTIM E(22c0n)/20-5n]. But then so is EE, contradicting Claim 6.4.4. Cl 

6.5 Concluding Remarks 

We would like to point out which of our theorems relativize, and which do not. It follows 

from the results in [BFT98] that the collapse of NEXP to MA under the assumption that 

NEXP c P/poly (Corollary 6.3.5) does not  relativize; however, the converse implication 

(Theorem 6.3.9) does. The proof of the collapse of NEXP to EXP under the same as- 

sumption (Theorem 6.3.2) uses a non-relativizing result from [BFhW93], but we do not 

know whether the statement of Theorem 6.3.2 itself does not relativize. 

The proof of Theorem 6.3.15 uses only relativizing techniques, and hence, the state- 

ment also relativizes. On the other hand, the gap theorem for MA (Theorem 6-3-11) and 

all of our downward closure results from Section 6.4 are proved using non-relativizing 

techniques, but we do not know if the statements of these theorems do not relativize. 



Chapter 7 

A Generalization of BPP 

We consider a class, denoted APP, of real-valued functions f : (0,l)" -t [071] such that f 

can be approximated, to within any e > 0, by a probabilistic Turing machine running in 

time poly(n, 1/~) .  We argue that APP can be viewed as a generalization of BP P, and show 

that APP contains a natural complete problem: computing the acceptance probability 

of a given Boolean circuit; in contrast, no complete problems are known for BPP. We 

observe that all known complexity-theoretic assumptions under which BPP is easy (i-e., 

can be efficiently derandomized) imply that APP is easy; on the other hand, we point 

out that BPP may be easy while APP is not, by an oracle construction. 

7.1 Introduction 

The complexity class BPP is traditionally considered a class of languages that can be 

efficiently decided with the help of randomness. While it does contain some natural 

problems, the "semantic7' nature of its definition (on every input, a BPP machine must 

have either a t  least 3/4 or at most 114 of accepting computation paths) makes it quite 

difficult to study as a class. One of the main obstacles for such a study is the lack of 

known complete problems for BPP. In fact, it is conjectured that BPP does not have 

any complete problems; some evidence towards the truth of this conjecture is provided 
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by oracle constructions where BPP (and some other "semanticy7 complexity classes such 

as NP n co-NP, RP, and UP) do not have complete sets [Sip82, HH86] (see also [HI85, 

HLY861). 

Despite the difEcdties, many researchers are trying to resolve various open questions 

regarding BPP, the most important one being whether BPP = P. All currently known 

approaches towards proving that BPP = P involve, explicitly or implicitly, constructing 

a polynomial-time algorithm for approximating the acceptance probability of any given 

Boolean circuit to within a small additive term E, say E < 1/4. The existence of such 

an algorithm would clearly suffice t o  show that BPP = P. Indeed, for every input x to 

a BPP machine M y  the acceptance probability of M(x)  is either a t  least 3/4 or at most 

114, and we can easily construct a Boolean circuit C M ,  simulating M(x) so that CM,x 

has the same acceptance probability as M ( x ) ;  here the inputs to CM,, are random bits 

used by &1 on the input x. 

Thus, on the one hand, there is no known complete problem for BPP, while, on 

the other hand, all efforts a t  showing that BPP is easy aim to show that the acceptance 

probability of any given Boolean circuit can be efficiently approximated to within a small 

additive factor. Below, we define a complexity class that is a natural generalization of 

BPP and prove that computing the acceptance probability of a given Boolean circuit is 

a complete problem for our class. 

To generalize BPP, we observe that a language L accepted by a BPP machine A4 

is defined using an easily computable property of the acceptance probability of M(x): 

x E L iff M(x) accepts on a t  least 3/4 of random strings; also note that the acceptance 

probability of a Boolean circuit C is easy to approximate to within any E > 0 in proba- 

bilistic time poly(lCI,l/e) by random sampling. This suggests a definition of the class of 

real-valued functions f : {0,1)" + [0, I] such that the value f (x), for any x E 10, lln, can 

be approximated to within any E > 0 in probabilistic time poly(n, I/€). The class of such 

real-valued functions Approximable in Probabilistic Polynomial time will be denoted as 
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APP , while the corresponding deterministic class as AP . It is worth pointing out that 

our definition of APP is different from the definition of the class of efficiently computable 

real functions f in [KF'82, Ko9I.1, where f is required to be approximable to within E in 

probabilistic time poly(n, log(l/e))). 

It is not hard to see that BPP corresponds exactly to the subclass of Boolean functions 

of APP. It is also easy to see that the problem of computing the acceptance probability 

of a given Boolean circuit is in APP. We will prove that, for an appropriate notion 

of reducibiliw, this problem is, in fact, complete for APP. Since all known complexity 

assumptions that imply BPP = P actually imply that approximating the acceptance 

probability of a Boolean circuit is easy, our completeness result shows that every such 

complexity assumption implies that APP can be efficiently derandomized, i-e., that APP = 

AP. 

It is interesting to consider the effects on the real world if BPP = P on the one hand, 

and if APP = AP on the other hand. If it turns out that BPP = P, then the effect 

would be minimal since very little of the real-world use of the randomness is in solving 

BPP problems. However, the effect of APP = AP, at least if this holds in an efficient 

way, would be quite pronounced. It appears that in this case, all the common uses of 

randomness in scientific computation could be removed (with only a polynomial loss of 

efficiency). The reason is that most uses of randomness in scientific computation are in 

probabilistic simulations; the goal of such a simulation is to  estimate the probability of 

a certain event, or to estimate the value of a certain random variable. It is easy to see 

that if APP = AP, then such programs can be made deterministic. 

A natural question is how these two assumptions, BPP = P and APP = AP, are 

related to each other. Obviously, if APP = AP, then BPP = P. Is the converse true? 

Probably not. At least, such an implication is not provable by relativizable techniques: 

we construct an oracle where BPP = P but approximating the acceptance probability of 

a Boolean circuit to within 114 cannot be done in deterministic polynomial time. 
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Finally, we consider the question whether our two classes are recursively enumerable 

( r e ) .  We show that AP is r.e., but leave it open whether the same holds for APP; it 

appears that APP may not be r-e., even though it contains a complete problem. 

The remainder of the chapter. In Section 5.2, we give formal definitions of our 

classes of efficiently approximable real-valued functions, APP and AP, and prove some of 

their properties. In Section 7.3, we exhibit the problems complete for these classes. We 

discuss the problem of derandomizing APP in Section 7.4. In Section 7.6, we construct 

an oracle world where BPP = P but APP # AP. In Section 7.7, we show that the class 

AP is recursively enumerable. We conclude with Section 7.8. 

7.2 Preliminaries 

7.2.1 Definitions and Basic Properties of AP and APP 

The class P can be thought of as the class of all polynomial-time computable uniform 

f a d e s  f = {fn)n20 of Boolean functions f, : (0, + (0,l); i-e., f E P 3 there is a 

polynomial-time Turing machine M such that, for all n E N, we have M ( x l ,  . . . , x,) = 

f ( x  , . . . , x )  . Similarly, BPP is the class of all uniform families of Boolean functions 

computable in probabilistic polynomial time. We would like to define a more general 

class of (not necessarily Boolean) function families. Let us consider real-valued functions 

gn : {0,1)" -+ [O, 11. Since we cannot represent real numbers in the standard Turing- 

machine model of computation, we can try to approximate the real values of g, by rational 

numbers. The following definitions are then naturai. 

Definition 7.2.1. We say that a deterministic Turing machine M approximates a family 

g = {gn)n80 of real-valued functions gn : (0, lIn + [O, 11 if, for all k , n  E N, we have 

I M (1" x) - gn (x) 1 < l / k .  We call such a family g polynomial- t ime approximable if g 

is approximable by a polynomial-time Turing machine. Let A P  (for Approzimable in 



Polynomial t i m e )  consist of all polynomial-time approximable families g of real-valued 

functions gn : {O, 1)" + [O, 11. 

The class of Boolean functions fn : (0,l)" -t {0,1) can be viewed as a subclass of 

the class of all [O, 11-valued functions. Clearly, we have P c AP. In fact, the following is 

true. 

Theorem 7.2.2. T h e  class P is exactly the subset of all Boolean function families in 

AP. 

Proof. As we observed above, P is contained in the subset of all Boolean function families 

in AP. For the other direction, consider any Boolean function family g = {gn)n20 in AP. 

By definition, there is a polynomial-time Turing machine M that can approximate g, Cz) 

to within l / k  for any k E N. Let us choose k = 3. Then we can use M to distinguish 

between the case where gn(x) = 0 and the case where gn(x) = 1, and hence we can 

compute gn (x) exactly. CI 

Now we define the probabilistic analogue of AP, denoted by APP (for Approximeble 

in Probabilistic Polynomial time), as the class of all families g of real-valued functions 

gn : {0,1)" -+ [0, l]  that are approximable in polynomial time by probabilistic Turing 

machines. More precisely, we have the following. 

Definition 7.2.3. A family g = {gn}n2c of real-valued function g, : (0, l } n  -t [O,1] is 

in APP if there exists a probabilistic polynomial-time Turing machine M such that, for 

all k, n E N, we have Pr[l M ( l k ,  x) - g, (x) 1 < I lk ]  2 314, where the probability is taken 

over all random bits used by M. 

Remark 7.2.4. The constant 314 in the above definition is quite arbitrary, and, similarly 

to the case of BPP, it can be replaced by any pb,, 2 112 + l /poly(k  + n), or pk,, < 
1 - 2-pO'y('+") (see Theorem 7.2.11). 

We have the following analogue of Theorem 7.2.2 for BPP and APP. 
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Theorem 7.2.5. The class BPP is exactly the subset of all Boolean finction families in 

APP, 

Proof. The proof is very similar to that of Theorem 7.2.2. 0 

An important question is whether APP = AP; this is analogous to the long-standing 

open question whether BPP = P. The following easy theorem relates the two questions. 

Theorem 7.2.6. If APP = AP, then BPP = P. 

Proof. If APP AP, then BPP C AP. Since BPP is a class of Boolean fimction families, 

we conclude by Theorem 7.2.2 that BPP P. R 

Remark 7.2.7. Theorem 7.6.2 below gives evidence against the converse of Theorem 7.2.6. 

We would like to talk about hard problems in AP and APP. To this end, we define 

appropriate reductions. 

Definition 7.2.8. We say that a family f of real-valued functions fn : (0,l)" + [O, 11 is 

polynomial-time many-one reducible to a family g of real-valued functions gn : {O,l)* + 
[O, 11, denoted f <P, g , if there is a polynomial-time computable family r of transforma- 

tions rn : {0,1)" + (0, lIm, for some m = m(n) E poly(n), such that, for all n E N, 

We say that  f is polynomial-time many-one approximately reducible to g, denoted f 2% 
g , if there is a polynomial-time computable family r of transformations rn,k  : {1Ik x 

{0,1)" -+ (0, lIm, for some rn = m(n, k) E poly(n, k), such that, for all k, n E N, 

Theorem 7.2.9. Let f = {fn)n20 and g = {gn)n20 be any Boolean function families. 

