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Abstract 

Simulation of an automated space rendemous is a necessary step in designing the rendez- 

vous algorithrns for a space vehicle. This thesis describes a simulation for a particular ren- 

dezvous mission involving the International Space Station (ISS). The ISS program will 

require automated rendezvous technology for the station's supply vehicle. the Automated 

Transfer Vehicle (ATV). The European Space Agency (ESA) is responsible for the design 

and construction of the Am.  ESA contracted CAE Electronics Ltd.. Montreal, to deliver a 

space vehicle simulator including a simulation to demonstrate an ATV specific automated 

rendezvous mission. This thesis describes the rendezvous algorithms that were developed 

by the author for implementation within the simulation software package. CAE ROSETM. 
The algorithrns detemine the 'burns' or Delta-V required by the ATV for the rendezvous 

phase. This thesis identifies part of the rendenous phases that were used in the real-tirne 

simulation. The rendezvous phases include the 'homing phase' which brings the ATV to 

the ISS orbit and the 'closing phase' which brings the A W  closer to the ISS in the same 

orbit. The-comection burns required in case of drift from predicted trajectories are also 

covered. The solution to the 'Kepler problem' and 'the Gauss problem'. solved using uni- 

versai variables, were part of the algorithm. The thesis concludes with a brief introduction 

to perturbations and their effects on such a mission. The simulator including the ATV spe- 

cific simulation was accepted by ESA for the ATV program. ESA comments on the dif- 
ferences between the actual rendezvous algonthms and the simulation are discussed. 
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Chapter 1 

1.0 INTRODUCTION 

The construction, in space, of the International Space Station (ISS) is scheduled to begin 

in June of 1998. During construction and after completion, an Automated Transfer Vehi- 

cle (ATV) will be required to rendezvous with the ISS for support. The key feature of the 

ATV is its onboard guidance, navigation, and control capability. Generally. spacecraft rra- 

jectories are computed at ground stations and control commands are upluiked to the space- 

craft. The ATV will be designed to carry out these processes onboard while being 

monirored by the gound stations. The task of designing and constructing the ATV has 

been assigned to the European Space Agency (ESA). Various spacecraft simulation 1001s 

are used by ESA in the design and development of its spacecraft. CAE Electronics Ltd. 

(CAE). in Montreal, was contracted by ESA to develop and deliver a new simulation tool 

that could be used for its A W  and future spacecraft development propum. CAE was 

required to demonsmate the software tool by delivering a simulation of the ISS and A '  

rendezvous scenario. The project at CAE was called the Multi-purpose Space Vehicle 

Simulator (MSVS). The software tool developed by CAE, and used for the ISSIAP sim- 

uiation, is calied CAE ROSETM (ROSETM), an acronym for Real-tirne Object-oriented Soft- 

ware Environment. 

This thesis describes the algorithms of some of the ATV's rendezvous phases impie- 

mented in ROSFM as part of the MSVS project. Specifically, the algorithms for the hom- 



ing and closing rendezvous phases and the corrections required during these two phases 

were developed, written in the C programmmg language, and implemented in ROSFM by 

the author. The algorithms determine the Delta-V bums required by the ATV thmsten to 

dlow it to complete the horning and closing phases successfully. These aigorirhms are 

pan of the ATV's onboard software in the simulation. 

A literature search on the state-of-the-art methods for an autonomous rendezvous was 

made by the author. however. no liteninire on the subject was found. Space vehicles that 

use this technology include the Progress vehicles that service the Salyut and Mir space sta- 

tions. There are no published papers on the algonthrns used by this vehicle. The algo- 

rithms developed for the ISSlATV simulation are therefore unique and are govemed by 

the ISSIATV mission and the ROSETM software tool. The orbit control algorithms are gen- 

erall y processr d at ground stations and uplinked to .the spacecraft. The mission operations 

group that monitor and control the spacecraft develop their own algorithm which are 

unique to their application. The Space Shuttie Atlantis tested the new ESA rendezvous 

and docking technoiogy on September, 1997. Thus, automated rendemous is a fairly new 

and unique technology. The ISS/ATV rendezvous mission is described in Chapter 2 as a 

defmition for the simulation. The ROSFM software package and the overall ISSlATV 

simulation architecture is covered in Chapter 3. The ROSFM software is described to the 

reader since it is fundamental in the development of the algorithms. The aigorithrns were 

developed specifically to interface with the entire simulation of the ISS. the ATV, and the 

space environment. A background of orbital mechanics and space rendezvous is covered 

in Chapter 4 mauily for the reader who is unfamiliar with the theory of orbits. The algo- 

rithms that solve the Kepler problern and the Gauss problern are used in the de t eda t i on  

of the Delta-V's required by the ATV for the homing and closing phases. The homing and 

closing rendezvous phases are described in Chapter 5 and the Kepler and Gauss problems 

are covered in Chapter 6. The phenornenon of pemirbed spacecraft orbits was aiso inves- 

tigated for this rendezvous mission and is described in Chapter 7. Finally, the differences 



between the rendezvous algorithm implemented in the ROSETM simulation and the actual 

ATV's onboard software will be covered. Some conclusions reached by the author and 

recommendations for future study are found in Chapter 8. 

The MSVS project was awarded to CAE in A u p t  1994 and delivered in its entirety at 

ES& European Space and Technology Cenne (ESTEC) in Noordwijlc NL on April 1997. 

A portion of this project was subcontracted to a company cailed TRASYS in Belgium and 

another company called VEGA GmbH in Germany. MSVS is a research and development 

simulator implemented in CAE's ROSFM software package. MSVS consists of generic 

spacecraft simulation models, such as attitude control, thermal subsystern, orbit dynamics. 

etc., and provides the capability of simulating a full mission. It also consists of a specific 

simulation of the ATV on a mission to rendezvous and dock with the ISS. The MSVS 

project was developed to be used as a template by ESA for the actuai ISS/ATV simulation. 

The ISS/ATV simulation delivered by CAE was a demonstration of iMSVS's capability. 

The MSVS allows users to: 

1) Design prototype space vehicles in a simulation environment 

2) Perfom spacecraft dynamics analysis 

3) Create prototypes and v e w  existing spacecraft design concepts 

Some technical achievements include the ISSIATV mission simulation and the capability 

to design prototype spacecraft in a real-time simulation environment. The future potential 

of MSVS includes flight hardw are-in-the-loop (HITL), software-in-the-loop (SITL) simu- 

lation and man-in-the-loop simulation capability [l]. 



This thesis will include an overview of the developrnent and use of a space vehicle simula- 

tor. focusing on the rendezvous algorithm that were used as part of the ATV onboard soft- 

ware models. 

1.1.1 Defining spacecraft simulation requirements 

The specific mission of a spacecraft is fundamental in determining the type of models that 

will need to be created and re-used in a spacecraft simulator. The spacecraft itself must be 

carefully analyzed to detexmine the type of models required and the architecture of the 

simulation. The analysis should provide information about the different mission phases 

and vehicle subsystems that need to be simulated. Figure 1 generaily describes this pro- 

cess: 

Vehicle Mission Definition required dynamics and 
environment models 

Vehicle System Specification -b required v'ehicle subsystem 
models 

list of required models for 
simulator design 

FIGURE 1. Process for Denning the Simulation Requirements [2]. The fiam describes a methoà 
that can be used to devdop a iist of individuai models required for a specific spacecraft simulator. 

1.1.2 Simulation design 

The ability to utilize e x i s ~ g  simulation models is the primary consideration in the design 

of a multi-purpose spacecraft simulator. A template project calleci baseline, containing 

generic spacecraft objects, was developed. Other projects may be used as a template. but 

only the baceline project is officially validated in ROSETM. The validated project was cop- 



ied into rhe MSVS project The MSVS project was desiped to be a templare for other 

spacecraft simulations. Figure 2 describes the re-usability process of ROSETM projects. 

List of required models 

f 
baseline project provides a starting point 

Extrac t desired 
schemaucs and 
object 
Iibmies from 
the baseline 
p r o p -  - 

I 
I 
I 
I 
I 
l 
1 
I 
I 
I 
I 
I 
I 
L,, -I 

Copy hem into 
the new project 

-- 

projecc baseline 
-schematics 
-O bject libraries 

projecr abc 
-schematics 
-abject libra.ries 

-schematics 
-ob jec t libraries 

i project MSVS 
-schematics 
-objec t ii braries 

FTGURE 2. Building a Simulator h m  the Baseline Project [2]. 

Tne extracteci schematics cm be modified to conforrn to the requirements of the space 

vehicle of the new project. The modifkations can be in the form of changing the copied 

schernatics, creating new schematics ushg e x i s ~ g  objects fiom the object libraries, or 

creating new objects in the object libraries 121. In this case, the MSVS was the new 



project The ISS/ATV simulation was developed by using genenc objects created in 

libraries that belong to the MSVS project. These Iibraries include propulsion. thermal. 

onboani software. and others that were required for a complete space mission simulation. 

The simulation itself is developed on various schernatics. Chapter 3 describes how 

objects, schematics. and libraries are related in a spacecraft simulation. The next chapter 

will outline the ISS/AW mission. 



Chapter 2 

2.0 ISS/ATV MISSION OVERVIEW 

The mission for the ATV primarily involves servicing the International Space Station. 

This includes the re-supply and de-supply of the station and the delivery and disposal of 

the station infrastructure elements. The foilowing sections briefly oirtline some of the 

parameters of the A m  the ISS, and the scenario in the generic ROSETM simulation 131. 

2.1 &IV Derformance s m  

The purpose of this section is to provide the reader with an overview of the ATV specifica- 

tions used for the simulation. The following A n  specifications briefly describe some of 

the characteristics of the A W  and its required performance parameters. 

The performance requirements for the P;N include: 

achieving a phasing orbit after injection 

rendemous with ISS 

depamire from the ISS and de-orbit 

The ATV 's target orbit parameters include: 

altitude: 350 km - 460 km 



inclination: 5 1.6 degrees 

Cargo mass with injection uito a 70 x 300 km orbit by the Ariane 5 launch vehicle: 

reference case: 1 1,000 kg 

Maximum m a s  at injection for the A W  and cargo: 

reference case: 1 6.300 kg 

The reference case is used for the simulation and may be different from the actual sizing 

case. One of the missions for the ATV may be to re-boost the ISS to a higher altitude. 

using its own thmsters and the cargo propeilant. The reboost mission includes the ISS 

with a mass of 353,800 kg and refuelling capability includes 1 Oûû kg of propellants. 

2.1.1 ATV operational requirements 

The following includes some of the scenarios during the ATV's operational life. 

docking and berrhing 

retreating to safe hold points on request from the ground station. the space station or 

automatically in case of a communication loss 

remaining attached to the space station for up to 6 rnonths 

afier mission completion the A W  can deorbit and perfonn a destructive re-enuy 

with debns impactkg authorized zones 

2.1.2 A W  orbit navigation 

The ATV uses the Global Positional System (GPS) to detennine its absolute position and 

velocity. Communication during ascent and descent occurs with the ground station and 

through Data Relay Satellites. 



2.13 A m  failure tolerance requùpments 

n i e  failure tolerance of the ATV includes a single failure or operator error that will have 

no critical consequences. Two failwes a d o r  operator errors s h d  have no catastrophic 

hazardous consequences. 

2.1.4 ATV interfhce to ISS 

Figure 3 illustrates the ISS fiame of reference. The ISS velocity direction is called the V- 

bar direction. The R-bar direction points to the centre of the Eanh. The H-bar direction is 

opposite to the angular momentum vecror of the ISS orbit. Approach dong the negative 

V-bar (tangential or roll a i s )  direction to the Russian se-ment includes direct docking 

(Figure 4). Approach dong the R-bar (radial) direction to the American segment includes 

a Cornmon Berthing Aclaptor (Figure 5). 

2.1.5 ATV reference mission 

The ATV reference rendezvous mission includes: 

-;Mixed cargo 1 ISS reboost (negative V-bar approach) 

Un-pressurized supply mission (positive R-bar approach) 

Figure 4 and Figure 5 illustrate the two reference missions and the ATV's approach direc- 

tions to the ISS: 



FIGURE 3. The ISS Frame of Reference [4,14]. The ISS velocity direction is called the V-bar 
direction. The R-bar direction points to the centre of the Earth. The H-bar direction is opposite to the 
angular momentum vector of the ISS orbit. 



FIGURE 4. Negative V-bar Appraach to Dacking for Mixed CargdReboost Mission [3, p. 91. 
Approach almg the negaiive V-bar (tangentid or roH h) direction to the Russian segment indudes 
dncctdocking* 



FIGURE 5. R-bar Approach for Unpressurized SuppIy Mission [3, p. 101. Approach dong the R- 
bar (radial) direction ta the Amcrican segment includes a Common Berthing Adapmr. 



This section describes the space station orbit used as a reference for the simulation. The 

altitude of the space station, once complete, s h d  range from 350 km to 460 km. This 

range depends on the eleven year solar activity cycie; the higher the solar activity. the 

higher the density of the Earth's amiosphere. This requires the altitude of the space station 

to be higher due to the increased aünospheric drag in low-Ea.rth orbit (LEO). The inclina- 

tion of the space station is chosen to be 51.6 degrees. At rhis inclination the space station 

will last up to 90 days before it falls to 278 km due to aerodynamic drag from its minimum 

design altitude of 350 km. The minimum design altitude is where the ISS requires a re- 

boost. Therefore, 350 km is the altitude used in the simulation. The maximum altitude of 

460 km was chosen for ISS budgeting and siuig purposes [3]. 

22.1 ISS command and control authonty 

The rendezvous algorithms developed for the simulation are used for the ATV when it 

enters the ISS communication range. There are various v h a l  boundaries defmed around 

the ISS COM. These zones defme the phase of the mission and the control authority 

between the ISS astronauts and the ground station. The Command and Control Zone 

(CCZ) is distinguished between the following IWO concepts: 

1) Space Station Communication Range (SSCR) 

The UHF transmitter onboard the space station detennines the size of the SSCR. The ref- 

erence size is found in Figure 7. 

2 )  Space Station Approach Ellipsoid (SSAE) 

The size of the SSAE is 4 x 2 x 2 km dong the V-R-H- bar directions respectively as 

shown in the figure below : 



Approach Elfipsoid 2 I 

FIGURE 6. Size of the Space Station Approach Etlipsoid (3, p.121. There are various fictitious 
boudaries defined around the ISS COM. These zones define the phase of the mission and the conuoi 
authority between the ISS asuonauts and the ground station. The size of the SSAE is 4 x 2 x 2 km along 
the V-R-H- bar directions respectively. 

The following sumarizes the A W  and ISS simulation mission phases: 

Injection into a 70 x 300 km orbit by the Ariane 5 iaunch vehicle 

Transfer into a phasing orbit 

Phasing orbit for a maximum of 46 hrs 

Transfer to the ISS target Orbit 

Rendezvous (RVD) phases include: 

34 hrs (maximum for hold points) 

10 hrs (maximum for RVD) + 10 hrs (maximum for contigency RVD) 

Final docking phase 



The totai mission times adds up to 100 hrs (approximately four days) if the maximum 

allowable times for each phase of the mission are used [3]. 

23.1 Rendezvous phases 

The following phases are included in the rendezvous mission: 

1 ] Horning phase 

This phase begins when the ATV entea the SSCR and receives the 'go-ahead' from the 

ISS after the diagnostics are complete. At the end of this phase the ATV reaches the target 

space station orbit, 2500 m behind the space station centre of mass. 

23 Closing phase 

This phase ends when the ATV is located approximately 300 m behind the space station at 

the same %et orbit as the space station. This phase cm be performed in more than one 

step. The rZTV can be brought closer behind the space station in short 'jumps'. The cur- 

rent simulation b k g s  the AT'V from 2500 m to 750 m behind the space station in the fmt 

'jump'. The second 'jurnp' brings the ATV to approximately 300 m behind the ISS. 

There is also a correction algorithm which ensures that the ATV remains on a desired ua- 

jectory during the homing and closing phases of the rendezvous. This algorithm calcu- 

lates an additional bum if the ATV strays off course by a pre-determined position 

magnitude between the actual and predicted trajectories. Figure 7 illustrates the homing 

and closing phases described above. 



FIGURE 7. Homing and Closing Rendezvous Phases for -V-bar Appmch 13, pal]. The homing 
phase begins when the ATV eatm the SSCR and -ives the 'go-ahead' h m  the ISS a f k  the 
diagnostics are campMe. At the end of this phase the ATV mches the target space station orbit, 2500 m 
behmd the space station centre of mas$. The closhg phase ends wheri the A W  is Iocated approximatcly 
300 rn behind the space station at the _camt target orbit as the spacc station, 



The algorithms were developed for the homing and closing phases of the rendezvous mis- 

sion. These algorithms were implemented on schemaucs as part of the entire simulation. 

The homing phase of the rendezvous begins when the ATV enters the SSCR. which is 1 2 

km behind and 2 km below the space station centre of mas.  The relative position of the 

ATV once this phase begins is (-12km, O h ,  2km) in the V-H-R bar frame of reference 

(Figure 3). The closing phase ends when the relative position is approximately (-300111. 

Okm. Okm) in the V-H-R bar frame of reference (Fimm 3). There will be dispersion in the 

relative positions rnentioned above due to perturbations in the actual thnists applied to the 

AW. The ATV does not foilow the predicted trajectory because of the errors involved in 

the ATV thruster burns. These dispersions required the development of a schematic that 

cornputes the correction bums that r e m  the ATV to a desirable rendezvous trajectory. 

The development of the algorithms was governed by the mission parameters and the sofi- 

ware tool itself. An overview of the ROSFM software and ISS/ATV simulation architec- 

ture is provided in the next chapter. 



Chapter 3 

3.0 ROSET" OVERVIEW 

Models for spacecraft simulation in ROSETM are made up of objects from genenc object 

libraries ( e g  Propulsion subsystem iibrary contauiing a valve object) and schematics 

related to a specifc project (e.g A W  subsystem specific schematics). A ROSETM object 

consists of an unconnected component without data flow from other objects. A schematic 

is a collection of these objects that are connected through data flows. The same object cm 

be used as many tirnes as required in the sarne schematic. Data c m  fiow from one sche- 

rnatic to another via objects. Therefore, one subsystem can be modeled in a schematic and 

can interact with another subsystem modeled in another schematic. This allows for a com- 

plerely integrated spaceaaft simulation environment. 

3.1 ObiecQ 

An object can perfonn a simple algebraic calculation (addition, multiplication) or a com- 

plex algorithm extracted from an existing non-ROSEM simulation (e-g. C or Fortran sub- 

routines). A ROSFM object is defïned in the following ways: 



2) Variables 

3) Connect points (for data flow) 

4) Pseudocode (inchdes calls to e x i s ~ g  subroutines). 

The code generator creates highdevel code which calls the individual component models. 

Code generators are used to translate the pseudocode into executable code at build time. 

The subroutines that are called by the pseudocode can be in Fortran, C or Ada This exter- 

na1 code is linked during build time. The sarne method is used to launch extemal applica- 

tions during the simulation such as pre-processors. animation packages. etc. 

