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Abstract 

Tracking a set of stationary targets in the field of view of a head-mounted 

camera c m  provide an estimate of head motion. In this thesis, a theoretical 

mode1 is developed relating the probability of false detection (POFD) of a 

stationary target by a cross-correlation detector, to the size, bandwidth and 

power of the target and spatially disjoint scene noise. Closed-form expressions 

are developed to provide insight into the fundamental processes that affect the 

POFD. It is shown, through rnodelling and computer simulations that 1) by 

reducing the difFerence in area between the image and target and by increasing 

the input SNR, the POFD is lowered and 2) that increasing either the signal 

or noise bandnridth resuIts in a POFD curve which rises initially, reaches a 

maximum and then falls. The POFD is shown to be governed by the signal 

and noise peak variance and the number of independent noise peaks. The 

results provide a foundat ion for the examination of "optimal" t arget selection 

criteria when targets s d e r  fiom additive noise or geometric distortions. 
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Chapter 1 

Introduction 

1.1 Motivation 

There exist numerous contexts in which knowledge of a subject's gaze in space 

over time, or scan path, is of value (Figure 1.1). Ln neurology, clinical tests 

based on scan path andysis have been used for diagnostic purposes, since 

anomalies in a patient's eye movements have been related to certain neuro- 

logical disorders [59]. In flight training, recordings of the visual behaviour of 

expert pilots in the cockpit have served as pedagogical examples in the instruc- 

tion of novice pilots 1581. In research psychology, the concurrent recording of 

a subject's scan path and verbal description of so-called "ink blots" have al- 

lowed researchers to investigate the correlation between what is said and what 

is seen. 

The determination of gaze in space requires knowledge of both the eye 

position and head position. A number of methods for measuring eye position 

exist. Among them is electro-oculography (EOG) [59] which measures eye 

position by recording the potential ditferences between two skin electrodes 



Figure 1.1: A sample scan path. 'S' denotes start position, 'E' denotes end 
position. Artificial markers currently being used are also shown. 

placed near the eye. Although it is the standard clinical technique, EOG suffers 

from poor sensitivity and a host of noise related problems, such as myographie 

artifacts. Another technique [2,59] uses a head-mounted CCD camera directed 

at the eye to capture an image of the pupil and corneal reflections that are 

created by the accompanying infrared LEDs. By measuring the position of 

the pupil relative to the reflections, an estimate of the eye position relative to 

the head may be obtained. 

Head position may also be estirnated by one of a number of meth- 

ods. One approach involves mounting inertial position sensors [59] such as 

accelerometers or gyroscopes on a helmet to measure the acceleration in each 

of the three orthogonal directions as a function of t h e .  From those measure- 

ments, the head motion may then be reconstructed. Because acceleration data 

is used, this method can be susceptible to noise. Another method known as 



magnetic head tracking [2] uses a stationary transmitter that emits a pulsed 

magnetic field which is sensed by a head-rnounted receiver. The signal is 

then processed to yield an estimate of the head position. Because measure- 

ments are sensitive to electromagnetic interference and the presence of large 

metal objects, this method can be unreliable in certain environments. A third 

alternativeand the one explored in this thesis-is to estimate head motion from 

the apparent "movernents" of stationary objects in the field of view (FOV) of a 

head mounted scene camera. One system currently being tested that uses this 

method involves placing specially designed markers (Figure 1.1) in the FOV 

of the camera to establish a 6xed frame of reference [58]. By tracking their 

movements within the FOV, an estimate of the head position may be found. 

By combining t his information with the eye-position information, (made rela- 

tive to the head) an estimate of the subject's gaze in space may be formed. A 

shortcoming of this approach however, is that the markers need to be manually 

placed in the FOV. Clearly, in some situations, this may not be convenient or 

even possible. 

In this thesis, we begin to examine a natural extension of the above 

approach that does not require the placement of artificial markers in the FOV. 

Instead, sdficiently "well-dehed" objects which occur naturally in the FOV 

of the scene camera are utilized as frame of reference markers. It is the notion 

of a "well-defined" object that we endeavour to give meaaing to. 

1.2 Problem Definition 

The problem described above is essentially one of pattern recognition (PR) 

involving the detection of a number of targets amidst an arbitras. background 

in each frame of a dynamic image sequence and the estimation of their re- 



spective positions. This task is complicated by a number of factors: 1) scene 

camera motion due to head movements results in targets being subject to 

geometric distortions which may be approximated as  translations, rotations 

and scalings; 2) targets may temporarily stray beyond the camera's field of 

view, thuç necessitating their recapture; 3) background clutter can be mis- 

taken for the true target; and 4) as the system is moved fkom one environment 

to another, changes in ambient illumination cause targets to undergo inten- 

sity variations. rlny detection scheme employed must therefore be sufficiently 

robust to account for these factors. 

The task maybe subdivided into a static problem and a dynamic p r o b  

lem. The aim of the static problem is to detect the presence of an object(s) 

somewhere in a larger, stiI1 image and to estimate its position in that image. 

In the dynamic problem, the ernphasis is on estimating and predictzng the 

position of the object(s) over time, given constraints such as continuity. For 

the purposes of this thesis, we consider only the static problem, leaving the 

dynamic problern for future work. 

The static problem posed by our particular application differs slightly 

from its more traditional casting. Typically, the goal is to detect the presence 

of an object which has been determined a priori (e.g. aircraft identification). 

Here, however, because any "easily detectable" object in the FOV can serve 

as  a frame of reference rnarker, the goal is to select the best possible objects 

for tracking. That is, we are afforded the luxury of selecting the target that 

is most amenable to detection and tracking. The fundamental issue then-and 

the focus of this thesis-is what charneterizes a optimal target. We distill this 

idea further after a brief survey of the relevant background and literature. 



1.3 Background 

1.3.1 Pattern Recognition 

-4 necessary step in any PR system is to measure the similarity between an 

image of interest (Le. an object) contained in a larger scene against a ref- 

erence image or template of some kind. Although raw Mage data may be 

compared directly, it is often more usefid and robust to represent the pat- 

tern in a more compact marner with functions of the pattern itself, known as 

features. 6 L G ~ ~ d 7 7  features not only eliminate the large amount of redundant 

information present in most natural patterns (331, but also retain a sufficient 

amount of essential information thereby dowing a pattern to be uniquely 

ident ified. 

Feature design varies greatly depending on what maybe reasonably as- 

sumed about the class of patterns to be recognized. Structural features at- 

tempt to describe a pattern in a heuristic manner, drawing on concepts such 

as shape 1461, curvature 147, 481 and topology [46]. illuch of stmctural PR 

has focussed on developing formal codes and "grammars" 1401 that are able 

to descnbe patterns which share a sirnilar topological or curve structure (e-g. 

handwritten characters, closed contours) in terms of a set of primitives. -41- 

though elegant, the ability to describe only a narrow class of patterns com- 

pounded by the frequent requirement that the input images be binary and 

free of any background, suggest that structural features are less effective in 

describing naturally occurring patterns about which little may be reasonably 

assumed. For this reason, our consideration of them ends here. 

The second class of features, statâstical features, are based stnctly on 

mathematical functions of a pattern, and can be somewhat more effective in 



representing more arbitra1 y images. Many statistical techniques have been 

developed, including the numerous transform domain met hods (e.g. Fourier, 

Radon, Hadamard, etc.) and Hu's moment invariants [25] [18, 561, although 

it has been shown that higher order moments s a e r  fkom noise sensitivity and 

information l o s  [Il. Despite such variety, however, comlation-based detection 

filters, and its numerous variants and descendants, remain predorninant. They 

have been-and still a r e the  subject of ongoing research even after their initial 

introduction to PR over 30 years ago. They typically make few assumptions 

about the input image? generally do not require substantial image preprocess 

ing (e.g. segmentation) and they often have efficient optical and/or digital 

implementations. As we shall see later, some variants also claim rotation and 

scale invariance. For these reasons, they are often good candidates for use in 

red-time PR problems, such as ours, in which little is known about the image 

a prion' and geometric distortions are a factor. We pursue them further in the 

following section, where ive develop some of their underlying theory. 

1.3.2 Correlat ion Filt ers 

Theoretical Basis 

The simple binary detection problem involves determining whether or not 

embedded within a received signal, r[Z], there exists a signal of interest or 

template, s [6 ] ,  at a known position, R = iG, where Z = [nz,ny] is a two- 

dimensional, discrete spatial variable. The basic estimation problem, on the 

other hand, involves determining the position of s[E] within r[ii], assuming that 

s[Z] is indeed present. However, in many applications such as ours, neither the 

signal's presence or location is known with certainty. Thus, we are concerned 

with both detection and estimation. 



Template s [ q  Image r[n) 

Figure 1.2: Template slides over image. Dotted region denotes domain of 
t emplate position. 

The problem rnay be approached by k t  measuring the similarity be- 

tween the template and every template-shed subregion in the received image. 

