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Abstract 

In this thesis, we develop a new coding system for direct sequence code-division 

multiple access (DS-CDMA) that supports more multiple users than many previously 

reported DS-CDMA systems. The most important distinctive feature of this new 

approach is the use of powerful short fiame Gallager codes for data error protection. 

These codes combine strong protection against multiple access interference (MAI) 

and channel noise with small data delays. This combination makes these Gallager 

codes an excellent choice as an error-protecting scherne in speech-oriented CDMA 

applications. 

We investigate the theoretical performance of Gallager codes with maximum- 

likelihood decoder and derive new block error probability bounds for short frame 

Gallager codes. We show that these bounds are smaller than block error probabil- 

ity bounds for many orthogonal and superorthogonal convolutional codes that were 

previously suggested for similar applications. 

We propose a new construction for Gallager codes that results in a significant per- 

formance improvement for short frame Gdager codes and hence makes them strong 

candidates for CD MA applications. We discuss low complexity iterative decoding al- 

gorithrns (subop timal a-pos teriori probability ( APP ) algorithms) for Galtager codes. 

We show that the decoding complexity of Gallager codes obtained in the proposed 

construction is lower than the decoding complexity of turbo codes and other Gallager 

code constructions, a feature that leads to implementation of fast software-oriented 



decoders for Gdager codes. We also investigate decoder hardware implementation 

issues t hat exploit inherent parallelism of the decoding algorit hm. 

We present simulation results for Gallager codes in additive white Gaussian noise 

(AWGN) and fading channels. We show that the strong performance of Gdager 

codes in AWGN channels successfUy combats multiple access interference in CDMA 

systems. Gallager codes &O exhibit good performance in fading channels making 

them particularly suitable for mobile environment. We conclude that Gallager codes 

are strong candidates for wireless CDMA systerns that are emerging recently as a 

communication system of choice for the rapidly developing PCS market. 

... 
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Chapter 1 

Introduction 

1.1 Advantages of error control coding in CDMA 

Code-division multiple access (CDMA) is one of the three most popular multiple access 

schemes (dong with time-division multiple access (TDMA) and frequency-division 

multiple access (FDMA)) [l]. ki North America, digital cellular phones operating 

under the 1s-95 CDMA standard recently appeared in the wireless market. 

One recent survey [4] estimated the world market size for personal communica- 

tion systems at US$4,500 billion. Presently, about 137 million people have mobile 

telephones. In the beginning of the next millennium, this number will increase to 590 

million people worldwide. CDMA, with its good performance in fading channels and 

soft degradation characteristics, is expected to handle much Iarger data volumes than, 

for example, TDMA-based GSM systems. Hence, CDMA is considered by many as 

the system of choice for the next generation mobile telephony [5,6]. 

Given the size and competitiveness of the market, it is nitical for any successfd 

CDMA product to implement engineering solutions that fully realize the potential 

of this multiple access scheme. Error protection against channel errors in a CDMA 

system is particularly important for any such realization. 

Under 1s-95, the error protection in the forward link (base station-temobile) is 

provided by rate 112 convolutional codes. A typical basic CDMA system configuration 

is show- in Fig. 1.1. 



Figure 1.1: CDMA System model: d K ( t )  is the data stream of K-th user, CK is the 
K-th user's spreading code, encoder and decoder provide error protection against channel 
noise and multiple access interference. 

The main object of interest of this work axe the functions and implementation 

of the encoder and decoder in Fig. 1.1. In 1s-95 only a relatively s m d  portion 

of the total a d a b l e  bandwidth is dedicated to error protection. This portion can 

be substantidy increased, resulting in an increased capacity of a CDMA system 

(compared, for example, with IS-95 [7-101). Many factors play an important role 

in evaluating the overall system performance; among these decoder complexity and 

power consumption (that depends to a certain degree on the decoder complexity) are 

particdarly significant . 