The data flows through connection points from one object to another. The objects are con- 

nected through connect points that are defined within an individual object. The variables 

are defined within an object and are associated to each connect point on the object. This 

allows for graphical connectivity from one object to another. The data from the variable 

of one object can flow to another object through their respective connect points [5] .  



3 3  

A schematic contains objects that are comected together to allow the appropriate data 

manipulation and flow. An example of how objects are 'dragged and dropped' from 

object libraries hto schemarics is illustrated in the following figure: 

FIGURE 8. Objecî Librarits and Scireraatics [2, pS]. The figure iIîustratcs the use of objects h m  a 
lihary in a simulation schcmaic. nie example shows a maaiematicai h i  cunaining a multiplication 
object cailad ' d t '  king 'dragged and &op@' into an aniaide cunmI schematic called 'ait-mtrI'. 
The schemaiïcs is part of the simulaacm and uses various objccts fiam existing liixaxics. 



The above figure shows a multiplication object called 'mult' being 'dragged and dropped' 

from the madiematic library h t o  an attitude control schernatic called att-cntrl. The math- 

ematic object Iibrary contains various math objects while the attitude control schematic 

represents a model of a spacecraft attitude control subsystem. The schematics may per- 

fonn die function of a model, part of a model. or several models. (i.e. The propulsion sub- 

system or simply one thruster could be modeled in a schematic). The data rnay flow 

within a schematic or between schernatics through object connections. This allows for 

complex subsystems, such as the electronics. to be modeled in more than one schematic to 

make the simulation more user friendly. 

3.3 m d  tirne 

The run-time enecutable must be 'built' once the models have been completed on various 

schematics. This is where the code is compiled and linkzd to create the simulation execut- 

able. The following figure describes the ROSFM model development process. 

I 2  
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FIGURE 9. Mode1 Development in ROSETM [Z, p.101. The figure illusuates the steps in creating a 
simulation from creating objects in the object libraries to building al 1 the schematics required for the 
simulation. The object editor is used to create objects in the libraries. The model editor is used to 
develop the schematics which are used as the simulation models. This is where the objects and 
schematics are connected together to allow for the flow of data. The process builder is used to create the 
simulation executable containing the code from al1 the schematics. 



33.1 Simulation scheduler 

To decrease the processing in the computer. the models are scheduled at different update 

rates depending on the accuracy they require. If the simulation contains a large nurnber of 

models, running al1 the models at the sarne rate could overload the computer's processing 

capability. This could result in a non-reai-time simulation. Scheduiing the various models 

ensures that the computer will be able to run more complex simulations since the rate at 

which different rnodels are nin is optimized for the desired accuracy. For exarnple. the 

attitude controI models should be updated every iteration while the thermal models can be 

scheduled to be upàated every four iterations to maintain their respective accuracies. This 

is because attitude control models require more frequent updates compared to the thermal 

models. The developer of the simulation cm schedule the schematics in the order and at 

the nte required by specifying them in a scheduling tree. The schematics are placed in the 

proper order on the tree band scheduler. The tree can be modified using the ROSETM pro- 

cess builder [2]. Figure 10 describes the process of scheduling a set of schematics. 

100 Rz band 

50 Hz bands 

25 Hz bands 

FIGURE 10. Scheduling Tree [2, p.Il]. The figure illustrates the capability of scheduling various 
schematics at different update rates. The schematics c m  be placed in the desired frequency bands by the 
user through the process builder. This tooi allows the simulation to remain in real-tirne by decreasing the 
processing required. 



Ficoure 10 is an example of how schematics such as dyn, att-cntrl. and prop-sys are 

called in the fast 1 A band. while the schematics in the 2A band; ck, tsa-test. and temp are 

caiIed on altemate iterations and all the schematics in the 3A band are cailed on every 

fourth iteration. This would be similar to having the attitude control subsystem. the pro- 

pulsion subsystem. or the spacecraft dynamics schematic being updated at a higher fre- 

quency for accuracy while updating the thermal subsystem at a lower frequency. The 

fastest rate shown is 100 Hz. This rate rnay be set by the developer. The other bands fol- 

low and are executed accordingly at the correspondhg fraction of the primary rare as 

shown in the figure above. 

33.2 Code generators 

The purpose of the code generator is to prbduce a high-level executable code which can 

include c a s  to extemal subrouthes included in an object The rendezvous algorithms are 

rnodeled on schematics vrith objects that are caUed by the sequential code generator. The 

executable code is generated during build time using the process builder tool. ROSETM 

supports both special and sequential code generators. The order of the objects in the sche- 

matics is determïned by the developer. This determines the order in which the code is gen- 

erated. The order of the objects is used by the sequential code generator and is the only 

process that the user controls in code generation. The objects in a schematic may be pro- 

cessed by more than one code generator. 

The sequential code generator is used by default in ROSETM. The object's pseudocode is 

placed in the order the object is assigned on the schematic. The complete code is then 

generated in the order it appears on the schematic. The code that is called by each object 

(i.e. non-pseudocode) is treated the same way. The schematic is parsed to cal1 the refer- 

enced code in the sequence the object is assigned. The generated code is then translated 

into the user-defuied target code language. 



The special code generator is used for special applications. An example is a network solu- 

tion as in the case of the electrical, thermal, or the propulsion subsystem. The special code 

generator seeks specid variables for the input and output The network solution is solved 

numerically during run-time using the connection between the special variables [ 2 ] .  

The schematics developed for the homing and closing phases use the sequential code gen- 

erator. The corrections schematic also uses the sequential code generator. In general. the 

objects are ordered from the lefi side of a schematic to the right side. The inputs to the 

homing, closing, and corrections schematics, from other subsystems. flow into objects on 

the left side of the schematics. The outputs fiorn the rendezvous schematics flow out of 

objects on the right side of the schematics. This follows a user friendly logical order. 

ROSFM supports the use of additional code pnerators that may be more suitable for the 

particular application. The schematics can be found in Appendic B. 

This section will describe the overail ROSETM simulation of the ATt' and the ISS. The 

models required to simulate the ISSIATV rendezvous mission from launch to docking are 

bnefly described. The space vehicle simulator is divided into four main categories which 

are then divided further into more detailed simulation models. Fiegure 1 1 illustrates the 

simulation architecture hi@-level breakdom. Figure 1 2 illustrates the four main catego- 

ries of the ISSIATV simulation, which include the dynamics and environment, the extemal 

elernents, the simulation control, and the space vehicie subsystems. The remainder of this 

section descnbes the models containeci in the four main categones. 
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FIGURE il. W A T V  Simulntion Bigh-Level Breakdom 12, p.i.31. The qace vehicle simukmr is 
divided into four main ca~~gorics whKh are then divideci fixrther into more detaüed s~uiation rnodels. 
The rrnduvous algorikm were dcveloped for the Gcuduice and Navigation carcgory shown in the 

fi-- 
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FIGCTRE 12. Hierarchy of the Space Vehicle Simulator (6, p.291. The space vehicle sirnulatm is 
divided into four main categories which are then divided M e r  into more detailed simulation rnodels. 
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3.4.1 Dynamics and environment mdels  

Dynamics & 

Environment 

The dynamics and environment models include part of the simulation that closes the loop 

between the spacecraft sensors and the actuators. This is the simulation of the environ- 

ment that the ATV and the ISS experience. The following sample models wiU give the 

reader a general idea about the environment simulated [6]. 

e Time and Date - Set by the user. 

Atmosphenc properties - Uses the U.S. standard atmosphere 1976 model. 

Simulation 

Conuol 

Externai 

Elernents 

Gravitational acceleration - The Earth's gravitation and oblateness can be modeled. 

P 

Space Vehide 

Subsystems 



Magnetic field - The dipole rnodel calculates the Earth's magnetic field vector ar a 

oiven position. 
C 

Solar flux - The mean solar flux integrated over ail wavelengths at a given position 

varies with the &y of the year. 

Natural object position - The Earth. Sun. moon, and star positions relative to the 

space vehicle based on the time and date. 

Satellite orbit propagation - The communication satellites' orbits are propagated. 

These satellites are used as relay and link spacecraft. 

Space station orbit propagation - D u ~ g  the ATV injection. amiosphenc and far ren- 

dezvous phases the space station's m e  anomaly is integrated using the Euler 

methoa. During the rendezvous and docked phases, the space station's orbit is prop- 

agated as part of the space vehicle dynamics described later. 

Space vehicle dynamics - The equations of motion for a single ngid body are inte- 

grated. The position and aninide equations are processed independently. 

External forces and torquw - These could be due to air drag or solar pressure. 

Position and attitude cornputauon - These involve solving the equations of motion 

(position and attitude) in an inertial frame. The fourth-order Adams-Moulton inte- 

@on method with Runge-Kutta initialization is used. This computation is used 

during the rendezvous phase of the mission. 

Relative Integration - This is the same as above except the equations of motion are 

solved relative to a body in orbit, in ùiis case the ISS. 

Phase switch - The flight phase of the ATV is detemiined by this model. The switch 

changes global variables which sen& signals to the models indicating the flight 

phase. 



3.4.2 Externai elernents models 

Extemal elements are modeled as part of the simulation that is externai to the A m  but is 

required by the m ' s  subsystems to perform. These models include the following: 

The control center - The communications are relayed via an active communication 

channel. Errors can also be included. 

Relay and link satellites - Communications from satellites such as the TDRSS (US). 

DRS (European), and the LUCH (Russian) are modeled. 

Ground Stations - Communications from ground stations are modeled. 

communication signals - This rnodels the communication between two devices. Dis- 

tances. orientation of the antemas, and Earth shadowing are accounted for. 

Space station - The communications of the space station are modeled. The docking 

rnechanisms are also included in these models. 

GPS satellites - the GPS NAVSTAR constellation of satellites is modeIed. The 

model includes the position of the GPS satellites visible for the appropriate signai 

transmission. 

3.4.3 ATV subsystem models 

Subsystem models simulate the function of the subsysterns on-board the Am. A sample 

of the subsystems modeled is as follows: 

ATV on-board software 

Mission management - This is the onboard software that drives the subsystems based 

orthe mission phase of the A W  

Guidance, navigation, and control - This models the onboard algorithms that deter- 

mine the thrusts for the desired Ani' mjectories. The fdowing lower level models 

are part of this hi* level model: 



I ] Position and attitude determination 

21 Attitude control 

31 Orbit inclination conml 

41 Hohmann transfer control 

51 Homing control 

61 Closing control 

71 Forced motion control 

81 Aerodynarnic conîrol 

Subsystems management - This includes the onboard software that manages the pro- 

pulsion, electrical power, thermal, communications, and mechanical devices sub- 

systems. 

A m  High-Level Equipment - This includes the foliowing models: 

- Avionics subsystems - This includes the data management subsystem, the 

communications subsystem, the GPS receiver, md other A W  sensors. 

- Mechanical devices - Aerodynamic control devices, parachute deployment, 

docking mechanism. antema deployment, solar panel deployment, etc. 

- Human-machine interface - This provides the user with graphical representation 

of the panels to simulate the controls from the ground station or the space station. 



- ATV resources equiprnent - This includes the following subsystems: 

propulsion subsystem 

electrical power subsystem 

thermal subsystem 

3.4.4 Simulation control modeIs 

These models allow the user to monitor and control the simulation. The user can control 

the various elements of the simulation through the simulation control schematics without 

having to interfere with the element schematics themselves. The user c m  control the time 

acceleration factor that controls the speed of the simulation and cm visualize the state of 

the simulation through three visualization packages. The following visualization pack- 

ages were used for the ISS/AW simulation: 

Orbit 2D - The ground track displayed on a mercator map 

Orbit 3D - Spacecraft orbit displayed on the sphencal Earth with background of 

catalogued stars 

Animator - Space vehicle rendering during flight displaying its attitude, orbit. and 

mechanisms deployment 

These visualization packages are independent packages that are interfaced with the 

ROSFM simulation. The interface is made through spec ially designed RO SETM objects. 

The simulation schematics developed for the I S S I K I V  simulation consisted of generic 

objects created for spacecraf't simulation purposes. Figure 13 illustrates some of the object 

libraries created for the simulation. 
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FIGURE 13. Object Libraries for Simulation of ISUATV .Mission (6, p.401. The simulation 
schernatics devcloped for the ISS/ATV simulation consisted of generic objects created for spacecraft 
sirnulauon purposes. These objects are piaced in object libraries and are 'dragged' out of the libraries 
onto tfie schematics. 

The object libraries above were created for generic objects that could be used as a tem- 

plate for any spacecraft simulation. The objects and libraries can be modified or new ones 

can be created to suit the needs of a specific spacecraft andlor mission. These new librar- 

ies and objects can further be re-used for other projects. The usefulness of the generic 

libraries is demonstrated through the creation of the ISS/ATV rendezvous simulation. 

Specifically, the dynarnics and onboard software libraries contain the main objects created 

for the rendezvous algorithms. Objects from other libraries such as the mathematic library 

were also used. The objects were put together in the homing phase schematic. the closing 

phase schematic, and the corrections schematic. These schematics will be described in 

Chapter 6. The next chapter covers some of the fundamentais of orbital mechanics and 

rendezvous that were used to develop various objects. 



Chapter 4 

4.0 FUNDAMENTALS OF ORBITAL MECHANICS 

The fundamentals of orbital mechanics are the foundation of rendezvous algorithms, orbit 

propagation. and orbit predictions. These are well known and may be found in many texts 

[ i 1 -. 1 41 such as Fmdamentals of Astrodynamics [8]. Madern Astrodynarnics [ 1 21, and 

Methods of Orbit Detemination [IO]. This chapter wiU capture the fundamentals and 

refer to the texts that explain the concepts in more derail. niis will provide the reader with 

an oventiew of the important ideas and equations. 

Newtonian and Keplerian laws form the basis of orbital mechanics. Newton's laws of 

motion and universal gravitation describe the dynarnics of orbihg spacecraft . Newton 's 

laws of motion are stated, from Book 1 of the Principia, as [8]: 

First Law 

Every body continues in its state of rest or of unifonn motion in a smight line wtless it is 

cornpelled to change t h  state by forces impressed upon it. 



Second Law 

The rate of change of rnomenm is proporrional to the force impressed and is in the same 

direction as that force. 

Tbird Law 

To eveq action there is always opposed on equal reaction. 

Kepler's laws of orbits are also the basic building blocks upon which orbital mechanics is 

built and are stated as follows: 

Fust Law 

The orbit of each planet is an ellipse. with the sun ar a focus. 

Second Law 

The line joining the planet to the sun sweeps out equal areas in equul times. 

Third Law 

The square of the period of a planer is proportio~l to the cube of irs mean distance from 

the sun. 

Newton's and Kepler's laws of motion and orbits d o w  for a description of how spacecraft 

will move in their orbits and how their trajectories can be connolled for any particular 

mission. 

For a system that has n-bodies that exert gravitational forces on each other, the motion of 

the ith body in an i&al reference h e  is govemed by the following equation [7]: 



The constant of proportionality, G, is the universal gravitational constant; mi is the m a s  of 

the ith body; ri is the position of the ith body; and rij is the distance between the ith and the 

fl body, rij = Iri - rjl . (EQ 1) indicates that the motion of the ith body depends on the 

relative positions of al l  the other bodies in the system. Thus, a system of equations includ- 

ing ali the bodies would have to be solved simuitaneously in order to detemine the motion 

of one of the bodies. A complete analytical solution for this problem is only possible for 

the two-body problem. This is sufficient in the case of a spacecraft orbiting the Earth. 

L A &  

Using (EQ 1) and r = r, - r~ , where m refers to the mass of the spacecraft and M refers 

to the mass of the Earth, the two-body problem can be stared as: 

where y = G ( M  + rn) . The two assumptions that are satisfied in the two-body problem 

are: Firstly the two bodies are sphericaily symmetric thereby becoming point masses, and 

secondly the gravitational forces are the only forces acting on this system. (EQ 2) 

describes the motion of a spacecraft with respect to the Earth. Taking the fmt integral of 

(EQ 2) and taking the vector product with yields the constant specific anpiar  rnomen- 

mm, 6.  Since the specific 

equation cm be deveioped 

vector, 6 ,  and (EQ 2) and 

polar CO-ordinates, is: 

angular mornentum is constant, the motion is plaoar. Another 

by taking the vector product between the angular momennun 

integrating. This results in the trajectory equation which, in 

h2 - 
r = 

P 
1 + ecosv 



where e is the eccentricity which determines the type of conic that (EQ 3) represents and 

A A 

v is the angle between the eccentricity vector. e . and the radius vector. r . called the tnie 

h 
anomaly of the orbiting spacecrafi. The value of - is called the semilatus rectum or the 

CL 

parameter p. It is clear from (EQ 3). that r is at a minimum when v = O.  thus the eccen- 

tricity vector points to the penapsis. the closest point to the Eanh in an orbit. Figure 14 

describes the conic section detemined by (EQ 3) [7]. 

Ir = P 
1 + e cos 9 I 

e = O C ircl e 
t e t l  Ellipse 

e =  l Parabola 
e ) 1 Hyperbola 

FIGURE 14. General Equation of a Conic Section [8, p21] 

There are six constants of integration for the two-body problem equation. The six con- 

& 

stants can be stated as the components of r (to) and . where t, is the reference 

A 

time. However, constants that geometricall y represent an orbit and are related to r ( to ) 

and $( ; (to) ) are used instead. There are called the classical orbital elernenü. Figure 

15 describes these constants [7]. 



FIGURE 15. Graphical Repxesentation of the C M d  Orbital Eiements [7,79] .  There are six 
constants of integration for the two-body problem equation. The constants chat geomemcally rcprcsent 
an orbit and arerelated to the position and velocity vectors are used instead. These are caIled the 
ciassical orbital elements, 

The orbital elements are: 

i - inclination angle 

C2 - longitude or the right ascension of the ascending node 

O - argument of the periapsis 

v - tme anomaly 

a - semi-major axis 
e - eccentricity 



The orientation of the orbit can be described by i, Q , and o. The size and the shape of an 

orbit are Fied by the semi-major axis, a and either the semilatus rectum, p. or the eccen- 

tricity, e. The position of the body in the orbit cm be described by v . Thus. there are six 

orbital elements that can locate a spacecraft in an orbit and d o w  for the prediction of its 

location at any tirne. The prediction of the orbit is described in Chapter 5 where the solu- 

tion to the -Kepler problem' is discussed. The orbital elements are related to the position 

and velocity vectors of a spacecrafi. Thus. the orbital elements can be converted to the 

position and velocity vectors and vice-versa The detailed derivation of these relations can 

be obtained in a nurnber of references that deal with the fundamentais of orbital mechanics 

VI Ca 

Another consequence of the two-body equation is the specific mechanical energy of a 

spacecraft. The detailed derivation can be found in reference [8]. The following equation 

descnbes the specific kinetic energy and the specific potentiai energy of the satellite. 

The t ime rate of change of the above equation is zero, therefore 5 is a constant The above 

equation shows that the total energy, 5 ,  of a spacecraft is constant dong an orbit with a 

velocity, v, at a radius, r. 

The problem of rendezvous involves one spacecraft achieving the same orbit as another. 