This may be achieved by "sliding" the template over the image (Figure 1.2) 

and computing the L2 norm-or mean-square error (MSE)-between s[Z] and 

r[Z], for al1 shifts, Z, of the template [14, 271. That is, 

where the summation denotes a double sumrnation over the vector k, and 

k spans the domain of the template, Clr.  The domain of the template is 

in tum dependent on the position of the template, fi. Note that 6 is such 

that the template is always completely within the boundaries of the image1 

(Figure 1.2), i.e., 6 E R,, so that it and the subregion it is being compared to 

is the same size; the MSE metric is meaningless if they are not. in principle 

t hen, finding the shift f i  = fi0 at which t[Z] is a minimum provides an estimate 

of the position of the signal, which is deemed present if the error at  that point 

lFor clarity, we intentionally defer the explkit definitions of Rk and R, to Chapter 2 



is below a preset threshold, or deemed absent, if it is not. Computationally, 

equation (1.1) can be made more efficient. Expanhg (1.1) yields, 

We immediately recognize that the 1 s t  term is simply the spatial cross- 

correlation, 

This is significant for two reasons: Firstly? it can be seen that by assuming that 

the fi& two terms in (1.2)-the local image and template energies respectively- 

are always constant, maximizing c[G] is tantamount to minimizing c2[Z]. Thus, 

a crosscorrelat ion peak, if above a preset threshold, indicates the presence 

of the signal of interest and its location provides an estimate of the signal's 

position. Secondly, a cross-correlation may be efficiently compu ted by opt ical 

correlation (411, fast founer transform (via the correlation theorem) [4], or even 

statisticd methods [3], making it suitable for real-the applications. A couple 

of heuristic comments are in order: 

Because correlation and convolution are related simply by a tirne rever- 

sa1 of the kernel, Equation 1.3 rnay be seen as a filtering operation in 

which the time-reversed signal is the impulse response of the filter; hence 

the term "correlation filter". Furthemore, because the filter kernel is 

"matched" to the signal of interest, crosscorrelation is also frequently 

referred to as classical rnatched filtering [57]. 

a Cross-correlation rnay dso be thought of as a projection operation [52]. 

Equation 1.3 is essentidy an inner product, and thus, the template 



vector may be thought of as being projected on to the received image 

vector. If they are perfectly correlated (i.e. identical) at a template shift 

5, the "angle" between them is zero and the correlation coefficient c[5] 

is unity. If, a t  the other extreme, they are perfectly uncorrelated, they 

are then orthogonal and the correlation coefficient is zero. 

Drawbacks 

Despite its merits, however, cross-correlation is not without its share of caveats. 

Firstly, mavimizing the cross-correlation does not always minimize the MSE, 

and thus its maximum value, even if above threshold, is not necessady in- 

dicative of minimum MSE. We recall that that claim was made under the 

provision that the k t  two terms in (1.2) are constant. It is easily seen that 

the template energy is constant; however, because the range of k is depen- 

dent on the position of the template, the local image energy in general, can 

Vary. The consequence of this may be illustrated by considering a situation in 

which the correlation is computed between a template and two separate image 

regions, one which matches the template identicdy but is dim (low energy), 

and one that does not but is bright (high energy). It is not difficult to see 

that the cross-correlation of the template with the high energy region will be 

higher than that with the low energy region even if the match is poor, thus 

suggesting that a correlation coefficient can be high, without the associated 

MSE being necessarily small. -4 common solution to this problem is to nor- 

malize the cross-correlation by dividing it by the local image energy at  every 

point [12, 141. That is, 



This operat ion, however, is very computationdy expensive, b r  it requires 

that the energy of every template-sized sub-region in the image be calculated, 

making it impractical for real-time applications. Furthemore, if the image is 

modelled as a random field, the estimation error (Le. the variance) associated 

with the numerator is compounded by that of the denominator, resulting in a 

greater overall estimation error in the cross-correlation than if it had not been 

normalized . 

Even when the local image and template energies can be considered 

constant, a problem still remains: target detection is only unique when the 

crosscorrelation maximum is exactly unity. That is, when the peak value is 

even slightly l e s  than one, there exists in principle, more than one pattern 

that will map to that value. Consider, for example, a 10 x 10 template that 

consists entirely of 1's. Cross-correlating the template with a 10 x 10 received 

signal also consisting entirely of 1's yields a correlation coefncient of 1 (after 

normalization). Detection is unique; only one signal-an exact replica of the 

templatecan produce a perfect match. However, if the received signal consists 

of 99 1's and a single O, yielding a correlation coefficient of 0.99, the location of 

that single zero is irrelevant-al1 100 versions of the signal will map to the same 

result. This is because crosscorrelation is essentially an energy measure-it is 

insensitive to the locations of the various pixel values in the domain of the 

summation. It is not difficult to see that as the correlation peak decreases, the 

number of possible signals that will Iead to the same peak value grows very 

quickl y. 

A third and significant limitation of cross-correlation is its sensitivi ty to 

geometric distortions. From (1.3), we can see that cross-correlation is equally 

sensitive to every pixel in both the test image and the template. This property 

is somewhat of a double-edged sword. It is desirable, because it is sensitive 



to the fine detail in an image; it is unmanted, becaw the height of the peak 

can drop off dramaticdy even with the srnailest perturbations in image scale 

and orientation. Using an aerial image as input, Casasent and Psaltis [8] 

showed that the output signai-tenoise ratio (SNR) of a classical matched 

filter decreased from 30dB to 3dB when the image was scaled by 2% and 

£rom 30dB to 3dB when it was rotated by 3.5". A similar experiment by 

Gianino and Horner [19] using a simple binary image showed the correlation 

peak decreased by 30% when it was rotated by 10" and by 50% when it was 

scded down by 10%. As we see in the chaptea to follow, such substantid 

iosses ul t imately manifest t hernselves a s  det ec tion errors. 

Finally, due to the dominance of Low frequency spectral components 

in natural images, crosscorrelation peaks have often been criticized for being 

broad and poorly localized [23, 521, thus hindering accurate estimation of the 

peak location. 

1.3.3 Towards Distortion Invariance 

Much effort has been expended in addressing the limitations associated with 

cross-correlation. in particular, a great deal of attention has been paid to 

improving cross-correlation's resistance to geometric distortions such as in- 

plane rotations and scalings. One approach involves exhaustively searching 

al1 possible template translations, orientations and scalings and determining 

which combination provides the best 'W' (10, 271. In effect, this amounts to 

performing a Cdimensional crosscorrelation-a very computationally labonous 

task. 



Fourier Mellin Transform 

A sornewhat more elegant technique, known as the Mellin transform [3, 8, 

9, 53, 54, 551, involves mapping the image to log-polar (Le. (log rt O ) )  coor- 

dinates. The use of polar coordinates naturdy leads to rotation invariance; 

rotations are registered as simple translations aiong the 9 &S. Scale invaxiance 

is achieved by using a logarithmic scde along the radial coordinate. Because 

the logarithm of a product is the sum of the logarithrns. scaiings are &O 

reduced to mere translations. Crosscorrelation, be it classical or phase-only 

[Il]  (see following section), is then performed in the log-polar domain. Furt her 

translation invariance can be achieved by applying the Mellin transform to the 

magnitude of the Fourier transform of the image [3], which is independent of 

position. 

In principle: the continuous Fourier-MeIlin transform is an eiegant solu- 

tion to improving cross-correlation's resist ance to geomet ric distortions. How- 

ever, implement ation of the discrete Fourier-MeIlin transform can be rat her 

tedious, due to problems relating to finite image size and the non-uniform 

sampling inherent to the log-polar grid [3, 111. 

Synthetic Discriminant Fwictions 

A third method that has gained rnuch attention since its introduction by 

Casasent, involves the synthesis of a general-distortion invariant, composite 

detection filter known as a Synthetic Discriminant Function (SDF) 16, 7, 32, 

34, 38,421. SDFs are composed of a linear combination of training templates2, 

each representing the object at  a different distortion (e.g. a different orienta- 

tion and/or scaling.) The weights corresponding to each training template are 

*For this reason, SDFs are also known as composite filters. 



chosen such that the projection (i.e. colrelation) of the SDF on an unknown 

image is unity if the image corresponds to one of the templates, and zero if it 

does not. The p ~ c i p l e  behind SDFs is similar to that of an exhaustive search 

over all crosscorrelation templates (described above), in that they both at- 

tempt to match the image of interest against a number of distorted versions 

of a template. The difference however, is that SDFs are formed oflzne and 

thus the very computationally expensive task of searching the parameter space 

odine is avoided, making real-time pattern recognition more feasible. Further- 

more, because an SDF is formed from a set of training images, the distortion 

may be of any form-non-linear, 3-D, etc. [37]. It need not be a well-defined 

coordinate mapping. 

While Casasent's early work provided a rigorous framework for the basic 

SDF concept, it did not consider the effect of noise. Eventually however, an  

analytic treatment of the impact of noise on SDF performance was carried out 

by Kurnar [39]. An SDF composed of a number of training images at different 

rotations was constructed. A noisy version of the image was then correlated 

with the SDF at severd different rotations. As expected, the output SNR of 

the filter was oscillatory with the rotation of the noisy image; maxima at the 

rotations corresponding to those of the training images, minima in between. 

-4 key conclusion of that study was that the worst-case output SNR (i.e. a t  

the minima) can be increased by increasing the number of training set images, 

but only at the expense of decreasing the best-case output SNR (i.e. at the 

maxima). 



1.3.4 Improving Peak Localization 

Phase-Ody Filters 

The taçk of improving peak localization has also been deait with at length by a 

number of authors. Phase-only filters (POF) [IO, 11, 231 nomalize the magni- 

tude spectnun of the input image to unity across ail fiequencies by dividing its 

fourier transforrn by its magnitude, leaving only the phase information. The 

result is a whitened signal, which when cross-correlated with the template, 

yields a very sharp peak, leading to a better estimate of the peak location. 

Because the remaining phase information has been shown to be very impor- 

tant in encoding highly informative shape information [49], phase correlation 

is also effective in improving discrimination between objects [23]. h significant 

drawback of POFs however, is that they are very sensitive to geometric d i s  

tortions. Because they have a whitening effect, they increase the amplitude of 

high frequency components that are otherwise negligible. This spectral broad- 

ening results in an increase in the filter's space-bandwidth product (SB WP) , 

which has been shown to increase the rate at which the correlation falls with 

distortion 181. The consequence then, is that phaseonly filters are in general, 

less resistant to geometric distortions than classical matched filters [NI. 