In the present work, we are primarily concerned with CDMA systems used for 

speech transmission (and this entails certain constraints on the tolerable delay ) . How- 

ever, we believe that ideas we developed here wiU become even more important in data 

applications (multimedia, video pictures aad access to the Internet) that characterize 

future generations of personal communications systems (PCS ) . 

In 1s-95, a particular type of CDMA cded  spread-spectrum multiple access (SSMA ) 

is used. A binary data sequence is produced by a mobile station at the rate of 9.6 

kbps (in standard vocoder). The processing gain is 128, that is, each information 

symbol maps into 128 chips that are subsequently transmitted through the channel. 

The processing gain is used partly to combat the multiple access interference (MAI) 

and partly to combat the channel noise with forward error-correction (FEC) (at the 

expense of bandwidth expansion). 

In the light of the recent advances in coding theory that we will discuss in this the- 

sis, it becomes practically possible to use powerfid error-correcting codes in CDMA 

applications since very efficient decoding algorithms are avztilable for these codes. 

Some work in this direction can be found in [2,3,11,12]. We propose to show that a 



class of block codes c d e d  Gallager codes have properties that are essentidy "custom- 

tailoredn to such applications. We intend to show that short frame Gallager codes 

have good error-correcting capabilities in 60th additive white Gaussian noise ( AWGN) 

and fading channels. The good performance of short £rame Gallager codes in AWGN 

channels and, closely related to these, interference-Iimited channels, increases the Ca- 

pacity of a CDMA system while short frame lengths of such Gdager codes keep the 

signal processing delays within a reasonable ILnit. We also show that these properties 

can be exploited without resorting to maximum-likelihood decoding . Simple subop 

timal low-complexity decoders for Gdager codes show an excellent performance in a 

variety of communications channels. 

1.2 Delays associated with FEC 

In digital speech trassmission, data delays on the order of tens of milliseconds are 

deemed acceptable, while larger delays may decrease the Quality of Service (QoS). 

Forward error-correction requires certain data processing before the recovered infor- 

mation data stream c m  be forwarded to the receiver's output. In this work we pri- 

marily studied short fiame Gdager codes so that the signal processing delays couid 

be made s m d .  We assumed the information block length of 192 bits that corresponds 

to the standard vocoder frame of 20 ms at data rates of 9600 kbps. 

Three major delay sources are present if block coding is used for error protection. 

First, a block of data (of length 192 bits in our system) needs to be buffered before 

it can be encoded. The encoder obtains a codeword by multiplying the data block 

with the generator matrix for a given Gallager code. Secondly, the received codeword 

must be M y  stored before the decoder could start the decoding process. Thirdly, 

decoding itself requires a certain amount of time to produce the estimate of the data 

sequence at the decoder's output. 

Additional delays may be present in the system if, for example, an interleaver is 

present to reduce the effect of fading on the system performance. Gallager codes con 

successfully combat the degradation in performance caused by fading. 



1.3 Turbo codes, Gallager codes and iterative de- 

coding algorit hms 

The paradigm shift in coding theory towards random coding that has occurred in 

recent years has led to advances in practical engineering. Turbo codes [13-151 (also 

known as Parallel Concat enated Convolutional Codes) were shown t O perform very 

closely to Shannon capacity of a Gaussian channel with an iterative sub-optimal 

approximation of the Muximum A Postenori (MAP) algorithm [l6]. Perhaps, a 

better name for this class of iterative decoding algorithms is A Posteriori Probability 

(APP) algorithms [17] since in mos t cases the algorithms produce approximations of 

symbol a posteriori probabilities. 

Newly discovered powerfd turbo codes (of long block lengths) and iterative decod- 

ing algorithms for these codes appear to be extremely attractive for practical coding 

schemes. Iterative decoding of rate 113 turbo codes has been implernented on a chip 

yielding bit error probabilities smder  than 10-6 at Eb/No = 3 dB [14]. 

hterestingly, the idea of combining long random codes with an iterative decoding 

algorithm was already present in Gallager's pioneering work [Hl, in which he describes 

and andyzes a class of random linear codes characterized by sparse parity-check 

matrices. Gdager showed that these codes are "good", i.e., with maximum-likelihood 

decoding they achieve an arbitrarily s m d  probability of error at rates bounded away 

from zero (henceforth, we put the quotation marks around the terms "goodn and Kvery 

good" if there is a precise meaning associated with the tems  such as given above). 