Then f <P, g ifl f sk g. 
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Proof. Clearly, if f <P, g ,  then f s& g. For the converse, assume that  f s$ g via a family 

of tran~f0rTnations ~ n , ~ ( l ' ,  XI, . . . , 2,) . It is easy to see that the family of transformations 

r ; (x t r - - - r~n )  = rnV2(l2, XI, . - . xn) will define a polynomial-time many-one reduction 

from f to g. 0 

It is also easy to see that AP and APP are closed under the two kinds of reductions 

deflned above. 

Theorem 7.2.10. Let f and g be any [O, 1)-valued function families such that f s k  g. 

W e  have the following implications: 

I .  if g E AP, then f E AP; and 

2. i f g  E APP, then f E APP. 

Proof. Straightforward. 

7.2.2 Reducing the Error Probability for APP-Functions 

Here we will justify Remark 7.2.4 that the class APP is robust with respect to the allowed 

probability of error. We shall use Chernoff7s bound as given in Theorem 2.1.8. 

Theorem 7.2.11. Let g = {gn}n20 be any family of real-vahed function gn : {O,1)" + 
[O, 11 for which there exist a probabilistic polynomial-time Turing machine M and a con- 

stant c E N such that, for all k ,  n f N, 

where the probability is taken over all random strings used by M .  Then,  for any d E N, 

there is  a probabilistic polynomial-time Turing machine M' such that, for all k ,  n E N, 

where the probability is taken over all random strings used by Mr.  
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Proof. Fix any k E N and x E {0,1)". Let N = k + n aod let e = l/k. Consider an 

experiment in which M(lk, x) is run rn times, using independent random strings. Let 

arl ,  . . . , a, be the outputs of ~ ( l ~ ,  x) in the corresponding ms .  We define random 

variables Xi, 1 4 i < m, as follows: Xi = 1 if 1%- - gn(x) 1 < E, and Xi = 0 otherwise. 

0 bviously, X I ,  . . . , X,  are independent Bernoulli variables such that, by ('%I), Pr[X,- = 

11 = p > 1/2 + Net, for all i. Let X = Cz,  Xi and let p = E[X] = mp. 

The idea is to choose rn large enough so that, with high probability, the majority of 

Xi's are equal to 1, i-e., the majority of ai7s are a t  most E away from gn(x). Once we have 

more than a half of good ai7s1 the median of the list of all ai's will be at most E away 

from g,(x). This median will be the output of our new probabilistic machine M'( lk ,  x). 

Here is how we choose the parameters. An easy calculation shows that, for S = N-c7 

we get (1-6)p 2 m(1/2+1/(3NC)).  By Theorem 2.1.8, choosing m 2 4 p + d  guarantees 

that X 2 (1 - 6)p with probability a t  least 1 - 2-". We conclude that, with probability 

at least 1 - 2-Nd, the output produced by Mf( lk ,  x) will be a t  most l / k  away from g,(x). 

It should be also clear that Mf runs in time poly(k7 n) . 

7.2.3 Largeness of APP 

In addition to the real-valued functions that result from the use of randomness in scientific 

computation, the class APP also contains all "properly normalized" #P functions. Recall 

that a family of functions f, : {0,1)" + N is in #P i f  there is a polynomial-time 

computable relation R(x, y), where lyl = ~(1x1) for some fixed polynomial p, such that 

fn(x) = card({ylR(x, y))). We can normalize each such function family f = {fn),20 by 

defining a new family g = {gn),bo so that gn (x) = fn (x) /2~("). Then g is in AP P using 

a straightforward sampling algorithm, which can be analyzed using Chernoff's bound. 
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7.3 A Complete Function for APP 

Below me exhibit a natural function family that is APP-complete under polynomial- 

time many-one approximate reductions. In contrast, no problem is known to be BPP- 

complete under polynomial-time many-one reductions, and hence, by Theorem 7.2.9, 

under polynomial-time many-one approximate reductions. 

Circuit Acceptance Probability Problem (CAPP) 

Given: A Boolean circuit C with n inputs. 

Output: PrxE{O,l)n [C(X) = 11- 

Clearly, CAPP gives rise to the well-defined family of [O, 11-valued functions. We will 

denote this function family by fcAPP. 

Theorem 7.3.1. The function family fCApp is APP-complete under polynomial-time 

many-one approximate reductions. 

Proof. It is quite easy to see that fCApp is in APP, since we can approximate the ac- 

ceptance probability of a given circuit by random sampling; the correctness of such an 

estimate will follow from appropriate Chernoff's bounds. 

To prove that fcmp is APP-hard, we show that the problem of approximating any 

given real-valued function in APP can be reduced to CAPP. Let g = {gn),,,, where 

gn : (0, l), + [O, 11, be an arbitrary function family in APP, and let M be a probabilistic 

polynomial-time Turing machine that approximates g. Without loss of generality, we may 

assume that M(lk,  XI,.  . . , xn) uses the same number r (k ,  n) E poly(k+n) of random coin 

flips on every computation path, and that it produces an output Ilk-close to gn(z) with 

probability a t  least 1 - 2-~0'y(~+"). 

Given x E {0,1}" and k E N, we will construct a Boolean circuit Cxc(w) such that 

[gn(X) - P r w [ c z , k ( ~ )  = Ill Q l/k To this end, we define a new, Boolean-valued, proba- 

bilistic machine M' such that M'(lk, x) first computes an output cu E [0, 11 of M ( I * ~ ,  Z) 

by simulating M,  and then accepts with probability a or rejects with probability 1 - a. 
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We transform ~ ' ( l ~ ,  x) into a probabilistic circuit CZs. The crucial obsenation is 

that the acceptance probability of CZlk is exactly the average value of M(lZk, x) taken 

over all random strings of length r (k, n) . That is, 

The theorem now follows by observing that E[M(I*~, x)] is within 2/(2k) = l/k of g, (x) , 

provided that M computes a good output with probability a t  least 1 - 1/(4k). 0 

For any E = ~ ( n )  > 0, let us denote by E-CAPP the problem of approximating, to 

within ~ ( n ) ,  the acceptance probability of a given n-input Boolean circuit. We have the 

following robustness result for CAPP. 

Theorem 7.3.2. fCApp E AP iff, for some c E N, (112 - n-=)-CAPP can be solved in 

deterministic polynomial time. 

Proof Sketch. +. Obvious. 

+. Let C be a given n-input Boolean circuit, and let E > 0 be arbitrary. Consider 

1 + 1 points po, ply . . . , pl, where 1 = rl/&l and po = 0, pi = ie for 0 < i < 1, and pl = 1. 

We associate with each pi a Boolean circuit Di on kn inputs such that Di (xl , . . . , xk) = 1 

iff 1 E&f(=j) p i (  6 E ,  where each ~j E {0, I}". Let ai be an approximation of the 

acceptance probability of each Di to within 1/2 - (kn)-', computable in deterministic 

polynomial time by assumption. Our algorithm will output the least pi such that ai > 

112. 

By applying Chernoff's bounds , one can show that, for a suitable k E poly(lC1, I/€), 

the described algorithm approximates the acceptance probability of C to within 26. 0 

7.4 APP vs. AP 

Here we consider the problem of derandomizing the class APP. It appears that ev- 

ery known method for derandomizing the related class, BPP, yields a deterministic 
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polynomial-time algorithm for approximating the APP-complete function fCAPP. Hence, 

every such method for showing BPP = P can actually be used to show that APP = AP. 

Indeed, all general methods for derandornizing BPP are constructive in the sense that 

they provide, under certain complexits.- assumptions, an efficient deterministic algorithm 

that decides the same language as a given BPP machine R. Moreover, such a deterministic 

algorithm on input x works by approximating the acceptance probability of a Boolean 

circuit that is obtained from R(x); the inputs to this circuit are the random strings used 

by R on x, 

All known methods for showing BPP = P are conditional on some complexity assump 

tions. Below we list several such assumptions, pointing where they have been shown to 

imply BPP = P. 

Al. 

A2. 

A3. 

A 4  

A5. 

P = NP [Sip83]. 

There is L E DTIME(Z~(~)) that requires circuit size 2n(n) almost everywhere [IW97]. 

There is a poly(n)-time algorithm D : (0, l)O(lOgn) + {O,1)" (called a Discrepancy 

Set Generator) such that, for every Boolean circuit C, of size n on n inputs, 

I p ~ E ( 0 . 1 ) ~  [Cn (x) = 11 - PryE{OylIo(los n) [Cn (D(Y)) = 11 1 < 1/4 [folklore] - 

There is a poly(n)-time algorithm X : {0, l)*(logn) -t (0, lln (called a Hitting 

Set Generator) such that, for every Boolean circuit Cn of size n on n inputs, if 

PrzE@ylp [Cn(x) = 11 1/2, then Cn(3t(u)) = 1 for some u E (0, l)O(lOgn) [ACR98]. 

fCApp E AP [folklore]. 

Theorem 7.4.1. A l  * A2  HA^ =A4 + A5. 

Proof Sketch. A1 -42. I t  is easy to see that E~:, for some constant k E N, contains 

a language of maximum circuit complexity. If P = NP, then PH = P, and hence E': 

EP g E. 
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A2 + A3. This is proved in [IW97]. 

A3 + A4- Trivial. 

A4 + A2. See, e-g., [ISW99, Theorem 91. 

A4 + A5. This is proved in [ACR98] (see also [ACRT99, BF99, GW991). 0 

We would like to point out another complexity assumption that appears weaker than 

assumption A4 above, and yet it also implies A5. This assumption says that a promise 

version of Circuit SAT is easy. 

A6. There is a deterministic polynomiaMme algorithm that, given a Boolean circuit C 

on n inputs, outputs 0 if P P ~ ~ { ~ , ~ ) ~  [C(X) = 11 = 0, and 1 if PrzE{O,l)= [C(x) = 11 3 

1 - 2 - 6  

Obviously, we have A5 + A6. More interestingly, the converse also holds. 

Theorem 7.4.2. A6 + A5. 

The proof of Theorem 7.4.2 can be extracted from [ACRT99], and is implicit in [BF99]. 

In the latter, a different assumption is used, namely that, for every probabilistic polyno- 

mial-time Turing machine M, there is a deterministic polynomial-time Turing machine 

A with the following property: for any input x, A accepts x if Pr[M accepts x] 2 112, 

and A rejects x if Pr[M accepts x] = 0. It is not hard to see that this assumption is 

equivalent to our assumption A6. For the sake of completeness, we prove Theorem 7.4.2 

in Section 7.5. 

Since fCApp is APP-complete, we obtain the following. 

Corollary 7.4.3. If any of assumptions Al-A6 above is true, then APP = AP. 

We conclude this section with an easy theorem that demonstrates the "constructive 

nature" of the assumption APP = AP. 



CHAPTER 7. A GENERALIZATION OF BPP 128 

Theorem 7.4.4. If APP = AP, then there is a deterministic polynomial-time Turing 

machine which, given a circuit C that accepts at least half of its inputs, outputs an input 

which C accepts. 

Proof Idea. We can find a good input to C, bit by bit, using an algorithm for CAPP to 

guide our search. Starting with the empty input, a t  each step we fk the next bit so that 

the acceptance probability of C over the remaining bits does not decrease too much. 

As a corollary, if APP = AP, then any probabilistic polynomial-time algorithm for 

solving an NP search problem can be made deterministic. 

7.5 Proof of Theorem 7.4.2 

First, for every e = e ( n )  > 0, we define the following promise problem. 

~(n)-SAT 

Given: An n-input Boolean circuit C. 