-4 close cousin of the phase-only filter is the binary phase-only filter 

(BPOF) [13, 16, 17, 241. The principle behind the BPOF is the same as 

that of the POF, but instead of a continuum of phase values, BPOF phase 

information is quantized to two bits (i.e. binarized). The motivation for the 

BPOF is largely practicai, since much of the optical and electronic hardware 

used to generate phase-only filters work particularly well in binary phase-only 

mode [24]. 



Ot her Techniques 

S-nt het ic discriminant funct ion based t ethniques, such as the minimum vari- 

ance [38] and minimum average correlation energy filters [42], have also been 

proposed to enhance peak localization by supprefsing the intensity of correla- 

tion sidelobes. More recently? we have seen the introduction of filters which 

are perhaps best classsed as descendants of correlation-based filters, but are 

not correlation filters per se. These filters also attempt to increase the signal 

output, while suppressing unwanted noise. The method of Nonorthogonal Im- 

age Ezpansion [5, 51, 521, proposed by Ben-Ane and Rao has been shown to 

yield very sharp peaks with relatively low sidelobe response, as have the opti- 

mal filters introduced by Javidi et al [29, 30, 311. These filters often improve 

output response by utilizing some statistic of the test image itself, such as the 

power spectrum or noise mean. 

1.3.5 Image Characteristics 

In the above discussion, we alluded to how certain image characteristics, such 

as spatial energy distributicin and spectral content, can influence the detection 

performance of a correlation filter. Indeed, the relationship between a signai 

and its processor is intimate; one cannot examine the efficacy of the proces- 

sor without regard for the characteristics of the signal, nor can one determine 

relevant signai characteristics wit hout regard for the processor. Having briefly 

examined some of the properties of the cross-correlator, we now turn Our at- 

tention to some relevant signal characteristics. 

.4 received image is frequently modelled as the sum of a random3 signal 

3We adopt Papoulis' [50] typogaphical convention of boldfacing ali random variables. 
(e-g- 43) 



centered at  f i  = Go and some form of random noise, nifi]: 

For purposes of analflic tractability, it has often been assumed evplicitly or 

otherwise, that the noise in (1.5) satisfies one or more of the foliowing con- 

ditions: 1) it overlaps the target [36, 39, 451, 2) it is uncorrelated with the 

target [45], 3) it is characterized by stationary statistics [45], and/or 4) it is 

white [39]. While such assumptions may be useful for modeling sensor noise or 

simple backgrounds such as terrain [21], they often do not hold in real images. 

-4 key observation made by Javidi and Wang was that in many PR problems, 

the unwanted noise is not usually the random system noise associated with the 

imaging system that is often modeled, but rather the scene noise [28]. Any- 

thing in an image that is not part of the target, such as background clutter, 

other objects, etc., may be collectively referred to as scene noise. 

Because it can be so varied in nature, scene noise is difficult to model, 

especially if the image clasç is unspecified. However, a few general comments 

can be made about it. Firstly, it is spatially disjoint fiom the target [28, 291. 

That is, it does not overlap the target. Secondly, because it often contains 

signai-like objects, regions within the scene noise are often correlated with the 

target. Thirdly, it is never white-real images are generdly low-pass and thus 

neighbouring pixels are correlated. Finaily, scene noise is non-stationary-its 

first and second order statistics are typically space-dependent. We shall at- 

tempt to describe some of these characteristics in a more quantitative rnanner 

in Chapter 2, where we employ a mathematical image model in our examina- 

tion of the detection performance of the cross-correlator. 



1.4 Overview of Approach 

We recall from Section 1.2 that because our application is such that the targets 

to be detected are not prescribed but may be selected, we are interested in 

what characterizes an optimal target. .4t that point, however, we were rather 

ambiguous as to what we meant by "optimal" nor had we specified a processor. 

We now give our problem a more precise definition. 

Numerous detector performance metrics have been suggested in the lit- 

erature [22, 29, 37, 15, 52, 571. Amongst the more common ones are the 

classical output SNR [57], the peak-to-sidelobe ratio [45] and the peak-to- 

output-energy ratio (POE) [29]. We refrain from a lengthy treatment of al1 

these rneasures here. Suffice to Say, however, that almost al1 of these def- 

initions are ratios of some output signal characteristic to some output noise 

characteristic. In the end, they are d rather arbitrary and ultimately, they d l  

indirectly attempt to descnbe a most basic idea: how often the detector will 

fail, that is, the probability of false detection (POFD). It is in this sense-the 

POFD sensewhich we define "optimality" . 
Turning our attention to the processor, we recall that at the close of 

section 1.3.1, we provided some rationale for focusing on correlation-based 

methods. Because crosscorreiation f o m  the ba i s  for many such methods, it 

would seem that it is worthy of some theoretical study- However, as we saw in 

sections 1.3.3 and 1.3.4, most of the work has been devoted to introducing new 

techniques that address specific problems associated with cross-correlation. 

In Our survey of the literature, some authors have attempted to provide a 

theoretical basis for spatial crosscorrelation performance [15, 26, 28, 35, 36, 

37, 39, 43, 44, 451. Of those however, only Mostfavi/Smith [44] and Ianiello 

[26] dealt with performance in terms of false detection probabilities. We base 



some of our anaiysis on their work, as weU as Javidi and Wang's [28], who 

introduced the concept of spat idy  disjoint scene noise. 

hpl ic i t  in our notion of a L'optimal target" is that the characteristics 

of the target and those of the scene noise may be selected such that the prob 

ability of false detection is made small. Characteristics of particular relevance 

to our application are the 

size, bandwidth and power of the target and scene noise 

correlation between target and scene noise 

0 image orientation and scale. 

In this thesis, we pursue the first of these characteristics. Through the 

development of a theoretical model, (Chapter 2) and its verification through 

computer simulations, (Chapter 3) we attempt to gain some insight into how 

the various target and scene noise characteristics influence the false detection 

rate. Results from those studies are then used to select "optimal" txgets from 

real images (Chapter 4). 



Chapter 2 

T heoret ical Development 

In this chapter, we examine how the spatial characteristics of the target in 

relation to those of the scene influence the fundamental processes that affect 

the probability of false detection. Through the use of a stochastic image 

model, we are able to derive closed-form expressions that lend insight into 

the nature of those processes. The analysis can also serve as a fondation for 

studying the effects of other factorssuch as geometric distortions-on detection 

performance. 

2.1 Image Mode1 

We model a discrete1, random received image, T[ i i ] ,  as the sum of a random 

target signal, S[Z], and random, spatially disjoint scene noise, ii[Z], which 

surrounds the target: 

'That is, s[5J = s,(iïAz), where s, is a continuous signa1 and Az is the sampiing 
period. 



Note that E[R] is centered at 5 = 5 with no loss of generality. To simplify 

the analpis, S[8] and ii[Z] are assumed to be uncorrelateci. The signal, or 

template, mzy be written as 

where s[Z] is a zero-mean2, Gaussian, stationary signal wit h autocorrelation 

RSs[Z], and w,[R] is a window that defines its extent: 

The region 0, may be of arbitrary shape; however, to maintain analytic 

tractability, we assume that i t  is an N, x Ns sample square3 (Figure 2.l(a)): 

The scene noise may be similarly written as 

where n[Z] is zero-mean, Gaussian, stationary noise with autocorrelation 

&,[fi], and w,[C] is a window that defines its extent. Because the scene noise 

does not overiap the signal, but surrounds it, the noise window is written as 

2Since any DC bias may be easily subtracted as a part of preprocessing, we may, without 
any loss in generality, simplify our analysis by assiiming that aU images are zero-mean. 

3Because n., n, E 1, thi domain definition is problematic when N. is odd, since 
woidd be non-integer. To remedy this-and to avoid introducing any more notation-we 
simply assume that al1 fractions of this kind-where the quotient is necessarily integer-are 
rounded to the next highest integer, Le. % ceil($). 



Figure 2.1: (a) Regions in image domain (b) in crosscorrelation domain. 

where w,[Z] defines the extent of the image: 

1 n a ,  

O otherwise. 

Again, for simplicity, we assume the image-and thus 0,-is an N, x 1V, square: 

It is also assumed, of course, that R, C R,, Le. Ns < N,. It follows from (2.6) 

that the domain of fi[ii] is the "difference" between R, and 0,: 

where and n denote set cornplexnent and set intersection respectively. By 

combining (2.1), (2.2) and (2.5), the received image may be written as 



Figure 2.2: Profile of R,,[Z]. 

The exact f o m  of the signal and noise autocorrelation hinctions Rss[Z] 

and &,[fi] is somewhat arbitrasr, although as noted in chapter 1, image spec- 

tra are generally low-pas in nature. To be concrete, however, we choose 

triangular autocorrelation functions: 

where E {a) is the expectation operator, o: and u: are the signal and noise 

variances, and a, and a, are the signal and noise bandwidths4 in units of 

inverse sarnples5 (Figure 2.2). tri[cri?] is a 2-D triangle function defined as 

( O  O t herwise . 

-4s shown in Section A. 1, stochastic signals with tnangular autocorrelation 

functions are easily generated by convolving white noise with a boxcar filter 

(i.e. a filter with a rectangular impulse response). 