The spacecraft that is performing the rendezvous is usually called the chaser or the inter- 

ceptor vehicle and the spacecraft being chased is called the target vehicle. The chaser 

vehicle has to anive at the same time and place as the target vehicle or a location around 

the target vehicle for a successfûl rendezvous. There are many constmùlts to the trajectory 



required to achieve a rendezvous. The following will describe some of the general tech- 

niques for a chaser vehicle to rendezvous with the target vehicle. 

If a minimum fuel transfer orbit is required then the Hohmann transfer can be used [9] .  

The consnaint in this case is the propellant. The chaser has to be in the proper position 

with respect to the target in order to use a Hohmann transfer orbit successfully. This 

requires the chaser to wait in its orbir until the correct relative positions have been 

achieved. The orbit thar places the chaser in the desired geomevy for a rendezvous is 

cailed a phasing orbit. if the two orbits are coplanar. circular, and of different sizes. the 

phasing orbit is simply the chaser's initial orbit. Assuming the chaçer is at a lower aiti- 

tude. it c m  fue its thnistea to achieve the uansfer orbit and rendezvous with the target at 

the apoapsis (Figure 16). The chaser can fire the second bum at the apoapsis to achieve 

the same orbit as the target vehicie. Figure 16 describes the georneûy of the chaser and 

target to initiate a Hohmann transfer [9]. 

FIGURE 16. Geometry of Chaser and Target Vehicles for Rendezvous [9, p.1501. Assuming the 
chaser is at a lower altitude, it can fire its thrusters to achieve the transfer orbit and rendezvous with the 
target at the apoapsis. 



The following is a derivation of the wait time required by the chaser vehicle to commence 

its rendemous. The mean motion of spacecrafi is given by the foliowing equation: 

The correct geometry of the two vehicles is determined by the position of the chaser rela- 

tive to the mget such that if a Hohrnann transfer were initiated, the chaser would rneet the 

target 180 degrees into the mnsfer orbit The lead angle, a=, is the angular distance the 

target travels during the chaser's aansfer orbit and is &en by: 

a~ = (nmgcr  ) TOF 

Where. TOF is the time-of-flight of the Hohmann transfer and the final phase angle, qj, is 

the angle benVeen the chaser and the target when the rendez-vous -fer orbir is possible 

given by: 

The wait time,r, is given by dividing the relative angular positions by the dserence in the 

chaser and target mean motions. 

The constant, k, is the rendezvous opporninity integer. The fmt oppominity is when k-O. 

The total time for rendentous would be the sum of the wait time plus haif the period of the 

transfer orbit. Note that as the two orbits get closer the denomuiator approaches zero and 

thus the wait time approaches infinigr. 



If the chaser is already at the target orbit. i t must enter another phasing orbit in order to 

rendezvous with the target vehicle [9]. This is depicted in Figure 17 as follows: 

FIGURE 17. Phasing Orbits when Target and Chaser are on the Same Initial Orbit [9, p.1511. If 
the chaser is already at the q e t  orbit it must enter another phasing orbit in order to rendezvous with the 
target vehicle. The phasing orbit has a new semi-major axis that wilI have a longer or shorter period to 
atlow for a rendezvous with the target vehicle. The chaser wiI1 return to the point where the phasing orbit 
S m .  

The period. P, of an orbit is detennined by its semi-major axis as the following equation 

shows: 

Thus, the chaser can be put into a smaller orbit so that its penod becomes smaller. The 

rendezvous will occur at the point the chaser initiates its phasing orbit. The period of the 

phasing orbit shouid be such that the target reaches the rendezvous point at the sarne time. 

Thus the penod of the phasing orbit. which is equal to the time-of-flight for the target to 

get to the rendezvous point, determines the semi-major axis of the phasing orbit. The 



above figure depicts the cases when the chaser or Uiterceptor is slightly behind and 

slightly ahead of the target vehicle. 

The techniques described above involve Hohmann transfers thar require minimum fuel for 

m s f e r  orbits and rendezvous when the chaser and target are on the same orbit. The prob- 

lem of rendezvous becomes even more complex when the orbits are not circular and non- 

coplanar. The rrajectones for rendezvous have to be carefuiiy analyzed when safety or 

collision avoidance becomes the main consmint. In the case of the ISS/ATV mission. cir- 

cular coplanar orbits were considered, but safety, rather than fuel consumption was the 

main consnaint. Thus the phasing orbits described above were not used. Instead. orbits 

that ensure the ATV will not collide with the ISS and which allow the ISS a reasonable 

amount of time to perform evasive manoeuvers, such as changing its altitude, were deter- 

mined. This method will be covered in Chapter 5. 

Navigation of a spacecraft involves determining the orbit of the spacecraft. This essen- 

tially rneans determining the position and velocity of the spacecraft or equivaiently its 

orbital elements as a function of time. Guidance is referred to as determining the addi- 

tional velocity or Delta-V that the spacecraft needs to change its orbit in order to ger it to 

where it is required. Conaol is referred to as the execution of the Delta-V command by 

firing the dinisters onboard the spacecraft. Therefore, in a rendezvous mission, frst  a tar- 

get orbit and the chaser's orbit is determined. The required change in the chaser's orbit is 

determined ia order for it to reach its target orbit. Finally, the commanded Delta-V is exe- 

cuted by f h g  thnisters onboard the spacecraft. During the rendezvous mjectory, the 

chaser's position and velocity is continually monitored in case there is a perturbation from 

the desired trajectory. This perturbation is usudy due to an inaccurate initial burn that 

sets the chaser on its intercept trajectory. This process continues as follows; the target and 



chaser orbits are determined (navigation), the required change in the chaser's orbit is cal- 

culated (guidance), and the bum for intercept is carried out (control) [9]. 

Figure 18 illustrates the Automatic Control Luop for the ATV9s guidance. navigation. and 

control subsystem. 

Estimated Position Nominal Position Thruster 
and Velocity and Velocity Commands 

FIGURE 18- Guidance, 'Vavigation, and Control Automatic ControI Loop 13, p.2û23- Navigation of 
a spacecraft involves determinmg a spacecraft's orbit. Guidance is referred to as detennining the 
additional velocity or Delta-V that the spacecraft needs to change its orbit in order to get it to where it is 
required. Conml is referred to as the execution of the Delta-V command by firing the thrusten onboard 
the spacecraft, 

Navigation 

Actual Position 

The spacecraft's position and velocity as a function of time is called the ephemeris. The 

spacecraft's orbit can be predicted by two different methods of timing. The real-time 

determination of the spacecraft's orbit provides its current position. The second method is 

cailed definitive orbit determination and involves the estimation of the spacecraft ephem- 

eris at an earlier tirne. The detemineci orbit can then be propagated by integrating the 

equations of motion. This will provide the spacecraft's orbit at a later time. Orbit propa- 

gation is critical in missions where the chaser vehicle has to intercept the target vehicle. 

Orbits cm also be propagated backwards in time so that the prediction can be compared to 

actual observations and the error in the predictions can be reduced [9]. Traditionaiiy, orbit 

and VeIocity 

Guidance 

Actual Dynarnics & 

Control 

I 
Spaœ Environment4 

! 



determination has been a gound-station activity. Recent technological advances such as 

the Global Positioning System and more advanced onboard computen allow for autono- 

mous control of spacecraft. The orbit of the spacecraft cm be determined in red-time 

from onboard the spacecraft and autonomous control cm be executed to place the space- 

craft in a desired orbit. The spacecraft requires onboard processing to perfonn an autono- 

mous rendezvous mission, namely the ATV with the ISS. 

The first factor to consider in orbit determination is the source and type of data used. This 

may be in the fom of radar tracking data or GPS data obtained onboard the spacecraft. It 

should be understood that these observations will have limited accuracy which will affect 

the propagation results. The second consideration is the algorithms that are used to propa- 

gate &e orbit of the spacecraft. This becomes even more complex when perturbations are 

added to the simple two-body motion problern. Two-body motion would include the 

spacecraft and the Earth and the integration of the equations of motion which were 

described earlier. Orbit perturbations are discussed in Chapter 7. The third important fac- 

tor in orbit determination is the processor that is used to compute the propagated orbit. 

This thesis focuses on the second factor of orbit propagation, the rendezvous algorithms. 

The most frequently used orbit propagation algorithm is called the Goddard Trajectory 

Determination System, GTDS. This system is used by NASA for all of their low-Earth 

orbit satellites. Another well known system is the Jet Ropulsion Laboratory's Deep Space 

Network (DSN) used for interplanetary spacecraft [9]. 

Since definitive systems work on old data that can be comcted for errors and propagated 

fonvards to meet r d - t h e  needs they are more accurate than reai-tirne data that is propa- 

gated forward in time without any e m r  corrections (91. 



Orbit propagation, simply put, is the determination of the spacecraft's position and veloc- 

ity some tirne in the future, knowing its present position and velocity. Johannes Kepler 

was one of the fmt persons to tackle this problem theoreticaily. Kepler developed an 

empirical expression that determined the time-of-flight of a planet from one point to 

another. This development is the basis for what is called the 'Kepler problem' of propa- 

gatïng the position and velocity of an orbiting object given the the-of-fiight. The Kepler 

problem is discussed in detail in Chapter 6. 

Orbit detemination from two positions and a rime-of-flight is a problem that has signifi- 

cance in the intercept and rendez-vous mission. This problem was explored by Car1 

Friedrich Gauss. Ir is therefore referred to as the 'Gauss problem' and discussed in Chap- 

ter 6. 

The solution to the Kepler and Gauss problems are the primary algorithms used for the 

rendezvous phases discussed in this thesis. The two algorithms are uicorporated in the 

ROSETM schematics to provide the Delta-V comrnands necessary for the ATV to rendez- 

vous with the ISS. The position and velocity of the ATV and ISS are provided by GPS 

receivers onboard the spacecraft. The Delta-V commanded is sent to the propulsion sub- 

system. The Delta-V bums provide the necessary thmst to the A W  to place it in the 

required rendezvous trajectory. Thus, there is a navigation. guidance, and control hnc- 

tion that allows the ATV to reach the space station. These algorithms were developed for 

the guidance simulation implemented in ROSEM. The guidance simulation schematics 

interface with both the navigation and control R O S P  schematics that were developed by 

the author concurrently with CAE Electronics Ltd. 

Two other software packages were used to propagate orbits (Appendix C), but these were 

not part of the ROSETM simulation. They were used for verifkation and comparison pur- 

poses. The two software packages are the Satellite Tool Kit (STK) developed by Analyu- 



cal Graphics and the Numerical Prediction of Orbital Elements (NPOE) downloaded h m  

the intemet. NPOE was developed by Mr. David Eagle of Science Sohare. 

4.6 -ter +- 

This chapter has covered the following concepts: 

fundamental equation of motion related to two bodies, narnely the Earth and a space- 

craft. and the related assumptions. 

the orbital elements used ro describe a spacecraft's position and velocity vecton and 

the geometry of an orbit. 

the techniques used in the rendezvous problern 

orbit determination and orbit determination systerns 

The next chapter will defrne the ISS/ATV simulation rendezvous phases and constraints. 

Chapter 6 will describe the rendezvous algonthms that were implemented in the simula- 

tion to complete the phases successfully and satisfy the consaaints. 



Chapter 5 

5.0 ISS/ATV RENDEZVOUS PHASES 

This chapter will describe the two rendenous phases for which die algorithms were 

developed. These phases were simulated on ROSETM schematics as part of the ISSIATV 

simulation. The two phases are the horning phase, the closing phase. and a corrections 

schernatic for the homing and closing phases. The corrections are Delta-V bums applied 

to the ATV if it strays off the planned trajectory by a pre-determined position magnitude. 

The constraints to the trajectories in both phases are also discussed in this chapter- 

5.1 

There are many constraints that c m  be applied to the rendezvous trajectories of the ATv 

The following constraints could apply: 

Propellant - consaains the amount of Delta-V available for rendezvous. 

T i e  - constrains the trajectory to the fastest one. 

Collision avoidance (safety) - This cons~aint applies the concept of 'safe trajecto- 

ries'. It requires al1 burns to be performed in a manner such that the ATV's free- 

flight trajectory never intersects that of the space station. 



Collision avoidance was deemed to be the most critical constra.int. The ROSETM simula- 

tion was based on a 'safe trajectoq' rendezvous. This ensures that al1 of the Am's orbits 

avoid coilision with the ISS if there is a failure in the propulsion subsystem. The safe tra- 

jectories ensure the safety of the astronauts onboard the space station and will be 

descnbed in derail in this chapter. where the ROSETH schematics are described. The pro- 

pellant and t h e  constraints were also met using this rendezvous strategy but were not 

optimized. A bnef description of the rendenous phases which were considered is given 

in the next sections. 



5 2  

The homing phase is modeled on one ROSFM schematic cailed 'rvd-homingo. The hom- 

ing phase begins when the ATV entes the Space Station Communication Range (SSCR). 

This point is 12 km behind and 2 km below the space station COM. The space station and 

the ATV are in a coplanar orbit and are traveling in the sarne direction. The homing phase 

brings the ATV from this point to the space station orbit approximately 2500 m behind its 

COM. Figure 19 illustrates the n-ajectory of the ATV during this phase. 

Target point 2500 m behind ISS 

END 

FIGURE 19. Homing phase of the ATV. The start of the horning phase is at a point 12 km behind and 
2 km below the space station centre of rnass. The homing phase brings the ATV from this point to the 
space station orbit approximately 2500 m behind its centre of rnass. 

The closing phase has been modeled on one ROSE? schematic c d e d  rvd-closing. This 

phase begins at the space station orbit, 2500 m behind its COM. The closing phase ends at 

48 



approximately 300 rn behind the space station COM on the same orbit. The closing phase 

can be performed in more than one step. In the ROSETM simulation, for example. the f i s t  

step brings the ATV to 750 rn behind the ISS COM and the second step brings it to 

approximately 300 m behind the ISS COM. The simuiation can be modified to mode1 one 

step or many steps in bringing the ATV closer to the ISS. The actual distance behind the 

space station is approximate because the ATV thrusten will not provide the exact Delta-V 

cornrnanded. If the error is Less than a specified value. no corrections to the trajectory will 

be made and the ATV will reach the desired position behind the space station within an 

acceptable range. If. however, the ATV's actual trajectory is different from the desired na- 

jectory by a pre-determineci position magnitude, there will be a conection bum to elimi- 

nate this error. Figure 20 Uustrates a closing transfer h m  2500 rn behind the space 

station COM to 300 m behind its COM (one step tramfer). 

intercept at 300 m behind ISS 

Dn;-t 300 m behind 

ATV at 2500 m 
behind ISS 

The period of both orbits shown are qua1 

FIGURE 20. Closing Phase fkom 2500 m to 300 m behind Space Station (ES) COM. The closing 
uansfer brings the ATV from 2500 m behind the ISS to 300 m behind its centre of m a s .  

There is a third ROSETM schematic which models conections to the ATV that bring it back 

to the desired trajectory when perturbations take it away from the predicted trajectory. 



The predicted tmjectory of the ATV. after its first transfer burn. is continudy cornpared to 

the actual ATV trajectory. If the inertial position magnitude of the acnial najectory is 

p a t e r  than the predicted inertial position magnitude, a correction b m  is detemiined and 

the second circulariring bum is recalculated. This ma,onitude has been set to 100 m in the 

current ISS/ATV simulation. The corrections can be used during both the homing and the 

closing phases of the rendezvous mission. Figure 21 iliustrates the correction bum. 

Corrected trajectory /- - . . - _LI 

.Wual Trajectory 

~orrecrion bum / 

l 

1 

! 
l 

Redicted Trajectory 

Bum 

Rendemous point determined at first burn 

FIGLXE 21. Correction Burn of the ATV to m c b  the Rendezvous Point. ïhe correction bum 
brings the Aï'V back to the desired mjectory when perturbations take it away from the predicted 
trajectory. The predicted trajectory position is cornpared to the actual position. If the difference is greater 

than a user defined value, a correction burn is made. 

A new Delta-V is required to ensure the ATV reaches the rendemous point at the original 

time-of-flight. The new Delta-V is determined by using the remaining the-of-flight after 

the fmt bum, the rendezvous point position, and the current ATV position. 

The chapter has described the two rendezvous phases and the corrections applied to the 

two phases. 



Chapter 6 

6.0 RENDEZVOUS ALGORITHMS 

The rwo main problems solved for this phase of the mission are called 'the Kepler prob- 

lem' and 'the Gauss problem'. The Kepler and Gauss problems are used in the schemat- 

ics to predict the trajectories and caiculate the Delta-V bums required by the A D .  The 

solution to these problems were required by the ATV from the homing phase to the com- 

pletion of the closing phase. while using correction burns. The Kepier and Gauss algo- 

rithrns were only part of the complete rendezvous phase aigorithms and are described 

below. The ROSETM schematics that were developed for the rendezvous phase consist of 

the complete algorithm for the rendezvous phase. The Kepler and Gauss problerns were 

solved using the Universal Variable method as suggested by Bate (81. The C code. test 

files. and the results of the Kepler and Gauss algorithrns can be found in Appendix B. 

6.1 Universal variable 

The derailed development of the following equations is covered in reference [8]. The fol- 

lowing is a bnef overview of the Universal Variable, x. 



The specific angu1a.r momentum, h. and the energy, t ,  of an orbit are given by the follow- 

ing equations: 

A 

The velocity vector, v , is resolved into its radial component. t . and transverse compo- 

nent, ru, to get: 

1 2  1 Z P  CL 
?' + 2 ('Y) - - = -- 

r 2a 

PP Solving for i and setting, (nj) = - fiom (EQ 5) yields the following: 
r 

(EQ 8) needs to be solved for r. The solution to this equation is found by introducing a 

Universai Variable, x, where 

To develop an equation for r in tenns of x, (EQ 8) is divided by the square of (EQ 9) to get: 



Separating the variables yields: 

The i n d e f ~ t e  integral is (for e # 1 ): 

where c, is the constant of inteption. Since e = 1 - - the equation c m  be rear- i :y 

ranged to give: 

Thus, we can solve for r to get 

Substiniting (EQ 10) into the definition of the universal variable and integrating yields: 



New (EQ 10) and (EQ 1 1) oui be used in a specific problem such as the prediction prob- 

lem describeci in the next section. The constant of integration, c, , is evaiuated in the pre- 

diction problem as well. Note that the equaàons above give the relations for r and t in 

terms of the universal variable, x. 

Fmding a spacecraft's position and velocity as a function of thetime-of-fiight is the basis 

for Kepler's problem. The problem can be stated as follows: 

A A 

Given: r,, v,, and t, = O 

Find: ; and at time t 

Figure 22 iliutmtes Kepler's problea 

FIGURE 32 Kepler's Roblem [8, p.3951. Fiading a spaceaah's position and velocity a k r  a given 
the-of-flight and its initial position and velocity is the basis of Kepler's problem. 



The following section describes the problem of fmding v when ae ,  vO . and the time-of- 

flighr are given. The final position and velocity of a spacecraft are predicted knowing 

some initial position, velocity, and a time-of-fiight. Fi t  the ROSETM object that solves 

the Kepler problem is described. The input and output variables are described and the 

variables that may be tuned by the user are also described. 

