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Abstract 

AN INVESTIGATION INTO THE NATURE OF THE TRANSITION BETWEEN THE 

SUDDEN AND ADMATIC APPROXIMATIONS IN THE BETA DECAY OF 

TRITIUM 

Jeff Chisnia 
University of Guelph, 1997 

Advisor: 
Professor G. Karl 

During the process of beta decay in tritium, the Hamiltonian describing the atomic 

electron undergoes a change in the potential from a charge of 1 to 2 affecthg both the 

wavefunction and energy of the electron. For rapid changes in the Hamiltonian (sudden 

approximation), the electron is Ieft with a wavefunction which remains unchanged, but is 

no longer an eigenstate of the new Hamiltonian. If the change in the Hamiltonian occurs 

slowly (adiabatic approximation), the electron ends up with a wavefunction describing 

the ground state of the new Hamiltonian. In both cases, the energy of the electron is 

afTected which alters the energy spectnim of the P particle. By modeling how the 

Hamiltonian changes as a function of the P particle velocity, we investigate what is meant 

by "rapid" and "slow" changes in the Hamiltonian. Using standard non relativistic 

quantum mechanics dong with a two state approximation, dfierential equations are set 

up and numerically solved for various diffèrent models descnbing the changing 

Hamiltonian. The resuits are then incorporated into the decay spectrum of tritium, and 

their impact on experiment bnefly discussed. 
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1 Introduction 

Progress in physics has aiways relied on the contributions of its two main sub 

disciplines, theoretical and experimental physics. The contributions made by the two have 

aiways worked in tandem to help us explain the world around us. Experimental physics 

helps us to create and extend theoretical models by exposing new physics, or by exposing 

flaws in older models. These theoretical models can then help us to design new and better 

experiments which in turn start the process over again. An historical example of this 

process was in the discovery and application of the quantum theory. 

When, at the end of the 19th century, the accepted theory of the time failed to explain 

the blackbody spectrurn, Planck was forced to introduce the idea of energy quantization. 

This idea later led to the theory of quantum mechanics, which was M e r  extended into 

modem field theory. This seemingly ubiquitous theory is now an integral part of al1 high 

energy particle accelerators which in tum have led to the so called "standard model" of 

particle interactions. 

When Planck proposed quantum theory, he did so only because the known physics of 

the day codd not adequately explain the experiments that had been done. At the time that 

Planck made his proposal, the experiments were by modem standards not very precise 

nor was the amount of physics known very extensive. Today, advances in technology 

have enabled experimenters to design and run experiments capable of unprecedented 

accurac y. 

With this kind of accuracy available, smaller physical effects usually not seen begin to 

participate in the observable outcorne. This forces theoreticians to. include more and more 

known physics into their theories in order to explain the experimental results. 

If theory and experiment do not agree, we have recourse to a couple of possible 

explanations. First, we may :iot be adequately applying known physics to either the 

system under scrutiny, or to the experimental apparatus used. That is, we may not be 



including enough of the known physics in either our model of the system or our model of 

the experiment (usually the detector). The other possibility is that our curent model of 

either the system or the experimental apparatus is either wrong or incomplete. 

In this thesis, we will endeavor to include an effect which is usually ignored in the 

theory of beta decay. The inclusion of this effect may help to explain the outcome of past, 

present or future experimental results. 

n i e  process of beta decay is a manifestation of the more fundamental effect of the weak 

force between quarks and leptons. For our purposes, we will describe the process of beta 

decay as the decay of a neutron into a proton, electron and antineutrino. 

If the neutron is part of a complicated atom, one of the neutrons decay, leaving an 

ionized daughter atom while simultaneously emitting an electron and an antineutrino. 

The system is complicated by the fact that the emitted electron can interact with al1 the 

bound electrons in the atom. Since experiment detects the ejected electrons as a function 

of energy, energy losses or gains due to interactions with the atomic shell will effect the 

fmal spectrum. I f  these effects are not taken into account in the theory, we may not have a 

good correlation between theory and experiment. 

Given the complexity of rnulti electron atoms, it might be advantageous to first look at 

how this effect manifests itself in a simple atom. The focus of this thesis will thus be to 

model electron - electron interactions in the decay of the tritium atom. Once these effects 

have been adequately taken into account, we will incorporate them into the full theory to 



see what effect they have. Before we begin, it will be beneficial to estimate how large an 

effect we can expect fiom this type of interaction. 

The tritium atom consists of two neutrons, one proton and one surroundhg electron. 

Before the atom decays, the atomic electron is in the ground state of the atom. This means 

that its wavefhction will be a Z=l, n=l hydrogenic type wavehction. After decay, we 

will be left with an ionized helium atom which may or may not be in an excited state. If 

the beta particle is ejected at high speed, the atornic electron will not have much t h e  to 

interact with it or adjust to the sudden increase in nuclear charge. We would therefore 

expect that its wavefunction would not have tirne to change. If the wavefunction does not 

change, it couid not possibly continue to be an eigenstate of the new helium ion. This 

means that it must be in a linear combination of helium states consisting of the ground 

state and al1 of the excited states. We cm find the relative amount of mixing between 

states by expanding the ground state hydrogen wavefunction in terms of helium 

wavefiuictions. 

When this calculation is perfonned, we find that 70% of the ground state and 259 

the first excited state of the helium ion are contained within the ground state of the 

hydrogen atom. Neglecting the higher states, this will give us an energy of: 

Thus we see that when the electron is ejected very fast, we have left the atomic electron 

with an energy of about -42eV. This idea of a fast change is known as the sudden 

approximation and we will refer to it in conjunction with a high velocity B particle. We 



can aiso check to see how this energy compares to the expectation value of the average 

energy of an electron in a helium ion with ground state hydrogen wavefunctions. This 

expectation d u e  will be given by: 

Since we know that the ground state of hydrogen has an energy of -13.6 eV, and the 

expectation of l/r is: 

We can see that the total energy for an electron with a ground state hydrogen 

wavefunction in a helium ion is given by: 

We c m  therefore see that by only hcluding the first two states of the helium ion, we 

have accounted for more than 98% of the total energy of the electron which was in the 

ground state of hydrogen. The less than 2% difference c m  be accounted for if we had 

included both the higher order bound states as well as the unbound continuou states 

within our calculation of eqn. 1.4. 

On the other end of the spectrum, we could have the B particle ejected with a very low 

velocity. In this case, the wavefunction would have time to react to both the change in the 

nuclear charge as weU as to the field of the B particle. Since the wavefunction has time to 

adapt to the new environment, it should remain an eigenstate of the changing 

Hamiltonian. We would thus expect to find the electron in the ground state of the helium 



ion when the p particle leaves the atomic environment. In this case, the electron will have 

an energy of: 

E s  idea of a slow change is known as the adiabatic approximation and we will refer 

to it when we speak of a low velocity P particle. 

The difference in energy between the sudden approximation and the adiabatic 

approximation will be: 

We thus see that depending on the speed of the ejected P particle, we will have a 

energy difference in the heliurn ion of approxirnately 13 eV. This dserence is large 

enough to be seen by detectors depending on how and at what energy this transition 

occurs. Indeed current experiments [9] show a difference between current theory and 

experiment with energy differences of this order of magnitude occming at P particle 

energies of around 1 KeV. Thus our main goal once we have modeled this electron - P 

particle interaction will be to find the nature of the sudden - adiabatic transition and 

compare to current experimental resuits. 

Before we attempt to mode1 this interaction, it will be usefid to review the P decay 

spectrum and how we can incorporate our results once we have obtained them. 