A couple of remarks concerning the model: 

4.4 physical interpretation of bandwidth is given in appendix -4.1 
S T h ~ ~ ,  a,,a, < 1. 
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0 In practice, there exist two sources of noise: scene noise-which we have 

modelled-and random background noise, asociated with the physicai 

environment and imaging system (e-g. effect of Lens abberations during 

camera movements). We have elected to exclude the effect of background 

noise, since its inclusion would do little to augment the fundamental re- 

sults of our study. However, one should be mindfui that in the context of 

real images, its ubiquitous presence can be a significant factor in driving 

up the probability of fdse detection in certain situations (Section 3.3). 

0 Our assurnption that the signal and noise are Gaussian may seem some- 

what idealized, but not entirely unjustified. According to [20], "Intensity 

distributions of windows from natural images can usually be approxi- 

mated by normal distributions", which when taken in conjunction with 

the ergodic hypothesis, provides some rationale for our assumption. 

The mode1 described here is not intended to be a comprehensive r e g  

resentation of al1 real images. It does however, incorporate certain important 

features of real images, including their finite extent, low-pas spectral charac- 

teristics, and the non-overlapping nature of scene noise. Because it is suffi- 

ciently simple, it is to some extent, amenable to closed-forrn analysis, which is 

useful in uncovering the fundamental processes that affect the false detection 

rate. 

2.2 Cross-Correlation 

The cross-correlation between the received image and the template is given by 



where k spans the domain of the template (region nt), 6 is such that the 

template is always within the boundaries of the image (region Q c ) ,  and the 

normalking factor, a,, is the average energy of the target given by6 

Explicitly, Rk and R, are defined as 

and are N, x N, and (iV, - iV, + 1) x (NT - Ns + 1) in size, respectively. 

Substitution of (2.10) into (2.15) yields7 

That is, the totai cross-correlation can be expressed as the sum of the cross- 

correlations between the template and the individual components of the re- 

ceived image. It proves convenient to write (2.19) as 

where 

is the average signai power-the energy per unit area. Thur, multiplying by NZ-the 
area of the target-yields the target energy. 

'In the interest of notationd brevity, it is hereafter assumed that E E R. and Z E Q,. 
unies ot herwise specified. 



To develop a better sense of the physical meaning of these equations, it is 

useful to examine (2.21) and (2.22) in a more heuristic marner. 

Concerning (2.21), we observe that c,[q is nothing more thao the 

autocorrelation of the template itself. It is non-zero in the (2 Ns - 1) x (2 N, - 1) 

region defined by 

(Figure 2. l(b))  and is a maximum at fi = O, the shift at  which the template 

lies directly over the target. The manner in which the height of the maximum 

is distributed may be seen by setting C = 8 in (2.21): 

c,[q = a;' C g2[k] 

-it can be approximated by a chi-squared probability density function. It is not 

ezactly x2, since neighbouring samples in l[6] are not independent. Note how- 

ever, that if the number of terms in (2.21) is increased-thereby increasing the 

number of independent terms-cZ[a may be approximated as a Gaussian RV, 

via the Central Limit Theorems (CLT). This may be achieved by increasing 

the size and/or the bandwidth of the target. Thus, for high space-bandwidth 

product (SBWP) targets, the height of the crosscorrelation peak is essentially 

normalIy distributed. As shown in Section X.2, the mean of the distribution, 

i-e. the average peak height, is unity: 

The variance in peak height when Ns > l /u ,  is given by: 

8Central Limit Theorem: as the number of arbitrarily distributed independent RVs in- 
creases, their sum approaches a Gaussian RV. 



Figure 2.3: Spatial dependence of 

as shown in A.3. Note that as ( N , ~ , ) ~ - t h e  signal space-bandwidth product- 

increases, cri  decreases monotonically. 

Equation 2.22 is the signal-noise cross-correlation, which like c[Z], is 

defined on region Rc. Like c,[Z], the PDF of ç&T] at  the limit of large 

signal or noise SBWP may be reasonably approximated as Gaussian. Because 

the signal and noise are uncorrelated, the mean of ~ ~ [ i i ]  is zero for al1 ia E R,: 

The variance, however, is space-dependent. -4 sense of the functional relation- 

ship between variance and position may be gained by considering a template 

that is initially located at G = O. Because it exactly overlaps the zero-region 

of iï[ii] (i.e. region R,), the variance is clearly zero. -4s the template slides 

to one side (Figure 2.3), the portion that overlaps the non-zero region of 6[6] 

(Le. region Qn) increases linearly, resulting in a corresponding linear increase 

in variance. Finally, when the template is completely within Rn, the variance 

becomes constant. This constant M a n c e  region is defined by 

(Figure 2 4 b ) ) .  As shown in Section A.3, the variance of %-[fi] in this region 



when N, > l/a,, l/a, is given by: 

We see that is inverseh proportional to o:/a;f, the input SNR (SNRJ; 

the greater the SNR, the smaller the noise peak variance. Furthemore, ozms 

decreases monotonically with (Nsas)2 (or ( L V , ~ , ) ~ )  as well as with (c~,/cY,)~ 

(or Note that when 03: = on and as = a,, (2.29) collapses to half 

2.3 Probability of False Detection 

We may measure the det ect ion performance of the cross-correlat )y deter- 

mining the frequency with which a false peak is mistaken for the true peak- 

that ist the probability of fdse detection (POFD) or the false alarm rate. More 

precisely, we wish to find the probability that 

A : one o r  more points in c[fil1' iï E Oc, 5 # 8 exceeds the true 

signal peak, CO (Le. c[a). 

CVe may express this formally as 

where PFD is the probability of false detection and 



Signai Peak 

Noise Peaks 

Figure 2.4: Cross-correlation and its associated PDFs. 

where u denotes set union and 5 E Clc7 ii # 6. It is useful to think of P { A )  in 

terms of its frequency interpretation [50]: Given a large number of realizations 

of cifi], each realization will contain a true, signal peak and a number of noise 

peaks (Figure 2.4). P{A) may be thought of as the fraction of realizations 

that contain one or more noise peaks which exceed the signal peakg. Three 

variables d e c t  P { A ) :  

Signal peak variance. -4s O& increases, the overlap between the signal and 

noise peak PDFs also increases (Figure 2.4), thereby increasing the probability 

of false detection. As shown in (2.26), & is a function of the signal SBWP. 

' ~ h e  true peak may be thought of as a variable threshold which changes with each 
realization. 



Noise peak variance. Likewise, as es increaseç, the probability of false 

detection also increases. We see in (2.29), that is a function of the input 

SNR, the target size, and the target and noise bandwidth. We note especially 

that the target bandwidth has a Iarger effect on the noise peak variance than 

the noise bandwidth when the target bandwidth is larger, and vice versa. 

Number of independent noise peaks. -4s the number of independent 

noise peaks increases, the probability that ut least one peak will exceed the 

signal peak also increases; it approaches unity a s  the number of peaks a p  

proaches infinity. The number of such peaks is partially dependent on the 

noise SB WP: -4s Rn increases in size, so does a,, t hereby increasing in the 

total number of peaks. Equivalently, as the bandwidth increases, the width 

of the peaks decreases, resulting in an increase in the number of independent 

peaks in a given area. The number of noise peaks is also influenced by the sig- 

nal size and bandwidth. Because the noise does not overlap the target, a large 

target will reduce the area of the noise, thus reducing the number of peaks. A 

low bandwidth target will also reduce the number of independent peaks, for it 

will tend to smooth out higher bandwidth noise, eliminating peaks as it slides 

over it like a low-pass filter. Conversely, a high bandwidth target will tend to 

leave noise of lower bandwidth unaffected. 

It is important to note that these three nriables are not independent 

of each other. Changing the target size, target bandwidth or noise bandwidth 

affects both the noise peak mriance and the number of noise peaks simulta- 

neously. A change in the image size however, will affect only the number of 

noise peaks. 

Ln quantifjring P { A ) ,  we simpli- the task by first rewriting (2.30) in 



terms of its cornplement: 

The computation of the joint probability P{n {c[ii] < col) is complicated by 
iï 

the fact that the samples in c[ii], X e  not independent. Since crosscorrelation 

is essentially a filtering operation and both the received image and target are 

coloured, neighbouring samples in c[E] are not independent. The consequence 

of this is that the joint probability density h c t i o n  (PDF) is not simply the 

product of marginal densities, and thus 

The most direct and exact approach for computing the joint probability is 

to actually form the joint PDF then integrate it over the appropriate range. 

However, a littie foresight reveals that this is a computationally daunting task. 

Note that the set in (2.32) is over an ( ( N ,  - N, + 1)2 - 1) point region. Thus, 

an ( ( N ,  - .V' + 1)* - 1)-variate PDF would be required. Because of (2.33), the 

resulting integral would also not be separable. Even for images of modest size, 

the computational time required for such an integral to converge would be 

enormous. Thus, the means to an exact determination of the joint probability 

is effectively made unavailable. h o t h e r  approach is required. 

We were not able to use (2.33) because in general, not al2 samples in 

c[E] are independent. However, if we can estimate the number of samples in 

c[Z] which are independent-that is, the number of independent noise peaks- 

we t hen can use the foilowing independence-based approximation to estimate 

the joint probability: 



where  CI^, CI*, . . - , C I M  are the M independent sarnples. That is, the effect of 

a large number of partially correlated samples may be simulated by replacing 

thern with a smaller number of independent samples. 

In general, the number of independent samples in a given region de- 

pends on the statistics of that region. In a stationary, high bandwidth region, 

the nurnber of independent samples is large and the spacing between inde- 

pendent samples is s m d  and uniform. Conversely, in a non-stationary, low 

bandwidth region, the oppoàte is tme. Strictly speaking, determining M 

for c[Z] would involve computing the number of independent samples in re- 

gion Oc,,, (stationary) and region QG, (non-stationary) and h d i n g  their sum. 