Description of the ROSErM object 

This ROSETM object solves Kepler's prediction problem using the Universal V ' ab l e  for- 

mulation. The inputs to the object are the current position and velocity vectors of the 

spacecrafi in orbit around the Earth, and a tirne-of-flight. The object calculates, as the out- 

put. the final position and velocity vectoe after the given the-of-flight. The vectors are in 

the geocennic inertial frame of reference. The Newton method is used as a convergence 

scheme. The maximum number of iterations for convergence and the tolerance for con- 

vergence are specified by the user. 

If a sùigularity occm or a non-real number is calculated, the flag SINGULAR is set to 

TRUE, and the output velocity and position vectors will have a value of zero. If the sin$- 

larity condition no longer holds m e ,  the correct position and velocity will be output. but 

the SINGULAR flag will remain TRuE hdicating a singularity did occur at some point. 

The color of the object nuns red on the schematic duruig run-time indicating that a singu- 

Iarity has occumd. 

The detailed mathematical denvations used in this object cm be found in reference [8]. 



Input Data 

The extemal inputs required by this object are iisted in the foIlowing table: 

TABLE 1. The Input Parameters of the Kepler Object 

1 Initiai velocity vector 

Name 
A 

r O 

Output data 

The external outputs generated by this component are listed in the following table: 

TABLE 2. The Output Parameters of the Kepler Object 

Description 

Initial position vec tor 

Uni& 

m 

Name 1 Description Units 

a 

r 

The following is a summary of the main equations used to create the ROSFM object. 

A 

v 

A A 

From the given initial position vector, i, , and initial velocity vector, v, , the scdars Irol . 
1;,1 are determined. The semi-major axis, a, is then found using the following equation: 

I 

Given the time-of-flighr, t, the universal variable. x. is solved for using Newton's iteration 

Predicted position vector 

Predicted velocity vector 

scheme. The number of iterations perfomied is limited by a specified value, im. 

rn 

m/s 



Where from (EQ 11) h is obrained as: 

dt 
and from the definition of b . (EQ 1 O), and (EQ 1 f ), - is: dx 

A fmt guess for x, is: 

Note that C and S are functions of another universal variable z, defined as: 

If z is positive then 



If z is negative then 

If z is near zero then a truncated power series expansion of cos and sin can be used to eval- 

uate C and S. 

When the solution converges so that (t-td in (EQ 12) is below a specified tolerance, the 

value of the universal variable x, has been found. Therefore, z is also defmed. 

The fuial position vector, ; , and the fmal velocity vector, ;. are expressed as: 

A 0 A A 

v = fr, + gv, 

where, 



Internai data 

The intemal data of the object that can be tuned by the user is listed in the fallowing table: 

TABLE 3. The Interna1 Data of the Kepler Object Specified by the User 

( tolerance 1 Tolerance for convergence of the rime-of-flight I - I 
imax 

The number of iterations have to be limiteci to maintain a rd-t ime simulation. Tests were 

made to determine a value for imar and tolerance that would yield an accurate result while 

maintaining a real-time simulation. 

Constants 

Maximum number of iterations for Newton's method 

The intemal constants needed by this component are listed in the following table: 

- 

TABLE 4. The Constants used in the Kepler Object 

I 1 Earth's gravitational constant 1 m3/st I 
Syrnbol 

- - 

Description Units 
1 



ïhe  solution of the Gauss problem yields the velocity vectors of a spacecraft at the given 

initial and f m d  positions. when the angle between the two position vectors and the time- 

of-flight is known. The problem can be stated as follows: 

A A 

Given: r 1 . r2. the ùme-of-flight and the angle between the position vectors 

Find: ; and 

The angle between the two position vectors indicates which way the spacecraft is navel- 

ling (Figure 23). The angle is determined by taking the dot product of the target's orbit 

nomal with the cross product of the chaser's position and velocity vector. The sign of the 

resulr inoicates whether the target and chaser are traveling in the same direction or not. 

There is only one orbit that will pass through two position vectors in a given direction for 

a given tirne-of-flight. The figure below describes the orbit through wo position vecton. 

in both possible directions but one time-of-flight 



FIGURE 23. The Gauss problern Iliustrating Two Orbits with the same Tie-of-flight [8, p.2291. 
The solution of the Gauss problem yieI& the velocity vectors of a spacecrafi at the given initial and final 
positions. when the angle between the two position vectors and the cime-of-flight is known. 

Description of the ROSETM object 

The ROSETM object cornputes the initial and finai velocity vecton of an orbiting body 

given its initial and final position vectors. the time-of-flight, and the angle between the 

two vectors. 

Input data 

The externai inputs required by this object are listed in the following table: 

TABLE 5. Input Parameters of the Gauss Object 

/ Wal position of body in geacentric inertial frame I 

Name 

A 

r1 

I 1 Tirne-of-flight between the two position vectors 1 ç 

I 1 Angle behveen ; and i2 

Description 

Initial position of body in geocentnc inertial frame 

1 rad 

Units 

m 



Output data 

The external output5 generated by this object are Listed in the following table: 

TABLE 6.  Output Parameters of the Gauss Roblem 

Name 

A I 1 Velocity at fîal  position in geocentric inertid frarne 1 m/s 1 

A 

V I  

The detailed denvation of the Gauss problem can be found in reference [8]. The following 

is a summary of the main equations used to create the ROSE? object. 

Description 

Given two position vectors in the geocenaic inertial frame, and &. and the angle 

between the two vectors. Av . the magnitudes. and Igrl . are caiculated and the con- 

Uniîs 

Velocity at initial position in geocentnc inertial frarne 

stant A is defrned as: 

mis 

If Av is less than n this is the 'short-way' trajectory and A is taken as positive. If Av 

is greater than rr then the 'long-way' trajectory is considered and A is taken as negative. 

Note: if Av = le , the two vectors are colinear and the plane of the orbit can not be 

defmed. A unique solution is not possible in this case. 

3 
At this point a trial value is chosen for the universal variable z, where z = AEn . E is the 

eccentric anomaly. The initial trial value chosen depends on the value of the the-of- 

flight. The plot of time-of-fiight vs. z can be used to determine the initial value for fastest 

convergence. The C and S functions are then evaluated for the trial value for 2. 

Note that C and S are functions of the universal variable z, where 



If z is positive then 

If z is negative then 

If z is near zero then the truncated power series expansion of cos and sin is used to evalu- 

ate C and S. 



Next the auxiliq variable y is evaluated as 

Then the universal variable x is calculated as 

IV 

Next the triai value of the time-of-flight is calculated using the foilowing equation: 

f i t ,  = X'S + AA 

The time-of-flight is compared with the achial tirne-of-flight and a Newton's iteration 

scheme, described below. is used to adjust the value of z until the trial value of time-of- 

flight, t,. and the acnial time-of-flight. t, converge to within a given toleronce. The fol- 

iowing denvative of the the-of-flight with respect to z. is required for the iteration 

scheme . 

Where, 

However, if z is nearly zero (near-parabolic orbit) then the power senes expansion of the 

Cf and S' functions are used. 



The following Newtonws iteration method is used to adjust the value of z. A maximum 

number of iterations is specified by im. 

The iterations are carried out until im is reached or t - tn becomes negligible (Le. meets 

the s pecif ied tulerance). 

Once the univenal variable z has been evduated, the f, g, and 8 functions. defined below, 

can be used to evaluate ; and ;*. The values of y and A are calculated using die value of 

z de terrnined. 

Thus the two velocity vectors cm be determineci as foilows: 



Interna1 data 

The internai computation data needed by this object are Listed in the following table: 

TABLE 7. User Specified Interna1 Data of the Gauss Object 

Name 

The nurnber of iterations have to be lirnited to maintain a real-tirne simulation. Tests were 

made to determine a value for irnax and tolerance that would yield an accurate result while 

rnainraining a real-time simulation. 

imax 

tolerance 

Constants 

Description 

The intemal constants needed by this object are Iisted in the following table: 

TABLE 8. The Constants used in the Gauss Roblem 

Cinits 

Maximum number of itemtions for Newton's method 

Tolerance for convergence of the time-of-flight 

- 

- 

6.4 ROSETM homine - ohase schematic 

Name 

CL 

This section describes the ROSETM schematic that calculates the Delta-V bums required 

by the MV during the homing phase of the rendezvous mission. The Kepler and Gauss 

objects described above were used as part of the overall homing algorithm. The ROSETM 

schernatics can be seen in Appendix B. The ROSEM schematic is described using a flow 

chart which indicates the inputs, the processing, and the outputs. The narne given to the 

ROSFM schematic is 'rvd-horning'. 

Description 

Earth 's gravitational cons tant 

Uniîs 

m3/s2 



Inputs to schematic 

Control Flag - Mission management concrois when the more complex objects are 

run so that unnecessary compter processing and memory is not used. 

ATV position and velocity vectors in geocentric inertial frame of reference 

ISS position and velocity vectors in geocenmc inertid frame of reference 

Outputs of schematic 

Delta-V for the fxst burn - places A W  in the nansfer orbit 

Deita-V for the second bum - places ATV in the space station orbit 

Time-of-flight between the two burns 

A ce- penod of tirne is required for the AIT to orient irself before perfomiing any 

Delta-V burns. This is because the thrustes are fixed on the Am During this time. the 

ATV's position and velocity will have changed and so the caicuiated burns will have an 

error associated with them. To overcome diis problem, the initial position and velocity 

vectors of the ATV and the ISS are propagated four minutes into the future. This allows 

the ATV to re-orient itself wirhin the four minutes and the acnial bums are applied when 

four minutes have passed. Due to the propulsion system not being able to provide the 

exact Delta-V required, emrs  will still remain in the actual orbit of the ATV. These errors 

are considered as perturbations to the AW. 

The tirne-of-flight used is that of a Hohmann transfer orbit. This would provide the most 

fuei efficient transfer orbit and would dso be a safe orbit since the transfer orbit and the 

ISS orbit have approximately the same period. The apogee of the transfer orbit is at the 

same altitude as the space station. Thus, in the case of a complete loss of ATV control 

after the fmt  buni, the ISS will have sufficient time to increase its altitude and avoid a col- 

lision with the A n .  Therefore, this trajectory is considered both safe and fuel efficient. 



Processing 

Some major eiements used in this algorithm are described below. 

The processing that occurs on the ROSEM schematic is associated with the rendemous 

algorithrns that would be used in the onboard software. Figure 24. generally descnbes the 

algorithm used on the homing schematic (Appendix B). 

ATV initial Position and f Velocity vectors 

Propagate 4 minutes for 
attitude manoeuvre 

I 

f ISS initial Position 
Velocity vectors 

Propagate 4 minutes for 
attitude manoeuvre 

I 

1 Kepler problem 

Tirne-of-flight of 
Hohmann Transfer 

orbit. 
Target position and 
velocity (2500 m 

behind ISS) 

Gauss Problern determines 
initial and final velocity of 

ATV Transfer orbit 

Initial velocity minus 
initial ATV velocity 

gives Delta-V for first 

I burn 

Target velocity minus 
final AîV velocity gives 
Delta-V for second bum 

FIGURE 24. Flowchart Iiiustrating the ROSETM Homing Phase Schematic. The flowchart describes 
the logic of the homing schematic. The ATV and ISS position and velocity vectors are inputs to the 
schematic and the Delta-V bums required to initiate and circularize the transfer orbit are the outputs. 



Some of the more detailed calculations are not shown on the fiow chart above to avoid 

clutrer. The important calculations used in the homing schematic are described below. 

Calculation of target point behind the ISS 

The target point for the ATV has to be cdculated before the Delta-V b u w  are determined. 

The rendezvous point is 2500 m, arc-len,gh, behind the space station. The Kepler object is 

used to determine the position and velocity vecton of the target point The ISS is simply 

propagated to the point that is 2500 m, arc-length, behind the ISS COM. Since the initial 

position and velocity of the ISS is h o w n ,  the time-of-flight is required by the Kepler 

object to caiculate the position and velocity of the target point. This is determined as fol- 

lows: 

t = (-1 2n-0 Period 

Where, 

@ - The angle between the target point and the ISS measured from the Eanh's centre 

ArcLength - The arc-length of 2500 rn used as the target point behind the ISS on the same 

orbit 

Period - The period of the ISS orbit 

riss - Magnitude of the ISS geocentric inertial position vector 



Knowing the tixne-of-flight, the position and velocity of the target point is obtained. This 

is used to calculate the ATVTs rendezvous burns. 

The closing phase of the rendezvous brings the ATV from 2500 m behind the ISS COM to 

approximately 300 rn behind its COM. This manoeuvre can be performed in shoner 

'jumps ' . The current simulation ' jumps ' the ATV from 2500 m to 750 rn and then to 

300 m behind the ISS COM. AU target orbits are the same as the ISS orbit. The actuai 

position achieved by the ATV is not exactly the desired target position due to the perturba- 

tions in the Delta-V f ~ g s .  However, the ATV is brought to a position that is within a 

certain tolerance around the desired position. If the ATV is perturbed outside a specified 

position tolerance during a transfer trajectory, a correction bum is made. The correction 

scheme is modeled on the ROSFM corrections schematic described in the next section. 

Figure 25 5s a flow chart describing the algorithni of the closing phase. 

Inputs to schernatic 

Control Rag - Mission management controls when the more complex objects are mn 

so that unnecessary cornputer processing and memory is not used. 

ATV position and velocity vectors in geocentric inertial frame of reference 

ISS position and velocity vectors in geocentric inertial frame of reference 

Arc-length behind ISS for ATV rendezvous (Le. 750 m and 300 rn) 

Outputs of schematic 

Two Delta-V b u s  to initiate and circularize the ATV transfer orbit 

Time-of-flight between the two bums 

Output control flag indicating that the solution is correct 



/AW initial Position and\ SS initiai Position an> 
Velocity vectors Velocity vectors 

r i 

Propagate 4 minutes for 

Propagate 4 minutes for attitude manoeuvre 

attitude manoeuvre 

Kepler problem 
Rendezvous point 

1 determined 

l J 

Guess a time-of- 

mined at pre-sirnula- 
tion tirne to decrease 

\ 
\ 
\ 

7 

Gauss Problem detexmines 
initial and final velocity of 

A W  Transfer orbit 

Determine the first 
and second Delta-V 

schematic) 4 
$ Compare the ISS and Transfer , 

FIGURE 25. Flowchart ïiiustrating the ROSETM Closhg Phase Schematic The flowchart describes 
the logic of the closing schematic. The ATV and ISS position and velocity vectors are the inputs to the 
schematic and the Delta-V bums required CO initiate and circularize the transfer orbits are h e  outputs. 

Final solution with a fiag 
indicating Delta-V burns are 

correct 

Orbit semi-major axes and incre- 
ment or decrement time-of-flight 

und  a tolerance is met. 



Some major aspects of this algorithm are described below. 

The rendezvous point behind the space station is an input to thïs schematic in terms of the 

arc-length behind the ISS COM. The rendezvous point's position and velocity vectors are 

calculated in the same way as those described in the homing phase. The difference in this 

schematic is primarily the period of the nansfer orbit calculated. To keep the ATV trajec- 

tories safe, the penod of the transfer orbit and the space station are kept aimost the same. 

This is done by comparing the semi-major axes of both the ISS orbit and the A n  nansfer 

orbit. This will ensure that should the A W  lose its ability to fre the thrusters after the 

fmt bum it will not be in an orbit that will allow it to colLide with ISS. Since the periods 

are kept the same, should the ATV not circularize at the intersection with its rendezvous 

- point, it will r e m  to the same initial position after one orbit as will die ISS. This will 

allow the ISS to obtain a higher orbit and safely rernain away from the ATV. This is the 

'safe-trajecrory' condition that was employed in the ISS/ATV simulation. 

The safe-aajectory snategy is implemented by using an initial guessed time-of-flight and 

iterating the solution until the difference between the space station semi-major axis and 

the transfer orbit semi-major axis is withui a specified tolerance. The time-uf-flight is 

then increased or decreased to meet this condition. The cornparison is made to ensure that 

the difference is decreasing. If the difference is increasing and the tirne-of-flight is being 

increased then the time is decreased so that the difference decreases. If the difference is 

increasing while the rime is being decreased then the tirne-of-flight is simply decreased so 

that the difïerence decreases. The initial tirne-of-flight used cm be deter-ed at pre-sim- 

ulation time to ensure minimum iterations and a solution within the four minutes allotted 

for the attitude control manoeuvre. When the correct tirne-of-flight for rendezvous has 

been detennined, the Delta-V bums calculated are output fiom the schematic with a con- 

trol flag indicating that the solution is satisfactory. 



Comctions to both the homing phase and the closing phase are required due to perturba- 

tions to the desired or predicted transfer orbits (Chapter 7). Since the A W  thnisrers will 

not provide the exact Delta-V required for rendezvous. the acnial transfer orbit trajectory 

will be slighdy Merent from the required trajectory. The criteria used is the maggtude of 

the acnial position compared to the desired or predicted position in the nansfer orbit. If 

the difference becomes greater than a specified value, a correction burn wîIl be calculated. 

The new fmt burn is calculated so that the ATV will reach the rendenous point at the 

same time as originally predicted. The time-of-flight used is the remaining time of the 

predicted transfer orbit. The second bum is calculated to circularize the ATV's orbit to 

match the ISS orbit. 

The inputs and outputs of the schematic are described below. The general processing of 

the schematic is describeci using a flowchart (Figure 26). 

Inputs 

ATV position and velocity vectors 

Control flag that indicates the firsr bum in homing or closing phase has been made 

Elapsed time since Fust bum 

Position and velocity vectors at first burn 

Position and velocity of the rendezvous point 

outputs 

First Delta-V for correction 

Fia1 Delta-V to circularize the orbit 



Conaol flag to indicate bums are required (i.e. position cornparison between actual 

and predicted trajectory is outside tolerance) 

Tme before first bum (allows ATV to re-orient itself for the burn) 

control) 

ATV initial posiuon Elapsed time since 
and velocity at first 

velocity of ATV 

1 tion magnitude with 1 
actual position magni- 

tude 

fight minus elapsed rime, 
current position, and rendez- 

vous position to calculate 
Delta-V correction burns. 

If predicted position minus 
actual position are outside spec- 
ified tolerance send command 

to fire correction burns 

FIGURE M. Flowchart ïiiustrating the  ROSE^"' Corrections Schematic 



6.7 Chapter Surnmary 

The following ideas have k e n  covered in this chapter. 

The algorithms that solve the Kepler and Gauss problems using the universal vari- 

able were described 

The logic of the ho- and closing phases. which provide the Delta-V required, 

were covered using flowcharts 

The algorithm of the comctions schematic. which determines the correction burns 

required, was also described 

The use of the Kepler and Gauss algorithms in the horning and closing phases and 

the corrections schematic was covered 

The results of the relative position of the ATV during the homing and closing phases can 

be found in Appendix A. 

The next chapter will cover perturbations and their affects on this rendenous simulation 

and the actual mission. 



Chapter 7 

7.0 PERTURBATIONS 

The trajectories discussed above involve two-body motion only. The trajectories do not 

include the perturbations to the ATV or the ISS. In reality, there are accelerations other 

than those govemed by the assumptions of the two-body problem. 'Ibe Earth is not spher- 

ically symmerrical and forces other than gravity are involved in the motion of a spacecraft. 