2 A Brief Overview of Beta Decay 

Ever since its discovery at the end of the 19th century, beta decay had remained a 

mystery until 1934 when E. Fermi developed his theory of beta decay. Fermi based his 

theory of P emission from a nucleus in analogy to the emission of electromagnetic 

radiation h m  atoms. in the atomic case, the transition of an electron from a state of 

higher energy to a state of lower energy results in the creation of a photon. Since the 

energy difference between states is fixed, we expect to see a discreet photon spectrum. In 

the case of f3 decay, Fermi reasoned that the transition of the nucleus from one intemal 

state to another resulted in the emission of a P particle and a corresponding neutrino. As 

in the atornic case, the energy difference between these states has a fixed value. However, 

since this energy is transferred to two particles, the resulting spectnim for either particle 

will no Longer be discreet. For example if the B particle has a fiaction a of the energy, the 

neuûino must have the fiaction (1-a) of the energy. Where a c m  in principle take on any 

value between O and 1. In order to find the shape of the spectrum, we must find the nature 

of how the probability of decay varies as a (or equivalently the energy of either particle) 

is varied. We start by using Fermi's golden d e  of tune dependent pemubationtheory: 

Where o is the probability of decay per unit tirne, Mi, is the matrix element governing 

the decay and p, is the density of h a i  states available to the system. For our purposes, the 

shape of the decay s p e c t m  will be govemed by the density of states. We therefore will 

concentrate on it and will only brïefly review the matrix element. 



The matrix element for P- decay cm more fully be written as: 

Mi, =( in i t i a l  1 Hiatcractioa ( f i n a l )  

Where the initial state consists of the initiai atom with Z protons, A-Z neutrons and no 

P particle or neutrinos. The fhal state consists of Z+1 protons, A-(Z+1) neutrons and one 

p particle and one neutrino. The form of the interaction Hamiltonian (H intcnnion) depends 

on which theory one chooses to describe P decay. M e n  Femii fkst wrote down his 

version of p decay, his cornparison with electrornagnetic theory led him to postulate a 

current x curent interaction. For simple neutron decay, this interaction Lagrangian 

(actually a Lagrangian density) takes the fom: 

Here G, is simply the coupling constant, and the ternis in the brackets are the Dirac 

bilinears representing the four component nucleonic and leptonic current respectively. 

This theory works quite well, but has two shortcomings which render it incornplete. First 

of d l ,  the theory does not take into account the observed fact that the nucleus can 

undergo a change in spin during the decay process. Second, it is also experimentally 

observed that parity is violated during some P decay processes. After much work, the 

Lagrangian which was evenhially accepted to be correct came fiom the so called V-A 

theory . 



The V-A theory is so named due to the fact that the currents involved consist of both 

Vector and Axial vector cornponents. The inclusion of the axial vector te rmyv solves 

the two problems previously outlined. This theory works very well for low energy weak 

processes (of which B decay is only one example), but fails at higher energies. At higher 

energies, the correct theory is the electroweak theory which combines both 

electromagnetism and the weak theory into one theoretical description. This theory is 

based on gauge symmetry and is beyond the scope of this thesis and we mention it only 

for the sake of completeness. In this thesis we will use a simplified version of the matrix 

element by using approximations which we will mention later. Regardless of which 

description is chosen, the matrix element plays only a subordhate role in the shape of the 

spectnun with which we are concemed here. 

As we mentioned earlier, the shape of the decay spectrum is detemllned by the density 

of states. The density of states c m  more precisely be written as: 

Where N is the number of states available, and E, is the total amount of energy 

available to the system. Thus the density of states is a measure of how the number of final 

states available changes as the decay energy is varied. In order to calculate this quantity, 

we must be able to count the number of final states available to the system. Once the 

nucleus has decayed, the total amount of energy which rnust be conserved is: 

Where E,, is the energy of the neutrino, E is the energy of the electron and ER is the 

energy of the recoiling nucleus. Since the nucleus is much more massive than both the 



electron and the massless neutrino and the energies involved are low (18.6 KeV in the 

case of tritium), we cm to a good approximation ignore the recoil energy of the nucleus. 

We may thus d e :  

With this approximation in mind, we can proceed to count the number of final states 

available to the neutrino and electron. 

The standard method of counting these states is to assume that the electron and the 

neutrino are emitted as plane waves and to correct for the Coulomb interaction later. As 

plane waves, these particles obey the f?ee particle Dirac equation. By confining the 

particles to reside within a cube of fixed dimensions, we c m  obtain a relationship 

between the particle momentun and the number of single particle states available dong 

one axis of the cube. Performing this caiculation leads to the resuit: 

where L is the length of one side of the cube. For the entire cube, the total number of 

single particle states will be given by the volume of a sphere in "n" space. However, since 

we are oniy interested in positive values of n for the purposes of counting, we must take 

into account that oniy 1/8 of the sphere contains only positive values of n. We therefore 

obtain the foltowing result for the total number of states for a free particle: 

where we have used V = L~ 



For two particles, the total number of states per unit volume with momenta between p 

and p + dp will be: 

1 
dN=dN,dN,  = 167t2 p2 p: d p  dp, 2 

Using equation 7 and the relativistic relationship between energy and rnomenturn, we 

may rewrite equation 10 as: 

Where we have set c = h/2x = 1 

Plot of P spectra as a function of Kinetic Energy 
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Fig. 2.1 

We can now calculate the density of states and use the result in the Golden nile to 

calculate the differential transition rate for P decay. The result obtained is: 



This is the standard form of the P spectnim neglecting the Coulomb interaction 

between the p particle and the constituents of the daughter atom. In fig. 2.1, we plot this 

transition rate (setting the matrix element equal to one) as a function of the electron 

kinetic energy (E - m) for a decay energy of 18.6 KeV. 

From this plot, we can see a few of the features of this type of decay. We see that the 

spectrum extends fiom zero kinetic energy to the maximum available (1 8.6 KeV in this 

case) and has a maximum transition rate for a value which is to the left of center. 

In order to take into account the Coulomb interaction between the P particle and the 

daughter nucleus, we must recall the approximations that we have made. We had 

assumed for the purposes of counting that both the neutrino and the P particle were 

emitted as plane waves. By making this assumption, we have dso  hadvertently affected 

the matrix element. This c m  most clearly be seen by looking at the version of the matrix 

element we are using. Since Parity violation is of no concem in most cases of B decay, 

and we will only concem ourselves with Fermi transitions (no change in nuclear spin) we 

will use the Lagrangian in equation 2.3. Using the fact that we have ignored the recoil 

energy of the nucleons, we may write the matrix element as: 

Where the wave functions are now single component wavefiuictions independent of 

spin and the integral is taken over the nuclear volume. The matrix element can now be 

seen to include the wavefûnction of the electron and hence is afYected by our plane wave 

approximation. In reality, we know the electron wavefunction will be distorted fiom a 

plane wave by the Coulomb field of the nucleus. However due to the energies involved, 



we will see that the Coulomb correction will be most prominent at the origin. Given that 

the energies involved in P decay are on the order of a few MeV (in the case of tritium, the 

energy is 18.6 KeV), we find the corresponding wavelengths are on the order of 1 0-1 m. 

This is much larger than typical nuclear dimensions of 1 0-15 m and hence neither the 

electron nor the neutrino wavehction will change appreciably over the length of the 

nucleus. This irnplies that the contribution to the integrai by both the electron and 

neutrino wavefimctions will be essentially the constant value that they have at the origin. 

In the case of the neutrino, d i i s  value is just L - ~ ' ~ .  For the electron, we will have the 

same value but it will be modified somewhat by the Coulomb field of the nucleus. 

Traditionally, this modification is expressed by an additional factor F(Z,E) in the 

expression for the decay spectnim. With the inclusion of this factor, our beta decay 

spectnun now takes the form: 

The form most fiequently used for F(Z,E) is the Fermi function given by: 

Where q = Z a with Z king the charge on the daughter nucleus, a is 1/137 and v is 
v 

the velocity of the electron. We can now compare this form of the P spectnim (fig. 2.2) 

with the one which we have previously plotted (fig. 2.1). 