Output: O if P P ~ ~ ( ~ , ~ } ~ [ C ( X )  = 11 = 0, and 1 if PrzE{O,l}" [C(x) = 11 2 ~ ( n ) .  

The following lemma shows the robustness of €-SAT; a version of this lemma for the 

case of Hitting Set Generators was proved in [ACR98]. 

Lemma 7.5.1. If (1 - 2 - 6 )  -SAT is solvable in deterministic polynomial time, then there 

is a deterministic polynomial-time algorithm A such that A(lk, C )  solves l /k-SAT for 

all circuits C and all k E N. 

Proof. W e  describe a reduction from c(n)-SAT to (1 -  SAT, which runs in time 

polynomial in the size of the input circuit and l / e ( n ) .  For any given Boolean circuit 

C : (0, -t {0,1) with PrxE~O,lln[C(x) = 11 2 e = ~ ( n ) ,  define C t ( x l ,  . . . , xt)  = 

vfi=, C ( x j ) ,  where each xj E (0, l I n .  Then Prxao,lpt [Ct(x) = 01 < (1 - ~ ( n ) ) ~  < edd, 

which is at  most 2-6 for t 2 n/e2 and sufficiently large n. I7 
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Thus, in our proof of Theorem 7.4.2, we can assume that we are given a deter- 

ministic algorithm A for solving ~(n)-SAT on an n-input Boolean circuit C in time 

poly(lCI, 114n)). 
We will need the notion of a discrepant set for a Boolean function (circuit). 

Definition 7.5.2. For a Boolean n-input circuit C and any 0 < E < 1, we say that a set 

0 # S (0,l)" is ed i sc repan t  for  C if ~ P ~ z ~ ~ o , ~ l ~ [ C ( ~ )  = 11 - PrYEs[C(y) = 111 6 E. 

For S {O,1)" and a E (0, I)", we define the set S @ a = {s @ a1 s cz S), where s @ a 

is the result of XORing s and a bitwise; in other words, Sea  is an a f h e  translation of 

S by a in the Boolean vector space. 

Definition 7.5.3. For a Boolean n-input circuit C and any 0 < E < 1, we say that a 

set 0 # S C {O, 1). is €-concentrated wi th  respect t o  C if lpmin(C, S) - h,(C, S)I < e, 

where pmin(C, S) = minaEIo,l)n {PrrESea[C(x) = 11) and p,,(C, S) is defined similarly. 

An interesting relationship between discrepancy and concentration is provided by the 

following lemma, which is implicit in [ACR98, ACRT991. 

Lemma 7.5.4. For  a Boolean n- input  circuit C and  a n y  0 < E < 1, if a se t  0 # S 

(0, lIn is €-concentrated wi th  respect t o  C, t hen  S is e-discrepant f o r  C. 

Proof.  It is not difficult to see that, for any S # 0, we have 

Since the average value of any function over a finite set is contained between its mini- 

mum and its maximum over this set, we conclude that both P&E{O,l)n[C(~) = 11 and 

PrZEs[C(z) = 11 are contained between p&C, S) and p,,(C, S): and hence, S is E- 

discrepant for C. 0 

Next we show that, for any Boolean circuit C, there exist small sets that are concen- 

trated with respect to C. 



Lemma 7.5.5. For any n-input Boolean circuit C and any 0 < E < I, there &sts 

an m E poly(n, 1/~) such that at  least a half of all sets S C {O,l)" of size m are c- 

concentrated with respect to C. 

Proof. As in [ACR98], we prove the following two claims, which will imply our lemma. 

Claim 7.5.6. For any n-input Boolean circuit C and any 0 < E < 1, there exists an 

m E poly(n, 1 / ~ )  such that, for at least a half of sets S (0,l)" of size m, the following 

holds: S@a is E-discrepant for c ,  for every a E (0, 1In. 

Proof of Claim 7.5.6. Fix any a E (0,l)". Let S be a set of m vectors from {0, lIn 
chosen independently and uniformly at random. Clearly, the vectors in Sea are also 

uniformly distributed and independent. 

By Chernoff's bound, the probability that Sea is not ediscrepant for C can be made 

smaller than 2-"-l by choosing m E poly(n, lle). Thus, the probability that, for a 

random S of size m, there exists an a E {O,1)" such that Sea is not E-discrepant for C 

is smaller than 2"2-"-' = 112. 0 

Claim 7.5.7. For any n-input Boolean circuit C,  set 0 # S C {O,l)",  and 0 < E < 1, 

if Sea is c-discrepant for C for every a E {O,1)", then S is 2econcentrated with respect 

to C. 

Proof of Claim 7.5.7. Let amin, a, E {0, 1)" be such that pmin(C, S) = P ~ ~ ~ e a ~ ~ ~  [C(X) = 

11 and p,,(C, S) = PrZEse=,,[C(x) = 11. Since Seadn is ediscrepant for C, we get 

that 

and, similarly, since Sea,, is E-discrepant for C, we get p,,(C, S) < Prz,Io,l)n [ C ( x )  = 

11 + E. Hence, p,,(C, S) - pmi,(C, S) < 2e. 
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This finishes the proof of Lemma 7.5.5. 0 

For a given n-input Boolean circuit C and 0 < E < I, consider the aIgorithm 

D- TEST^,. given in Figure 7.1. Note that the running time of D - T E s T ~ , ~  is polynomial 

in lCI and I/€, assuming the existence of a polynomial-time algorithm A for promise 

SAT. We shall argue that every set S accepted by D- TEST^,, is 2~-discrepant for C, and 

that D - T E s T ~ ~  accepts many sets S. 

D-TEsT~,~(S)  

Input: a set S C {O,l)" of size m, where m is as in the proof of Lemma 7.5.5. 

begin 

f o r a l l  i , j : O < i <  j 6 m d o  

pl := i/m; p2 := j/m; 

c b a d  ., .-an n-input Boolean circuit such that Cbad (a )  = 0 iff 

PI < PrxEs@o[c(~) = 11 < p2 

if @I < PrxE&(x) = 11 < p2) and (p2 - pl < E )  and (d(lre-'7, Cbad) = 0) 

then return I 

end if 

end for 

return 0 

end 

Figure 7.1: Discrepancy test 

Theorem 7.5.8 (Soundness of Discrepancy Test). If D- TEST^,. accepts a set S, 

then S is 2~-discrepant for C. 

Proof. Let S be any set accepted by D- TEST^,. It follows that there exist 0 < p,,p? 6 1 

such that, for aU but at most E fraction of vectors a E {0, I)", we have pl < PrXES@o [C(x) = 
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11 < p2. USing Identity (7.2), we obtain that pl - E < PrzE{O,l)"[C(~) = 11 4 p2 + E. The 

theorem follows. 

Theorem 7.5.9 (Richness of Discrepancy Test). At least a half of all input sets 

S 2 (0,1)* will be accepted by D- TEST^,^. 

Proof. It follows from Lemma 7.5.5 that at  least a half of aU sets S of size m are such 

that pm&, S) - pmin(C, S) d E. Since, for p, = p ~ , ( C ,  S) and p~ = pmax(Cy S), 

PraE{o,lp [Cb"(a) = I] = 0, we conclude that each such set S will pass the test. 0 

To finish the proof of Theorem 7.4.2, we mill show how to approximate the acceptance 

probability of a given Boolean circuit C,  using the algorithm A for promise SAT and the 

algorithm D-TEST described above. Observe that each set S passing the discrepancy test 

yields a correct estimate P(C, S) of the acceptance probability of C, where P(C, S) = i/m 

for some 0 < i < m. Let us map each set S passing the test to the value p(C, S). Since 

there are at most m + l different values for P(C, S), there is an i, 0 < i 4 m, that 

gets a t  least 1/(2 (m + 1)) fraction of all sets S passing the discrepancy test, which is at 

least 1/(4(m + 1)) of all sets S of size m by Theorem 7.5.9. This suggests the algorithm 

ESTIMATOR given in Figure 7.2. 

The algorithm ESTIMATOR(C, E) approximates the acceptance probability of C to 

within 26. Indeed, the soundness of ESTIMATOR follows from that of D-TEST (Theo- 

rem 7.5.8); its completeness follows fiom the existence of P = i/m, 0 < i 4 my for which 

Cd-test has the acceptance probability at Ieast 1/(4(m + I)), and therefore it mill be ac- 

cepted by A. It is easy to check that the running time of ESTIMATOR(C, E) is polynomial 

in [Cl and I/€. 

7.6 APP vs. BPP 

We know from Theorem 7.2.6 that if APP is easy, then so is BPP. Is the converse true? 

This question is particularly interesting since, as observed above, every known approach 
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Input: an n-input Boolean circuit C and 0 < E < 1. 

begin 

forall i : O < i < m d o  

p := i/m; 

~ d - t e s t  .- .-an mn-input Boolean circuit such that Cd-'"(S) = 1 iff 

D-TEST~,JS) = 1 and P = PrzEs[C(x) = 11 

if ( ~ ( l r ( * ( ~ + ~ ) ) - ' 1  , Cd-tm) = 1) then return p 

end if 

end for 

end 

L 

Figure 7.2: Estimator 

towards proving BPP = P does yield APP = AP, and so it would be nice to prove that 

BPP = P implies APP = AP. 

Below we show that such an  implication (if indeed true) cannot be proved using 

relativizable techniques: we construct an oracle A such that B P P ~  = PA7 but A P P ~  # 

A P ~ .  More precisely, we show that, with respect to our oracle A, there is no polynomial- 

time algorithm for approximating, to within 114, the acceptance probability of a given 

Boolean circuit. Thus, it is plausible that approximating the function fcAPP may not 

be necessary for concluding that BPP = P, while it is necessary for concluding that 

APP = AP. 

Remark 7.6.1. We observe that Theorems 7.4.1 and 7.4.2 relativize. Hence, with re- 

spect to the oracle A that we construct in this section, none of the assumptions A1 - A6 

holds, even though B P P ~  = PA. 

The main theorem of this section is the following. 
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Theorem 7.6.2. There is an oracle A such that B P P ~  = PA, but A P P ~  # AP.~. 

As pointed out by Dieter van Melkebeek [van Melkebeek, personal communication, 

2000], Theorem 7.6.2 follows from the results in [FFKL93]. For the sake of completeness, 

however, we give a full proof below. 

For the proof, we need the notion of an oracle circuit as defined in [Wi185]. An oracle 

circuit is a standard circuit which may also contain oracle gates, where a k-input oracle 

gate outputs 1 on input x if x belongs to the given oracle, and outputs 0 otherwise. The 

size of an oracle circuit is defined as the number of edges in its graph representation. 

We define the relativized version of CAPP in the obvious way: for any oracle 0, 

CAPP* is the problem of computing the acceptance probability of a given oracle circuit 

relative to 0. Let [E-CAPPIO denote the relativized version of E-CAPP. 

For an oracle 0 ,  we say that a probabilistic polynomial-time oracle machine R is a BPP 

machine with respect to  0 if the acceptance probability of RO on any input x E {0,1)* 

is either at most 114 or at least 3/4. 

Theorem 7.6.3. There is  an  oracle A such that B P P ~  = PA,  but [1/4-CAPP]* is not 

solvable by any deterministic polynomial-time oracle Turing machine DA. 