This means that the ISS and ATV will not take the path that No-body motion predicts. 

There are many different kinds of perturbations which affect the orbit in various ways. 

The perturbations that concems this thesis affect the rendezvous phases only. Therefore. 

rrajectones that are in the order of half an orbit are investigated. The perturbations that 

affect spacecraft motion are descnbed in the section below. The perturbations that will 

affect the rendezvous mission are discussed and the methods for predicting the orbits with 

these perturbations are also covered. 

7.1 p e l  o r w  

Two major perturbation types afFect a spacecraft orbit. T'ose which cause a secular varia- 

tion in the Keplerian orbital elements and those which cause periodic variations in the 

orbital elements. nie periodic variations are fUrther broken down into short-tem varia- 

tions, which occur in l a s  than one orbit, and long-tem variations that occur in more than 

one orbit [9]. Since ali transfer orbits wïii be occurring in less than one orbit, this thesis 



concerns short-term periodic variations in the orbital elements. Figure 27 illustrates the 

perturbations to the orbital elements. 

FIGURE 27. Perturbations on an Orbital Element [9, p.1391. Two major perturbation types affect a 
spacecraft orbit Those which cause a secular variation -in the Keplerian orbital elements and those which 
cause periodic variations in the orbital elernents. The periodic variations are further broken down into 
short-texm variations, which occur in less rhan one orbit, and long-term variations chat occur in more than 
one orbit 

The foilowing major perturbations affect a spacecraft's nominal orbit: 

Third-body perturbations - These are gravitational accelerations due to the Sun and 

the Moon. 

Perturbations due to a non-sphencal Earth - The two-body equations of motion 

assume a spherical Earth with a homogeneous mass. Ln reality this is not me .  The 

most dominant perturbation is caused by the oblateness of the Eanh (The Earth 

bulges at the equator and is Rat at the poles). 

Aunospheric drag - The ISS is in low-Earth orbit where there is still a slight atmo- 

sphere that will oppose the motion of any spacecraft. The drag causes the orbit to 

decay by removing its energy. 



Solar radiation - Solar radiation causes periodic variations in ail the orbital elements. 

The above are sorne of the namal perturbations that will affect the trajectory of a space- 

craft. The other type of perturbations include an erroneous thruster firing which results in 

a Delta-V bum that is slightly different from the required burn. This type of unnaturai per- 

turbation is usually the largest type affecting a spacecraft since the bums are usually large 

over a short period of time. The two-body problem with perturbations becomes [8]: 

where ap is the acceleration due to perturbations. 

This thesis investigates the nanual perturbations to the ATV that affect its rendezvous rnis- 

sion the most, namely the oblate Earth perturbation. The fmai ISS/ATV simulation does 

not include the effects of imy perturbations. This discussion of perturbations illustrates the 

effects they would have on a real mission. The ATV's actual rendezvous aigorithms do 

not take into account naturd perturbations. The actual scenario will be discussed at the 

end of this chapter. 

7.1.1 Methad of perturbations 

When perturbations are applied to the two-body motion other techniques are required to 

predict the orbit of a spacecraft These techniques fall into two main categories, Special 

perturbations and General perturbations. General perturbation involves solving the equa- 

tions of motion analytically while Special perturbation involves the numerical integration 

of the equations of motion. The General perturbation method involves senes expansions 

and approximations to give the position and velocity of a spacecraft. The Special pemu- 

bation rnethod includes the perturbation accelerations which are then integrated to obtain 

the velocity and then integrated again to obtain the position. The rnethods of perturbation 



and their effects on the orbital elements are covered in derail by Escobal 1101 and Bate. 

Mueller, and White [8]. 

The ROSFM simulation integrates the equations of motion for both the ATV and the ISS. 

This is the direct numerical integration technique. The result of th is  is the actual orbit of 

the ATV and the ISS. However, all rendezvous algorithms require a prediction or propa- 

gation of the orbit to a future time. Therefore, numerical integration can not be used for 

the rendezvous algorithms, othenvise an accurate solution would take as long as the time- 

of-flight that is being predicted. An analytical solution is required to accurately predict an 

orbit. The onboard software should be able to predict orbiü including perturbations in a 

short period of time and without complexity. This is where a very inreresting problem in 

simulation occurs. If the actual orbit of a spacecraft is being integrated using a certain 

method, the only way to exactiy niatch or predict thar orbit is to use the sarne integration 

method. This defeats the purpose of predicting the actual orbit. Since we cm not use the 

integraùon method to predict the orbit for rendezvous there are enors in the analytically 

predicted orbit compared to the actual or integrated orbit. In the ISS/ATV mission. the 

position of the ISS with the J2 pemubation will have a certain value at any given mission 

elapsed tirne. However, using the Kepler object to predict that position will give an error 

since the Kepler object does not include the J2 oblateness perturbation. If the rendezvous 

mission is run including the J2 perturbation to propagate the orbits, the rendezvous algo- 

rithms will not be able to provide an accurate solution for the The ATV will transfer 

to a point far away from the desired target. If the simulation is integrated using two-body 

motion only then the ATV cornes close to its desired target point. 

The results in Appendix A show that the Kepler object dmost exactiy predicts the orbit 

that is numerically integrated using the Adams-Moulton fourth order integration scheme 

without the J2 perturbation. However, when the J2 perturbation is included in this integra- 

tion, the Kepler object does not predict the orbit very weil. Therefore. the current simula- 



tion does not include the J2 perturbations. The effects of the J2 perturbations were 

explored outside the I S S I A T V  ROSETM simulation. Two other. commercially available. 

orbit propagation software packages were used to compare the results of orbit propagation 

with and without the J2 perturbation. The results fiom these packages are described 

below. The problem becomes even more complex when other perturbations are 

accounted. 

To snidy the differences that the J2 perturbation causes to the prediction of an orbit. one 

orbit of the ISS was predicted and compared using two-body motion, J2 perturbations. and 

different software. namely ROSETM. Satellite Tool Kit (STK). and Numencal Propagation 

of Orbital Elements (NPOE). The results were in the f o m  of the geocennic inertial posi- 

tion vector (Figure 28) and magnitude of the ISS. The cornparison shows how much any 

orbit will vary using perturbations and the different prediction schemes. The goal is to 

find a prediction scheme that includes the J2 perturbations and can accurately predict an 

orbit that is nurnerically integrated. This means replacing the Kepler object with the new 

prediction scheme which includes perturbations while integrating the equations of motion 

including the J2 perturbation. This will give a more accurate simulation of the real orbits. 

7 3  Results 

Appendix C contains the results of orbit propagation using two-body motion and the J2 

perturbations, with different software. It was found that the Kepler object accurately pre- 

dicts the orbit compared to the numerical integration scheme used by ROSETM, without the 

J2 perturbation. The prediction fails when the J2 perturbations were included. The other 

software packages such as STK and NPOE do not predict the orbit very well compared to 

the numencal inteption scheme used in ROSETM, with or without perturbations. It is not 

possible to determine the reasons for the differences since the source code or the methods 

used by STK and NPOE are not available. The Merences may be because different inte- 

mgaion schemes are being used. 



Table 9 gives the results of orbit propagation using different sofcware packages and pre- 

dicuon schemes (Appendix C). The table shows a cornparison of the position vector of an 

orbit after forty five minutes from an initial position. Forty five minutes were used 

because it is in the order of half the ISS orbit, therefore, comparable to the time for rendez- 

vous transfer orbits. 

TABLE 9. Orbit propagation using different software/schemes. The initial orbital elements are the 
same for al1 cases. The results are the X.YZ CO-ordinates of the position vector in the geocennic inertial 
frarne of reference (Figure 28) after 35 minutes. (Appendix C) 

ROSE Adams-Moul- - 
ton Integrauon. two- 

body motion 

I 
- 

Kepler. NO-bod y 
motion 

ROSE Adams-Moul- 
ton hteption.  J2 

STK ~WO-body 
motion 

-- 

NPOE two-body 
motion (oscularing 

elements) 

I 
-- - -- -- 

NPOE f 2 (osculat- 
ing eIernents) 

NPOE J2 (mean ele- 
ments) 

Magnitude 



FIGURE 28. Geocentric InertiaI Frame of Reference [9, p.951. 

To predict the perturbation in a simulation environment the method of orbit propagation 

simply has to be matched by the prediction algorithm. The numerical integration used by 

ROSFM rnay be matched by some existing analytical techniques including perturbations. 

in reality d l  the perturbations would have to be modeled in order to account for the exact 

motion of the spacerraft. This is very complex and difficult to do using the onboard com- 

puter available for autonomous guidance. The European Space Agency commented on 

this problem of perturbations. CAE Electronics Ltd., were informeci by ESA, that the 

actuai A W  will use two-body motion for rendezvous. The ATV will fire Delta-V burns 

every mid-point (in tirne) of rhe rransfer orbit to reach the target point accurately. This 

will account for the errors introduced by the thrusters and al1 the perturbations that affect 

the ATV and the ISS. The method ailows for simple and fast algorithms to be used. Com- 

plex calculations will take longer computing time and memory and will still require burns 

by the ATV since al1 the perturbations can not be accounted for by the mathematical mod- 

eis accurately. The results obtained by STK and NPOE only emphasize the fact that the 

algorithms used for orbit propagation or prediction have to be considered carefully. The 

numerical methods used have assumptions associated with them that n e d  to be properly 

u n d e n t d  in order to apply them correctly. The results are accurate for certain orbits and 

rnay be inaccurate for others. An example would be the prediction of the lifetime of a sat- 

ellite compared to the prediction of less than half an orbit for a rendezvous mission. 



Chapter 8 

8.0 CONCLUSIONS AND RECOMMENDATIONS 

Simulation is used as a concurrent design tool from the very early stages of a spacecraft 

development program. The simulation of a spacecraft and its mission can be used from 

the conceptual design stage up to the integration, testing, and flight phases. CAE has 

developed a Red-time Object-onented Software Environment simulation tool, to meet the 

needs of today's spacecraft development programs. The tool was used to develop a ren- 

dezvous simulation of the Automated Transfer Vehicie with the International Space Sta- 

tion. The algorîthms for the homing phase and the closing phases, including a corrections 

algorithm, were developed and implemented in ROSETM, by the author. The rendezvous 

algorithrns were designed to interface with the entire ISSIATV simulation, concwendy 

designed at CAE. The algorithms detennine the Delta-V bums required by the ATV to 

successfully complete the homuig and closing phases of the rendezvous simulation. The 

mission defuition and requirements for the homing and closing phases are covered in 

Chapter 3. The results of the simulation are iUustrated in the form of the relative position 

of the ATV and the ISS (Appendix A). The simulation code, test mes, and ROSETM sche- 

matics c m  be found in Appendix B. The effects of perturbations on the rendezvous mis- 

sion are desaîbed in Chapter 7. The project was awarded to CAE in August 1994 and was 

delivered and accepted in its entirety at ESA on April 1997 [Il. The simulation will be 

used as a template for the final ATV algorithms and specifications. The purpose of the 



sirnulator, that was delivered, is to demonstrate the ROSFM tool and provide ESA with 

pneric simulation including libraries for its future spacecraft development proprams. 

8.1 Con- 

Four important conclusions have been amived at in complethg this thesis. 

The fist  is that the two-body problem is sufficient to mode1 rendezvous algorithm on an 

ATV type spacecraft GeneraUy, spacecraft are rnonitored and controlled by ground sta- 

tions. The Delta-V commands are uplinked after complex simulations are run on the 

ground. The ATV requires the technology that allows it to cornpute the Delta-V burns 

autonornously using its onboard cornputer. Even though the ATV will be rnonitored by the 

ground station, its onboard software can determine the Delta-V bums required to b ~ g  it 

to the ISS orbit at approximately 300 m behind its COM. Figure 29 shows the V-bar and 

R-bar position of the ATV relative to the ISS during the homing and closing phases. The 

positions where the Delta-V bums are made by the ATV are also s h o w  in this figure. The 

relative position (Figure 29) indicates that the simulation is valid and the Delta-V bums 

determined by the homing phase and closing phase algorithms result in a successful ren- 

dezvous. 



Relative Position of A N  from ISS in V-bar and R-bar direction (Figure 7) 
2500 1 

V-bar (m) 

First homing burn 
Second homing burn 
First closing burn 
Second closing burn 
Third closing burn 
Fourth closing burn 



The second conclusion is that the ROSE?' simulation developed can be used to optimize 

various parameters such as fuel or t h e  lirnits. The simulation can also be used to initiate 

failures in various subsystems to determine the best contingency procedures. The use of 

such a simulator can be used for optimization of the real spacecraft, determining mission 

contingency plans, training personnel. and venfying spacecraft subsystems during flight. 

The third conclusion is that more accurate perturbation methods are required to determine 

the exact trajectones of space vehicles. In the rendezvous mission this would mean less 

fuel consumption and therefore bener performance and lower cost. The incorporation of 

more complex algorithms will require better processors and more memory onboard the 

ATV. The cument ATV onboard software uses two-body motion so the ROSFM simula- 

tion is sufficient to meet its needs. However. the actual space station and ATV trajectories 

are pemirbed whereas the simulated trajectories of the ISS and A D  are not perturbed in 

order for the simulation rendezvous algorithms to be successfil. The simulation can be 

modified to account for the perturbations using extra correction bums as the real ATV 

does. The European Space Agency has accepted the space vehicle simulator as is, includ- 

ing the ISS/ATV simulation. ESA will m o m  the algorithms as required for the actual 

mission as the developrnent of the ATV program continues. 

One fmal conclusion was noted regarding the use of commercial software packages. .4s 

shown in Table 9, several different packages were used to propagate an orbit and al1 gave 

dinerent, and incorrect results. This occurred even in the simplest two-body case. This 

suggests that one must be aware of software limitations and fully aware of the assump- 

tions and equations used. The dangers of using software packages without careful analy- 

sis and cornparison is clearly displayed in Table 9 where some resulrs would be 

dangerously wrong for a real spacecraft mission. For any mission critical computations. it 

is probably best to ensure that detailed documentation is available with basic assurnptions, 

equations, and techniques fully described dong with source code. 



The following will enhance the effectiveness of the rendezvous simulation: 

Integrate the actual orbit of the ISS and the ATV using the J2 perturbation and find 

an analyticai rnethod to predict the orbit including this perturbation. This will simu- 

late the real trajectories more accurately. 

Modifi the corrections schematic to detexmine extra correction Delta-V bums to 

account for the 12 perturbations as weU as the errors in the thruster f ~ g s .  

Include other pernirbation effects in the simulation such as aerodynamic drag and 

luni-solar gravity. 

The above recornmendations can be implemented in the second phase of the ATV pro- 

gram which will include Hardware-In-The-Loop simulation (HITL). This will allow vari- 

ous teams such as the ground station mission operations team or the space station 

astronauts to run various scenarios with the ISSlATV specifc simulator. 
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Appendix A 

Results from MSVS simulator 

Relative position of AIV from ISS centre of mass 



Relative Position between A N  and ISS (centre of mass) 
Data is extracted from ROSE simulation 
Start : Homing phase 
End : Closing phase 
V-H-R - bar frame of reference 

- -  - -  - 
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Appendix B 

Kepler & Gauss C Code, test fües, output of test files. ROSETU schematics. 
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'Ti t le gauss 
'Module-ID gauss. c 
'Entry-Point gauss- 
'Author CAE 

6-MAR-97 ssaraf First release 

' Purpose 

Orbit determination £rom two positions and the time-of-Flight 

'Description 

Thia subroutine computes the the velocity vecLoro at two positions, 
given the position vectors, the angle between the position vectora and 
the time-of-flight. Al1 the vectora aïe in the geocentric iiiertial fl-anie 
of reference. The method used to solve the 'aauss problem' is called 
the universal variable formulation. A Newton's iteration scheme Sa used 
as a method of convergence for the universal variable. 

'Documentation 

MSVS Generic Models Detai led Design Document (NT-DD-4300-CAE) 

inag-radi us 1 
anqle 

s 
A 
may-radius2 
X 

Y 
z 
C 
S 
C-der iv 
S .deriv 
t--n 

a l  z 
dt-de 
2-new 
f 
9 
g deriv 

' Include-Fi les 

math.h ConLain8 standard mathematical funcrions 
1ibmath.h Containe special mathematical functions 
libdyn .h Conataina speciai dynamics functions 

ang le-vv- Angle between two vectorv 
mag-vec- Magnitude of a vector 
C, C function of cos used in eolvirig Gauss' pioblein 
S- S Eunction of sin used in solving Gauss' problem 

'Arguments-Inputs 

radiuall3) double FiraL radius vector of orbitiiig object Im 
1 

radius2131 double Second radius vector of orbititig object ( 
m 1 

t double Time-of-flight 1st 
angle-diff double The angular separation betweeii the First 

and second radius vectors 
imax int Eldx number of iterations for Newton's Met 

Iiod 
tolerance double l'olerance €or convergence of Newton's Met 

hod 

'Arguments-Outputs 

singular urislgned char t>lag LO indlcate non- real riumber or siiiyu 
lnrity 

velocityl[3] double Velocity vector of object at the first po 
int ln orblt [m/el 

veloci ty2 [ 3  1 double Velocity vecLor of ohject. after time-of-t 

double 
double 

double 
double 
double 
double 
doii h 1 e 
doiibl tt 
double 
double 
double 
double 

double 
doublo 
double 
doublo 
double 

Hagnitiide of the firsr. radius vector 
Aiiglo L>et:weeri the two givon radius vector 

Auxi l iary coiistaiit A 
Magnitude of the second radius vector 
Universal variable x 
Universal variable z 
Ai ix i  liary variablo y 
C! fiinc~iori for z 
S fiirictioi~ for z 
D~rivntlvs of C fuiic~iori for z 
asrivative of S fiinctioii for z 
Tirne-of-f light corresponding t O given Lri 

Slope of L vs. z ciirve 
New guess for Universal variable, 2 
C function 
y functian 
Derivative of g fiiiictioii 

static char bRCS-ID = . @ ( # )  $Id: gaus8.c,v 2.0 1997/05/01 18:56:28 meb Exp $ " ;  

Tlic, following dre the C and S functiono 

doubla C.- (d.>iible z J 
4 

double C ; 
if ( Z  > ZERO) 

C a (1.0-cos(sqrt(z)l l/z ; 
else if (z<-ZERO) 

C = (1.0-cosh(sclrt(-z)))/z 1 

else 
C - 1 . / 2 .  - 2/24, * (zaz)/'120. ; 

retiirii C ; 
1 

duulilo S- (doulile z )  
1 

double S .  sqrt- z ; 
if (Z > ZERO) ( 

oyrt-.z = uqrtlz) ; 
S - (~q~t-Z-Sill(6~1~t z)) /(S~jlt . Z o t i C l l  C Z'SqTt .Z) ; 

1 
else i t (z< -ZERO) ( 

eqrL-z - sqrt f - z )  ; 
S = (sinh(sqrt z) -syrt . z )  / (sqrt -zbsqrt. zbeqrt- 2) ; 

) 
elss 













if (mg-radius > ZERO) 
( 
f = 1-(xtx)/mag-radiusaC; 
g = (*tl - (x'x'x)/E~~~-MHU'S; 

1 
else 

( 
E = o . ;  
g = 0.; 
(*singular) = 1; 

1 

/ *  Compute the final radius vector and magnitude ' /  

Calculate the derivative of the f and g functions '/ 

if ((mag-radius > ZERO) hh (mg-[radius > ZERO)) 
( 
f-deriv = sqrtNU/(mag-radius*rnag_fradius) ' x*(z'S-1); 
gderiv = 1 - (x'x) /mag-.f radius*C~ 

1 
else 

( 
E-deriv = O.; 
g-deriv = O.; 
f*singular) = 1; 

1 
/ *  Compute the final velocity vector * /  

fvelocity(01 = f,derivnradiuslO) t g-deriv*velocity[Oj; 
fvelocity(1l = f-deriv*radiuall) t g-derivbvelocityll]; 
fvelocity (21 = f-deriv*radlus (21 + g-deriv*veloci ty (2) ; 
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Max iterationa: 5 
Tolerance: 1.000000000000e-09 

Actual Output ( 8 )  : 

Singular Flag: O 
Final Radius: 0.000000000000 

-0.0001108521994198 
-6678OOO. 000615 

Final Velocity: 0.000000000000 
7725.840043146 
-1.108338029152e-07 

Iteration Counter: 2 

Expected results, tolerance and validation st.atus: 

Singular Flag: O (Passedl 
Final Radius: 0.000000000000 (Toi: le-09 %, Passed) 

-7.421335146418~-05 
-6678000.000009 

Final Velocity: 0.000000000000 (Tol: le-09 8 ,  Passed) 
7725.840043159 
-7.519296757957~-08 

Test Case no 5 1  A circular orbit with intial values of radius in the positive 
y direction and the velocity in the poaitive z direction, witli a time-of-Elight 
of one period. The expected value is calculated using the samealgoritlim 
and an accuracy of thirteen decimel places, not the enpected value of 
an actual orbit. 