We can see that there is a change in the spectrum which is most prominent at low 

energies. This is due to the fact that the Fermi fûnction takes into account the fact that we 

wodd expect to see more B particles at lower energy due to the attractive nature of the 

Coulomb interaction with the nucleus. That is the positively charged nucleus tends to 



slow down the negatively charged B particles and hence we end up with more particles at 

lower energy than without the Coulomb interaction. 

Plot of P spectra as a function of Khetic Energy 
with and without Coulomb correction Z=2 
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Fig. 2.2 

We now corne to the point where we must take into account the Coulomb interaction 

between the p particle and the atomic electron. To do this, we will incorporate the ideas 

which were outlined in the introduction, namely the difference between the sudden and 

adiabatic approximations. The nature of this transition will be worked out in the 

following sections, here we are interested only in how we will incorporate these results 

into the spectra and to see how the spectrurn may be affected. In the introduction we 

found that depending on the velocity of the ejected B particle, the atomic electron ends up 

in different energy states. Since the total energy of the system must be conserved, this 

implies that the amount of energy available to the beta - neutrino system will be different 

depending on which state the atomic electron ends up in. This also implies that the phase 



space of the decay (and hence the spectnim) will be a-îfected due to the fact that it 

depends on the total decay energy available. 

In the case of the sudden approximation, the atomic electron initially has an energy of - 
13.6 eV and ends up with an energy of -54.4 eV 70 % of the t h e  and an energy of -1 3.6 

eV 25 % of the time. Thus 70 % of the time, the decay energy avaiiable will be E, + 

(54.4 eV - 13.6 eV) = E,+ 40.8 eV and 25 % of the time the energy will be just Eo. The 

other 5 % of the the ,  the electron will have energies corresponding to higher excited 

states (n > 2) of the Helium ion and we will ignore them for now for the sake of 

simplicity. The overall spectnun for the sudden approximation case will therefore be 

comprised of two Werent spectra corresponding to the two different decay energies and 

weighted by their respective probabilities. Thus if we Say that N(E,E,,) is the unmodified 

decay spectrum, the decay spectnun for the sudden approximation will be: 

In the case of the adiabatic approximation, the atomic electron ends up with an energy 

of -54.4 eV 100 % of the time and therefore the total decay energy will be just E, + 40.8 

eV. Therefore, the decay spectrum for the adiabatic approximation will look like: 

We now plot the spectra corresponding to these two approximations (fig. 2.3) to see what 

to expect once we have calculated the exact nature of the S - A transition. 

Due to the small difference between the two spectra, we have plotted only the region 

where this difference can be most clearly seen. Here we see that the difference between 

the two plots becomes appreciable at energies between 2 KeV and 3 KeV, and is on the 

order of 0.15 % which could in principle be seen by experiments. 
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Plot of the spectra wrresponding to the difference 
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We also plot the percent merence between the two spectra compared to the maximum 

value reached by Ns(E) as a f'unction of kinetic energy (fig. 2.4). In this plot, we see that 

the largest merence actuaily occurs at an energy of around 5 KeV. Since most current 

theories do not take into account the energy differences between the sudden and adiabatic 

approximations, we wodd expect to see the greatest merence ifthis interaction forces 

the electron to end up in the ground state of the helium ion for beta particle energies 

around 5 KeV. That is, the closer the sudden-adiabatic transition is to this energy, the 

more prominent the e - beta interaction will be. 

We now have enough background Iliformation so that we may begin to mode1 the 

electron - p interaction and incorporate it into the B decay spectnim of tritium. In the next 

section, we will set up the problem and demonstrate the cornputational method used to 

solve it. 



3 Setting Up The Problem 

The aim of this section is to explicitly outiine the problem of determinhg how the 

sudden - adiabatic transition occurs due to the innuence of an extemal perturbation (in 

our case, the perturbation is the infleuence of the P particle). 

We begin by writing down the Hamiltonian describing the atomic electron in the 

tritium atom before B decay occurs. 

Where we are using atomic units m = h/2a = ca  = e = 1 (see Appendix 3 ) 

Since we are assurning that the electron is initially in the ground state, the 

wavefimction corresponding to this Hamiltonian is the Z = 1, n = 1, ( = O hydrogenic 

function. Mer P decay has taken place and the P particle is far enough away that it no 

longer has an influence on the resulting helium ion, the resulting Hamiltonian will be: 

Where the solution to this Hamiltonian could in principle be any of the Z = 2 

hydrogenic wavef'unctions. Our problem is to apply a t h e  dependent perturbation to our 

initial Hamiltonian given in eqn. 3.1 such that at t = O the perturbation is zero, and as t + 
or> the perturbation + - 1 / r . We write the Harniltonian we wish to use as: 

Where W(r,t) must have the properties: 



In order to simplifL the solution process, it will be advantageous to express the 

perturbation as: 

Where V(r,t) must now have the properties: 

The reason that we write the perturbation in this fashion is so that we may expand the 

solution to 3.3 in ternis of Z = 2 hydrogenic wavefunctions. This is advantageous to do 

seeing as we are interested in the relative probabilities of the electron occupying any of 

the states within the helium ion. With this substitution, we now must find solutions 

correspondhg to the following Hamiltonian: 

That is, we wish to solve: 



The fust step is to expand our wavehction in terms of the Z = 2 bais of hydrogenic 

functions. 

Where 1 Qn(r,t)) represents the set of Z = 2 hydrogenic wavefunctions and we assume 

that no higher angular momentum States will be occupied so that d remains O. 

Substituthg this into eqn. 3.8 and simpli&ing, we h d :  

Where we have used: 

Due to the fact that both the wavefunctions and the HamiItonian are time dependent, 

we should be using the interaction representation. To switch to this representation, we 

introduce a new variable cn(t) defined by: 

Upon substitution into equation 3.10, we find a new equation in terms of cn[t). 

n t m  

Where we have written: 



Thus far we have made no approximations or assumptions so that eqn. 3.13 is exact. 

However, in order to make some progress in acquuing a solution, we must somehow 

simplie this equation. In order to see what approximations will be valid, we will look at 

the initiai conditions of the system. At t = O, we know that we must have a pure Z =1, 

n = 1 hydrogenic wavefunction. That is, we must have: 

Where ( ~,,(r) ) is the wavefiinction correspondhg to the Z = 1 ,  n = 1 ,  / = O 

hydrogenic wavefunction. We can also write this Z = 1 hydrogenic wavefunction in terms 

of Z = 2 hydrogenic wavefunctions to h d :  

Using eqn. 3.9 with t = 0, and comparing it to eqn. 3.16, we find: 

From this cornparison and the fact that a,(O) = ~ ~ ( 0 )  we find: 

cri(') =(an(') 1 ~is(r)) 

I f  we evaiuate the fmt two values c,(O) and c,(O), we fmd: 



Also notice that: 

We dso know that 1 Y(r,t)) must be normaiized, therefore we must have: 

Using this fact dong with eqn. 3.20 we find that: 

We thus see that less than 5 % of the initial state is represented in the n > 2 Z = 1 

hydrogenic wavefunctions. We have thus found more explicitiy what we had previously 

found by a somewhat less formal rnethod. Since over 95 % of the initial state is contained 

within the first two states of the Z = 2 wavefunctions, and we are looking at a small 

effect, we will assume that the effect of the perturbation is to redistribute the eiectron 

probability within these two states only. That is we will set c,(t) = O for dl n > 2 and deai 

with only c,(t) and c,(t). With this approximation, we fînd that we now must solve a set of 

two coupled differentiai equations. 



Where we have written: 

Once we have chosen the form of the perturbation V(r,t), we need only solve equations 

3 -23 to h d  the relative occupation probability of the daughter helium ion. Once we have 

these, we can incorporate them into the B spectrum similarly to what we did in the 

previous section. 