Proof. For our oracle construction, we use standard techniques, as found, e-g., in [BGS75, 

Rac82, Sip82, HH87, BI87, IN88, MV961. 

Define S = {nil i E N} to be the set of lengths ni, where no = 1 and ni+l = 22ni. Our 

oracle A will be of the form B @ QBF, where QBF is the PSPACE-complete language of 

true quantified Boolean formulas; here, for sets B and C, B@ G = (0211 u E B) U ( lv  1 v E 

C). The set B will not contain any words of length 1 E N \ S. 

Define c, to be the oracle circuit on n inputs that accepts x E (0, 1In iff Ox belongs to 

the oracle. Observe that Pr,E~o,lln[c$@C(x) = 11 is exactly the fraction of n-bit strings 

in B. Let en = Em(%) be a binary encoding of the circuit G, using any fixed encoding 

function Enc. Let Do, Dl, 9,. . . and Roy R1, R2,. . . be enumerations of deterministic 

and probabilistic polynomial-time oracle Turing machines, respectively. 
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CONSTRUCTION. We define the set B in stages; at each stage, B is defhed for a 

finite set of lengths. First, B is undefined for alI lengths- At stage i = 2k + 1, we extend 

the clefhition of B so that Dk fails to solve 1/4CAPP with respect to this extension. 

At stage i = 2k + 2, we extend, if possible, the definition of B so that Rk is no t  a BPP 

machine with respect to this extension. Note that, evelywhere below, whenever we talk 

about an extension of an oracle defined for finitely many lengths to a completely defined 

oracle, we consider only those extensions that are empty for all lengths I E N \ S. In 

more detail, the construction of B is given in Figure 7.3. 

CORRECTNESS. The correctness of our construction follows born the next two claims. 

Claim 7.6.4. [1/4-CAPP] *@QBF cannot be solved by any deterministic polynomial-time 

mach ine  using B @ QBF as  a n  oracle. 

Proof of Cla im 7.6.4. Note that, at stage i = 2k + 1,  the kth polynomial-time machine 

BeQBF(en) = a, where a is more than 1/4 Dk is defeated: the set Bi is defined so that D, 

away from the correct answer for e, with respect to  B. C1 

Claim 7.6.5. E3ppBeQBF = PBeQBF- 

Proof of Cla im 7.6.5. Our proof is very similar to the proof of a related result in [MVSG, 

Lemma 4-21. 

Let R = Rk be any probabilistic polynomial-time oracle machine that was not de- 

feated at stage i = 2k + 2 of our oracle construction, i.e., for any oracle C extending 

Bi-l, the machine R is a BPP machine with respect to C QBF. It suffices to show that 

there is a deterministic oracle machine M such that 

1 .  M B ( x )  = R ~ @ Q * ~ ( x )  for all x E (0, I)*, and 

2. on input x, M runs within poly(lxl) space and makes a t  most poly(lxl) oracle 

queries. 
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Stage 0: Bo is undefined for all lengths 1 E N- 

Stage i: Let Bi-z be defined for all lengths < m. 

Case i = 2k + 1 : Choose the smallest n E S such that n > m and Dk on input en rum 

in time Less than 2"-'. Let C be the extension of Bi-1 that is empty on all lengths > m, 

and let = a E Q. Denote by Y the set of all oracle queries made by Dk(en) 

to C; by the above, IY I < 2"-'. There are two subcases. 

1. a > 1/4. Then extend the definition of Bi-l so that Bi is empty on lengths 

rn<I<n. 

2. a < 114. Then extend the definition of Bi-1 by adding any 2"-' + 1 strings of 

length n that are not in Y; make Bi empty on all lengths m < I < n. 

Case i = 2k + 2 : There are two subcases. 

CeQBF is not a BPP machine with 1. There is an extension C of Bi-1 such that Rk 

respect to C @ QBF, i-e., there is an input z. E { O , l ) *  such that P ~ [ R ~ @ ~ ~ ~ ( I )  = 

11 E (1/4; 3/4). Let Y be the set of all queries made by Rk (2) to C, over all random 

choices of Rk, and let n = m q ~ ~  [yl. Then extend the definition of Bi-l to all 

lengths m < I < n so that y E iffy E C, for al ly E Y. 

2. For every extension C of Rk is a BPP machine with respect to C @ QBF. 

Then leave the definition of Bi the same as that of Bi-l- 

Figure 7.3: Defining the set B. 
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Using the ?SPACE-completeness of QBF, such a machine M can then be easily con- 

^ *@QBF accepting the same verted into a deterministic polynomial-time oracle machine M 

language as Mg (see, e-g., [MV96, Lemma 1.31 for a proof of this). 

The algorithm for M is as follows. On input x, we first find the smallest n = nj E S 

such that log,n < 1x1 < 2". Without loss of generality, we may assume that x is 

sufliciently long so that R on x cannot query strings of length 2 nj+l, and that n is 

bigger than the maximum length for which & was defined. 

Let t E poly(lxl) be the running time of R on input x,  and let r < t be the number of 

random bits used by R on any single computation path. For an oracle 0, we associate 

with each of 2' possible random strings C Y ~  used by Ro@QBF(x) the set Ql of n-bit strings 

for which R queries 0, when using al as a random string. For a string y E {O, I)", we 

denote by  wo(y) the fkaction of QI's containing y. Clearly, 

for any oracle 0, since each of the 2' random strings contributes at most t different 

y's. Let Wo = {y E ( 0 , l ) "  1 wo ( y )  2 1 / ( 8 t ) ) .  Inequality (7.3) immediately yields that 

lWol < 8t2.  The following lemma is an adaptation of a claim in [MV96, Claim, p. 2401. 

Lemma 7.6.6. Let B' be any extension of Bi-l, and let C be any oracle that agrees with 

B' o n  all words from W = WB' and all words of length less than n. 

2. I ~ P ~ [ R ~ ' @ Q * ~ ( ~ )  = 11 < 114, then P ~ [ R ~ @ Q ~ ~ ( X )  = 11 < 114. 

Proof of Lemma 7.6.6. Statement 1. Suppose that there is an oracle C that agrees with 

B' on all words from W and all words of length less than n, but Pr[RC@QBF(x)  = 11 < 314. 

Since R is a BPP machine with respect to C @ QBF, this implies that p r [ ~ ~ @ Q * ~ ( x )  = 

11 $ 114. Let us choose such an oracle C that differs from B' on the smallest number of 

strings. Denote by U the set of those n-bit strings where B' and C differ. 
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By a counting argument, we show that wc(y) 2 112 for each y E U. Indeed, for any 

y E U, let C, be obtained from C by adding y to C if y $Z C, or removing y fiom C 

if y E C. Since U n W = 0, the set C, still agrees with Bf on all words horn W and 

all words of length less than n, but it differs from B' on fewer words than C does. The 

minimality of C implies that P ~ [ R ~ ~ @ Q ~ ~ ( X )  = 11 2 314. Thus, changing C on a single 

string y resulted in a jump of a t  least 112 in the acceptance probability of R on x, which 

is possible only if wc(y)  2 112. 

Now, Inequality (7.3) implies that 1U1 < 2t. Since U n W = 0, we get that 

wst(y) < 1/(8t) for each y E U ,  and so &u W B I ( Y )  < 2t/(8t) = 114. Thus, changing 

B' on strings in U can affect the acceptance probability of R on x by less than 114, but 

P ~ [ R ~ ' ~ Q ~ ~ ( X )  = 11 - P ~ [ R ~ @ Q * ~ ( X )  = 11 2 314 - 114 = 112, which is a contradiction. 

Statement 2. The proof is andogous to that of Statement 1 above. CI 

For any oracle 0 and any set U E (0,  l I n ,  we denote by Q ( 0 ,  U) the set of all oracles 

C such that C agrees with O on all words in U and all words of length less than n, and 

C contains at most 8t2 words from (0, l I n  \ U. AS in [MV96], we obtain the following. 

Lemma 7.6.7. Let B' be any d e n s i o n  of Bi-L. 

1. p r [ ~ * ' @ Q * ~ ( z )  = 11 2 314 if there is a set U C (0, l ) n  of size at most 8t2 such 

that pr[RC@QBF(x) = 11 2 314 for every oracle C E Q(B1,  U). 

2. P ~ [ R ~ ' @ Q ~ ~ ( x )  = 11 < 114 if there is a set U {0,1)" of size at most 8t2 such 

that P ~ [ R ~ @ Q ~ ~ ( X )  = 11 < 114 for every oracle C E Q(B1,  U ) .  

Proof of Lemma 7.6.7. Statement 1. +. This follows from Statement 1 of Lemma 7.6.6 

by choosing U = WBt. 

+. Suppose that there is a set U C {O,l)'" of size a t  most 8t2 such that Pr[RCeQBF(x) = 

11 2 314 for every oracle C E Q(B1, U ) .  Let FV = WBt, and let D be the oracle that 

agrees with Bf on all words of length less than n and all words in U U W, and that 
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contains no words from (0, lIn \ (U U W).  Then Pr[RDaQBF(x) = 11 2 3/4, and hence, 

by Statement 2 of Lemma 7.6.6, we should have P ~ [ R * ' @ Q ~ ~ ( x )  = 11 2 3/4. 

Statement 2. The proof is analogous to that of Statement 1 above. 0 

Let B' be any extension of &+ Observe that each set U containing a t  most 8t2 E 

poly(lxl) binary strings can be specified with a t  most poly(lxl) bits. Also, for every such 

U, each oracle C E Q(B', U) can be completely specified with only poly(lxl) bits: there 

are a t  most poly(lxl) binary strings of length less than n, and C may contain at most 

i6t2 strings of length n. Hence, for such C's, we can compute pr[~"Q*~(x) = 11 in 

polynomial space, querying Br on at most poly(lxl) strings. 

To conclude the proof, we use the techniques fiom [BI87, HH87]. Our polynomial- 

space algorithm for deciding the language of lZ8@QBF that uses at most poly(lxl) queries 

to B is sketched below. 

On input x, repeat the next step for 1 = 1,. . . , 8t2. Find a set U(1) C { O , l ) *  of size 

a t  most 8t2 and an extension B'(1) of Bi-l such that Br(l) agrees with B on all strings 

queried so far, and pr[RC@QBF(x) = 11 >, 314 for every oracle C E Q(B'(l), U(1)). Query 

B on all strings in U(1). If no such U(1) and B'(1) can be found, then reject. 

If x was not rejected in the loop above, try to find a set U (0, lIn of size a t  most 

8t2 such that B was already queried on each y E U and Pr[RCeQBF(x) = 11 < 114 for 

every oracle C E Q(B, U). If such a U can be found, then reject; otherwise, accept. 

To see why the described algorithm is correct, consider any set U C (0, lIn of size 

a t  most 8t2 such that Pr[RC@QBF(x) = I] < 114 for every oracle C E Q(B, U). Suppose 

that x was not rejected in iteration 1 for any 1 < 8t2. Then U must intersect each U(1), 

1 < 1 < 8t2, at some string yc such that B'(1) and B disagree on yl. Otherwise, there 

would exist an extension B' of that agrees with both B'(1) on U(1) and B on U, 

but this is impossible by Lemma 7.6.7. All such yr7s must be distinct, since B'(1) agrees 

with B on every z E U(1) f~ U(m) for m < I. Thus, after 8t2 iterations, the value of B is 

known for every y E U, and so x will be rejected. 
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The proof of Theorem 7.6.3 is now complete. 