Input (8) : 

radius: 0.000000000000 
6678000.000000 
0.000000000000 

velocity: 0.000000000000 
0.000000000000 
7725.840043170 

Time-of-Flight: 5431.009605029 
Max iterations: 5 
Tolerance: 1.000000000000e-09 

Actual Output (6) : 

Singular Flag: O 
Final Radius: 0.000000000000 

6678000.000000 
-0.0001237175325878 

Final Velocity: 0.000000000000 
1.431409453370e-07 
7725.840043170 

Iteration Counter: 1 

Enpected results, tolerance and validation statue: 

Singular Flag: O (Passedl 
Final Radius: 0.000000000000 (Tol: le-09 b ,  Pasaad) 

6678000.000000 
-8.716510431943e-05 

Final Velocity: 0.000000000000 (Tol: 10-09 %, Pdseod) 
1.008561615603e-07 
7725.840043170 

riidius: 0.000000000000 
0.000000000000 
0.000000000000 

vl9LociLy: O. OOOOOOQOOOOO 
0.000000000000 
0.000000000000 

'i'ime-of - Pl iglit : 0.000000000000 
Max iteratione: O 
Tolaranca: 0.0000O0000000 

Singuïa~ Fleg: 1 
Fin~l Radius: 0.000000000000 

0.000000000000 
0.000000000000 

F i n a l  Velocity: 0.000000000000 
0.000000000000 
0.000000000000 

ilcratioii Counter: O 

Expected results, tolerance end val  idatiori ui.atunr 

Singiilai Flag: 1 (Passed) 
F i n a l  Radius: 0.000000000000 (Tol : le-O9 $, Pasatid) 

0,000000000000 
0,000000000000 

Filial Velocity: 0.000000000000 (Tol: le-09 0, Pas8ed) 
0.000000000000 
0,000000000000 

Test Case no 6: Al1 values are zero. This test eliould set oft the 
singularity flag 



Iinclude<math.h> 
linclude<stdio.h> 
linclude<string.h~ 
linclude '1ibtest.h' 
linclude "1ibmath.h' 

/ '  Handler object testing ' 1  

/ -  Variable declaration 

int k, Ni 
char "Titlet 
char 'Desc (Ntest) ; 

double 1-radiusl(3)INtestl~ 
double X_radius2(31 (Ntest]; 
double 1-tlNtestlr 
double 1-angle-diff(Ntest1~ 
int 1-irnsn(Ntest); 
double I-tolerance(Ntest]; 
unsigned char O-singularINtest]; 
double O~velocityl(3](Ntest), C,velocityl(Ntestl; 
double O-velocity2 (3) (Ntest 1 ,  C-velocl ty2 (Ntest] ; 

double radiusl(31; 
double radius2 1 3  1 i 
double t ; 
double angle-di f f ; 
int Irnax; 
double tolerance; 
unsigned char singular; 
double velocityll31; 
double velocity2131; 
int i ;  

/ *  Initialize test case data tables ' /  

Title '\tGauss - Cornputes final velocity vectors nt two given points in an or 
bit \ 

\n\t\tgiven the two initial radil et the two points and\n\ 
\ttime-of-flight, Al1 vectors are in the geocentric\n\ 
\tinertial frame of referencen; 

Desc(0) a 'This is a circular orbit with an initial radius in the\n\ 
\tpositive y direcLfon and the final radius at 30 \n\ 
\tdegrees past the z anis. The orbit is in the y-z\n\ 
\tplane only. The v~locities determlned are for the \n\ 
\t'short-way' trajectory. '; 

1-radiusl(0110) a 0.01 
I,radiu~l(l](O) a 6700000,O; 
1-radiuel(21 (0) = 0.01 

1-radius2 (O] IO) = 0 ,O; 
I,radiue2lll(O) a -3.3500086; 
1-radius2I2)IOJ 5.8023702053557E1; 
1-t[O] = 1.8192898565791E3; 
1-angle-diffl0) - 1,09439510239~ 
1-irnaxIOl 10; 
1-tolerance(0l = OiOOOOOOOOO1; 
O-sIiigular(0j 0; 
O~velocityl(Oj(O) = 0.0; 
O~velocityl(l)(O~ a 2.0088104185350E-6; 
O-vslocityl(2) IO) 7.7131453978121E3; 
O-velocity2IO]10) = 0.0; 
O~velocity2(1)10] = -6.6797798561839E3; 
O-velocity2(2)(01 = -3,8565727013386E3; 
C-velocityl[Ol a 1.0e-9r 
C-valocity2(0] = 1.0e-91 

Desclll = 'This is a circular orblt with an initial radius in tlie\n\ 
\tpositive y direction, The final position vector is\n\ 
\t270 degrees past the initial position, The orbit\n\ 
\tis in the y-z plane only.\n\ 
\tThe velocitiee datermineci are for the 'long-wayl\n\ 
\ttrajectory. = r  

I~radiuslIOllll 3 O.Or 
1-radiusl(l~(1) a 6700000.0i 
1-radiuslt2l(l] a 0.0; 
I~adius2(0)[11 = 0.0; 
1-radius211](1] = 0.0; 
1-radius2(2)(l) -6700000.0; 
1-t(l] = 4.0934021773029E3j 
1-angle-difE(l1 a 4.71230090038; 
1-iniax(1j = 101 
1-tolerance(l1 0.000000001; 
O-singular(2I = 01 
O~velocityl(O)(ll = 0.0; 
O-velocityl(l]ll) -2,2264610195965E-11; 
O,velocity1(2](1] = 7.7131953986229E3; 
O~valocicy2(O]l1] = 0.0; 
O~velocity2(11(1] a 7,7131453986229E3; 
O-velocity2I2)I11 = -2.264610195965E-11; 
C,velocitylll] = 1.0e-71 
C-velocityl(l] 3 1.0e-7; 

Descl21 = *This is a circular orbit with the initial radius in\n\ 
\ttlie positive y direction and the final radius vector\n\ 
\tat 30 degrees past the negative y direction. The orbit\n\ 
\tls in the y-z pane. The velocitiee deterrnined are for\n\ 
\trhe 'long-way' trajectory.'~ 

1-radiuelIOl(2J = 0.0; 
1-radius1 11) ( 2 )  = 6700000.0; 
1-rediusl(2l (2) 0.0; 
1-radius2101I2) = 0.0; 
I-radius2(1)(2j = -5802370.2; 
1-radius2(2)(2] = -3350000.0; 
1-t(2l 1 3.1037572490134E3; 
1-angle-diff(2) 3.6651911 
1-imaxl2) = 10; 
1-tolerance(2) = 0.000000001; 
O-singular(2) = O; 
O~velocityl(O](2) = 0.01 
O,velocityl(l](2] a -0.0027052326554; 
O-velocityll2](2I = 7.713151217789683; 
O-valocity2lO](2) = 0.0; 
O~velocity2(l)[2] = 3.8565732701951E3; 
O,velocity2[2]~2l -6.6797862542512B3i 
C-velocityl(2) m 1.OE-61 



Descl31 = "This is a circular orbit with i;he initial radLiis\n\ 
\tin the positive y direction and the final radiiis\n\ 
\tin the positive z direction. The orbit is in the\n\ 
\ ty-z  plane. The velocities determined are for the\n\ 
\t'short-way' t r a j e c t ~ r y . ~ ~  

1-radiusllOlI31 = 0.0; 
I_radiuel(l)l3) = 6678000.0; 
1-radiusll2ll3) 0.0; 
1-radius2(0)(3] = 0.0; 
1-radius2tlj (31 = 0.0; 
I-radius2(2)I3) = 6678000.0; 
1-t131 = 1.3577447371499E3; 
1-angle-diff(3) = 1.57079632679; 
1-imaxl31 = 10; 
1-tolerancel3) = 0.000000001; 
O_singular[3] = 0; 
O-velocityl[0](31 = 0.0; 
O-velocityll1](3] = 1.98996930889753-10; 
O-velocityl I2 1 13 1 = 7.725883653473733; 
O~velocity2lO)l3l = 0.0; 
O-velocity2[lll3l = -7.72588365347371331 
O-velocity212)13] = -1.9899693088975E-10; 
C-velocitylI3) 5 1.03-51 
C_velocity2[3] = l.OE-5; 

Descl41 "Al1 elements are zero"; 
1-radiiisl10) (4) = 0.01 
I~radiusl[l1~41 = 0.0; 
1-radiusl[2)[4) = 0.0; 
I,radius2lO)[4) = 0.0; 
I_radius2(1)(4) = 0.0; 
X_radiue2(21[41 = 0.01 
1-t(4J = 0.0; 
1-angle-diffI4) = 0.0; 
I-irnax[41 = O; 
f,toleranceI4) = 0.000000001; 
O-singularl4) = 1; 
o~velocity110](01 = 0.0; 
O-velocityl (11 14) = 0.08 
O-velocityll2)(4J = 0.0; 
O~ve~ocity2~O)IlJ = 0.0; 
O~velocity2Ill(41 = 0.0; 
O-velocity2[2] 141 = 0.01 
C~velocityl~41 l.OE-Si 
C-velocity2(4] - 1.OE-5; 
Descl51 = .This is a circular orbit with the initial radius in\ii\ 

\tthe positive y direction and the f!nal posi tioii vector\ii\ 
\t315 degrees from the initial position. The orbit is\n\ 
\tin the y-z plane. The velocitiee dc~onniiied are\n\ 
\tfor the 'long-way' trajectory.'; 

1-radius1 [O] [SI = 0.0; 
1-radiuslIll[S] = 6700000.0; 
1-radius1 12) 151 = 0.0; 
I-radius210][51 = 0.01 
1-radius2111 151 = 4.7376154339499E6; 
1-.radius2(2)[5) = -4,737615433949986; 
1-t(5J = 4.7756358735201E3; 
1-angle-diffl5j = 5.49778714378; 
1-imax(5) = 10; 
1-tolerancelS] 0.000000001; 
O-singularl5) = 0; 
0-velocityl IO) 15) = 0.0; 
O-velocitylll)(5) = 2.2029648474395E-8; 

gauss-test .c 

Descl61 = "The initial arid final vectals tire coliitear. There is \II\ 
\tno biolutioii for t h i ~  case aiid the singular Elag\ii\ 
\tia set."; 

1.-radius1 (O) (6) = 0.01 
1-radiu~l Il) (6) = 6700000.0; 
1-radliisll21 161 = 0.01 
1-.radius2 (0) (6) = 0.0; 
1-tadiils2 ( 1 )  (6) = -6700000.0~ 
1-radlus212) (6) = 0.01 
1-L (61 = 2728.934*l84861 
1-ar~gle-dlffl6) = 3.14153265359; 
1-iinaxl6) = 10; 
1-toleraiicel6l = 0.000000001 ; 
O-slngiilar(6] - 1;  
O_.velocltyl (O] 161 = 0.0; 
O-veloci~yl(lll6) = 0.0; 
O-velocityl(2ll61 = 0.01 
O-v~lacity2(0JI6\ = 0.0) 
O-velocity211116) = 0.0; 
O-~elocity2l2](6) = 0.01 
C-velociLyll6) = 1.OE-5; 
C-velocity2l6l = 1.OE-5r 

/ '  Loop over test cases ' /  

priiitf ('$8 \ila, Titla); 
printf (**\nM) 1 

printf(* Test Catle no $13: $6 \ I I " ,  k 1 1 ,  Deisclk)); 
printf ("\no) ; 

/ '  Copy Lable elelnoncti iiito objuct inputs ' /  

/ '  Print inputs ' /  

printCim Input(8): \il"); 
printf('\nm); 
print-vec ( '  radiiisln, radluel) ; 
pr iiit-vec ( ' tadius2', radius2) ; 
print-scal' Tline-of . F l  ight' , t 1 ; 
priiit-eca ( ' Angular Dif ferenco", angle-dit f ) ; 
print-sca(' Tolerancen , t.oleraiice) ; 
print-idxi Max itoralions", imax); 

gauss--(rediusl, radius2, hL ,  hanyle...cli tf, biiiinx, b~oleraricit, ditii1igu1ar, v 
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Appendix C 

Results of ROSEM numerical integration, without J2 perturbation, 

compared to Kepler prediction (one orbit) 

Results of ROSETM numerical integration with J2 perturbations. 

Results fiom STK and NPOE software. 



Orbit Propagation - Adams-Mouiton foum order numerical integration (two-body motion) 
Initial orbital elements 
semi-major axis = 6728 km 
eccentncity = O 
argument of perigee = O 
inclination = 51 -6 degrees 
True-anomaly = O degrees 
Rig ht-ascension = 325.4 degrees 
Geocentric inertial frame of reference 

. 
TSme 

1 

(minutes) 
1 

Y 
(ml 

-3575937.637 
-331 41 86.724 
-3036826.31 5 

X 
(ml 

5687556.762 
2 1 5840535.724 
3 I 5906147.633 

Z 
(ml 

361 043-0695 
72û988.8765 
1 077538.897 

Magnitude 
iI 

(ml , 
6728000 
6728000 
6728000 



C-3 

Tirne 
(minutes) 

41 
42 
43 
44 
45 
46 

X 
(ml 

-4480846.503 
-4746557.795 
-498991 3.264 
-5209766.73 1 
-5405082707 
-5574941 273 

Y 

(ml 
4723697.801 
4573425.206 
4401612225 
4209068.083 
3996699.642 
3765507.137 

47 
48 
49 
50 
51 
52 
53 
54 
55 
56 1 

87 454451 2.51 7 -4690742704 -1 61 5649.366 6728000 
88 4805137.409 -4535398.436 -1 267595.958 6728000 
89 50431 30.574 -4358692 885 -91 35722985 6728000 
90 5257371 -088 -41 61 458.31 9 -555245.8025 6728000 

351 6579.462 
, 3251089.043 

2970286.31 3 
2675493.825 
23681 00,024 
2049552.703 

-571 854241 2 
-5835209.776 
-5924393.874 
-5985674.657 
-601 8763.499 
-6023504.555 
-5999875.494 
-5947987.607 
-5868085.282 
-5760544.849 

Z 
(ml 

1 -7.452 
1349057.074 
996272.7?01 
638796.1 1 88 
27831 0.8004 
-83485.33465 

Magnitude 
(ml 

6728000 
6728000 
6728000 
6728000 
6728000 
6728000 

4W88.2619 
-8û4195.8091 
-1 15971 5,673 
-1 509773.389 
-1 852720.221 
-21 86940.922 

57 
58 
59 
60 
61 
62 
63 

6728000 
6728000 
6728000 
6728000 
6728000 
6728000 

562587281 5 
-5464703.471 
-5277795.909 
5066û30.445 
-4830404.474 
-4572027.771 
-429S1 17.266 

6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728iXX 
6728000 
6728000 
6728000 
$72- 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 

172135219 
1385044.276 
1 042212.94 
6944728834 

-251 0861 -345 
-2822955.858 
-31 21 754.525 
-3405850.034 

64 
- - -- 

65 
66 
67 
68 
a 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 

-3991 991 -308 
-3673063.463 
-3336835.848 
-2984892M 
-261 8889.73 
-2240552683 
-1 851 m 8 5 1  
-1 454051.869 
-1 049592.445 
-6401 89.544 
-22Tn1.4125 

18571 9.5 
598335.69l8 
t 0081 33.781 
141 31 83.659 
181 1577.581 
2201 439.149 
2580932- 1 55 
2948269.223 
3301 720.232 

' 3639620.462 
m 7 8 . 4 3 6  

-1 -9272 
-91 66.701 063 
-361 752.1 55 
-71 2633.791 8 
-1 0601 58.993 
-1 402690.95 
-1 73861 6.369 
-2066353.076 
-2384357.462 
-2691 1 31.758 
-2985231 .O87 
-3265270 -27 
-3529930.351 
-37T7964.804 
-4008205.414 
-421 9567.769 
-441 1 û56.374 
-4581 769.334 
4730902.61 1 
-4857753.799 
-4961 725.443 
-5042327.846 
-5OQS181.379 
-51 3201 8.267 
-51 40683.852 
-51 251 37.31 9 
-5085451.892 
-5021 814.485 
-4934524.823 

86 4262483.41 6 

-3673904.323 
-3924654.883 
-41 56920.702 
-4369607.832 
-4561 71 4.538 
-4732336.01 5 
-4880668.653 
-500601 3.81 9 
-51OT781.151 
-51 85491 .335 
-5238778.362 
-5267391 256 
-5271 195.253 
-52501 72.437 
-5204421.824 
-51 341 58.893 
503971 4.577 
-4921 533.699 
-47801 72.879 
-461 6297.91 4 
-4430680.637 
4îî4195.289 
399781 4.395 
-3752604.1 87 
-348971 9.58 
-321 0398.737 
-291 5957.229 
-2607781.849 
-2287324.072 

-4823994.033 -1956093.223 



Time 
(in in utes) 

91 
92 
93 
94 
95 
96 
97 
98 
99 
100 
101 
102 

X 
(ml 

sU6849.9 
561 06374,582 
5748073.537 
5858399.628 
5941 133.231 
5995884.679 
6022396.097 
-2-619 
5990332.976 
5931 909.451 
5845547.21 4 
5731 653.W 