We now have an idea of what the form of the P spectnim is and how this sudden - 

adiabatic approximation idea may affect the outcome of the spectnim. This was covered 

in section 2 building on ideas fiom section 1. In this section, we have set up the 

mathematical fkamework which will be used to solve the problem. The question now is 

what is the exact form of the perturbation which we will use to mode1 the interaction 

between the electron and p particle responsible for this sudden - adiabatic transition. This 

is what we will cover in the next section by revealing the models which were used and 

the results which were obtained. 



4 The Models 

In this section we are concerned with how to mode1 the effect that the B parîicle has 

on the final state of the heliurn ion. These models will conskt of choosing an appropriate 

form for our perturbation V(r,t) which can then be used in eqns. 3.23 which were derived 

in the previous section. The models will then be adjusted to see if agreement with 

experiment is possible. 

4.1 Time dependent change of nuclear charge 

- constant velocity 

The first mode1 which was chosen was that of a nucleus which has its charge gradually 

change from Z = -1 to Z = -2 over tirne. That is, the effect of the P particle is to simply 

screen the charge of the nucleus as seen by the atomic electron. The form of the 

perturbation which was chosen to incorporate this idea can be expressed as: 

Where v is the velocity of the P particle, and a is a parameter which can in principle be 

varied. Notice, this form of the perturbation has the correct limiting values as required by 

eqns. 3.6. In order to get an idea of what range of values would be appropriate for a to 

take on, we will apply some intuitive concepts of what should happen. We assume that as  

the p particle moves outside the vicinity of the atom, that the charge on the nucleus 

should just be -2. This implies that we want the factor ëa '' to be zen, at a distance of 

around the expectation value of the electronic orbit. We know that the expectation value 

of r for a state of zero angular rnomentum can be written as: 



Thus we c m  see that the expectation value varies fiom 3/4 a,, to 3 a, between the 

ground state and the first excited state of the helium ion. If we define "zero" to be 0.000 1, 

and recall that vt = 1 at the first bohr orbit (in atomic units), this gives us a value for a 

which varies roughly between 3 and 12. Thus by varying a between 1 and 15, we shodd 

be able to get an idea of how wel1 this mode1 works within physicai limits. 

Armed now with a fonn for the perturbation dong with a range of values for our 

parameter a, we can begin to solve the equations set up in the previous section. In order 

to use this form of the perturbation in these equations, we must work out the following 

expectation values V,,, V, and V,, as d e h e d  in the previous section. Performing these 

calculations, we find: 

By substituting these values into eqns. 3.23, we can solve for the probability that 

the atomic electron ends up in either the ground state or first excited state of the helium 

ion as a function of t h e .  The method used to solve these equations is outlined in the 

appendix, and we will therefore simply state the results. For a value of a = 5 and a P 
particle velocity of v = 0.1, we get the foIlowing plot (fig. 4.1.1) of the probability that 

the electron ends up in the ground state (Pl), as a function of time (dl quantities are in 

atomic uni&). Since we have used ody two states in setting up our equations, the 



probability that the electron ends up in the first excited state will be just P2 = 0.952 - Pl 
so that only one probability need be calculated. 

We see here that at t = O, we have Pl  = 0.702 which is just the overlap of the initial 

hydrogen state and the ground state of the helium ion which is exactly what we expect. 

As t h e  goes on, we see that this probability oscillates until a time of t > 50 at which time 

the system has reached a steady state value of P l  = 0.80. It is this steady state value with 

which we are concemed here. That is, we wish to know how this steady state value 

changes as a fiuiction of the P particle velocity. In the next plot (fig 4.1.2), we plot this 

steady state value of the probability Pl as a fùnction of the P particle velocity. Here we 

see that for small p particle velocities, the probability Pl tends to the adiabatic value of 

0.952. The lowest value of velocity used was v = 0.1 which accounts for the fact that the 

adiabatic limit is not reached on this plot. The lowest value of velocity used for al1 plots 

was v = 0.1 so that we may compare the value of the probability in each case at this 

value. For larger velocities, the probability approaches 0.702 which is the sudden 
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approximation value. Thus we see that our intuitive ideas of how the system should 

respond in the b i t s  of large and small P particle velocities have been born out by this 

simple model. What we are interested in of course is where this transition occurs. From 

fig 4.1.2 we see that at a velocity of around I ,  the probability beginç to change fiom its 

sudden approximation value and rapidly approach the adiabatic approximation value. 

Plot of the probability of the atomic electron 
occupying the ground state of the Helium ion 

as a function of velocity u = 5 
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Fig. 4.1.2 

As we have seen from section 2, this interaction will have its greatest effect on the 

decay spectnim for transition energies of around 4 KeV. A transition of v = 1 

corresponds to an energy of 13.6 eV and is thus on the order of 300 times smaller an 

energy or 17 times smaller a velocity which would produce a maximum effect. Current 

experiments [9] also reveal a discrepancy between theory at an energy of around 1 KeV 

in which case we have a transition velocity which is about 10 times too small. At this 

velocity of v = 1,  the difference between the sudden and adiabatic approximation spectra 

is on the order of 0.01 %. Since the transition just begins at v = 1, and does not fülly reach 



the adiabatic limit until a much lower velocity (v < 0.1) we would not expect to see a 

ciramatic effect on the resdting spectrum. Given that most theories used to describe P 

decay only involve the sudden approximation, the bigger a difference we have from this 

approximation gives us a better chance of explaining experimental results . In order for 

this to occur, the system should spend as much time in the adiabatic lirnit as possible. 

This means that the S - A transition should take place at as high a velocity as the model 

will dlow. 

We thus expect that this model with a value of a = 5 would not appreciably affect the P 

decay spectrum. We can however alter the value of a to see if we can improve the value 

of velocity at which the S - A transition takes place. The following two plots show the 

probability P 1 as a function of velocity for values of a = 1 and a = 15 respectively. 
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Here we see that when a is Iowered, the transition takes place at higher values of 

velocity. In the case of a = 1, we notice that the transition occurs at a vetocity of around 

4, while for a = 15 the transition is pushed back to a velocity of less than one. So we see 

that for our purposes, a iower value of a wilI increase the likelihood of being able to see a 



deviation fiom the sudden approximation. As a is fûrther decreased, we fmd that we are 

able to move the S - A transition to higher and higher velocities. Although our simple 

calculation on the range of a places a lower fimit of around 1, we cannot dismiss the fact 

that lower values may better fit experimental data. In the next section, we will incorporate 

this model into the actual f3 decay spectrum to see how the outcome is afFected. 