However, it proves sufficient to evaluate M over region n, only, provided RC-, 

is sufficiently small. 

An estimate of kl on QG,,, may be obtained by first determining the cor- 

relation area, .v. The correlation area rnay be thought of as the 2-D analog 

to the 1-D correlation length, Ni-the number of samples between indepen- 

dent ~arnples'~. In general, the correlation Iengt h cannot be precisely defined, 

since the correlation between samples typically does not fa11 to zero exactly, 

regardles of how large the separation. Fortunately however, our choice of 

triangular autocorrelation functions for both the signal and noise (Equations 

(2.12) and (2.13)) dards us an exact definition for the correlation length (see 

Section A.3): 

That is, the correlation length of c[Z], f i  E Cl,, , is simply the sum of the 

correlation lengths of the signal and noise. The number of independent samples 

in Q, is then simply the ratio of the axea of Rcn, to the correlation area, i.e. 

''For example, if two adJt&ent samples are independent of each other, Ni = 1. 



the "area per independent sample" : 

.4n inspection of (2.36) confirms our earlier intuition that the oumber of in- 

dependent noise peaks, LM, is driven primarily by the signal if its bandwidth 

is lower thao that of the noise and vice versa. For example, if a, is very large, 

lia, O and the lia, term dominates. 

Having determined M ,  we retum our attention to equation (2.34). Be- 

cause we are only concemed about region 0, which is stationam the inde- 

pendent samples CI, are dl identicdly distributed. It follows then, that (2.34) 

becomes 

P{Q {c[q < co)) z P{cr < colM (2.37) 
n 

where we have dropped the subscnpt m without ambiguity. If the CLT holds as 

descrïbed in 2.2. t hen CI is distributed according to N(pcnr ; ozn, ) IL. Similarly, 

Co is N(p,;a:). 

In computing P{cr < col, we h t  note that 

PicI < c0) = P{cI - CO < O).  (2.38) 

Because Cr and co are both Gaussian, CI - co is also Gaussian with mean 

p1,, - pco and variance ozw + 9,. Thus, 

l1 N (71; O* )  denotes a normal RV with mean 71 and variance 02. 
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Before proceeding to find PFD, we must first assert an equality in (2.37). 

We may do this by introducing a constant, y, into the exponent: 

The constant is squared to emphasize that the eaupression represents a two- 

dimensional process. Physically, 7 adjusts for the presence of the partially 

correlated samples between the independent cr7s, whose probability contribu- 

tion we have not yet accounted for. One can see that P{cI  < c ~ ) ~ ' ~  c P{cr < 

colM? since, in effect, we are "requiring" that not o d y  the independent Sam- 

ples, CI, be l e s  than CO, but the partially correlated samples as well-a less 

probable event. It follows then that y > 1. The exact value of 7 is in general, 

difficult to determine, although it seems likely that it is dependent on &,, [Z]. 

There is one exception, however: if there are no correlated samples between 

independent samples (i.e. c[Z] is white), then y = 1. 

Finally. combining (2.30), (2.32), (2.39) and (2.40) yields the probability 

of false detection: 

Since p,,, = O and p, = 1, the Gaussian is centered at y = - 1. Translating 

it to y = O and adjusting the upper limit of integration, we obtain 

It is important to recognize the assumptions that underscore equation (2.43): - The signal and noise are uncorrelated. 



a The signal and noise are zero mean. 

a The signai and noise variance is constant within their respective domains. 

a The height distributions of the signal and noise correlation peaks are 

Gaussian. This is only tme when the signal and noise space-bandwidth 

products are sufficiently large (> 250). 

The size of the target is s m d  in cornparison to that of the image, and 

thus, the contribution to the probability of false detection from the non- 

stationary cross-correlation region (i.e. region Oc-,) is negligible. In 

effect then, PFD is the probability that noise peaks in the stationury 

region only (Le- region C l ,  ) exceed the signal peak. 

The three variables that influence the probability of false detection, PFD, are 

1) the signai peak W a n c e ,  a:, 2) the noise peak variance, & and 3) the 

number of independent noise peakç, M. An iincrease in any one of these 

variables results in a correspondhg increase in PFD. The equations t hat govem 

t hese variables are (2.26), (2.29) and (2.36) respectively, which we restate here 



Table 3.1: Effects of mode1 parameters. t = increase, J. = decrease, - = none. 

for convenience: 

The effects of the mode1 parameters on a:, and M are surnmarized in 



Chapter 3 

Statistical Simulation 

In this chapter, we present experimental vefication of the theoretical results 

denved in chapter 2. Because the theoretical model is inherentiy statisticd in 

nature, so were the cornputer simulations which were employed to verify its 

validity. We begin by detailing the technicd aspects of the simulation. That 

is followed by a presentation and discussion of one-dimensional results. The 

chapter concludes with an examination of the limitations of the theoretical 

model . 

3.1 Technical Description 

Because our theoretical model is based on 2-D signals, ideally, our simulations 

should have also been based on 2-D signals. However, due to the large numbers 

of realizations required for statistically significant results, the computational 

time required would have been prohibitive. For this reason, we chose to restrict 

our simulations to 1-D signals. Thus, although we will continue to use the 2-D 

mathematical notation, the reader should be wary that the results presented 



Figure 3.1 : System diagram. 

in Section 3.2 arise fiom l-D signals. For convenience, l-D versions of key 

equations have been included in Section -4.5. 

The various stages of the simulation are surnmarized in Figure 3.1. 

Sample functions of the signal and noise were generated by convolving dif- 

ferent (i.e. uncorrelated) white noise realizations, q[5], with boxcar fil- 

ters, hs[Z] and &[fil, respectively (Equations (-4.5) and (A.6)): whose band- 

widths ranged from 1-25 Hz1. To reduce aliasing, a sampling frequency 

of fs = 100 Hz was used. Thus, dl signals were a t  least 2x oversam- 

pled (Nyquist frequency = 50 Hz). The relatively short sampling period (i.e. 

Ax = l/ f, = 0.01 s) was also advantageous in enhancing the validity of the 

integral approximations in Equations A.22 and A.30. The bandwidths in the 

1-25 Hz r a g e  were chosen such that there were no quantization errors. That 

is, filters were an integer number of points in length2. Filters that were used 

and that satisfied this requirement had lengths Nh, of 100, 20, 10, 5 and 4 

points, which corresponded to bandwidths of 1, 5, 10, 20 and 25 Hz, respec- 

'The actualpbandwidth in Hertz, BW, rnay be related to the bandwidth in inverse sam- 
ples, a, by: BW = a/ Ax, where Ax is the sampling period. 

2E.xample: An 20 Hz filter is 1/(20 x 0.01) = 5 samples long. Conversely, a 15 Hz filter 
is 1/(15 x 0.01) = 6.67 sarnples long 



tively. Effects associated with incomplete convolution at the edges of both the 

signal and noise were eliminated by requiring that the white noise sequences 

be Ns + -Wh - 1 and Nr + Nh - 1 in length respectively, so that the properly 

filtered sequences would be exactly Ns and Nr points long, respectively. 

The signals used were chosen to be at  least N, = 1000 points in Iength. 

Because the probability, P{cI  < co} (Equation 2-39), was on the order of 

0.999 or greater, a very accurate Gausçian approximation was required. This 

was made possible by using a long signal sequence, so that the signal space- 

bandwidth product was sufnciently high (2 250) most of the time for the 

Central Limit Theorem to hold. 

In selecting the appropnate image size, we were reminded that our 

theoretical mode1 was premised on the image size being somewhat larger than 

the target size, so as to ensure that most of the interfering noise peaks in 

the cross correlation originated from region R,,,. The appropriate ratio of 

Al, to Ns is dependent somewhat on the input SNR. Small input SNRs result 

in more false detections and t hus a smaller Nr/Ns ratio (i.e. smaller Clc,,) 

may be sufficient to "wash out" the effects of the noise peaks from region R,, . 

Because the number of realizations generated in each simulation was -io3, the 

lowest false detection rate possible was  IO-^. To ensure that the false alarm 

rates were larger than -1W3 (i.e. in the order of 4 0 - l ) ,  we used an input 

SNR of -14.77dB (i.e. o:/a: = 1/30). At this SNR, we found that a ratio of 

NJN, = 5 or greater was sufficient to ignore the false detection contribution 

from region fi,, . 

Following the generation of the signal and noise components, the re- 

ceived image was formed and the discrete cross-correlation between the re- 

ceived image and the template was computed. Because only the region ii E Rc 

is meaningful, only the middle N, - N' + 1 samples of the cross-correlation 



were retained. The resulting sequence was then scanneci for false peaks. Using 

a dinerent white noise sequence each tirne, 2000 crossco~elation reaiizations 

were generated to obtain an estimate of the probability of faise detection. 

3.2 Simulation Results 

In this section, we verify the validity of a 1-D version of our model-both in 

t e m  of the assumptions made and the theoretical development-by comparing 

theoretical and experimental results. In doing so, we demonstrate the impor- 

tant functional relationships shown in Table 2.1 which influence the false alann 

rate. An understanding of t hese relat ionships t hen provides a qualitative sense 

of the behaviour of false a l m  rates when real images are used. 

A key requirement in Our mode1 was that the signal and noise peaks be 

normally distributed. Figure 3.2 shows the signal and noise peak histograms 

at two different bandwidths. For compa.rkon, the theoretical curves are shown 

in white. It is not difficult to see that the signal PDF in 3.2(a) (lVsa, = 100) 

is slightly skewed to the left and thus not quite Gaussian. We recall from 

section 2.2 that strictly speaking, the signal peak is a c t u d y  x2 distributed. 