Gallager also proposed a simple yet effective iterative decoding procedure for these 

codes. Zyablov and P insker [19] analyzed error-correct hg capabili ties of Galiager 

codes and also proposed a simple "bit-f%ppingn decoding algorithm. MacKay and Neal 

independently re-discovered Gdager codes in (201 and proved that Gallager codes are 

"very good", Le., families of Gallager codes exist whose rates are arbitrarily close to 

channel capacity for a variety of communications channels. Simulation results [20] 

show that GaLlagerYs iterative decoding procedure yields excellent performance in 

Gaussian channels. IR Chapter 4, we give simulation results for short frame Gdager 



codes and show that these codes provide good tradeoffs between error-correcting 

capabilities in AWGN and fading channels, s m d  data processing delays and the 

decoder's complexity, as compared with other codes proposed for similar applications. 

We considered ody  suboptirnal iterative decoding algorithms for Gallager codes. 

The maximum-likelihood decoder will achieve a better performance in general. How- 

ever, maximum-likelihood decoding of these codes is likely to be an intractable prob- 

lem [21]. The low complexity of iterative decoding makes implementations of practical 

decoders feasi ble at the expense of performance degradat ion. 

Iterative decoding is perhaps best understood as decoding on a general graph 

that reflects the code structure (22-251. For example, a Tanner graph [26] describes 

the parity-check structure of a code and plays a special role in iterative decoding 

algorithms. Other types of graphs, e.g., exponder graphs and Cayley graphs, led to 

a description of expander codes [27,28] and low-density Cayley codes [29] as well as 

innovative decoding algorithms [30]. It has also been realized that certain instances of 

iterative decoding have been known for some time in the artificid intelligence research 

comrnunity as pmbability propagation [23] in gaphicd models, thus placing iterative 

decoding algorithms in a more generd context. 

Powerfd "all-channeln codes that can be decoded with a relatively low complexity 

have been long awaited by the CDMA cornmunity. A classic paper [7] showed that 

the use of powerful error correcting codes may significantly increase the capacity of 

a CDMA system. Developments following similar lines appeared in [2,8,11,12]. 

1.4 Organisation of the thesis 

The thesis contains three main chapters with each chapter focusing on a certain 

theoretical or practical aspect of applications of Gallager codes in CDMA systems. 

Chapter 2 discusses the theory of Gallager codes. The goal of this chapter is to 

derive bounds on the decoding error-rat e performance of short frame Gallager codes. 

A construction that yields a signifiant improvement in performance relative to previ- 

ously known constructions, is presented. We derive bounds on block error probability 



of the maximum-likelihood decoder for short fiame codes and compare these bounds 

with block error probability bounds for alternative error correcting coding schemes 

proposed for similx applications. We show that Gdager  codes emerge as favorites 

(compared with other codes) for error correcting in CDMA systems that use enhanced 

error protection schemes for bet ter performance. 

In Chapter 3, we present low-complexity iterative decoding algorithms for Gal- 

lager codes. We discuss software and hardware implementations of these decoding 

algori thms. The low complexity of such implement ations is particularly emphasized. 

We compute the complexity of a software-oriented decoder and show that it is sub- 

stantially lower for Gallager codes than for many competing coding schemes. Chapter 

3 also discusses various algorit hm enhancements that either reduce the probability of 

decoding error or lower the computational cost in practical decoder reakations. 