This is but only one of a number of possible models which codd be chosen. It is at best 

a first approximation to the kind of effect that the P particle codd have on the atomic 

electron. Before we see how this model affects the decay spectrum, we will look at other 

models which may better describe this electron - B particle interaction 

4.2 Beta particle ejected along z-axis 

- constant velocity 

The second model which we will look at is that of a f3 particle on a classical 

straight line path along the z axis of the atom with a constant velocity. The fom of the 

perturbation V(r,t) which takes into account the electron-p interaction wili be: 

Where r is the position of the atomic electron, v is the velocity of the f3 particle and k 

is a unit vector in the z direction. We can see that 4.2.1 has the correct limiting values 

outlined in eqn. 3.6 and is therefore a valid perturbation. In order to solve the two 

equations 3.23, we are required to work out the ma& elements VI 1, V22 and V 12 

which c m  now be done given the form of the perturbation 4.2.1. Using the hydrogenic 

wavefunctions with Z = 2 and d = O we fïnd that the matrix elernents are: 



Looking more closely at our form of the perturbation V(r,t), we see that at t = O the 

perturbation is just llr (as it must be by construction). Since we know that the expectation 

value of 1lr using hydrogenic wave f'unctions is (x(Z,n) 1 l lr / x(Z,n)) = 2/n2 , this allows 

us to rnake a quick check of our matrix elements to see if they have the correct values at 

t = O. Setting t = O in eqns. 4.2.2, we do indeed find that VI 1 and V22 have the correct 

limiting values. With the ma& elements evaiuated, we may now begin to solve the 

differential equations in the same m u e r  as was done for the previous model. When the 
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equations are solved, we again end up with a solution in the form of a probability as a 

function of time for a given velocity. A typical example of how the probability varies as a 

function of t h e  for a particuiar value of velocity is displayed in plot 4.2.1. Here P 1 is the 

probability that the electron is found in the ground state and t is the time measured in 

atomic units. This particular plot is for a velocity of v = 0.1 in atomic units. As can be 

seen, at t = O the probability has the value of 0.702 which is again just the overlap 

between the ground state of hydrogen and the ground state of the helium ion. This is 

exactiy what we expect, since the electron is initidly in the ground state of hydrogen. As 

the time increases, we see that the probabzty changes until it reaches a steady state value 

of Pl  = 0.8. If we compare this to the correspondhg plot (fig. 4.1.1) for the previous 

model, we see some striking sïmïlarities. They both appear to have a similar shape and in 

both cases, the steady state value appears to be at a value of around P 1 = 0.8. As done 

previously, we plot the steady state values of the probability as a function of velocity to 

see the nature of the S - A transition. 
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For this perturbation, we see that the correct limiting values are aproached, however 

the S - A transition takes place at a velocity Iess than one. We also notice a peculiar 

feature that the probability actually goes down again before the adiabatic limit is reached. 

What this feature impiies is not known, but its effect appears to be negligibie. In spite of 

this feature, this plot looks very similar to the one for the previous model with a value of 

a = 5. Due to the low value of velocity at which the S - A transition takes place, we do 

not expect to see a difference in the decay spec tm.  

Unfomuiately this model s a e r s  fiom the fact that we lack any parameters with which 

we cm adjust. However, by combining the ideas of this model dong with those of the 

previous model, we cm produce a mode1 which has more fieedom to be adjusted. 

4.3 Time dependent nuclear charge with ejected beta particle 

- constant velocity 

The form of the perturbation which we will now use will combine the perturbations of 

the fust two models and takes the form: 

Where we now have two adjustable parameters a and X. Notice that when X = O we have 

our fist model , while when X = 1 we have the second model. By changing the value of 

X, we can place an effective charge on the B particle. To see this, we set a to be a large 

number which will cause the b t  term will go to zero very rapidly leaving just the second 

term to contribute to the calculation. If X # 1, we will end up caiculating the perturbation 

similar to that in the second model except it will have an effective charge on the B 

particle. The caiculation of the matrix elements can be done by combining those already 



calculated for the first two models. Once the matrix elements have been substituted into 

the equations, we can again solve for the steady state value of the probability as a 

function of velocity. In fig 4.3.1, we set a = 100 and X = 0.75 and plot the steady state 

value of P l  as a h c t i o n  of velocity. We see that we again retain the correct limiting 

vaiues, while the S -A transition takes place at a velocity of around v = 1. Cornparhg this 

to the corresponding plot when X = 1 (fig 4.2.2), we notice that although the transitions 

occur at roughly the sarne point the adiabatic Iimit is reached much more rapidly for X = 

0.75 than for X = 1. 

We also notice that the smail unexplained "burnp" we saw in fig 4.2.2 is no longer 

present when X = 0.75. If we lower X still, we fmd that the S - A transition still takes 

place at roughly the same velocity, however the adiabatic limit is reached more slowly. 

Plot of the probability of the atornic electron 
occupying the ground state of the Helium ion 
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We also see that if X is increased but still less than one, we find the same trend occurs. 

That is, the adiabatic limit is reached more slowly for vaiues of 1 >X > 0.75 and for X < 



0.5. This implies that there should be a value for X for which the adiabatic limit is best 

approached. 
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The value for X which maximizes the adiabatic approach tums out to be X = 0.7. 

So far, we have been varying only the value of X which corresponds to placing an 

effective charge on the P particle. We dso have the choice of varying the value of a 

which corresponds to changing how rapidy the nucleus changes its charge. We have been 



setting a = 100 so that the nucleus changes very rapidiy. By decreasing our value for a, 

we allow the nucleus to change its charge more slowly. In the next few plots, we show 

the eEect of lowering a while keeping X constant at X = 0.7. 
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From these plots (Fig 4.3.7 to 4.3.9), we see that as the value of a is lowered the 

approach to the adiabatic limit takes place less rapidly while the S - A transition remains 

faULy constant at around v = 1. Thus by lowering a we find that we decrease our chances 

of seeing this effect in the final decay spectrum. Thus far, we have only varïed X between 

vdocity 

Fig 4.3.9 

O and 1. That is we have decreased the effective charge on the B particle. By increasing 

the value of X, we can increase the vaiue of the effective charge. In the next series of 

plots, we increase the vaiue of X while again keeping a constant at 100. In this fkst plot 

(fig.4.3.1 O), we see that the S - A transition begins to take place at a velocity of around v 

= 2. We also notice that we have a very Werent looking plot as compared to those when 

X was less than one. We see that the probability goes down below the sudden 

approximation value before it begins to approach the adiabatic limit. This is a rather 

cwious effect and implies that there is a range of velocities (fiom v = 2 to v = 0.2 in this 

case) for which the electron is more likely to end up in an excited state than we nomally 

expect. We can guess that this is due to the extra force exerted by the increased value of 



the charge of the P particle. The fact that this effect occurs for a limited range of 

velocities would imply that there is some characteristic tirne of interaction for which the 

interaction strength is a maxilnum. We would thus expect that if we continue to increase 

the value of X, we should fmd that the probability that the electron is excited within this 

range of velocities should aiso increase. 
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In the next two plots we do see that as we increase X, the lowest value reached by the 

probability within this range continues to increase. The S - A transition value appears to 

be unchanged, however we also notice that the adiabatic limit is also reached more 

quickly than when X = 1.1. As we saw in the previous case, there is a value of X which 

maximizes this adiabatic limit. In this case, the vaiue hirns out to be X = 1.44 and the 

correspondhg plot is displayed in fig 4.3.13. As we have done before, we can also see 

how the results are afTected when we alter the value of a. In the next few plots, we 

change the vaiue of a while keeping X constant at X = 1.44. 
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Here we again see that by lowering the value of a we do not affect the S - A transition 

velocity, we do however affect the rate at which the adiabatic limit is reached. 

Specificaily, we notice that as a is lowered the adiabatic 1 s t  is reached more slowly. 



We also see that the minimum value of the probability within the aforementioned velocity 

range is reduced. 
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Due to these two features, we can specdate that we will be less iikely to observe an 

effect on our decay spectnun by using small vaIues of a. We of course will have to wait 

until the next section to see ifthis is in fact true. 

4.4 Incorporating a time dependent velocity 

So far within these models, we have been using the idea that the P particie has been 

leaving the ion with the sarne veIocity with which it was created. This is of course an 

approximation to what we know must really happen. In reality, the P particle wiil be 

under the influence of the positively charged nucleus and should slow down as it Ieaves 

its vicinity. By extending our models to include this effect, we shouId expect to attain a 

more accurate description of how the B particle affects the final state of the electron. We 

will thus revisit our models with this idea in mind. 

in order to take into account tbis effect we will make our velocity time dependent. In 

order to obtain the exact form of the velocity as a function of t h e ,  we would need to 

solve the differential equation for motion within a Coulomb field. Due to the fact that this 

equation yields no easily manipuIative solution for the velocity explicitiy as a fimction of 

time, we will need to postdate a form for this velocity. We will assume that the velocity 

decreases exponentially from some initial value to a final value as  a function of time. 