Because a x2 PDF is one-sided and assymetric, the CLT summation does not 

converge a s  rapidly. -4s seen in 3.2(b), a higher signal SBWP (iV,a, = 120) 

results in slightly more symmetric PDF. This however, is still inadequate, since 

as we see later, at our input SNR of -14.77dB1 a signal SBWP of at  least 250 is 

required for good correspondence between theoretical and experimental false 

detection curves. At higher input SNRs (Le. -0 dB) where the false a l a m  

rates are considerably lower (i.e. -10-L2), SBWPs in excess of 1000 would be 

required, since we would be operating well into the tail regions of the PDF, 

where the approximation is poorest. 
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Figure 3.2: Signal and noise PDFs at (a) signal SBWP = 100 
(b) signal S B W  = 120 



Figure 3.3: Signal peak standard deviation vs. signal SBWP. Solid and broken 
curves represent the expenmental and theoretical data respectively. Error bars 
represent 95% confidence intervals. 

On the surface, it seems curious that the noise PDF in 3.2(a) is not also 

skewed, since the signal SBWP is the same. The reason for this is twofold. 

Firstly, b e c a w  B[7ij and 5[Z] are both Gaussian and uncorrelated, the PDF of 

the product ii[E] g[C] (equation 2.22) is symmetric about O, thereby allowing 

the CLT summation to converge more quickly. The second and more important 

reason is that the bandwidth of ii[Z] S[Z] is determined primarily by the process 

(signal or noise) with the higher bandwidth (see A.4). Since in this case, t ha t  

process is the noise, with a bandwidth of a, = 25 x 10-~, the SBWP is actually 

250. Thus, provided that either NSas or N s ~  is large, the PDF of the noise 

peak may be reasonably approxirnated as Gaussian. Because of the earlier 

requirernent that Nsas > 250, this condition is always met. 

Figure 3.3 shows that the standard deviation of the signal peak is a 



decreasing hnction of signal SBWP, whereas Figure 3.4 shows that the stan- 

dard deviation of the noise peak decreases with both signal SBWP and noise 

bandwidth. In alI cases, the theoreticd results are aiways within the 95% 

confidence interval of the simulation results. 

The autocorrelation of c[E], 5 E R,, is plotted in Figure 3.5. Again, 

the theoretical and experimentd correspondence is good. -4s expected, the 

correlation length is dictated primarily by the process (signal or noise) with 

the lower bandwidth. 

The number of independent noise peaks was not determined experi- 

mentally, although Figure 3.6 shows theoretical values of 1I.1 as  a function of 

the area of R,, and a,. Observe in 3.6(b) that when the noise (or signal) 

bandwidth is constant, M approaches a Luniting value as the signal (or noise) 

bandwidth grows larger. Note dso  that the values of M are quite large. 

Finally, the probability of fdse detection is plotted against each of the 

model parameters in Figures 3.7, 3.8 and 3.9. The constant y was deter- 

mined such that the error between the experimentd and theoreticd curves in 

Figure 3.8(a) was minimized3; a value of y = 3.0 was chosen. 

The validity of the theoretical model appears to be supported by Fig- 

ures 3.?(a), 3.8(a) and 3.8 (b) . The physical process underlying the behaviour 

in Figure 3.7(a) is apparent from Table 2.1. We see that an increase in the 

target size results in a decrease in both the signal and noise peak variances, 

which in turn leads to a decrease in the false alarm rate. Converçely, in Fig- 

ure 3.8(a), the variable that affects the behaviour of the graph is the number 

of independent noise peaks. As the image size grows larger, the noise peaks 

become more numerous, thereby increasing PFD. In both of these cases, as 

'The choice of Figure 3.8(a) was entirely arbitrary. Minimizing the error in any of the 
other plots (with the exception of Figure 3.7(b)) would also have ben acceptable. 



Figure 3.4: (a) Noise peak standard deviation vs. signal SBWP (b) vs. noise 
bandwidth. 
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Figure 3.5: Autocorrelation of c[Z], 5 E 0, at  a, = 5 

the target or image size changes, only one variable changes at a time-either 

the peak variance or the number of noise peaks. However, in Figures 3.7(b) 

(experimental curve) and 3.8(b), 60th change simultaneously and in opposzte 

directions with increasing bandwidth; hence the presence of an extremum in 

both plots. Initially, the false detection rate is dnven up by the increasing 

number of noise peaks. -4t a certain point-the maximum-the variance be- 

cornes sufficiently small that it begins to drive the probability back down. 

Because of the complex form of Equation 2.42, a closed-form expression for 

the bandwidth at  which the maximum occurs was not found. 

The lack of agreement between the theoretical and experimentai curves 

a t  the first three signal bandwidths in Figure 3.7(b) may be attributed to 

the invalidity of the Central Limit Theorem in that region. The signal 

SBWPs at  those points are low, ranging fÎom 12 a t  cr, = 1 x to 120 



Figure 3.6: (a) Number of independent noise peaks vs. size of R, (b) vs. 
signal bandwidth. 



Figure 3.7: (a) Probability of false detection vs. signal size (b) vs. signal 
bandwidth. 



Figure 3.8: (a) Probability of false detection vs. image size (b) vs. noise 
bandwidth. 



a t  a, = 10 x IO-*. We have already seen in Figure 3.2(a) that at  a signai 

SBWP of 120, the X2 assymetry in the signal PDF is visible. Because the 

taii values of a x2 density function for values smaller than the mean is lower 

than that of a symmetric Gaussian function, there is l e s  overlap between the 

signal and noise peak PDFs. The result is fewer false detections (experimen- 

ta1 curve of Figure 3.7(b)) than if both densities were Gaussian (theoretical 

curve of Figure 3.7(b).) We note that at a signal SBWP of approximately 250 

(a, = 20)-the requirement that was introduced earlier without justiiication- 

the correspondence between the two curves improves çubstantially. 

The rather significant discrepancy in Figure 3.7(b) suggests that the 

false alarm rate is extremely sensitive to variations in the PDF. This however, 

is not surprising, since P{cr < co) is raised to the power of M, (Equation 2.41) 

which is typically very large. Thus, even relatively small errors in P{cr < co}  

are greatly amplified. 

The theoretical dependence of PFD on input SNR is shown in Figure 3.9. 

The relationship was not determined by simulation, since as is apparent from 

the plot, the false detection rates can become very small and thus the number 

of realizations required to incur a false detection would be enormous. The 

trend is expected; as the input SNR increases, the probability of false detection 

decreases. 

3.3 Mode1 Limitations 

Figure 3.9 suggests t hat at realistic input SNRs, (-O dB4) false detection rates 

on the order of 10-12-and even lower in 2-D-are possible. However, one must 

4Because the illumination from region to region in many natural Mages is on the same 
order of magnitude, the power of the target and scene noise are comparable, and thus the 
typical input SNR is -0 dB 
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Figure 3.9: Probability of false detection vs. input SNR. 

interpret such results in light of the assumptions made by the theoretical 

model, which generally do not hold in practice. For example, red images 

are typically not station- nor are their autocorrelation functions exactly 

triangular. Signal and noise peak PDFs are also never perfectly Gaussian. Of 

greater consequence, however, is the correlation that exists between the target 

and scene. If there exist regions in the scene which axe similar in structure 

to the target, the probability of making a false detection can increase signifi- 

cantly. Because the mode1 in its current form does not specifically account for 

the correlation between target and scene, it is not able to accurately predzct 

fdse al- rates. However, we suggest in Chapter 4 that even when the tar- 

get and scene are correlated, the qualitative effects on the false a l m  rate of 

va.rying the model parameters are still presenred. 



Through cornputer simulation, we have experimentally confirmeci the theory 

developed in Chapter 2. Because our model does not attempt to describe 

the complex statistics of natural images, specdic false alarm rates computed 

using the model should not be considered a true representation of expected 

performance when real images are used. However, the model does provide a 

qualitative sense of how each model parameter influences the false alarm rate, 

since the model does describe the fundamental processes that occur when real 

targets are cross-correlated with real images. Specifically, we note that 

0 reducing the difference in area between the image and target results in 

fewer independent noise peaks, thus lowering the fake detection rate. 

0 increasing the input SNR dso lowers the false detection rate by reducing 

the variance of the noise peaks 

increasing either the signal or noise bandwidth increases the number of 

independent noise peaks and simultaneously reduces the signal and noise 

peak variance. These two opposing processes result in a false detection 

curve which rises initidly, but then falls after having reached a maximum. 



Chapter 4 

Considerations in Real Images 

In this chapter we use the insight gained from Our theoretical and experi- 

mental results to select "optimal" targets from real images. As a control, 

"sub-optimal" targets are also selected. The results for both classes of targets 

are then compared. In our discussion, we make no attempt to be rigorous. 

Rather, through examples, we make arguments that suggest the plausibilit y of 

certain daims. 

4.1 Target Selection 

In our simulation, al1 five mode1 parameters were dlowed to Vary. However in 

a real image, the image size and the bandwidth of the scene noise are fixed, 

leaving only the target size, bandwidth and power (i.e. the input SNR) as 

variables. The cost function that relates these parameters has already been 

determined-the probability of false detection. Thus, the task is to search the 

image for the sub-region that possesses the optimal combination of the above 

three parameters, i.e., that which yields the lowest cost. 