Y 
(ml 

-3944623.691 
-370921 O. 272 
-=B. 836 
-31 871 64.439 
-2902990.81 

Z 
(ml 

Magnitude 
(ml 

6728000 
6728000 
6728000 
6728000 
6728000 
6728000 
6728000 

-26051 44.379 
-2295027.973 
-1 9741 02.21 
-1 643878.61 9 
-1 30591 2521 
-961 795.7024 
-61 31 48.9205 

-1 94304.7 532 
167552,6496 
528620.2959 
8871 98.1 924 
1241 597.472 
15901 48.95 
1931 21 0.981 
z z 3 1 7 7 . 1 ~  
2584484.073 
289361 8.28 

31 891 23.829 
3469608.91 7 

6728000 
6728000 
6728000 
6728000 
6728000 



Oai t  Propagation - Kepiets prediction problem 
Initial orbital elements 
semi-major axis = 6728 km 
eccentrîcrty = O 
argument of perigee = O degrees 
inclination = 51.6 degrees 
Tnie-anornaly = O degrees 
Rig ht-ascension = 325.4 degrees 
Geocentnc inertial frarne of reference 



Magnitude 
(m) 

6728000 
6728000 

Z 
(m) 

1695687.452 
1349057.074 

Time 
(minutes) 

41 
42 

X 
(m) 

480846.503 
-4746557.795 

Y 
(in) 

4723697.807 
4573425.206 



Time 
(minutes) " 

91 
92 
93 
94 
95 

X 
(m) 

5446849.9 
5ô10674.582 
5748073.537 
5858399.628 
5941 133.231 

96 i 5995884.679 

- 
Maqnitude 

( m ) 
6728000 
6728000 
6728000 
6728000 
6728000 

Y 1 Z 

97 
98 
99 
100 
101 
1 02 

6728000 
6728000 
6728000 
6728I300 
6728000 
6728000 
6728000 

(m) 
-3944623.691 
-3709St 0.272 
-3456326,836 
-31 871 64-43 
---81 
-26051 44.379 
-2295027.973 
-1974102.21 
-1 643878.61 9 
-1 30591 2-52? 
-961 795.7024 
-61 31 48.9206 

6022396.097 
ôûXW2619 
5990332,976 
5931 909-451 
5845547.21 4 
5731 653.022 

(m) 
-1 94304.1 533 
167552- 
528620.2959 
8871 98.1 923 
1 241 597.472 
15901 48.95 
1931 21 0.981 
22631 n. 1 98 
2584484.073 
289361 8.28 
31 891 23.829 
3469608.917 



Orbit Propagation - Adams-Moulton fourth order nunoencal integration (J2 perturbation) 
Initial orbital elements 
semimajor axis = 6728 km 
eccentricity = O 
argument of perigee = O 
inclination = 51 -6 degrees 
True-anomaly = O degrees 
Right-ascension = 325.4 degrees 
Geocentnc inertial frarne of reference 

b 

Time 
(minutes) 

1 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 

X 1 Y 

34 
35 
36 

Z 
(ml 

361 041 -8328 
720978.9938 

(ml 
5687537.636 
581 0458.821 
5905974.606 

Magnitude 
I 

(ml I 

6727976.964 
6727907.945 

I (ml 
-3575924.84 
-331 41 36.825 
-303671 7.461 

6ûû6989.723 
5961 399.054 
5887706.546 
5786263.1 34 
5657550.478 
5502178.545 
5320882.57'9 
51 14519.51 
4884063.809 
4630602.81 9 
4355331 -592 
4059547.254 
3744642.932 
34121 01.267 
3063487.545 
2700442.472 
2324674.61 8 
1 937952-575 
1542096.836 
1138971 -436 
730475.3858 
31 8533.9286 
-9491 0.35765 
-507906.565 
-91 8504.543 
-13247a.028 , 
-1 724763.774 
-21 1661 0.655 
-2498448.679 
-2868467 -884 

1 077505-71 4 
1428935.782 
1773607.392 
21 09891 -076 

5973635.938 
601 3125.703 
6024260.162 

-1 797885.536 
-1 4631 99.81 6 
-1 121616.588 
-774746.7392 
424225.6ô49 
-7 1 705.53856 
281 152.467 
632685.97 

981 239.1461 
13251 70.435 
166î86û.157 
199271 8.005 
231 3190.382 
2622767.569 
291 9990.67 
3203458.342 
3471 833.258 
3723848.296 
395833 2.426 
41741 16.272 
4370237.328 
4545744,808 1 

5126371 -06 3789499.41 5 

37 
38 

6727793.662 
672763535 
6727434.51 4 
67271 93.358 

-2744975.957 
-2440289.172 
-2124095.012 

6717144.849 

509451 8.834 , 2959888.839 
5035498.22 I 2653428.329 

-322491 3.067 
-3566092.298 

' 24361 97.46 
2750984.805 
3052766.286 
33401 16.997 
361 1680.61 5 
38661 75.728 
41 02401,777 
431 9244.595 
451 5681 -531 

6716779.614 
6716691 .O38 

672691 4.3 
6726600.165 
6726254.095 
6725879.505 
6725480.034 
6725059.493 
6724621 -809 
67241 70.97 

, 672371 0,973 

51 40054.934 
51 29423.392 

671 8160.373 4699804.103 

4690786.127 
4843732.346 
4973798.325 
5080369.661 
51 62942.2 

5221 124.341 
5254638.839 
5263324.099 

4799636.675 

3529270.132 
325S297.101 

6723245 -767 
6722779.203 
672231 4.983 
6721 856.61 2 
6721 407.362 
6720970.231 
6720547.91 1 
67201 42.768 

4831 680.83 
4540744.451 

671 7005.151 
67168û3.859 

4639744.729 1 671 791 1 -87 
4457881 -754 1 671 7586809 

52471 34.97 
52061 43.027 
51 40536.339 
505061 8,725 
4936808.494 

671 9756.81 9 
671 9391 -723 
671 9048.774 
671 8728.905 
671 8432.691 

5026471.42 4254901.187 1 6717484.557 
5088447.881 4031 7S7 671 7304.253 



Tirne 
r 

(minutes) 
39 

x 
(ml 

-3890385.165 

Y 1 z I Magnitude 
(ml 1 (ml 

4952633.359 1 23343û6.518 
(ml 

671 661 6.779 



h 

Time 
I 

(minutes) 
X 

(ml 
Y 

(ml 
Z 

(ml 
4687951 -847 
-4529938.641 

Magnitude 
1 

(ml 
-1 547960.33 
-1 1-1 -863 

87 
88 

6727563.802 
6727738.56 

4570234.24 
4827559.609 

89 
90 
91 

93 
94 
95 

-843693.7808 
-484734.83S 
-1 23482.8977 
238353.1742 

5752239.1 05 
5858671 -098 
5937471 -24 

-3437737 -21 2 _ 

-31 66086.31 3 
-2879502-862 

50621 17.105 
5272799.122 
545861 1 .O35 

6727869.783 
6727956.1 18 
6727996.672 
6727991 -033 

96 
97 
98 
99 
100 

l- 101 , 

4350561 -233 
4 1  m . 4 1 4  
-3931 190.249 

. 599061.7248 
956936.5059 
131 02M.852 

-36931 73.603 

1 02 1 5701098.235 -5761 16.6538 1 3521 325.284 1 6725634.783 , 

92 
6727939.269 
6727841 -931 
6727'700.042 

561 8675.587 

5988269.71 4 
601 0829.297 

1657435.782 
1 996747.979 

-299339.388 
-226701 2.497 

672751 5.085 
6727288.977 
6727024.M 
6726722.988 
6726388.838 
6726024.91 5 

6005046.399 
5970951 -44 

-1 943996.079 1 23î6617.61 
-161 181 4,251 2645485.545 

2951 846.729 
3244253.282 

5908708.573 
5818614.765 

-1 272034.072 
-926258.0744 



Orbit Propagation - Satellite Tod Kit (two-body motion) 
initial orbital elernenls 
semi-major axis = 6728 km 
eccentncity = O 
argument of perigee = O degrees 
inclination = 51 -6 degrees 
True-anornaly = O degrees 
Right-ascension = 325.4 degrees 
Geocentric inertial frame of reference 



' 
Y 

(km 1 
4851 -530856 
4723.469475 
4573.161 044 
4401 -31 3501 

Z 
(km) 

2033.384293 
16W9253 

1348.483385 
995.69a253 

Tirne X 
(km) 

56 -5760.347 203 693-902809 -3406.300484 6728 

Magnitude 
I 

(km) l 

6728 
6728 
6728 
6728 

40 
41 
42 
43 

57 
58 
59 
60 
61 
62 
63 
64 

65 - 
66 
67- 
68 
69 - 
70 - 
71 - - 

72 _ 

73 
74 - 
75 
76 
77 
78 
79 
80 

--- 

81 
82 
83 

y .  

84 

85 - 

86 
87 1 
88 
89 1 

-4194.517931 
-4481 .29985 
-4746.97531 3 
-4990.29301 6 

44 
45 
46 
47 
48 

-521 O. 1 (X958 
-5405381 838 
-5575.197932 
-571 8.755424 
-5835.3781 72 

4208.73ôZ28 
3996.336246 
3765.1 13936 
351 6.158331 
3250.641 985 
2969.81 5454 
2675.00'1 401 
2367-58837 , 

W.024244 
1720.809427 
1 384.489776 

66Z.631517 
-5464.41 9692 
-5277.470945 
-5065.665919 
-4830.0021~ 
-457 1.589541 
-4291 -645237 
-3991 -48773 
-3672530731 
-3336.276494 
-2984.308742 
-261 8.285206 
-2239.92982 
-1 851 .O24597 
-1 m.40124 
-1 048.93251 5 
-639.523427 
-P7.10225 
186.388555 
599.001489 
1008.793189 
141 3.833578 
181 2.21 4957 
22O2-060993 
2581 -53555 
2948.851 343 
3302.278354 
3640:151976 
3WO.880862 
4262.95441 
4544.949887 
4805.5391 23 
5û43-494769 

1041.649323 -3122.230254 6728 

638.207524 
277.71 8904 
-84.077743 
-445.478392 
-804.780885 
-1 160.292944 
-151 0.3401 43 
-1 853.273798 
-21 87.478725 
-251 1 -380856 
-2823.454644 

49 ' -5924.51 6696 

342,888086 -3674.327393 6728 

6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 

50 
51 
52 
53 

54 - 

-9.741 605 
-362.325501 
-71 3.202786 

-1060.720961 
-1 403.243251 
-1 739.1 5641 1 
-2066.878325 
-2384.865457 
-2691 -6201 21 

-5985-751 762 
401 8.794359 
-6023.489061 
-5999.81 3757 
-5947.879953 

-3925.048603 
-41 57 -283327 
4369.937595 
-4562-009911 
-4732 595636 
-4880.891 327 
-5006.1 98527 
-51 07.927053 

6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 

6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 - 
6728 
6728 
6728 

-2985.697534 
-3265.71 2622 
3530.346543 
-37783529 

-4008.563607 
-421 9.894397 
-4411.349923 
-4582028449 
-4731 -1 26099 
-4857.940636 
-4961.874778 
-5042439006 
-5099.253871 
-51 32.051 781 
-514.67826 
5125.09268 

-51 85.597775 
-5238.84487 
5267.41 755 
5271.1 81 242 
4250.1 1821 8 
-5204.327684 
-5134.025308 
-5039.542206 
4 2 1  323385 
-4779.925642 
-4616.014947 
-4430.363302 
-4223.8457 06 
-3997.433039 
-3752.1 93479 
-3489.281477 
-3209.935323 

6728 

-5085.368446 
-5021 -692656 
-4934.36521 6 
-4823.797428 
-4æ0.510057 
-4535.1 30871 
-4358.391 69 

-291 5.470707 ) 6728 
1 

-2607.27627 1 6728 
-2286.798355 
-1 955.51601 
-1615.094403 
-1 267.030278 
-91 2.998572 

6728 
6728 
6728 
6728 
6728 



. 
Time 1 X 

1 

(minutes) (km) 
Y 

(km) 
-41 61 - 1 24938 
-3944.25972 

90 
91 

5257.696079 
5447.1 341 88 

Z 
(km) 

-554.666737 
-1 93.72248 

Magnitude 
(km) 
6728 
6728 



Orbit Propagation - Satellite Toof Kit (J2 Perturbation) 
initial orbital elements 
semi-major axis = 6728 km 
eccentricity = O 
argument of perigee = O degrees 
indination = 51.6 degrees 
True-anornaly = O degrees 
Right-ascension = 325.4 degrees 
Geocentrïc inertial frarne of reference 

Time X 1 Y Z Magnitude ' 
1 

(km) 
I 

6728 
f minutes) I 

r 

O 
(km) (km) (km) 

5538.06139 1 -3820.452858 1 -0.000041 



Time 1 X 
(minutes) 

Y 

1 
I (km) 

Z Magnitude 
(km) (km) (fan) 

5044.921664 
4963.281 371 
4858.266727 
4730.370755 

2670.6241 32 
2352,25391 9 
2022.787263 

- 1683.T7838 

38 1 -3S1.252048 

42 1 4743.490236 
43 1 4986.402348 

6728 
6728 
6728 
6728 

39 
40 
41 

-3885.707597 
4 1  91.844474 
4478.221 398 

6728 
6728 

4580.1 94242 
4408.442921 

6728 
6728 
6728 
6728 
6728 

1336.826499 
983.568318 
625.670285 
264.820736 
-97.278068 
458.91 7977 

44 1 -5205.81 4465 
45 ! -5400.69407 

421 5.9241 51 
4003.543 124 

48 -5829.5721 
49 
50 
51 
52 
53 
54 
55 
56 
57 , 

46 
C 

47 

-1 1 74.007366 
-1 524.083509 
-1 866.969993 
-2201 -049296 
-2524.745445 
-2836.531 445 
-31 34.936489 
-341 8.552891 
-3686.042729 

3257 -653454 
6728 

1 

6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 

-591 8.369982 . 2976.673893 

-5570.1 242% ! 3772.298607 

-81 8.393001 

-5979.28461 6 
-601 2.030307 
4016.454û64 
-5992.53632 

61 
62 . 
63 
64 
65 

-57 1 3.308034 

2681 .ô61 6 
2374.004768 
2055.15121 
1726.ôû1546 

4.276775 
-359.446992 
-710.94629 , 

-4822071 704 
-4563.763653 
4283.968984 
-3984.006674 
-3665.290639 

58 
L 

59 
60 

-3936.1441 54 
4 1  67.677432 
4379.550168 

-1 059.1 1 9639 
-1 402.327476 
-1 738.95351 4 
-2067.41 2359 
-2386.1 56974 

3523.278246 

-5456.437831 
-5269.463605 
-5057.675326 

66 
67 
68 
69 
70 

6728 
6728 
6728 

-5940.391 01 3 
-5860.265049 
-5752.537 1 26 

-4570.762963 
.. 4740.41 3798 

-4887.702366 
-501 1 -933855 
-51 12.52221 8 

1 389.902144 
1046.637838 
698.424473 

6728 
6728 
6728 
6728 1 
6728 

-3329.323077 
-2977.687382 
-261 2.040685 
-2234.1 0604 
-1 845.66431 2 

-561 7.71 595 

-51 88.992943 
-5240.98529 
-5268.253993 
-5270.67041 4 
-5248.2231 55 

-2693.685966 
-2988.550658 
-3269.361 914 
-3534.796682 
-3783.604229 

71 1 -1448.545777 

346.901292 

6728 
6728 

4 

6728 
6728 
6728 

-5201 .O1 81 08 -4014.612033 6728 
72 -1 (344.621 505 -4226.731 31 -5 1 29.277955 6728 
73 435.79454 418.9621 47 -5033.341 1 22 6728 
74 -4590.39821 491 3.6601 77 6728 
75 188.849326 -4740.231 023 4770.7997 6728 
76 600.781 454 467.753779 -4605.433616 6728 
n 1 009.865031 4 9 7 2 . W 7 3  -441 8.34201 6 6728 
78 
79 
80 
81 
82 
83 
84 
85 

1414.173146 
181 1.801468 
2200.87721 7 
2579.567988 
2546.090376 
3298.71 8378 
3635.791 521 
3955.722678 

6728 
6728 
6728 
6728 
6728 
6728 
6728 
6728 

-5053.569744 
-51 10.985204 
-51 44.339255 
-51 53.473378 
-51 38.343078 
-5099.01 81 09 
-5035.6821 48 
-4948.631 94 

421 0.407481 
-3982.610914 
-3736.02691 4 
-3471 -81 8708 
-31 91 -232663 
-2895.592407 
-2586.292582 
-2264.792269 





Orbit Propagation - NPOE, Osculating Elements (two-body motion) 
Initial orbital elements 
semimajor axis = 6728 km 
eccentnuty = O 
argument of perigee = O 
inclination = 51 -6 degrees 
True-anomaly = O degrees 
Right-asçension = 325.4 degrees 
Geocentric inertial frarne of reference 

nme 
1 

(minutes) 
O 
1 
2 , 

- 
X 

(km) 
5.538061 D+03 
5.687784DM3 
5.81 071 8D+03 

3 
4 
5 

Magnitude 
(km) rn 

6.728000D+03 

-3.036352D+03 
-2.744665D+03 
-2.440052D+03 

Y 
(km) 

-3.8204530+03 

5.9062840+03 
5-974032DN3 
6.01 3642D+03 - 

1 Z 
(km) 

0.000000D+00 
-3.57551 50+03 
-3.31 3737D+O3 

1 -0781 29D+03 
1.429594D+03 
1.774326Da3 

6 
7 
8 
9 
10 
11 
12 

6.7280000+03 
6.7280000+03 
6.7280000+03 

2.1 10701 D+03 
2.4371 S D N 3  
2.752090D+03 
3.054083D+03 
3.341691 DM3 
3.61 3561 DM3 
3.86841 1 0-3 
4.105041 DM3 
4.322337UM3 
4.51 92750-3 
4.6949280+03 
4.84û46ûD-3 
4.9791 72DM3 
5.0864250+03 
5.169721 D+03 
5.228668D+03 
5.2629890+03 
5.272522D+û3 
5257222DM3 
5.21716ûD+03 
5.1 525270+03 
5.0636250+03 

6.728000D+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.728ûûûD+û3 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.728000D-3 
6.7280000+03 
6.728000DM3 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.728ûûûD+û3 

3.61 6449D+02 
7.21 5864D+02 

6.0249300+03 
6.0078400+03 
5.962454D-3 
5.88898513-3 
5.7877800+03 
5.65931 5D+03 
5.5041 95043 

6.7280ûûD43 
6.728WOD+03 , 

6.728000D+03 
6.728000D+03 
6.7280000+03 
6.7280000+03 
6.728000D+03 
6.728000D+03 
6.7280000+03 
6.7280000+03 

6-728000043 
6.728000D+O3 

1 -2.1 239460+03 
-1.797837D+03 
-1.4632600+03 
-1.121 791 DM3 

- -7.7503880+02 
42463620+02 
-7.2233470+01 
2.805094D+û2 
6.31931 1 D a 2  
9.803765D+02 
1.3242040+03 
1 -661 795D+û3 
1 -991 560D+03 
2.31 19440I33 
2.621 439DM3 
2.91 8587D+03 
3.201 989D+03 
3.47031 ODM3 
3.7222860+03 
3.956731 DM3 
4.1 725400+03 
4.3ô86960+03 