With this in mind, we will replace our time independent velocity v with the time 

dependent velocity u(t,v). Where u(t,v) can be written as: 

Where v is now the initial velocity, and v, is the final velocity of the P particle as it 

escapes the field of the ion. The parameter P wili allow us to control how rapidly the 



velocity decreases fiom v to v,. In order to obtain the relationship between v, and v, we 

will use the fact that energy must be conserved at any two positions r and r,. That is, we 

must have: 

Where V(r) and VXrJ are the potential energies of the particle at the positions r and r2 

respectively. By solving for v, , we find: 

Where y(r,rJ = 2 ( V2(rJ - V(r) ) 

If v is the initial velocity of the P particle, then r will be the position of the particle 

when it was created. Notice that the smallest value of v that we c m  have will be the 

square root of y. If we assume that the particle was created near the nucleus, then the 

form of V(r) will be: 

Where the first term is the potential due to the two protons in the nucleus, and the 

second term represents the potential due to the electron at a distance of the first bohr orbit 

(recall a, = 1 in atornic units). This potential will hold for any position that lies inside the 

first bohr orbit, and outside the nucleus. Taus the values that r can take on could in 

principle lie between 1OOand l(r atomic uni&, with the most probable values lying closer 

to the nucleus. 

The final velocity will be at the position of the detector, and we can safely assume that 



r, = CO which will force V,(rJ = O. We can then see that our parameter y will depend only 

on where the p particle was created. Given that we have a range of values of where the fi 

particle is created, we will accordingly have a range of values for y. 

We c m  then see that when we substitute our time dependent velocity, we will have IWO 

new parameters p and y which can be varied dong with the other parameters that were 

introduced in the previous models. 

We can plot the function u(t,v) as a fiuiction of time for different values of the initial 

velocity to see how this effects the form of u(t,v). In fig. 4.4.1, we set P = 1, y = 4096 and 

plot u(t,v) as a function of t h e  for three different values of the initial velocity. Shce we 

have chosen y = 4096, the smallest possible value for the initial velocity is v = 64, we 

therefore choose v = 65,70,75 which will correspond to h a l  velocities of u = 1 1.36, 

28.36 and 39.10 respectively. From this plot, we can see how u(t,v) varies as a f'unction of 

time for the three different choices of initial velocity. Notice that although our choices 

Plot of u(t,v) as a function of time for different 
initial velocities with y = 4096, P = 1 
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for the initial velocity oniy differed by five units, the final velocities Vary by more than 

ten units. By changing P, we will change the rate at which the nnal velocity is reached 

and a change in y will effect our initial velocity. 

Before we proceed to investigate the effect that this new f o m  of uie velocity has on 

our previous models, we must recall that the velocity always occurs in the form v x t. 

Since we now have a t h e  dependent velocity, we should now replace this with: 

Carrying out the integration, we h d :  

We now are at the point where we cm apply this function (eqn. 4.4.6) to our previous 

models. We will start by revisiting our first model. 

4.5 Time dependent change of nuclear charge 

- time dependent velocity 

In this modified version of our fit model, we have three difFerent parameters a, B and 

y which can be varied. By sening u = 5,  y = 4096 and P = 10, we obtain the following 

plot (fig. 4.5.1) of the probability (P 1) as a function of the final velocity of the B particle 

as it reaches the detector. If we compare this plot with that of fig. 4.1.2, we see that the S- 

A transition is not at al1 affected, however we do see that the adiabatic limit is reached 

more rapidly in this new model. If we keep y and a constant and just change the value of 



p, we find that the plot will also change. In the next two plots, we set P = 5 and P = 50 

and notice the change in the adiabatic limit. For P = 5, we find that the adiabatic limit is 

reached significaatly more slowly than for P = 10. Similady for P = 50, we see that the 
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adiabatic l e t  is reached less rapidly than for P = 10, although the difference is not as 

marked as the case when P = 5. It turns out that there is a value of P which maximizes the 

rate at which the adiabatic lunit is reached. This value tums out to be P = 20 and the plot 

is displayed in fig. 4.5.4. 

The difference between the plots for P = 20 and P = 10 is not very significant, but the 

fact remains that there exists a "best" value for for which the adiabatic Iirnit is reached 

most rapidly. We can now continue this theme of varying P within this mode1 for 

different values of both a and y. 

Plot of the probability of the atomic electron occupying the 
ground state of the helium ion as a function of veiocity 
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Even though we have allowed y to be varied, it hims out that changing this 

parameter does not affect the resulting plot in any significant marner. Values of y used 

were y = 49,400,4096 and 40000 and if plotted on the same graph, the differences 

would be imperceptible. We therefore opt not to include such a plot and will simply omit 

y as being a variable parameter and set it equal to y = 4096 for convenience. We will now 

continue with only a and P as variables. 



In the previous version of this model, we found that we couid alter the S-A transition 

by lowering the value of a. We find that the same trend occurs in this version of the 

mode1 with the added bonus of being able to maximize the approach to the adiabatic limit 

by varying P. By s e h g  a = 1 and varying the value of P, we find a similar pattern as that 

when a was equd to 5. That is, we fînd that there is a "best" value for P which rnavimizes 

the rate at which the adiabatic Limit is reached while the S-A transition velocity remains 

unchanged fiorn that found in fig. 4.1.3. In this case, that value tunis out to be P = 4 and 

the resuiting plot is displayed in fig. 4.5.5. If we compare this plot with that of fig. 4.1.3, 

we c m  see that again the S-A transition is not affected, however the adiabatic limit is 

reached more rapidly in this extended model than in our original. 

Plot of the probability of the atomic electron occupying the 
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If we increase the value of a, we again find that there exists a value of P which 

maxirnizes the adiabatic approach. However, due to the fact that the S-A transition occurs 

at lower values of the velocity and the adiabatic approach much slower than for the case 



of a = 1 or a = 5 ,we would not expect to be able to see the effect of this case. We will 

now continue with our inclusion of o u .  time dependent velocity in our next model. 

4.6 Beta particle ejected along z-axis 

- time dependent velocity 

In this model, recall that we did not have any parameters with which we could Vary. By 

incorporating our time dependent velocity, we will have the parameter P which we can 

Vary to see how the results are afEected. If we set P = 1 and P = 20, we cm produce the 

following two plots (fig. 4.6.1 and fig. 4.6.2). If we compare these two plots with that of 

fig. 4.2.2, we notice that the S-A transition is not affected, however we can see the 

adiabatic approach does change. In the case of B = 1 we see that the adiabatic limit is 

approached much more slowly than in the case of the original rnodel. While when B = 20 

we do not see much difference in the rate at which the adiabatic lirnit is reached. We can 

however see that in both cases that anornalous "bump" is no longer present. As in the 

previous case, we h d  that there again exists a value off! which maximizes the adiabatic 
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approach. In this case, that value turns out to be P = 3 and the corresponding plot is 

displayed in fig. 4.6.3. With this value of P, we c m  see that the adiabatic limit is reached 

much more rapidly than in our original model. We will now continue to investigate how 

this time dependent velocity affects our results by revisitîng our final model. 

Plot of the probabiiity of the atomic electron occupying the 
ground state of the helium ion as a function of velocity 
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4.7 Time dependent nuclear charge with ejected beta particle 

- time dependent velocity 

In this fmal model, we will now have three different parameters X, a and P with which 

we c m  Vary. Recail that X was responsible for placing an effective charge on both the P 

particle and the nucleus, while a was responsible for controllhg the rate at which the 

nucleus changes its charge. From our examination of this model without a time dependent 

velocity, we found that a value of X = 0.7 and a = 100 yielded our best results. Let us 

now see what happens when we include our time dependent velocity with differing values 

of p. 