7.7 R.E. or Not ROE. 

In this section, we consider the problem of recursively enumerating classes AP and APP. 

We say that AP is recursively enumerable (r. e.) if there is a deterministic Turing machine 

M(x, lk, Y) such that, for every fixed x, ~ , ( l " ,  y) = M ( r ,  lk, y) runs in time poly(k, lyl), 

every Mz approximates some AP function, and every AP function is approximated by 

some Mz- The recursive enumerability of APP is defined simiIarly. 

For any standard complexity class of languages, the existence of a complete prob- 

lem under many-one polynomial-time reductions implies the recursive enumerability of 

this class: we can enumerate exactly all languages in such a class by enumerating all 

polynomial-time reductions. In contrast, it is not immediately clear whether the exis- 

tence of complete functions for AP and APP should imply that these two classes are r.e. 

However, we can show that AP is r.e. 

Theorem 7.7.1. The class AP is r.e. 

Proof. We will describe a rational-valued computable function F(x, y, 1") that is "uni- 

versal" for the class of AP functions. That is, every x describes an AP function f,(y) 

approximated by F,(lk, y) = F(x, y, lk), and, for every AP function f (y), there is a string 

z such that f (9) is approximated by F,(lk, y). 

Let the index x include a description of a Turing machine M, and a polynomial 

time bound p(n ,  k) to be imposed on M. The actual machine computing F,(lk, y) is a 

modification M' of M. Here is a recursive description of the action of M'. On input 

(lo, y), M' outputs 112. On input ( lk,  y), where k > 0, M' simulates M on input (16k2, y) 

for the alloted time p ( n ,  6k2) and comes up with a tentative output r. If r is outside the 

interval [O,l], then M' outputs 0. Otherwise, M' recursively calls itself on input (I"-', y), 

obtaining an output r'. If I T  - r'l < 1/k2, then 134' outputs r; otherwise, M' outputs r'. 
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The machine M' is designed so that it runs in polynomial time, and for each fixed 

input y, there exists the limit of its outputs as k approaches infinity. Hence, Mr is 

approaxhating a well-defined AP function f,. On the other hand, our choice of parameters 

also ensures that, for every AP function f (y) computable by a Turing machine M with a 

description z, the machine Mr on input (I", y) always outputs the value M (16" , y) , and 

hence F, (lk, y) is approximating f (y) . 

It is not clear, on the other hand, whether APP is r-e., even though it has a complete 

function. 

7.8 Final Remarks 

It is interesting to contemplate which uses of randomness would still be important, even 

if APP = AP. We would certainly still need randomness to choose keys in cryptographic 

applications. Randomness would also be necessq  in order to "break symmetry" in 

many distributed computing applications. A third (less convincing) example is provided 

by some online algorithms, where we use randomness to defeat a certain class of o s n e  

adversaries. An especially interesting use of randomness is in the construction of certain 

combinatorid objects; if we have an efficient test for such an object, then "APP = AP" can 

be used for a deterministic construction (recall Theorem 7.4.4), but otherwise randomness 

seems necessary. 

Lastly, we mention an example kom science again. Consider a physicist who wants 

to do a probabilistic simulation; he doesn't know why, or what he wants to measure 

- he just wants to sit back and watch the simulation unfold, and look for something 

interesting. Unless we know how to model the physicist as a Turing Machine (and we 

don't), we will need randomness here as well. We invite the reader to think of other 

examples. (Hint: Anyone up for poker?) 



Chapter 8 

Hard Functions for Read-Once 

Branching Programs 

In this chapter, we construct Boolean hnct ions  (computable by polynomial-size circuits) 

with large lower bounds for read-once branching program (1-b.p.'s): a function in P with 

the lower bound 2n-p0'y'0g(n), a function in QP with the lower bound 2n-0(10f3n), and a 

function in Ll NSPACE with the lower bound 2"-'0g"-~(~). 

8.1 Introduction 

8.1.1 Motivation 

The main goal of the computational cckmplexity theory is to show that certain natural 

Boolean functions are hard. For exarnplk, the negative solution to the famous "P NP" 

question is equivalent to showing that SAT, the problem of deciding whether a given 

propositional logical formula is satisfiab-le, is hard for the class P. In general, the notion 

of hardness of a Boolean function is dependent on a chosen model of computation. One 

can talk about Boolean functions that are hard for resource-bounded Turing machines 

(the uniform model), or for size-bounded Boolean circuits (the nonuniform model). De- 
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termining the relationship between uniform and nonuniform hardness is an important 

open problem whose solution would have significant consequences for theoretical com- 

puter science. 

To be more concrete, let us consider the d o r m  complexity class E = DTIME(~O(*)) of 

all languages decidable in linear-exponential time by a deterministic Turing machine, and 

the nonuniform complexity class SIZE(2n/n) of all n-variable Boolean functions decidable 

by a Boolean circuit of size a t  most 2n/n. It is well known that most n-variable Boolean 

functions are outside SIZE(Pn/n) [Sha49]. Is there a family of Boolean functions f = 

(fn)n20 such that f $! SIZE(2n/n) but f E E? If the answer is negative, then P # NP 

(by a rather simple argument). If the answer is positive, then BPP = P by a beautiful 

theorem of Impagliazzo and Wigderson [IW97]. At present, however, we cannot even 

decide if every Boolean function in E is computable by a family of linear-size circuits. 

A natural approach towards proving that a given Boolean function is nonuniformly 

hard is to exhibit a certain combinatorial property of Boolean functions that is true only 

for hard Boolean functions, and then show that the given Boolean function satisfies this 

property. As Razborov and Rudich [RR97] argue, this approach may be flawed since such 

combinatorial properties may not exist for the general nonuniform model of computation. 

However, such hardness properties do exist for the case of restricted models, such as 

read-once branching programs. Below we shall use the existence of this property to show 

that, for example, the uniform class LINSPACE of all languages decidable by a linear- 

space bounded deterministic Turing machine contains a language of maximal, to within 

a constant factor, size for read-once branching programs. First, we will observe that 

a random Boolean function satisfies the I-b.p. hardness property with high probability. 

Then we will construct an efficient function generator that "fools" this hardness property 

in the sense that a random Boolean function output by the generator also satisfies this 

property with high probability. Finally, the desired hard Boolean function will be the 

lexicographically first function f output by the generator such that f satisfies the 1-b.p. 
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hardness properfy- 

8.1.2 History 

Branching programs were introduced in order to measure the space complexity of Turing 

machines with advice. Recall that a branching program is a directed acyclic graph with 

one source and with each node of out-degree at most 2. Each node of out-degree 2 (a 

branching node) is labeled by an index of an input bit, with one outgoing edge labeled 

by 0, and the other by 1; each node of out-degree 0 (a sink) is labeled by 0 or 1. The 

branching program accepts an input if there is a path fkom the source to a sink labeled 

by 1 such that, a t  each branching node of the path, the path contains the edge labeled 

by the input bit for the input index associated with that node. Finally, the s i ze  of a 

branching program is d e h e d  as the number of its nodes. 

While there are no nontrivial lower bounds on the size of general branching programs, 

strong lower bounds were obtained for a number of explicit Boolean functions in restricted 

models (see, e-g., [RazSl] for a survey). In particular, for read-once branching programs 

( I  -b.p. 's) - where, on every path from the source to a sink, no two branching nodes are 

labeled by the same input index - exponential lower bounds of the form 2R(fi were 

given for explicit n-variable Boolean functions in [Weg88, Zak84, Dun85, Juk88, KMW91, 

SS93, Pon99, Ga197, BW98] among others. Moreover, [Juk88, KMW91, Gal97, BW98] 

exhibited Boolean functions in AC' that require 1-b.p.'s of size a t  least 2O(m. 

After lower bounds of the form 2'(m were obtained for 1-b.p.'s, the natural problem 

was to find an explicit Boolean function with the truly exponential lower bound 2"(n). The 

first such bound was proved in [ABH+86] for the Boolean function computing the parity 

of the number of triangles in a graph; the constant factor was later improved in [SS93]. 

With the objective to improve this lower bound, Savickf and &ik [SZ96] constructed a 

Boolean function in P that requires a 1-b.p. of size at least 2n-3f i ,  and gave a probabilistic 

construction of a Boolean function requiring a 1-b.p. of size at least 2"-0(10gn).  Finally, 
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Andreev et al. [ABCR97] presented a Boolean function in LINSPACE n P/poly with the 

optimal lower bound 2n-10gn+0(L), and, by derandomizing the probabilistic construction 

in [SZ96], a Boolean function in QP n P/poly with the lower bound 2n-0(10gn), as well 

as a Boolean function in P with the lower bound 2n-p0iy'0g(n); here QP stands for the 

quasipolynomial time ~ P O ' Y ' ~ ~ ( " ) .  

The combinatorics of 1-b.p.'s is quite well understood: a theorem of Simon and 

Szegedy [SS93], generalizing the ideas of many papers on the subject, provides a way 

of obtaining strong lower bounds. A particular case of this theorem states that any 

1-b-p. computing an r-mixed Boolean function has size at least 2' - 1. Informally, an 

T-mixed function essentially depends on every set of r variables (see the next section for a 

precise definition). The reason why this lower-bound criterion works can be summarized 

as follows. A subprogram of a 1-b.p. G, starting a t  a node u does not depend on any 

variable queried along any path going from the source s of G, to v, and hence v completely 

determines a subfunction of the function computed by G,. If G, computes an r-mixed 

Boolean function f,, then any two paths going £rom s to v can be shown to query the 

same variables, whenever v is sufliciently dose  to s. Hence, such paths must coincide, 

i.e., assign the same values to the queried variables; otherwise, two different assignments 

to a set of at most r variables yield the same subfunction of fn7 contradicting the fact 

that fn is r-mixed. It follows that, near the  source, G, is a complete binary tree, and so 

it must have exponentially many nodes. 

Andreev et al. [ABCRS?] construct a Boolean function fn (xl, . . . , x,) in LINSPACE n 

P/poly that is r-mixed for r = n - [log nl - 2 for almost all n. By the lower-bound criterion 

mentioned above, this yields the optimal lower bound R(2"ln) for 1-b.p.'s. A Boolean 

function in D T I M E ( ~ ~ ~ ~ ~ ~ )  n P/poly that requires a 1-b.p. of size at least 2n-0(10gn) is 

constructed by reducing the amount of randomness used in the probabilistic construction 

of [SZ96] to 0(log2 n) advice bits. Since these bits turn out to determine a polynomial- 

time computable function with the lower bound 2n-0(10gn), one gets a function in P with 



the lower bound 2n-0(10g2n) by making the advice bits a part of the input. 

Both constructions in [ABCR97] use the idea of almost k-wise independent (or, E- 

biased) sample spaces introduced by Naor and Naor [NN93], who also gave an algorithm 

for generating small sample spaces; three simpler constructions of such spaces were later 

given by Alon et al. [AGHP92]. Andreev et al. define certain +discrepancy sets for 

systems of linear equations over GF(2), and relate these discrepancy sets to the biased 

sample spaces of Naor and Naor through a reduction lemma. Using a particular construc- 

tion of a biased sample space (the powering construction from [AGHP92]), Andreev et al. 

give an algorithm for generating E-discrepancy sets, which is then used to derandomize 

both a probabiktic construction of an r-mixed Boolean function for r = n - [log nl - 2 

and the construction in [SZ96] mentioned above. 