13 1 5.3231 51 DM3 

28 

14 
15 
16 
17 
18 
19 
20 
21 
22 

3.230731 0% 4.544277D+03 
4.698454D-3 
4.8305021)+03 
4.939799DM3 

5.1 170350+03 
4.88681 90+03 
4.6335860+03 
4.3585300+03 
4.0629450+03 
3.7482240+03 
3.41 S849D+O3 
3.0673870+03 _ 2.7044770+03 

4.950874D+03 
4.81 4805D+03 
4.656059DM3 
4.475384[)+03 

32 

29 / -9.0343061)+01 

23 
24 
25 
26 
27 

30 
31 

-1.320269DW3 

2.328829DN3 
1.94221 2Da3 
1.5464480+03 
1.143401 0-3 
7.3496770+02 

-5033338D+02 
-9. i 395380+02 

5.0258300+03 
33 
34 
35 
36 
37 

4.2736290+03 
5.0881 900-3 
5.12ij585DM3 
5.140834DM3 

-1.720366D+03 
-2.1 12361 D+03 
-2.4944mD+03 
-2.864703DM3 
-3.221 507D+03 

4.051 7470+03 
3.81 078OD+O3 
3.551 866D+03 

5.130870D+03 i 3.2762230+03 
5.096740DM3 1 2.9851 49D+03 



C- 

Time 
r 

(minutes) 
1 

38 
39 
40 
41 
42 
43 

X 
(km) 

-3.5631 39D+03 
1 

Y 
(-1 

5.038606i)+03 

6.381 9760M2 
2.777087DI02 
-8.408823D+O1 
4.454891 D+02 
-8.04791 70+02 
-1.1603040+03 
-1 -51 0351 0403 
-1.8532850+03 

4.2087300+03 
3.9963300+03 
3.7651 07D+03 
3.516151 DM3 
3.2506340+03 
2.9698060+03 
2.6749920+03 
2.3675780+03 

44 
45 
46 
47 
48 
49 
50 
51 

6.7280000+03 
6.728000D-3 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 

-3.8879880+03 
4.1 94526043 
4.481 3070-3 
4.746982D+û3 
-4.9902990+03 
-5.21 01 13D+03 
-5.405387D+03 
-5.575203D+03 
-5.71 87590+03 
-5.835381 D a 3  
-5.92451 9D+03 
-5.9857530+03 
4.01 8795043 

6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000.63 

2.3622580+03 
2.0333760+03 
1.694916D+03 
1.3484740+03 
9.9568060+02 

Z 
(km) 

2.68001 5D+03 
4.9567400+03 
4.851 528043 
4.7234660+03 
4.5731 57D+û3 
4.401 3080+03 

6.7280000+03 
6.728000043 
6.7280000+03 
6.72ûûWD+03 
6.7280000+03 

Magnitude 

(km) 
6.728000Pl.03 

52 , -6.0234890+03 2.04901 4D+03 
1.7207980+03 
1.3844780+03 
1 .O41 6370+03 
6.9389040+02 

-2.1874900+03 
-2.51 13920+03 
-2.823465Di-03 
-3.1222400+03 
3.40631 ODM3 

57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
7 1 
72 
73 
74 
75 
76 
n 
78 
79 
80 
81 
82 
83 
84 
85 

3.4287540+02 
-9.7545360+00 
-3.6233850+02 
-7.1321 590+02 -- 

4.8299930+03-1.060734D+03- 

-5.625626D+03 
-5.46441 3D+03 
-5.2774640+03 
-5.065657D+03 

4.571 579043 
4.291 634D+O3 
-3.9914750+03 
-3.67251 7D+03 
-3.336262DM3 
-2.9842940+03 
-2.61 82690+03 
-2.23991 3D+03 
-1.851 007DI03 
-1.4533830+03 
-?.0489140+03 
63950460+02 
-2.270831 DI02 
1.8640800+02 
5.99021 1 0+02 
1 -00881 30+03 
1 -41 385313- 
1.8122350+03 
2.2020800+03 
2.581 555043 
2.9488700+03 
3.3022%0+03 
3.6401690+03 
3.9608970+03 

53 
54 
55 
56 

-5.99981 3 M 3  
-5.9478780+03 
-5.8679290+03 
-5.7603430+03 

-3.6743370+03 
-3.9250570+03 
-4.1 57292D43 
4.3699450.63 

6.7280000+03 
6.72&0000+03 
6.7280000+03 
6.7280000+03 

6.7280000+03 
6.7280000+03 
6.728000D+03 
6.7280000+03 

-1.4032560+03 
-1.7391 70043 
-2.066891 0+03 
-2.3848780+03 

-4,7326020+03 
4.8808970+03 
-5.0062030+03 
-5.107931 DM3 

-2.691 6330-3 
-2.98571 OD+03 
-3.2657240- 
-3.5303580+03 
3.7783630+03 
4.0085730+03 
4.21 99030+03 
4.41 13580+03 
4.5820360703 
4.731 433DI03 
4.8579460+03 
4.961 8790+03 
-5.0424420+03 
-5.0992560+03 
-5. 1320530+03 
-5.1406780+03 
-5.1 25091 DM3 
-5.0-D-3 
-5.0216890+03 
4.9343600+03 

-5.1 856000+03 
-5.238847DM3 
-5.26741 8 0 4 3  
-5.271 181 DM3 
-5.2501 170+03 
-5.2043250+03 
-5.1340220+03 
-5.0395370+03 
4,921 31 7 0 4 3  
4T79918DM3 
4.61 6007D+03 
4.4303540+03 
4.2238350+03 
3.997421 D+03 
-3.7521 81 D+03 
-3.4892680+03 
-3.209921 DM3 
-2.91 54550+03 
-2.6072580+03 
-2.286781 DI03 

6.7280000+03 
6.728000Dt03 
6.728000D+03 
6.7280000+03 
6.728000D+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 
6.7280000+03 



fime 
v 

(minutes) 
86 
87 

Y 
(km) 

X 
(-1 

4.2629700+03 
4.5449650+03 

Z 
(km 

Magnitude 
(km) 

6.7280000+03 
6.728000D+03 

4.823791 D a 3  
-4.690502D+03 

-1.955533D+03 
-1.6150760+03 



Orbit Propagation - NPOE, Mean Elements (two-body motion) 
Initial orbital elements 
semimajor axis = 6728 km 
eccentricity = O 
argument of pengee = O degrees 
incfination = 51.6 degrees 
Tnie-anomaly = O degrees 
Right-ascension = 325.4 degrees 
Geocentric inertial frame of reference 

rime 
(minutes) 

O 
1 

X l Y 
(km) (km) 

Z 
(km) 

2 ! 5.810561 DM3 

Magnitude 
(km) 

5.5380660+03 
5.6876940+03 

-3.314083DI03 
-3.036886Di-03 
-2:7453920+03 
-2.440970043 
-2.1 25051 D a 3  
-1 -7991 17043 
-1.464702D+03 
-1. 123375D+O3 
-7.767427D+02 
4.264342D+02 
-7.409753D3)+01 
2.786û92D+02 
6.3002590+02 
9.7849790+02 

3 
w 

4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 

5.906090D+03 
5.973830D+03 
6.01 34630-3 
6.024801 D+03 
6.00??89D+03 
5.9625040+03 
5.8891 590+03 
5.7880950+03 
5.659787D+03 
5.504837û+03 
5.323971 D+03 
S. 1 18040D+03 
4.88801 3DM3 

-3.820456043 
-3.5756830+03 

7.2216320+02 
1 .0790030+03 
1.4307740+03 
1.7758240+03 
2.1 12531 D+03 
2.439312D+03 
2.754631 DM3 

16 
17 
18 

6.7280970+03 
6.72821 1 0 4 3  
6.7283680+03 
6.7285680+03 
6.7288080+03 
6.7290850+03 
6.729398DM3 

4.700869D+03 
4.854867DI03 
4.9860290+03 
5.0937400+03 
5.1774920+03 . 

5.2368930+03 

-6.6855260-1 1 
3.61 931 6D+02 

6.732744DM3 
6.73321 0D-3 
6.7336730+03 
6.7341 31 D+03 
6.7345800+03 
6.73501 7 0 4 3  

4.634973Di-03 
4.3601 1 0DM3 
4.064722D+03 

6.7280050+03 
6.7280280+03 

3.0570040+03 
3.3450090+03 
3.61 72900+03 
3.8725640-3 
4.1096300+03 
4.327370043 

6.7354390+03 
6.7358440+03 
6,7362300433 
6. 736595DM3 
6.7369390+03 
6.7372590+03 
6.7375560+03 

1.3223840+03 
1.66ûû660+03 
1 -989951 Oc03 

6.729743DM3 
6.7301 16D+03 
6.7305140+03 
6.7309340+03 
6.731 370043 
6.731 8200+03 

2.31 04870+03 
2.6201 W0M3 
2.91 7525DM3 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

3.7501 98DI03 
3.41 8024D+03 
3.069765DM3 
2.707û63043 
2.331 629DI03 
1.9452340+03 
1.5496990+03 
1.146û880+03 
7.386984D42 
3.2705230+02 

3.201 1690+03 
3.4697630+03 
3.7220440+03 
3.9568280+03 
4.1 730 12D+U3 
4.3695840+03 
4.5456250+03 

4.5247WD+û3 

29 
30 

5.271 667D+03 
5.281 652DM3 
5.2668û6Di-03 
5.2272WD+û3 
5.163038043 
5.07461 5D+03 
4.9623570+03 

6.732279P+û3 

-8.61 1 3570+01 
4.988554Da2 

4.70031 2D+W 
4.832923DM3 
4.9428430+03 

6.7391 18DM3 
6.739225043 

4.826800Di-03 
4.668586D+03 
4.488468043 31 

- 32 
33 
34 
35 
36 
37 

6.7378290+03 
6.738079043 
6.738305Di-03 -9.0923690+02 

-1 -31 53280-3 
-1 -71 5226D+03 
-2.1 070540+03 
-2.488980043 

6.738509043 
6.738691 D+03 
6.7388520+03 
6.7389940+03 

5.0295630+03 
5.092682D+03 
5.131 91 2DM3 
5.1470770+03 

4.287296043 
4.0660240+03 
3.825694043 
3.567440D43 
3.2924780+03 
3.0021 020+03 

-2.859214043 
-3.216026043 

5.1381 12D+03 
5.1 05067DM3 



Time 
I 

(minutes) 
X 

r 

38 I -3.5577490+03 1 5.0481 04D+03 

Y 
(km) I (km) 

2.6976750+03 6.73931 6D43 

- 
Z Magnitude 
(km) (km) 



Time 1 X 
I 

Y 
(km) 

4.8381 42DH3 
(minutes) 

86 
(km 

4.2277330+03 

Z 
(km) 

-1.998586DW3 

Magnitude 
(km) 

6.728721 DM3 



Orbit Propagation - NPOE, Osculating Uernents (52 Perturbation) 
Initial orbital elements 
serni-major axis = 6728 km 
eccentricity = O 
argument of perigee = O degrees 
indination = 51 -6 degrees 
Tme-anomaly = O degrees 
Right-ascension = 325.4 degrees 
Geocentric inertial frame of reference 

L. 

Time 
(minutes) 

O 
1 
2 
3 
4 
5 
6 
7 

r 

8 
9 
10 
11 
12 
13 
14 A 

X 
(km) 

5.538061 04-03 
5.6ûn650+03 
5.81 0641 D+03 
5.9061 1 1 D+03 
5.973725043 
6.01 31 680+03 
6.024255D+03 
6.m937D+03 
5.961 3OûD+03 
5.887561 D+03 
5.786071 D+03 
5.65'314D4-03 
5.501 898DM3 
5.3205590+03 
5.1 141 %DM3 

15 4.8836ôOD+O3 9.81 81 650+02 4.51 5991 DM3 6.72371 0 0 6 3  

Y 

(km 
-3.8204530+03 
-3.5?55020+03 
-3.31 3687D+03 
-3-036243D+03 
-2.744479043 A 

Z 
(km) 

0.000000D+OO 
3.6164360+02 
7.21 5765D+02 
1.078096D+03 
1 -42951 6D+03 

16 4.6301 62D+03 1 -3257390-3 4.691 060D+03 6.7232450+03 
17 4.3548560+03 1 -66341 7DM3 4.8439690+03 6.722779D+03 
18 4.059038D+03 f.99326ûD+û3 4.9739960+03 6.722314043 
t9 1 3.744103[3+03 2.31 3716DM3 5.0805280+03 6.721 856D+03 
20 3.41 1533D-3 2-623273D+03 5.1630600+03 6.721 407D43 
2 1 3.0628940+03 2.9204750+03 5.221 201 M 3  6.720970D+03 
22 2-69982704-03 3.20391 80- 5.254674D-3 6.7205480+03 

Magnitude 
(km) 

6.7280000+03 
6.727977Dc03 
6.7279080-3 
6.7277930+03 
6.727635D+03 

23 
24 
25 
26 
27 
28 
29 

6.7274340+03 
6.7271930+03 
6.72691 4D+03 
6.7266000+03 
6.7262541)+03 
6.7258790a3 

-2.439771 0 4 3  
-2.123559D+03 
-1.797334DM3 
-1.4626360+03 
-1.121 042DM3 
-7.741 652D+02 

1 .?74175D+03 
2.110444D+03 
2.436732043 
2.751 4990+03 
3.053258Dm3 
3.340583DM3 

2.3240390+03 
1.9373000+03 
1 -541 431 0-3 
1.138295D+03 
7.29791 5D+02 

4.2363940+02 
-7.1 1 17370+01 
2-81 73980-2 
6.332697D+û2 

3.4722670+03 
3.7242540+03 
3.958688DI03 
4.1744600+03 
4.3705470+03 

3.61 21 190+03 
3.8665850+03 
4.1 027800.t03 
4.31 95890+03 

4.639461 D+03 
4.457562D+03 

4.831 882DM3 
4.9409070+03 , 

30 
3 1 

6.725479D+03 
6.725059043 
6.724621 D+03 
6.7241 70D43 

6.71 791 2D+03 
6.71 76870+03 

5.26331 8 0 4 3  
5.2470880+03 
5.2060550+03 
5.140407D+03 
5.0504490+03 

3.1 784600+02 
-9.5599180+01 
-5.085930D.c02 
-9.191 854D+02 

6.71 7485D+03 
6.71 7304D+03 
6.71 7145043 
6.71 7005043 
6.71 68840+03 
6.71 6780043 

6.7201420+03 
6.71 9757D+03 
6.71 9392D43 
6.719049043 
6.71 8729D+03 

4.936600D+03 
4.7993900+03 

4.54601 9DM3 
4.7000420+03 

6.71 8433043 
6.7181600+03 

32 
33 
34 
35 
36 
37 

-1.3254360+03 
-1 -725424D-3 
-2.1 172550+03 
-2.499075Da3 
-2.8690730+03 
-3.225494D+03 

5.026595D+03 
5.088531 DM3 
5.12641 5D+03 
5.1400570+03 
5.1 29aD+03 
5.094441 0-3 

' 4.254547DM3 
4.031 3700103 
3.789081 D+03 
3.5288230+03 
3.251 8230+03 
2.959391 DM3 





Y 
(km) 

-4.8236500+03 
4.687707D+03 
4.529658D+03 
4.3502460+03 
4.15031 50-3 
-3.93081 0043  
-3.80561 7DM3 

Z 
(km) 

-1.8893780+03 
-1.5473870+03 
-1 -1 980780+03 
-8.431 020042 
4.841 3790M2 
-1.2288350+02 
7.084858D+Oi 

ïime 1 X 
i 

Magnitude 
1 

I 

(km) 
1 

6.727348043 
6.727564043 
6.7277390+03 
6.7 278700-3 
6.727956043 
6.7279970+03 
6.7279990+03 

(minutes) 
06 
87 
88 
89 
90 
91 
92 

C 

(km) 
4.2918370+03 
4.5706800+03 
4.827968D- 
5.=24870+03 
5.2731290+03 
5.4588990+03 
5.5478140+03 



Orbit Propagation - NPOE, Mean Elements (J2 Perturbation) 
Initial orbital elernents 
semi-major axis = 6728 km 
eccentricity = O 
argument of perÏgee = O degrees 
inclination = 51.6 degrees 
True-anomaly = O degrees 
RigM-ascension = 325.4 degrees 
Geocentric inertial frame of reference 

I 

Tirne 
L 

(minutes) 
L 

O 

X 
(km) 

5.5380660+03 

Y 
( h l  

-3.820456DM3 

Z 
(km) 

-6-6855260-1 1 

Magnitude 
1 

(km) 
6.728005D43 



I 

fime 
r 

(minutes) 
8 

38 
39 
40 
41 
42 

-- 

43 
-- 

7 
45 
46 
47 
48 
49 

71 
72 

X 1 Y Z Magnitude ' 
(km) (km) (km) 

I 

(km) 
-3.561 259D+O3 
-3.88571 4D+03 
4.191 851 D+03 
-4.4782270+03 
-4.743496De3 

-1 -44851 40+03 
-?.044589D+03 

5.0449;120+03 2.67CSûQD.+03 6.7279980+03 
4.963281 DM3 2.3522380+03 , 6.7279980+03 
4.858266Dm3 2.0227700+03 6.727998D+03 
4.730370D+03 1.6837600+03 6.7279990+03 
4.5801 93DI03 1 -336807DM3 6.7279990+03 

50 
51 

2.681651 0-3 -5.9792820-3 
-6.0 12026D+03 

4.01 46340+03 
4.2267520+03 

73 
74 
75 
76 
77 

- - 

57 

4.41 89820+03 
4.59041 70+03 
4.7402490+03 
4.û677700I03 
4.9723800+03 

-6.35761 7D+02 
-2.2395790+02 
1.8888230+02 
6.0081 420+02 
1.009897D+03 

4.9864070+03 , 

-1.5241080+03 

52 1 $.016447D+03 

-5.20101 70N3 
-5.1 292740-3 

4.408441 DM3 9.835481 DM2 6.7279990+03 

6.727999043 
2.373993DM3 ! -1.866995[>+03 
2.0551 38D+U3 I -2.201 074D+03 

L 

53 
54 
55 
56 

-5.617700D+03 1 3.4688380+02 

6.728005D+03 
. 6.7280050+03 

-5.0333340+03 
4.91 3649043 
4.770786D+03 
4.6û54160+03 
4.41 83220+03 

6.7279990+03 
6.727998D+03 

-5.9925280+03 
-5.940381 0+03 
-5860253D+03 
-5.7525230+03 

6.7280050+03 
6.728004D+03 
6.7280040+03 
6.7280030+03 
6.7280030+03 

-5.20581 90+03 
-5.4006980+03 
-5.5701270+03 
-5.71 331 00-3 
-5.8295720+03 
-5.918369D+03 

- 3 . m D + 0 3  
58 1 -5.456421 0-3 1 8.294981 D+W 

1 -726588063 
1 -389887043 
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