In the next senes of plots (fig. 4.7.1 and 4.7.2), we display the resuits for values of P 

of 1 and 20. Comparing these two plots with that of fig. 4.3.6, we can see that the S-A 

transition velocity does not at ail change and is therefore independent of P. However, we 

also notice that the adiabatic approach is much better for the higher value of P = 20 and is 

very close to that of fig. 4.3.6. For the plot when P = 1, we can see that the approach to 

the adiabatic limit is much worse than in either of the other two cases. It turns out that 

this trend is continuous through al1 values of B. That is, there exists no intexmediate value 

which maximizes the adiabatic approach as was the case in the previous rnodels. If we 

change our value of X (keeping the value below l), we h d  that the same thing occurs as 

when X was equal to 0.7. That is, we fïnd that low values of B do not improve our 

Plot of the probabiIity of the atomic electron occupying the 
ground state of the helium ion as a function of velocity 

a= 100, X = 0.7 

velocity 

Fig. 4.7.1 

velocity 

Fig. 4.7.2 

results and we are better off not including a t h e  dependent velocity. The situation 

changes however when we lower our value for a. When we set a = 1 while keeping X = 

0.7, we do indeed find that we can improve our resdts with certain values of P. As we 

have seen before, we find that there is a value of P which rnaximizes the approach to the 

adiabatic limit. In this case, the value turns out to be P = 3 and the result is displayed in 



fig. 4.7.3. Cornparhg this plot to that of fig. 4.3.9, we see that the S-A transition is not at 

ali afZected while the adiabatic lunit is now approached more rapidly. We c m  similarly 

Plot of the probability of the atomic electron occupying the 
ground state of the helium ion as a function of velocity 

velocity 

Fig. 4.7.3 

irnprove the resdts for other values of a, however they are still not as good as those 

obtained for a = 100 and a high value of P (fig. 4.7.2). We dso find that the resuits for 

different values of X with correspondingly different values of a are also improved for 

certain vaiues of p, but again, they are not as good as the results fiom fig. 4.7.2. 

As before, we cm now set X > 1 and k d  the effect this has on the resuits. Recail that 

in the unmodified model, we found that a value of X = 1.44 and a = 100 produced the 

best results. We will start with these two values of X and a and include our time 

dependent velocity with different values of P to see what effect it will have on the results. 

In the next series of plots, we see the results of setting P = 1, 10, 15 and 20 while keeping 

X and a constant. From these plots (Fig. 4.7.4 to 4.7.7) and comparing them to that of fig. 

4.3.13, we can see that the S-A transition velocity is again unaffected. We can also see 

that for p = 1 the plot is dramatically changed as compared to both higher vaiues of P and 



the onginal plot of fig. 4.3.13. In this case we see that the probability never lies below the 

sudden approximation value of 0.7 and its appearance is very similar to the 
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rnajority of other plots we have seen. As the value of  B is increased, we find that the 

probability again takes the fom of fig. 4.3.13 by dropping below the sudden 

approximation value for certain velocities before approaching the adiabatic lirnit. It c m  

aiso be seen that the adiabatic Iimit is approached more rapidly as the value of B is 



increased fiom 10 to 20 while keeping the overail properties of the plot constant. As was 

the case for X < 1, we find no optimum value for P which maximizes the adiabatic 

approach and we are better off not including a time dependent velocity (or using a hi& 

value of p). 

By changing the values of X and a, we fhd that no appreciable changes occur. The 

oniy feature that is affected is that of the approach to the adiabatic lunit which changes 

slightly. In no case is the S-A transition velocity afTected in any way and the approach to 

the adiabatic limit is never better than that found in fig. 4.3.13. 

This is the extent of the models used to model this interaction. As we have seen, the 

results are very similar fiom model to rnodel. To summarize, we Iooked at three different 

forrns of a perturbation which models the interaction between the atomic electron and the 

ejected p particle during the process of the P decay of the tritium atom. Each model was 

subjected fxst to a P particle with a constant velocity, then to more accurately represent 

the physical process the velocity was made time dependent In each case, parameters were 

available to modim certain parts of the perturbation. The result of each model was a plot 

of the probability that the electron ends up in the ground state of the helium ion as a 

function of the final P particle velocity. We were primarily interested in the value of the P 

particle velocity which changes the probability fiom its sudden approximation value to its 

adiabatic approximation value. We found that this transition took place at veiocities 

ranging fiom less than one to approximately four. We were also interested at how rapidly 

the adiabatic limit was reached once the transition occurred. This feature varied 

drarnatically fkom model to mode1 and was the primary influence on how the parameters 

were varied. Due to the Iow transition velocity, we do not expect this interaction to cause 

a ciramatic change in the spectrum, however we will look at this in the next section. 



5 Analysis 

In this section, we will incorporate some of the results that were obtained in the 

previous section into our decay spectrum for tritium. In order to do this properly, we must 

first put these results into a more usable form. The way in which we will do this is to fit 

the data obtained to analytic functions. One reason for this is apparent when we note that 

in no case was the adiabatic limit actuaily reached. This was due to the fact that the 

lowest value of velocity used was v = 0.1 which was chosen to minimize the calculation 

tirne. Another reason is so that we may more easily use the results in combination with 

our analytic form of the decay spectnim (eqn. 2.14). The function used to fit the data had 

seven parameters which could be varied to find a best fit and is given by eqn. 5. L 

The method used to fit the various results is explained in appendix 2, but we will 

display an exarnple to show how successful the fitting procedure was in reproducing our 

original results. In fig. 5.1, we display the result of fitting the fûnction in eqn. 5.1 to the 

result of fig. 4.2.2 as well as fig. 4.2.2 itself. As we can see, the difference between the 

two plots is minimal which indicates how successful the fitting has been. As well, we can 

see that we now have the correct adiabatic Iimit of 0.952. This is a rather typical example, 

and the other fits are as good or better. 

Now that we have our results in a more user fnendly fom, we can begin to incorporate 

them into our decay spectnun given in eqn. 2.14. Let us staa by rewriting eqn. 2.16 

which was the equation for the decay spectrum within the sudden approximation, so that 

we may more clearly see how it must be modified. 
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Where N(E,E,) is given by equation 2.14. Recall that the f~st terni represents the portion 

of the spectrum in which the electron ends up in the ground state multiplied by the 

relative probability of fmding it within the ground state. While the second term is 

responsible for that when the electron ends up in the first excited state multiplied by the 

corresponding probability. We now want to compare this spectnim with one in which the 

probabilities 0.702 and 0.25 are repIaced with ones which we have found in the previous 

section. That is, we want to compare eqn. 2.16 with the following equation: 

Cornparison of the fitted function with that 
of the original in fig. 4.2.2 

Where NM represents the spectrum with the inclusion of our model(s), Pl is the 

probability which was calculated for the various models in the previous section (with v2 = 



2mE), and P2 = (0.952 - Pl)  as noted before. Since we have already fit our results to the 

function G(A,a,B,b,C,D,d,v), which is simply equal to Pl(v), we can begin to see how 

our resuits affect the tritium spectnim. Due to the fact that our S-A transition velocity was 

very low ( v - 2), we do not expect to see much difference in the spectnim at energies 

greater thao 30 eV. This is in fact the case, and in fact the difference is small enough that 

it can not be seen on the spectrum. Instead, we plot the % clifference between N, and N,. 

for the results of fig. 4.1.3, and this is what is displayed in fig. 5.2. 
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From this plot, we can see that the ciifference is indeed very small. The Iargest 

difference is on the order of O.OS%, and would be difficult to measure given that it 

occurs at energies of less than 10 eV. 

We continue on by incorporating our best candidate fiom mode1 3 (section 4.3) which 

is the result fiom fig. 4.3.13. In this case, the probability dropped below the sudden 

- 
I 1 1 1 I 1 



approximation value for certain values of the velocity. PLotting the % difference between 

N, and N,, we find we have the plot given in fig. 5.3. 