In our experiment, a theoreticdy optimal target, 20 x 20 pixels in size, 

was selected fiom each of the two 256 x 256 test images shown in Figures 4 4 4  

and 4.2(a). Each image was brought into better conformity with the mode1 

by first removing the local mean (Figures 4.l(b), 4.2(b)). .bsuming local 

stationarity, this was achieved by applying a target-sized moving window to 

each image and subtracting the estimate of the mean a t  each pixel. The same 

moving Nindow was then applied to each of the resulting zero-mean images 

and an estimate of the autocorrelation at  each pixel was obtained. The x and 

y correlation lengths were given by the width at  half maximum of the auto- 

correlation estimate, which was assumed to be triangular. -4 local bandwidth 

estimate  as obtained by averaging the two correlation lengths and inverting 

the result (Figures 4.l(c), 4.2(c)). The power within the window at a partic- 

ular point was given simply by the value of the peak of the autocorrelation 

(Figures 4.l(d), 4.2(d)). The bandwidth and power of the noise were esti- 

mated by averaging the local bandwidth and power estimates over the entirety 

of each image. Because the target size was small in cornparison to that of 

the image, the contributions of the target to those averages in each case were 

sufficiently small such that they did not need to be specifically accounted for. 

-411 the parameters were then inserted into the mode1 (Equation 2.43) and a 

cost computed for each subregion (Figures 4.l(e), 4.2(e)). The variances, CT; 

and ozns, were scaled by an arbitrary, positive factor to ensure that none of the 

costs were smaller than machine precisionl. This had no effect on the location 

of the minimum. The subregion with the Iowest cost in each imageTarget 1 in 

Figures 4.1 (e) and 4.2(b)-was then designated the "optimal" target . For com- 

parison, three "sub-optimal" targets were also selected from various regions in 

each image. Parameter estimates are shown in Table 4.1, 

'When this was not done, many of the sub-regions had a cost of O. 



(a) Raw image 

( c )  Bandwidth 

(b) Mean removed 

(d) Power 

(e) Cost 

Figure 4.1: Intensity maps for Image 1. 



(a) Raw image (b) Mean removed 

(c) Bandwidth (d) Power 

(e) Cost 

Figure 4.2: Intensity maps for Image 2. 



Table 4.1: Parameter estimates. 

4.2 Performance Evaluat ion 

To gain a sense of the relative "optimality" of each of the targets in a redistic 

situation, a limited simulation was carried out. Changes in the image due to 

factors such as small angle rotations, background noise, etc., was simulated 

by adding white, Gaussian noise of variance 0.5 and 0.2 to Figures 4 4 b )  and 

4.2(b) respectively. Each of the targets in the original zero-mean images was 

then cross-correlated with each of the images containing the additive noise 

(total of 100 realizations). The actual targets detected in each case, as well as 

the associated false detection rate and prïmary-to-secondury ratio (PSR) [37] 

are shown in Figures 4.3 and 4.4. The PSR is a measure of the correlation 

between the target and scene and is defined as the ratio of the tme correlation 

peak to the closest interfering peak in the absence of added background noise. 

The PSRs in Image 1 (Figure 4.3) suggest that the regions from which 

the targets were selected are weakly correlated with the surrounding scene. 

Because this is consistent with the assumption of Our mode1 that the target 

and scene are uncorrelated, we can assume that the relative optimality of 

the selected targets can be inferred from the cost function. We observe, in 

fact, that the relative optirnality of the selected targets as indicated by the 
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(a) Target 1, PFD = 0.06, (b) Target 2, PFD = 0.79, 
PSR = 2.77 PSR = 1.79 

( c )  Target 3, PFD = 0.21, (d) Target 4, PFD = 0.37, 
PSR = 2.36 PSR = 2.06 

Figure 4.3: Squares indicate the location of the peak of the crosscorrelation 
for all 100 realizations of Image 1. The dotted square denotes the true target. 
Notice that some detections overlap. False detection rates (PFD) and primary- 
to-secondary ratios (PSR) are also shown. 



(a) Target 1, PFD = 0.17, 
PSR = 1.12 

(b) Target 2, PFD = 0.64, 
PSR = 1.03 

(c) Target 3, PFD = 0.87, 
PSR = 1.03 

(d) Target 4, PFD = 0.06, 
PSR = 1.91 

Figure 4.4: Detection locations, PFD, and PSRs in Image 2. 



cost coliirnn in Table 4.1 is consistent with the false detection rates that were 

observed in the simulation (Figure 4.3). For example, of the four targets, 

Target 1-the "optimal" target-has a combined bandwidth and power which is 

larger than al1 other targets, as shown in Table 4.1. We know from Our model 

that this contributes to a reduction in the variance of the scene noise peaks, 

which results in a fahe detection rate that is s m d e r  than those of the other 

targets. In contrast, because Target 2 has the lowest combined bandwidth and 

power, the variance of the noise peaks is larger than that of the other targets, 

and thus so is the false detection rate. Although Image 1 is an example of an 

image that confoms fairly well to the assumptions of the theoretical model, 

it is important to note that other factors, which we discuss below, also affect 

the error rate. 

Effect of Target-Scene Correlation 

It is apparent (Figure 4.4) that the "optimal" target (Target 1) in Image 2 

has a larger false detection rate than a Lbsub-optimal" target (Target 4). This 

is directly attributable to the correlation between the targets and the scene. 

It is apparent that the PSR of Target 4 is much larger (1.91) than that of 

Target 1, and thus its false detection rate is lower. Conversely, Target 1 is 

strongly correlated with the immediately surrounding scene-as is suggested 

by its PSR of nearly 1-and its false detection rate is higher. 

Targets 2 and 3 are also strongly correlated with the surrounding scene 

and thus their PSRs are approximately unity. However, because the region 

that is correlated with Target 3 is larger than the regions that are correlated 

Mt h Targets 1 or 2, the fdse detection rate of Target 3 is substantially higher. 

This is seen in the number of different detection locations localized in each 



(a) Image 1, Target 1 
PFD = O 

PSR = 4.88 

(b) Image 2, Target 3 
PFD = 0.02 
PSR = 1.08 

Figure 4.5: Effect of increasing target size on target-scene correlation. 

region of Figures 4.4(a), (b) and (c) . 

Our above discussion suggests that in some practical situations where 

the image contains strongly correlated structures, selecting "optimal" targets 

only according to their size, bandwidth and power is insufEcient; their corre- 

lation with the scene must also be accounted for. 

Effect of Target Size on Target-Scene Correlation 

It is important to recognize that the correlation between the target and scene 

is not independent of the target characteristics. To illustrate this, we increased 

the size of Target 1 in Image 1 and Target 3 in Image 2 to 40 x 40 and 50 x 50 

pixels respectively. The simulation above was then repeated, with the noise 

variances unchanged from before. Figure 4.5 shows the results. B is evident 

that increasing the target size has an effect on the correlation between the 

target and scene and thus on the false detection rate as well. 

The effect may be partially explained by examining the influence of the 



target size on the crosscorrelation between the target and the original image. 

Ln Chapter 2, expressions for the VilLiance of the scene noise peaks as well as the 

number of noise peaks were derived (Equations 2.45 and 2.46). It was shown 

that increasing the target size decreased the variance as weii as the number 

of noise peaks. Thus, increasing the target size in a single imageas we have 

done here-results in a lower spatial variance of the cross-correlation in the 

scene and thus the relative height of competing correlation peaks is reduced. 

This, in conjunction with fewer peaks, r d t s  in fewer false detections in the 

presence of additive background noise. This is seen in the increased PSR and 

decreased fdse detection rate of the target in Figure 4.5(a). 

The nominal increase in the PSR of Figure 4.5(b) is attributable to the 

strong correlation that still exists between the target and scene, even though 

the target size has increased. For the PSR to increase, the target would have 

to include regions that are weakly correlated with the scene. 

Using the optimality cnteria developed in Chapter 2, (i.e. the t heoretical 

probability of detection) an "optimal" target was selected from each of two real 

images. After adding noise to each image, the false detection rates of "optimal" 

and ccsuboptMal" targets were t hen determined. The relative optimality of 

the targets in the first image as indicated by their assigned costs, was consistent 

with the actual false detection rates. This was because the image conformed 

well to our model, in that the correlation between the targets and scene was 

weak. In contrast, the second image contained regions which were strongly 

correlated with the "optimal" target . This resulted in 

having a false detection rate that was higher than one 

the "optimal" target 

of the "sub-optimal" 



taxgets. 

Increasing the target size decreased the relative height of the scene noise 

peaks, which led to a corresponding decrease in the f&e detection rate. This 

was consistent wit h the results derived in Chapters 2 and 3, where it was shown 

that the variance of the noise peaks decreases as the target size is increased. 



Chapter 5 

Conclusions 

5.1 Summary of Work 

S pat iai cross-correlat ion detectors are commonly used to detect the presence of 

a known target in an image. In such a case, ail target characteristics are given 

and the "quality" of the target is irrelevant. However? when targets are used as 

frame of reference markers for head tracking, optimal targets may be chosen, 

where optimality is defined in terms of the probability of falçe detection. 

In this thesis, we examined the influence of the size, bandwidth and 

power of the target and scene on the false detection rate. In an effort to 

charactenze certain key features of real images, a stochastic image mode1 was 

developed in which a target of a certain bandwidth and power is surrounded 

by uncorrelated scene noise of a different bandwidth and power. This differed 

from the models used by Mostafavi/Srnith and Ianiello, in that the signal and 

noise were spatially disjoint, and thus the image as a whole was non-stationary. 

The false detection probability was derived by considering the signal 

peak variance, the noise peak &ance and the number of independent noise 



peaks. These three variables represented the fundamental processes that drive 

the fake detection rate. Because specific (i-e. triangular) signal and noise 

autocorrelation functions were chosen, it was possible to express t hese variables 

as closed-form functions of the model parameters. This dowed us to uncover 

the individual effects of each of the parameters on the above processes. These 

effects were summarized in Section 3.4. 