8.1.3 Our Results 

We will show that the known algorithms for generating small almost k-wise independent 

sample spaces can be applied directly to get the r-mixed Boolean function as above, and 

to derandomize the construction in [SZ96]. The idea of our first construction is very 

simple: treat the elements (bit strings) of an almost k-wise independent sample space 

as the truth tables of Boolean functions. This will induce a probability distribution 

on Boolean functions such that, on any subset A of k inputs, the restriction to A of a 

Boolean function chosen according to this distribution will look almost as if it were a 

uniformly chosen random function defined on the set A. By an easy counting argument, 

we will show that such a space of functions will contain the desired T-mixed function, for 

a suitable choice of parameters. 

We indicate several ways of obtaining an r-mixed Boolean function with r = n - 

rlognl - 2. In particular, using Razborov's construction of €-biased sample spaces that 

are computable by AC'[~] formulas [Raz88] (see also [Sav95]), we prove that there are 

such r-mixed functions that belong to the class of polynomial-size depth 3 formulas over 
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the basis {&, @, 1). This yields the smallest (nonuniform) complexity class known to 

contain Boolean functions with the optimal lower bounds for 1-b.p.'s. (We remark that, 

given our lack of strong circuit lower bounds, it is conceivable that the characteristic 

function of every language in EXP can be computed in nonuniform AC'[~].) 

In our second construction, we derandomize a probabilistic existence proof in [SZ96]. 

We proceed along the usual path of derandomizing probabilistic algorithms whose analy- 

sis depends only on almost k-wise independence rather than full independence of random 

bits [NN93]. Observing that the construction in [SZ96] is one such algorithm, we reduce 

its randomness complexity to CI(log3 n) bits (again treating strings of an appropriate 

sample space as truth tables). This gives us a ~ ~ 1 ~ ~ ( 2 ~ ( ' ~ ~ ~ ~ ) ) - c o m ~ u t a b l e  Boolean 

function of quasilinear circuit-size with the lower bound for 1-b.p. 's slightly better than 

that for the corresponding quasipolynomial-time computable function in [ABCR97], and 

a Boolean function in quasilinear time, QL, with the lower bound for 1-b.p.'s at least 

2n40(10$n), which is only slightly worse than the lower bound for the corresponding 

polynomial-time function in [ABCR97]. In the analysis of our construction, we employ a 

combinatorial lemma due to Razborov [Raz88], which bounds from above the probability 

that none of n events occur, given that these events are almost k-wise independent. 

The remainder of the chapter. In the following section, we state the necessary defi- 

nitions and some auxiliary lemmas. In Section 8.3, we show how to construct an r-mixed 

function that has the same optimal lower bound for 1-b.p. as that in [ABCR97], and 

observe that such a function can be computed in AC'[~]. In Section 8.4, we give a simple 

derandomization procedure for a construction in [SZ96], obtaining two more Boolean 

functions (computable in polynomial time and quasipolynomial time, respectively) that 

are hard with respect to 1-b.p.'s. In Section 8.5, we use our techniques to show that 

the class QP contains n - 0 (log n)-mixed Boolean functions. Finally, we give concluding 

remarks in Section 8.6. 



8.2 Preliminaries 

Below we recall the standard definitions of k-wise independence and ( r ,  k)-independence. 

By a sample space, we mean a subset Sn {O, 1)" that is defined using some algorithm 

A : {0,1)* + {O,l)* mapping 1-bit strings to n-bit strings (where I is uniquely determined 

by n) so that S, = { A ( x )  I x E {O,l)'). When we say that a string X E (0, l ) n  is sampled 

from S,, me mean that X = A(x) for x E (0, 1IL chosen uniformly at random. 

Let Sn be a sample space, and let X = xl.. . xn be a string sampled from Sn- Then 

Sn is k-wise independent if, for any k indices il < i2 < - < is and any k-bit string 

a, we have Pr[xi,xi2 . . . xik = a] = Tk. Similarly, for Sn and X as above, S, is ( E ,  k)- 

independent if [ P ~ [ x ~ , x ~ ,  . . . xi, = or] - 2-kl < E for any k indices il < i2 < - < ik and 

any k-bit string a. 

Naor and Naor [NN93] present an efficient construction of small ( E ,  k)-independent 

sample spaces; three simpler constructions are given in [AGHP92]. Here we recall just 

one construction from [AGHPW], the powering construction, although any of their three 

constructions could be used for our purposes. 

Consider the Galois field GF(2m) and the associated m-dimensional vector space 

over GF(2), where the field operations in this space are performed modulo the lexico- 

graphically first ' irreducible polynomial of degree m over GF(2). For every element u 

of GF(2m), let bin(u) denote the corresponding binary vector in the associated vector 

space. The sample space is defined as a set of N-bit strings where each string w 

is determined as follows. Two elements x, y E GF(2m) are chosen uniformly at random. 

For each 1 < i < N, the ith bit wi is defined as (bin(xi), bin(y)), where (a, b) denotes the 

inner product over GF(2) of binary vectors a and b. 

The next lemma follows from the results in [AGHP92] (Proposition 3 and Corollary 1). 

Lemma 8.2.1 (Alon-Goldreich-HLtad-Peralta [AGHP92] ) . The sample space 
- - - . - - - - 

'We have chosen the lexicographically first irreducible polynomial just to be concrete; any other 
irreducible polynomid would also work. 



POW? is (5, k) -independent for every k < N. 

As we have mentioned in the introduction, we shall view the strings of the sample 

space powLrn as the truth tables of Boolean functions of logN variables. It will be 

convenient to assume that N is a power of 2, i-e., N = 2". More formally, we define a 

function generator that associates with each pair of strings x, y E (0, lIrn an n-variable 

Boolean function 

where Z is a natural number whose binary representation is z E {O,l)". Observe that, for 

every x and y, the Boolean function Fz ,y (~)  is polynomial-time computable, provided that 

we are given the coefficients of the lexicographically first irreducible degree-m polynomial 

over GF (2). Our function generator satisfies the following lemma. 

Lemma 8.2.2. Let A be any set of k strings from (0, lIn, for any k < 2n, and let q5 be 

any Boolean function defined on A. I f f  = Fz, for a, y E {O,l)" chosen uniformly at 

random, then IPr[f la = c j ]  - 2-"1 < 2-(m-n), where f lA denotes the restriction of f to  

the set A. 

Proof. The k strings in A determine k indices iZ,. . . , ik in the truth table of f. The 

function q5 is determined by its truth table, a binary string a of length k. Now the claim 

follows immediately from Lemma 8.2.1 and the definition of ( E ,  k)-independence. 0 

Razborov [Raz88] showed that there exist complex combinatorial structures (such 

as the Ramsey graphs, rigid graphs, etc.) of exponential size which can be encoded 

by polynomial-size bounded-depth Boolean formulas over the basis {&, @, 1). In effect, 

Razborov gave a construction of +biased sample spaces (using the terminology of [NN93]), 

where the elements of such sample spaces are the truth tables of ~ ~ ~ [ 2 ] - c o m ~ u t a b l e  

Boolean functions chosen according to a certain distribution on AC'[~]-formulas. We 

describe this distribution next. 



For n, m, I E N, a random formula F(n, m, I) of depth 3 is defined as 

where {Aap7 XaP7} is a coUection of (n + 1)ml independent random variables uniformly 

distributed on {0,1}. The following lemma shows that this distribution determines an 

€-biased sample space; as observed in [Sav95], a slight modification of the above con- 

struction yields somewhat better parameters, but the simpler construction would suffice 

for us here. 

Lemma 8.2.3 (Razborov [Raz88]). Let  k,I ,m E N be any  numbers such that k < 
2"-', let A be any set of k strings from (0, I)", and let 4 be a n y  Boolean function 

defined on A. For a Boolean function f computed by the  random formula F(n, m, I) 

defined in (8.1), we have lPr[f la = 41 - 2-kl < e-12-", where f la denotes the restriction 

of f t o  the  set A. 

The proof of Lemma 8.2.3 is most easily obtained by manipulating certain discrete 

Fourier transforms. We refer the interested reader to [Raz88] or [Sav95] for details. 

Below we give the definitions of some classes of Boolean functions hard for 1-b.p.'s. 

We say that a Boolean function f, (xl, . . . , xn) is r-mixed for some r < n if, for every 

subset X of r input variables {xi,, . . . , xi,.), no two distinct assignments to X yield the 

same subfunction of f in the remaining n - r variables. We shall see in the following 

section that an r-mixed function for r = n - pogn] - 2 has a nonzero probability in 

a distribution Fn,m, where m E O(n), and in the distribution induced by the random 

formula F(n, m, Z), where m E O(1ogn) and 1 E poly(n). 

It was observed by many researchers that r-mixed Boolean functions are hard for 

1-b.p.'s. The following lemma is implicit in [Weg88, Dun851, and is a particular case of 

results in [Juk88, SS931. 

Lemma 8.2.4 ( [Weg88, Dun85, Juk88, SS931). Let fn(xl,. . .,x,) be a n  r-mixed 
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Boolean function, for some r < n. Then every I-b.p. computing f,, has size at least 

Following Savickji and Z& [SZ96], we call a function # : { O ,  1)" + { I ,  2 , .  . . , n) 

(s,  n, q)-complete, for some integers s, n, and q, if for every set I (1, . . . , n) of size 

n - s we have 

1. for every 0-1 assignment to the variables xi,  i E I, the range of the resulting 

subfunction of q5 is equal to { 1 , 2 ,  . . . , n), and 

2. there are at  most q different subfunctions of 4, as one varies over all 0-1 assignments 

to Xi, i E I.  

Our interest in (s,  n, q)-complete functions is justified by the following lemma; its 

proof is based on a generalization of Lemma 8.2.4. 

Lemma 8.2.5 ( ~ a v i c w - ~ ~  [SZ96]). Let q5 : (0, l)n + {1,2, . . . , n)  be an (s ,  n, q)  - 

complete function. Then the Boolean function fn(xl ,  . . . , x,) = xm( ,,,...,, requi~es I-b.p.  's 

of size at least 2"-'/q. 

The following lemma can be used to construct an (s, n, q)-complete function. 

Lemma 8.2.6 (~aviclj-25.k [SZ96]). Let A be a t x n matrix over GF(2) with every 

t x s submatrix of rank at least r .  Let $I : {0,1)' -t {1,2,. . . , n )  be a mapping such 

that its restriction to every a f i ne  subset of { O , l ) '  of dimension at  least r has the range 

{ 1 , 2  n }  Then  the function 4(x) = $(Ax) is (s ,n ,  2')-complete. 

A probabilistic argument shows that a t x n matrix A and a function @ : {0, 1I t  + 

{ 1 , 2 ,  . . . , n) exist that satisfy the assumptions of Lemma 8.2.6 for the choice of param- 

eters s, t ,  r E 0 (log n) , thereby yielding a Boolean function that requires 1-b.p.'s of size 

a t  least 2n-0(10gn). Below we will show that the argument uses only limited indepen- 

dence of random bits, and hence it can be derandomized using the known constructions 
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of (E, k)-independent spaces. We will utilize the following lemma due to Razborov; for 

completeness, we provide its proof. 