In Chapter 4, we investigate a CDhrIA system in which error protection is provided 

by Gdager codes. In particular, an MAI mode1 for interference-limited channels is 

discussed. Based on the performance of Gallager codes in AWGN charnels, we show 

that a CDMA system that uses Gdager codes, supports more cell users than an 

uncoded CDMA and many other previously reported systems with enhanced error 

protection. Chapter 4 also discusses the performance of Gdager codes in AWGN and 

fading channels. We present results of simulations that lend support to the theoretical 

findings of previous chapters and show the advantages of using Gdager codes in 

CDMA systems. We also discuss a low-complexity multiuser detection scheme in 

CDMA sys tems based on iterative decoding algorithms. 

Finally, Chapter 5 summarizes the main results of the work. We also present some 

ideas that, in our opinion, are promising for future research work in this area and may 

lead to further improvements in capacity and Quality of Service of CDMA systems. 



Chapter 2 

Gallager codes: t heory, 

generalizations and constructions 

2.1 Background 

The fascinating story of Gdager  codes started with Gdager's doctoral disserta- 

tion [31] in 1960 in which he began to investigate the properties of low-density parity- 

check codes (Le., codes characterized by a sparse parity-check matrix). The term 

"parity-checkn codes is now archaic and has been replaced by the term "linearn codes. 

We will use the terms "parity-check" and "linear" interchangeably in this section. 

Elias showed in [32] that long random linear codes achieve capacity for a variety 

of communications channels. However, the decoding problem for an arbitrary linear 

code is intractable [21]. 

In 1963 the M-LT. Press published a book by Gdager [18] where the main results 

of his dissertation were presented. The motivation behind low-density parity-check 

codes was to devise a decoder whose complexity is low enough to make practical 

implementations feasible. Low-density parity-check codes are usually described in 

terms of their parity-check matrices whose sparse stmcture is the key feature that 

makes low-complexi ty decoding possible. 

Gallager proves in [18] t hat random low-densi ty parity-check codes are asymptot- 

ically "good" for binary symmetric channels (BSCs), Le., they achieve an arbitrary 



small error probabilities for rates bounded away from zero, as the block length in- 

creases. The argument, similar to Shannon's noisy diamel coding theorem [33], makes 

use of ensemble averages and expurgated ensemble averages to show the "goodnessn 

of these codes. 

IR his book, Gallager also shows that with a fixed number of non-zero row elements 

in a parie-check matrix Gallager codes are not " v e q  g o 0 6  in the BSC, Le., the code 

rate must be bounded away from the channel capacity to achieve arbitrary s m d  error 

probabilities. ki particular, Theorem 3.3 [la, p.39] states for Gallager codes that if 

the code rate R is too large, Le., 

where p < 112, is the crossover probability of the BSC, k is the row weight of the 

parity-check matrix, H2(9 is the binary entropy function and 

then the probability of decoding error is bounded away from zero independently of 

the code block length. Recall that the channel capacity of the BSC is 

C = 1 - H 2 ( p )  bits. (2.3 

The binary entropy function H2(pk) is strictly smaller than 1 if pk # 0.5 [34, p.151. 

Hence, the right-hand side of (2.1) is strictly smaller than the capacity of the BSC 

for finite k. However, Gallager showed that "low-density parity-check codes are at 

least as "good" on the BSC as the optimum code of somewhat higher rate" [la, p.391. 

That is, Gdager codes are "good" in the sense that they achieve an arbitrasr s m d  

probability of error at code rates greater than zero. Somewhat 30 years later MacKay 

and Ned [20], further developing Gallager's ideas, have shown that under certain 

conditions Gdager low-density parity-check codes are "very good" . 

Gdager also developed an iterative (APP) decoding algorithm whose excellent 



performance for many codes has captured the attention of coding theorists in the last 

few years. Gallager codes with iterative decoding would outperform almost ail codes 

knom before the advent of turbo codes in 1993 [13]. 