Plot of the % difference between and NM as a fundon of 

P particie kinetic energy for results of fig. 4.3.13 
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From this plot, we can see that the difference is now a little Iarger (- 0.2%), but it still 

occurs at a very low energy and wodd be very difficult to observe. 

Given that the rest of the plots are extremely similar in fom, it shouid be apparent that 

we are unlikely to do much better than these two examples. With the above statement 

dong with the results we have seen, m e r  anaiysis is unnecessary and we will end this 

section to make some final conclusions and observations in the next, and final section. 



6 Conclusions 

We have looked at various different models which have incorporated very simple 

forms of the interaction between the atomic electron and the ejected P particle during the 

process of the decay of the tritium atom. In al1 cases, we have seen that a transition 

between the sudden and adiabatic approximations occurs at P particle velocities between 

1 and 4 atomic velocity units. From the anaiysis section, we have seen that a transition 

within this velocity range does not alter the spectnim in any signincant manner except at 

very low energies. The difference between the spectnim including this effect and that 

without gives deviations less than 0.1 % and occurs at energies roughly 100 times too 

small to account for the results of experiment [9]. This is comparable to other recent 

calculations [IO, 1 1,12,13,14,15] done in a more formal and rigorous mamer. Even 

though we have found small differences, it is uncertain that these results could actuaily be 

seen by experiment. This is due to the low energies involved and the fact that exchange 

effects should start to be significant at B energies comparable to that of the atomic 

electron. 

From the results presented in this thesis, we should be able to state with some 

confidence that the interaction between the atomic electron and the ejected B particle is 

not responsible for the deviation seen in the experimental data and in any case is much 

too small to be observed. 
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Appendix 1 

In this section, we wiil review the procedure used to solve eqns. 3.23. The method we 

will use will involve the use of the differential equation solver contained within Mathcad. 

Before we show the document used, it is necessary to make some observations and 

simplificatioss of equns. 3.23. 

The fkst thing we notice, is that eqns 3.23 can be armnged to demonstrate that 

probability is indeed consewed. Rewriting these equations dong with their complex 

conjugates and using the fact that both V = V,, = V,, and R = RI, = - a-, are real 

quantities, we see (where c(t) = C ): 

(Al. 1) 

Rearranging these equations to eliminate V and a, we find the following two equations: 

Adding the two equations together, we find: 

Notice that: 



Using this fact dong with eqn. A1.3 , we hnd: 

Which implies that: 

Since this must hold for al1 times, we c m  use eqn. 3.20 to rewrite A1.6 as: 

From this result, we notice two things. The first thuig we notice is that we need only work 

out one of the probabilities. This is the case since once one is found, we find the other 

from using eqn. A1.7. The second thing to take note of is that the probabilities are 

independent of the phases of cl(t) and c2(t). We therefore might guess that both cl (t) and 

c2(t) c m  be written in terms of complex exponentials. That is, we can make the 

substitution: 

ci (t) = A(t) e c2 (t) = B(t) e"wt) 

Plugging this foxm of c,(t)and c,(t) back into eqn. 3.23, we find the following two new 

equations: 



Notice, if we set: 

(Al. 10) 

We find that the exponentials will drop out of the equations, and we are then left with two 

much simpler equations to solve. 

n(t) ( A - )  = - i B V  
2 

Where we now have: 

+IBI' =0.952 (Al. 12) 

Unfominately, the differentiai equation solver within Mathcad will not solve cornplex 

equations. This is due to the fact that the irnaginary term "i" is viewed as a parameter and 

cannot be manipuiated numericaily. In order to get around this problem, we will separate 

eqns. Al. 1 1 into real and imaginary parts and solve the four resulting coupled differential 

equations. 

The first step is two rewrite A and B in tems of real and irnaginary parts (al1 x are 

real). 



Substituting eqn. Al. 13 into eqn. Al.  1 1, we find the following two equations: 

By separating the real and imaginary parts, we generate the following four equations: 

Using eqns. A 1.12 and A 1 . 1  3, we fhd that %, x,, q, and x, have the properties: 

(Al. 15) 

And subject to the initial conditions: 



Given the equations Al. 16 dong with the initial conditions of A 1.17, we can proceed 

to create a document in Mathcad to solve for the probabilities of the electron being found 

in either the ground state or the excited state of the helium ion. 

What we actually solved for was the probability that the electron ends up in the ground 

state of the helium ion. Using eqn. Al.  16, we c m  then find the probability that the 

electron ends up in the first excited state. The actud solution to Al.  16 is a probability as 

a b c t i o n  of tirne, while we are interested in the probability as a fiinction of the P particle 

velocity. In order to get what we are after, we need to solve Al.  16 for the steady state 

value of probability for various different velocities. The smdest value of velocity used 

for dl calculations was v = 0.1 (in atomic units). This value was chosen so as to reduce 

the tirne needed to calculate the various probabilities. If a smailer value were chosen, the 

calcuiation tirne on the cornputer wodd go up very rapidly. Indeed if a value of zero were 

used, various divergences would incur and render the results useless. 

The Mathcad method for solving differential equations is that of the fourth order 

Runge Kutta method. This method entails choosing a beginning point as well as an end 

point and choosing the number of points in between both for which to solve. Care had to 

be taken in order that both enough points in between were chosen, as well as choosing the 

final point far enough out that the system had reached a steady state value. If too few 

points were chosen, the solution would look dramatically different than the "correct" 

solution. Similarly, if the end point were chosen too close to the beginning point, we 

would not be in the steady state region and the solution would be useless for our 

purposes. In the end, a beginning point of t = O and an end point of t = 50 were chosen 



with 250 points in between. This was the best choice to ensure both a correct solution as 

well as reducing the cornputer tirne necessary to solve the equations. The document used 

to solve these equations is displayed at the end of this section. 

In order to check that our approximation of using only the first two states was a correct 

one, we also used fist order perturbation theory including a third state. This was done 

only for the mode1 used in section 4.1. The foliowing plot shows the probability of the 

electron being found in the ground state of the heliurn ion as a fiuiction of the velocity. 
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Fig. Al 

Cornparing fig. Al with that of fig. 4.12, we see that the plots are very similar. The 

ody differences are for very Iow velocities in which case fig. Al has a probability which 

extends higher than one. This is due to the fact that only first order perturbation theory 

was used. We do see however that the S-A transition velocity occurs at the sarne velocity. 

This of course is the feature which we are most interested in and it is cornforthg that both 

calculations agree. In the next two plots, we see how the probabilities of the electron 

being found in the first and second excited states Vary as a fiction of the velocity. 



Fig. A2 
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Fig. A3 

From fig. A3, we see that the probability of the electron endhg up in the second 

excited state is very low. At its highest, the probability is 0.0128 which is its sudden 

approximation value. We thus see that our approximation of keeping only the first two 

States is a very good one. The document used to calculate these probabilities is show at 

the end of this section. 
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Appendix 2 

In this section, we wili present the document used to fit the results of the various 

models to the function described in section 5. The procedure used was a least squares 

fitthg procedure. By rninirnizing the square of the ciifference between the îunction used 

and the resdts of the models with respect to the 7 different parameters, we were able to 

fit al1 of the results obtained. By utilizing the solve blocks within Mathcad, we were 

successful in this procedure. The document used is presented at the end of this section. 



Given 



Appendix 3 

In atomic energy units, we have : 

m=e=h/2x=a,,=ca= 1 

Quantity 

1 Atomic Mass Unit 

1 Atomic Charge Unit 

1 Atomic Length Unit 

1 Atomic Velocity Unit 

I Atomic Time Unit 

1 Atomic Frequency Unit 

1 Atomic Energy Unit 

Value 
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