Lemma 8.2.7 (Razborov [Raz88]). Let I > 2k be any natural numbers, let 0 < 8, e < 

1, and let E l , .  . . ,El be events such that, for every subset I ( 1 , .  . . ,1) of size at most k ,  

we have IPr[AiprEi] - 61rll < E. Then Pr[Af,,&] < e-O1 + Gil) ( ~ k  + Bk). 

Proof. We f ist  consider the case where k is even. Let C1,. . . , Cl be independent events, 

each having the success probability 

P ~ [ v : , ~ E ~ ]  and Pr[Vb1Ci], we obtain 

8. Applying the Boole-Bonferroni inequality to 

that 

and 

The assumption of the lemma that El, . . . , El are almost k-wise independent implies 

that the right-hand side in (8.2) is at least 

On the other hand, the independence of Cl, . . . ,4 implies that 

Combining (8.2), (8.4), (8.3), and (8.5) yields (for even k) that 

In the case where k is odd, we use the above argument with k - 1 substituted for k. 

This completes the proof. Cl 
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8.3 Constructing (n- [log nl -2)-Mixed Boolean Func- 

t ions 

First, we give a simple probabilistic argument showing that r-mixed functions exist for 

r = n - [log n] - 2. Let f be a Boolean function on n variables that is chosen uniformly 

at random from the set of all Boolean n-variable functions. For auy Gxed set of indices 

{il,. . . , i,) C (1,. . . , n )  and any two fixed binary strings or = al,. . .,cq and ,B = 

A,. . . , a, the probability that fixing x i l , .  . . , xi, to cr and then to ,B will give the same 

subfunction of f in the remaining n - r variables is 2-', where k = 2"-'. Thus, the 

probability that f is not r-mixed is at most (:) ~ " 2 - ~ ,  which tends to 0 as n grows. 

IVe obsenre that the above argument only used the fact that f is random on any set 

of 2k inputs: those obtained after the r variables x i l 7 - - -  ,xir are fixed to a, the set of 

which will be denoted as A,, plus those obtained after the same variables are fixed to p, 

the set of which will be denoted as AB. This leads us to the following theorem. 

Theorem 8.3.1. There  is a n  m E O(n) such tha t  the  probability that  a Boolean n- 

variable funct ion  f = F,,y, for x, y E {O,l)* chosen uniformly a t  random, is r-mixed for 

r = n - rlogn] - 2 tends t o  1 as n grows. 

Proof. B y  Lemma 8.2.2, a random Boolean function f = FZ, is equal to any k e d  Boolean 

function q.5 defined on a set A, U Bg of 2k inputs with probability at most 2-2k + 2-(m-n) - 
The number of functions 4 that assume the same values on the corresponding pairs of 

elements a E A, and b E AD is 2k. Thus, the probability that f is not r-mixed is at most 

(:) 2" (2-" + 2-(m-n-k)). If m = (7 + 6)n for any 6 > 0, then this probability tends to 0 

as '72 grows. 

By definition, each function FZ,y : (0, lln + (0, I), for x, y E (0, lIm, can be com- 

puted by a Boolean circuit of size poly(n, m) . Given the coefficients of the lexicograph- 

ically first irreducible degree-m polynomial over GF(2), one can check in linear space 
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whether Fz, is r-mixed, for any given x, y E {0, lIm. The idea is to  use the "brute- 

force" algorithm which enumerates all possible subsets of size r of the set (xl,. . . , xn}, 

and checks whether any two distinct assignments to the selected r variables result in 

the same subfunction in the remaining n - r variables. Clearly, the coefficients of the 

lexicographically first irreducible polynomial of degree m over GF(2) can be found in 

O(m)  space (by a "brute-force" algorithm). It then follows fiom Theorem 8.3.1 that we 

can find an r-mixed function, for r = n - [log n] - 2, in LlNSPACE by picking the lexico- 

graphically first string xy of 2m bits that determines such a function. By Lemma 8.2.4, 

this function will have the optimal lower bound for 1-b.p.'s, R(2*/n). Thus, we have the 

following corollary. 

Corollary 8.3.2. The class LINSPACE contains a family f = {f,)n20 of Boolean func- 

tions fn that require 1-b.p.'s of size at least Q(2n/n). 

We should point out that any of the three constructions of small ( E ,  k)-independent 

spaces in [AGHP92] could be used in the same manner as described above to obtain an 

r-mixed Boolean function computable in LINSPACE n P/poly, for r = n - [log n] - 2. 

Applying Lemma 8.2.3, we can obtain an r-mixed function with the same value of r. 

Theorem 8.3.3. There a r e m  E O(1ogn) and 1 E poly(n) for which the probability that a 

Boolean n-variable function f computed by the random f o n u l a  F(n, m, 1 )  defined in (8.1) 

i s  r-mixed, for r = n - rlogn] - 2, tends to  1 as n grows. 

Proof. Proceeding as in the proof of Theorem 8.3.1, with Lemma 8.2.3 applied instead of 

Lemma 8.2.2, we obtain that the probability that f is not r-mixed is a t  most (:) ~ ~ ' ( 2 - "  + 
2-('2-m-k)). If m = [log n] + 3 and 1 = (6 + 6)n2 for any 6 > 0, then this probability 

tends to 0 as n grows. il 

Corollary 8.3.4. There exists a Boolean n-variable function computable by a polynomial- 

size depth 3 formula over the basis {&, @, 1 )  that requires a 1-b.p. of size at least R(2"ln) 

for all suficiently large n. 
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8.4 Constructing (s, n, q)-Complete Functions 

Let us take a look a t  the probabilistic proof (as presented in [SZ96]) of the existence 

of a matrix A and a function II, with the properties assumed in Lemma 8.2.6. Suppose 

that a t x n matrix A over GF(2)  and a function II, : {O, l I t  + {1,2, . . . , n) are chosen 

uniformly at random. For a fixed t x s submatrix B of A, if rank(B) < r,  then there is 

a set of at most r - 1 columns in B whose linear span contains each of the remaining 

s - r + 1 columns of B. For a fixed set R of such r - 1 columns in B, the probability 

that each of the s - r + l vectors chosen uniformly a t  random will be in the linear span 

of R is at most (2r-'/2t)S-rCL. Thus, the probability that the matrix A is "bad" is at  

most (:) (r!l) 2-(f-'+l)(~-r+l). 

For a fixed &e subspace H of (0, l j t  of dimension r and a fixed 1 Q i 6 n, the 

probability that the range of + restricted to H does not contain i is at most ( 1  - l/n)2r. 

The number of different afIine subspaces of {0 ,  l j t  of dimension r is at most 2(r+')t; the 

number of different i7s is n. Hence the probability that + is "bad" is at  most 2(r+L)tn(l - 

< 2(r+l)tne-2r /n. 

An easy calculation shows that setting s = r(2 + 6)  log nl , t = r(3 + 6) log nl , and 

r = [log n + 2 log log n + bl , for any 6 > 0 and su6ciently large b (say, b = 3 and 6 = 0 -0 1 

), makes both the probability that A is "bad" and the probability that II, is "bad" tend 

to 0 as n grows. 

Theorem 8.4.1. There are d l ,  d2, d3 E N such that every (2-d1 102n, d2 log3 n) -independent 

sample space over nd3-bit strings contains both matrix A and function $ with the proper- 

ties as in Lemma 8.2.6, for s, T, t E 0 (log n) . 

Proof. We observe that both probabilistic arguments used only partial independence of 

random bits. For A, we need a tn-bit string coming £rom an ( E ,  k)-independent sample 

space with k = ts and E = 2-c110g2n, for a sufliciently large constant q. 

Indeed, for a fixed t x s submatrix B of A and a fixed set R of r - 1 columns in 
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B, the number of "bad" t x s-bit strings a filling B so that the column vectors in R 

contain in their linear span all the remaining s - r + 1 column vectors of B is at most 

2(r-l)t2(r-L)(s-r+l) - - 2 r 1 s t r 1 -  If A is sampled £rom the ( E ,  k)-independent sample 

space with E and k as above, then the probabiliw that some fixed "bad" string a! is chosen 

is at most 2-ts + E.  Thus, in this case, the probability that A is "bad" is at most 

Choosing the same s, t, and T as in the case of fully independent probability distribution, 

one can make this probability tend to 0 as n grows, by choosing sufficiently large cl .  

Similarly, for the function +, we need a 2' [log nl -bit string from an (E, kl)-independent 

sample space with k' = cz log3 n and 6 = 2-c3 log3 " , for sufficiently large constants c2 and 

c3. Here we view the truth table of $J as a concatenation of 2' binary strings of length 

[log n] , where each [log nl -bit string encodes a number from (1, . . . , n}. The proof, 

however, is slightly more involved in this case, and depends on Lemma 8.2.7.  

Let s, r, and t be the same as before. For a fixed a f b e  subspace H (0, 1)' 

of dimension T ,  such that H = { a ,  a }  for 1 = 2', and for a fixed 1 i n, 

let Ej,  1 < j < 1, be the event that $(aj) = i when $ is sampled from the ( E ,  k f ) -  

independent sample space defined above. Then Lemma 8.2.7 applies with 0 = 2-rl0gn1 

and k = k'l logn = q log2 n, yielding that the probability that 1C, misses the value i on 

the subspace H is 

It is easy to see that the first term on the right-hand side of (8.6) is at most e-410g2 

(when b = 3 in r). We need to bound from above the remaining two terms: (&) 2-'P0gnl 

and ( : , ) ~ k .  Using Stirling's formula, one can show that the first of these two terms can 

be made at most 2-410g2 ". 



CHAPTER 8. HAELD FUNCTIONS FOR READ-ONCE BRANCHING PROGRAMS 157 

Indeed, using the fact that (T) < mm'/(l!), we have 

for some constant b' > b. By Stirling's 

2rk+r-k flognl 

(k + I)! 
22k log Iog n+(bk+Pog nlf2 log Log n+b) 

formula, k! 2 (k/e)k. Using this lower bound on 

k!, we can continue our sequence of inequalities as follows: 

By choosing c2 sufficiently larger than b', we obtain the required bound on (,I,) 2-kp0gn1. 

Having fixed c2, we can also ensure that our second term, (&)~k, is at most 2-410g2n. 

Indeed, we have 

By choosing c3 sufficiently bigger than q, we obtain the required bound. 

It is then straightforward to verify that the probability that ?,b misses a t  least one value 

i, 1 < i < n, on at least one affine subspace of dimension r tends to 0 as n grows. 0 

Using the sample space with N = tn E O(n log n) and m E 0 (log2 n) , we can 

find a matrix A with the required properties in D T I M E ( ~ O ( ~ O ~ *  "1) as follows: we find the 

coefficients of the lexicographically first irreducible degree-m polynomial over GF(2) (by 

a "brute-force" algorithm in time 2O(")), and then we search through all elements of the 

sample space and check whether any of them yields a desired matrix. Analogously, we 
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can find the required function II, in D T I M E ( ~ ~ ( ' ~ ~  "I), by considering, eg., POW&$ with 

Nr = 2tr10gnl and m' E 0(10g3 n). Thus, constructing both A and $ can be carried out 

in quasipolynomial time. 