The validity of our mode1 was c o b e d  experimentdy through corn- 

puter simulations. Theoretical false detection rates were generdy within the 

95% confidence intenmls of the experimentally detennined rates. Deviations 

were attributed to the invaüdity of our assumption regarding the Gaussian 

nature of the probability density h c t i o n  at low space-bandwidt h products. 

It was recognized that the model made certain simplifjmg assumptions 

which, while of great value in the theoretical analysis, were not necessarily 

valid in real images. In particular, target and scene are not uncorrelated. 

Correlation between the target and other regions in the image results in an 

actual probability of false detection that is potentially much higher than what 

is predicted t heoretically. 

In our examination of real images, "optimal" targets were selected hom 

each of two real images according to Our optimaiity criteria. Changes in the 

image due to factors such as background noise or smd-angle rotations were 

sirnulated by adding white noise to each image. False detection rates were 

then determined for both "optimal" and "sub-optimal" targets. In the first 

image, correlation between the targets and scene was weak and thus the image 

conformed well to the model. Consequently, the relative optimality of the 

targets as predicted by the model was consistent with the actual false detection 

rates. In contrast , many of the targets-including the "optimal" target-in the 

second image were strongly correlated wit h the scene. The relative optimality 



of the targets as predicted by the model thus was not reflected in the actud 

error rates. 

It is apparent that because the model does not completely describe the 

statistics of the scene, the expected false detection rate cannot be computed 

accurat ely. However, because the underlying processes are the same irrespec- 

tive of the scene, the model is able to predict the qualitative false detection 

trends when particular target characteristics are varied. 

5.2 Future Work 

Although we have a qualitative sense of the effect of target-scene correlation 

and geometric distortions on the probability of false detection, a formal mod- 

elling of their contribution still remains. 

We have already seen that correlation between the target and scene can 

increase the false alarm rate significantly. One approach to studying this effect 

is to include finite regions in the scene mhich are partially correlated with the 

target. By specifjring the mean and variance of each of the correlated peaks 

(which may be computed from the statistics of each region) and the number 

of such peaks, their contribution to the probability of false detection may be 

determined in the same way that it was determined for the uncorrelated noise. 

Much of the foundational work relating to the effect of geometric d i s  

tortions, such as rotation and scale, on cross-correlation bas already been done 

by Mostafavi and Smith [45]. Thus, what rernains is the tailoring of their basic 

mat hematical techniques to accommodate the specific features of our image 

model, such as the spatial disjointness between target and scene. Some of 

the qualitative effects of geometric distortions on the false detection rate are 

not difficult to see. For example, we know from our existing mode1 that high 



bandwidth targets are desirable. However, as we noted in Section 1.3.2, corre- 

lation peaks of high bandwidt h targets are particdarly sensitive to geomet ric 

distortions. This codic t  of requirements suggests that at  a given distortion 

(say, a particular angle of rotation) there exists an optimal target bandwidth 

such that the faise detection rate is minimized. 

One must be mindfid that making these amendments to the mode1 will 

not necessarily improve the model's ability to predict actual false detection 

rates; to do that would require detailed knowledge of the statistics of the 

operating environment. However, because the fundamental processes a t  work 

are common to both the theoretical and actud situations, an understanding of 

how the various factors above afIect such processes provides insight into how 

to select targets such that detection errors are minimized. 



Appendix A 

Derivat ions 

A. 1 Synthesis of s[Z] and n[Z] 

For the Linear system defined by 

where q[Z] is an arbitrary input signa3 and h[Z] is a linear fiiter, the output 

autocorrelation, Rss[6], is shown (501 to be: 

This suggests that our signal, s[5], which has an autocorrelation given by 

(2.12), may be synthesized by applying a linear filter to an input signal with 

autocorrelation Rqq [Cl. In the simplest case, q[G] is zero-mean, stat ionary 

white noise, with variance O: Le. Rqq[3] = 0:6[Z]. Thus, (A.2) becomes 



Figure A. 1: Graphical representation of Equation A.4. 

where k is over the domain of h,[Z]. We may determine hsM by equating 

(A.3) and (2.12) and dividing both sides by a:: 

That is, the auto-correlation of some filter function h. [Z] generates a triangle 

function $ samples in length. We recognize that a rectangular pulse & sam- 

ples in width satisfies (-4.4) (Figure A.1). Thus, after nomalizing the energy 

of the filter to unity, we obtain 

( O  ot herwise. 

Similady, for the noise, 

10 otherwise. 

Thus, a randorn 1-D signal with a triangular autocorrelation may be generated 

by convolving white noise with a rectangular impulse response filter. 

The "physical" meaning of bandwidth here may be seen by noting that 

the frequency response of h,[E]-which is & samples in length-is a sinc func- 

tion whose main lobe is 2<rs inverse samples in width. Thus, as the length of 



the filter (or equivalently, the width of the autocorrelation function) increases, 

the bandwidth decreases, as expected. 

In determinhg the mean an covariance of c[6] ,  we follow the approach of 

Mostafavi and Smith [45]. 

Taking the expected value of (2.20) gives an expression for the ensemble 

mean of the cross-correiation: 

Frorn (2.21) and (2.2), the first term in (A.?) becomes 

Recognizing that the summation in (A.8) is a 2-D triangle function !VS in 

height and 2Ns x 2Ns in area, (A.8) becomes 

where we have also inserted (2.16) and used the fact that Rss[E] = Rss (-61. 



From (2.5) and (2.22), the second term in (-4.7) becornes 

(A. 11) 

where we have used the fact that n[Z] and s[Z] are uncorrelated, i.e., 

E {n[q s [ ~  - z]) = O. 

hserting (A.9) and (A.11) into (A.7) yields the mean: 

E {c[Z]) = E {cG[Z]) 

= R,, [z] t n [&IL] . (A. 12) 

Thus, the ensemble averaged crosscorrelation has only one contributor: the 

signal itself. The mean at ii = O, Le., at the tme signal peak, is thus 

as expected. 

A.3 Autocorrelation of c[Z] 

From (2.20), the autocorrelation of c[Z] is given by 

(A. 13) 



This expression rnay be simplified by observing that because S[Z] and B[Z] 

are uncorrelated, terms 2 and 3 vanish. This leaves 

Thus, the total autocorrelation of the crosscorrelation is equal to the sum of 

the autocorrelations contributeci by the cross-correlations of the signal and the 

noise. We consider each term in tum. 

Inserting (2.21) into E { c&] ~ ~ ~ [ l f i ] )  yields 

Equation (-4.16) may be simplified by noting that for four zero-mean, jointly 

Gaussian random variables [SOI, 

+ a;' c c E {B[k] ~[i- in ] )  E {5[@i[k - z]) . 
k' 1 

(A. 17) 



We note that the second term in (A.17) may be rewritten as: 

ai2 c CE ( ~ $ 1  ~[i - 61) E { ~ [ d  ~[i- f i ] )  
1 

Substitution of (2.2) and (A.18) into (A.17) gives 

Making the change of variable Z = [- k in (A. 19) yields an exact expression 

for the autocovariance of c3[6]: 



The Mnance of the peak may be found by setting i5 = 5 = O in (A.20): 

= 2ay2 C N: tri [&z] R Z J ~ .  
.T 

Inserting (2.12) into (A.21), and assuming that N, > l/a,-which is always 

true in our simulations-we obtain 

oz = 2a;'o: C tri [&z] tri2[-q 
E 

In determining the second term of (A.15), we first substitute (2.22) 

into E { ç&Z] cni[6]) and use the fact that fi[??] and S[Z] are uncorrelated 

and independent: 



Inserting (2.2) and (2.5) into (A.23) we obtain 

hn [r- k] R,, [I- k - 6 + n] . ( d . 2 ~  

Making the change of vaxiable Z = ï- k in (X.24) yields an exact expression 

for the autocorrelation of c&]: 

Equation (A.25) is rather unwieldy and difEcult to evaluate in general. How- 

ever, since we wish only to find the variance of c&i] in the stationary region 

Rc,, , it may be simplified. We observe that for 5 E (Le. when the 

template is completely in Rn), the inner summation in (A.25) collapses to 

Making the change of variable ü = k - 5 in the RHS of (A.26), we obtain 



Back substitution of (A.27) through (.4.25), setting ü = f i  - 5 and inserting 

(2.12), (2.13) and (2.16) yields the autocorrelation in region 0, : 

-L 2 2 = as 1 tri [+-(z+ q] tn[&q tn[%(a+ q1- (A.28) - : 
The value of ü at which &,[q falls to zero (i.e. the correlation 

length) may be determined by inspecting fig. A.3, where the three trian- 

gle hnctions in the integrand of (A.28) have been grapheci. Assuming 

that N, > &, &-which is always true in our simulations-we observe in Fig- 

ure. A.3 a) that the integrand is non-zero in the region delimited by the 

broken lines when Iul < ila, + ilan. However, at Ivl = l /as  + l /a ,  (Fig- 

ure. A.3 b) , the integrand-and consequently the integral-is zero. Since the 

noise and signal are both isotropie, the correlation length (in sarnples) in both 

x and y directions is thus NI = l/aS + lia,. That is, the correlation length 

of c[6] ,  n' E RCns, is simply the sum of the correlation lengths of the signal and 

noise. The correlation area then, is simply given by 

The variance in region O,, may be determined by setting Ü = O in 



Figure -4.2: Correlation falls to zero when Ivl = l/a, + l/cr,. 
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A.5 1-D Equations 

The 1-D equivalents to Equations 2.44, 2.45 and 2.46 are given by 
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