Gdager's monograph attracted very little attention in almost three decades fol- 

lowing its publication. Main stream developments in coding theory were in the area 

of codes with structure such as BCH, Reed-Solomon, Goppa and other codes. Signif- 

icant research effort was devoted to convolutional codes. The structural properties of 

convolutional codes are largely unknown but this lack of knowledge is amply compen- 

sated by the effectiveness of the maximum-likelihood decoding algori t h  (the Viterbi 

algorithm) for these codes. 

Peterson and Weldon [38] &te: "Low-density codes [...] do not appeax to be 

as attractive for use in practical systems as do some of the other codes presented in 

this book." This is in part due to the fact that decoding algorithms used to decode 

Gallager codes were "bit flippingn algorithms when a bit value is changed if it is 

involved in more incorrect than correct checks. Some work on these algorithms can 

be found in [39]. Similar algorithms recently appeared in the work of Spielman on 

linear-time encodable and decodable codes [27]. 

Meanwhile, the theory of Gallager codes was further developed in the work of 

Zyablov and Pinsker [19] that appeared in 1975. In their paper the authors proved 

that Gdager codes are "goodn in the BSC (this is a result that appeared in the 

Gdager's monograph [Ml) and moreover, they proved that it is possible to decode 

these codes with complexity smaller than N log N where N is the block length. This 

is certainly a remarkable result whose immediate consequence is the existence of 

practical decoders for Gdager codes that can achieve a very s m d  probability of 

error in binary symmetric channels. (In general, the decoding complexity of a linear 

code is not even polynomial in N [21] .) 

But the real re-discovery of Gallager codes has corne with the work of MacKay 

and Neal [2O]. They proved that Gdager codes are not o d y  "goodn, but &very 

good" , Le., there exist Gallager codes that achieve arbitrary srnall error probabilities 

for code rates up to channel capacity for many symmetric channels. Moreover, the 



ideas of their work were planted in a very fertile ground. The explosion of interest 

in turbo codes and iterative decoding algorithms prepared the coding community to 

work with random codes and code ensembles that can be decoded with low-complexity 

algori t hms. 

We recall that Gallager codes are "good" (but not %ery good") for a fixed value 

of the parity-check matrix row weight k. MacKay and Neal showed that if one is 

dowed to increase this value of k, then an arbitraq small error probability can 

be achieved for code rates up to the channel capacity. They showed that it is still 

possible to construct very sparse parity-check matrices for Gdager codes even as  

k goes to infirllty. Therefore, these codes remain low-density. The line of research 

that motivated [18] has corne to a logical conclusion: there exist "very good" error- 

correcting codes and it is possible to decode these codes effectively, that is, in time 

polynornial in N (by, perhaps, using low-complexity suboptirnal decoding dgorithms). 

Another very important contribution of [20] is the discovery that Gdager codes 

demonstrate an excellent performance with iterative (APP) decoders. Simulation 

results given in [20] show that for long block lengths and AWGN channels the per- 

formance of Gdager codes is almost as good as the performance of turbo codes that 

are the m e n t  champions in terms of approaching the channel capacity. Yet, it is 

entirely possible that there exist Gdager codes that could outperfonn turbo codes 

in AWGN channels and probably in many other types of communication channels. 

Some recent results of Davey and MacKay [40] for Gallager codes over non-binary 

fields GF(q) indicate yet another improvement in the performance of Gallager codes 

as the size of the field increases (Gallager codes's block length in [40] was on the order 

of several thousand code symbols so the results of [40] have lit tle overlap with our 

results). As the matter stands now, the performance of Gdager codes with large 

block lengths in AWGN channels is approaching the performance exhibited by turbo 

codes. 



2.2 Notation and definitions 

Let C be a binary linear block code with block length N, dimension (or information 

block length, or fiame length) K and minimum distance D. We Say that C is 

an ( N ,  K, D) code. A codeword in an (N, K,  D) code consists of N code symbols, 

or chips. Let G be a generator matrix of an ( N , K , D )  binary linear block code. 