Given the corresponding advice strings of 0(log3 n) bits (which include the coefficients 

of the irreducible polynomials of degrees m and mr as well as two binary strings of lengths 

2 m  and 2mr), + is computable in time polylog(n) and all elements of A can be computed in 

time npolylog(n). So, in this case, the function 4(x) = +(Ax) is computable in quasilinear 

time. Hence, by "hard-wiring" good advice strings, we get the function f n ( x )  = x+(,) 

computable by quasilinear-size circuits, while, by Lemmas 8.2.5 and 8.2.6, f, requires 1- 

b.p.'s of size at least 2n-(5+f)10gn, for any E > 0 and sufficiently large n; these parameters 

appear to be better than those in [ABCR97]. By making the advice strings a part of the 

input, we obtain a function in QL that requires 1-b.p.3 of size at least 2n-0(108n). 

These results are summarized in the following corollary. 

Corollary 8.4.2. The class Q P  contains a family f = { fn)n20 of Boolean func- 

tions that require 1-b.p.'s of size at least 2n-0(10gn). 

The class Q L  contains a family f = ( fn)n20 of Boolean functions that require 

I -b-p .  's of size at least 2nd0('09 n, - 

8.5 Constructing (n - O(1og n))-Mixed Boolean Func- 

tions 

In this section, we point out that the method used above to construct an (s, n, q)-complete 

Boolean function could be also used to construct an r-mixed Boolean function for r = 

n - 0 (log n) . This can be achieved by derandomizing Savickf's [Sav99] modification of 

the procedure in [SZ96]. For completeness, we present this modification below. 
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Theorem 8.5.1 (Saviw).  Let A be a t x n matrix over GF(2) with every t x s sub- 

mat& of rank a t  least r .  Let 11, : (0, 1It -+ (1, . . . , n) be a mapping such that, for every 

a f i ne  subset H (0, l j t  of dimension at least r - 1 and every vector A E { O , l ) '  such 

that H n (H + A) = 0, the following holds: for each 1 < i < n, there is a w E H such 

that $(w) = $(w + A) = i. Then  the function f (x) = x+) is (n - s) -mixed, where 

@(XI =@(Ax)- 

Proof. Fix an arbitrary subset I C (1,. . . , n) of size n - s. Let a, b E (0, I)"-' be two 

distinct assignments to the variables xi for i E I. Let y be the vector of xjcjs for j E T, i-e., 

the vector of the unset variables xi. Let Al be the t x (n-s)-submatrix of A that contains 

the columns of A with indices in fi let AZ be the t x s-submatrix containing the remaining 

columns of A. Thus, we have d(a, y) = @(Ala + A 4  and 4 ( b ,  y )  = +(Alb + A& 

Let A = Al (a  + b) and let U {0,1)' be the linear space of all possible products 

A2 y. Let i be the index such that ai # bi. To prove that f (x) is (n - s)-mixed, it suffices 

to show that there is a u E U such that @(Ala + u) = +(A16 + u)  = i. 

By the first assumption of the theorem, the dimension of U is at least r. It is easy 

to see that there exists a linear subspace U' c U of dimension at least r - 1 such that 

A U'. Define the &ne space H = A l a  + U'. Obviously, we have H + A = Alb + U'. 
Since A 6 U', we obtain that H n (H + A) = 0. Now, applying the second assumption 

of the theorem, we conclude that the required vector ZL E U exists. 0 

Theorem 8.5.2 (Savicw). The matrix A and the function $ as required by Theo- 

rem 8.5.1 exist for t, s ,  r E O (log n) and for all suficiently large n. 

Proof. As in our argument at the beginning of Section 8.4, we obtain that the probability 

that a random t x n matrix A is "bad" is at most @) (rf ,)2-(t--'1)(s~rC1). 

For a fixed affine subspace H of (0, lIt of dimension r - 1, a fixed vector A E (0, l I t  
such that X n (H + A) = 0, and a fixed 1 $ i 6 n, the probability that a random 

function $J fails to satisfy the condition $(w) = +(w + A) = i for every w E H is at most 
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(1 - l/n2)'-I. The number of different affine subspaces of (0, 1Ht of dimension r - 1 is a t  

most 2*; the number of different A's is at  most 2t; and the nurmber of Merent i's is n. 

E 2r-1 < 2(r+l)tne-2r-1/n2 Hence the probability that $ is "bad" is at  most 2('+')'n(l- l /n  ) , 
Let usset s =  r(3+6)lognl, t = [(5+b)logn], andr = r2logn+2loglogn+b],  

for any 6 > 0 and sufiiciently large b (say, b = 5 and 6 = 0.01). Then it is easy to verify 

that both the probability that A is "bad" and the probability t h a t  @ is "bad" tend to 0 

as n grows. 0 

This probabilistic argument can also be derandomized. 

Theorem 8.5.3. There are d l ,  d2, d3 E W such that every (24d1 lo.-? n, d2 log3 n) -independent 

sample space over nd3 -bit strings contains both matrix A and function $ with the proper- 

ties as in Theorem 8.5.1, for s,r, t E O(1ogn). 

Proof. The proof is very similar to that of Theorem 8.4.1. We use the values for s, r, t as 

given in the proof of Theorem 8 - 5 2  For the matrix A, the argument is exactly the same 

as in the proof of Theorem 8.4.1. 

For the function $, the difference is in the definition of the family of events Ej- Namely, 

for an a f i e  subspace H 2 {0,1)'  of dimension r - 1, such t h a t  H = {al,. . . , a l )  for 

1 =2'-', forafixed A E { O , l ) t  such that H n ( H + A )  =a, arndforafixed l < i < n ,  

we define Ej, 1 6 j < I ,  to be the event that $(aj) = $(aj + A n  = i when $ is sampled 

from the (E, k')-independent sample. Then Lemma 8.2.7 applies with 0 = 2-2r109n1 and 

k = k t / ( 2  logn). The rest of the argument is essentially the same. 0 

As in the previous section, we can construct both A and @ kn quasipolynomial time, 

by using an efficient construction of almost k-wise independents sample spaces. Hence, 

we obtain the following. 

Corollary 8.5.4. The class QP contains a family f = { fn)nao of (n - O(1ogn))-mixed 

Boolean functions fn. 
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8.6 Concluding Remarks 

We have shown how the well-known constructions of small ebiased sample spaces [Raz88, 

NN93, AGHP921 can be directly used to  obtain Boolean functions that are exponentially 

hard for 1-b.p.'s. One might argue, however, that the hard Boolean functions constructed 

in Sections 8.3 and 8.4 are not "explicit" enough, since they are defined as the lexico- 

graphically first functions in certain search spaces. It would be interesting to find a 

Boolean function in P or NP with the optimal lower bound Q(2"ln) for 1-b.p.'s. The 

problem of constructing a polynomial-time computable r-mixed Boolean function with r 

as large as possible is of independent interest; at present, the best such function is given 

in [SZ96] for r = n - n(J;;). A related open question is to determine whether the mini- 

mum number of bits needed to specify a Boolean function with the optimal lower bound 

for 1-b.p.'s, or an r-mixed Boolean function for r = n - rlognl - 2, can be sublinear. 



Chapter 9 

Conclusions and Future Work 

In this dissertation, we studied the relationship between nonuniform and uniform com- 

plexity classes. In particular, we saw how the connection between nonuniformly hard 

Boolean functions and pseudorandom generators (cf. Chapter 3) can be used to obtain 

an unconditional derandomization result for the probabilistic class RP in uniform set- 

ting (Chapter 5 ) ,  as well as to establish several interesting properties of exponential-time 

complexity classes in the standard setting (Chapter 6). We also discussed the complexity 

of deciding whether a given Boolean function requires a large Boolean circuit (Chap- 

ter 4), and showed how to construct a Boolean function of nearly maximum nonuniform 

hardness for a restricted model of computation (Chapter 8). Finally, we defined and 

studied a new probabilistic complexity class, APP, which, unlike any previously known 

probabilistic class, contains a complete problem; the problem complete for our class AP P 

is to compute the acceptance probability of a given Boolean circuit (Chapter 7). 

One of the major reasons for studying the relationship between uniform and nonuni- 

form complexity classes comes from its relevance to the P versus NP problem. It is well 

known that proving superpolynomial circuit lower bounds for a problem in NP would 

imply that N P # P. On the other hand, as we shall see below, proving weak circuit upper 

bounds for the class E would yieId the same conclusion. 
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Recall that size(n) is the maximum circuit size required by an n-variable Boolean 

function, and size(fn) is the size of a smallest Boolean circuit computing an n-variable 

Boolean function f,. For a binary language L, we think of its restriction L n (0,l)" to 

a length n as an n-variable Boolean function. The following theorem shows that if, for 

every binary language L E E, there is a length n such that L n {O, 1)" can be decided by 

a Boolean circuit of size less than the maximum, then NP # P. 

Theorem 9.0.1. I '  for every binary language L E E ,  there is an n E N such that 

size(L n (0, l)n) < size@) - 1, then NP # P. 

Proof. We prove the contrapositive: if NP = P, then E contains a Boolean function family 

f = {f,)n20 of maximum circuit complexity for alI n. 

The proof consists of two parts. First, we observe that the relation of being the 

lexicographically first Boolean function fn(xt, . . . , xn) of maximum circuit complexity 

over all n-variable Boolean functions can be readily expressed using a constant number 

of alternating quantifiers, with the quantifier-free part being checkable in deterministic 

time 2°(n). Therefore, f is computable in E';, for some constant k. 

Now, if NP = P, then CE = P. Hence, in this case, f is computable in EP = E. 0 

Given that there are not even superlinear circuit lower bounds known for any language 

in E, it is natural to contemplate the possibility that every language in E is nonuniformly 

"easy", i.e., can be decided by a family of Boolean circuits of size less than the maximum. 

Proving this may, of course, be extremely difficult, especially in view of Theorem 9.0.1 

above. However, the advantage of this approach towards the P vs. NP problem is its 

constructiveness in the following sense: rather than trying to  prove that no efficient 

algorithm (or a family of small circuits) exists, one tries to prove that there is a family 

of relatively small circuits. 

A potentially easier problem would be to try proving circuit upper bounds for the 

class LINSPACE. It  was noticed by Dieter van Melkebeek [van Melkebeek, personal 



communication, January 19991 that  Theorem 9.0.1 has an analogue for the NP vs. L 

problem; recall that L is the class of languages decidable in logarithmic space. That is, 

we have the following. 

Theorem 9.0.2. If, for every binary language L E LINSPACE, there is an n E N such 

that size(L n {0,1)") 4 size(n) - 1, then N P  # L. 

Proof. We prove the contrapositive. If NP = L, then, obviously, NP = P, and hence, as in 

the proof of Theorem 9.0.1, we conclude that E contains a Boolean function of maximum 

circuit complexity for all input lengths. 

On the other hand, if NP = L, then also P = L. The latter implies, by a simple 

padding argument, that E = LINSPACE, a d  so we are done. 0 

Finally-, we would like to make a remark on the nature of a possible proof that E is 

decidable by "small" circuits. How constructive can such a proof be? Will it provide 

a relatively efficient probabilistic algorithm for constructing these small circuits for a 

given language in E? Or, will it just argue that such circuits exist, without providing 

any efficient way of finding them? Since it seems quite unlikely that access to random 

bits can significantly speed up the recognition of languages in E, the second alternative 

appears more plausible. 
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