Then G has dimensions K x N. Let M be the dimension of the dual code, Le., 

M = N - K. The parity-check matrix H of C has dimensions M' x iV where 

134' 2 M but r d  H = M. That is, H may include rows that are Linear combinations 

of other rows of H. We will encounter such matrices in our constructions of Gallager 

codes. 

Suppose the parity-check matrix H has some fixed number j E Z+ of ones (that 

lie in the field G F ( 2 ) )  in each column and some fixed number k E %+ of ones in each 

row. We c d  code C an {N, j, k} linear code. Gallager described in his work [18] 

low-density parity-check { N ,  j, k) codes where parameters j and k are so chosen that 

the paxity-check matrix is sparse, Le., j /M  << 1 and k / N  « 1. 

In this work we will consider low-density parity-check codes with non-uniform row 

or column densities. To describe these codes conveniently we introduce the following 

notation. Suppose the number of ones either per column or row is not constant 

throughout H.  Then we denote such codes {N, -, k) or { N ,  j, -), respectively, where 

the 'blankn indicates that the correspondhg parameter ( j  or k) varies from column 

to column, or from row to row. 

Moreover, very often the minimumHamming distance of the code is &own since 

we work with randordy generated codes. In our analysis of block error probabilities we 

are concerned with the ensemble averaged minimum Hamming distance rather than 

with an individual code's minimum Hamming distance. An ( N ,  K, - ) linear code is a 

code whose minimum distance is unknown. If the parameter D of an ( N ,  K, D) linear 

code is specified then, in most cases, it indicates the average minimum Harnming 

distance of a farnily of codes rather than the true minimum Hamming distance of a 

paiticular code. 



Combinations of these notational definitions are possible. For example, we can 

consider a code with parameters (N, K, D) and ( N , j ,  k), a code with parameters 

(NT K, D) and { N ,  -, -1 ,  a code with parameters (N, K, -) and { N ,  j, k) and so 

forth. 

Definition 1 Let C Be a Iinear (parity-check) ( N ,  K, - ) code with a parity-check 

m a t R z H  = {hi,, i = 1 ,...,MT 1, = 1 ,..., N ) .  Let x = (xi,. ..,ZN) be a codeword in 

ore called patity-check equatiorrs. 

Example. (7,4,9) Hamming code. This Hamming code has block length N = 7, 

dimension K = 4 and minimum distance D = 3. One possible parity-check matrix H 

for the code is: 

From this parity-check matrix we can write out the set of parity-check equations: 

Note that H also qualifies as a parity-check matrix for an ( N  = 7, -, k = 4) code 

since every row contains 4 ones but column Hamming weights are not uniform. Hence, 

the parameter j is replaced by a "blank". 

We will use the set of parity-check equations to determine the Tanner gaph  of the 

code (Section 3.1) that plays a very important role in iterative decoding algorithms. 

We now proceed to describe low-density parity-check Gallager codes. A parity- 

check matrix for a low-density parity-check code is sparse. One can further restrict 

the ensemble of low-density parity-check codes by imposing uniform column and row 



density constraints on Hl i.e., the requirement that the number of non-zero elements 

in each column and row of H should be a constant. Then we have the original family 

of low-density parity-check {N, j, k) Gallager codes. The constraints are expected 

to improve the ensemble properties of the codes [Hl, e-g., minimum distances and 

weight dis tribut ions. 

In the course of this work we investigated the performance of suboptimal iterative 

decoding algorithms with low-density parity-check codes and discovered other good 

families of codes by disregarding some of the above-mentioned uniformity constraints 

such as uniform column density, for example. These are the codes with parameters 

{N, -, k). These codes caa be considered as generalited low-density paxity-check 

codes. Since t hey are closely related to conventional low-densi ty pari ty-check codes, 

we c d  such codes simply Gallager codes. 

Definition 2 An ( N ,  K, -) linear block code ts a Gallager code i f  the code parity- 

check matriz *s sparse, Le., the nurnber of non-zero matriz elements is much smaller 

than the number of zeros. 

In general, the distinction between different families of Gallager codes depends on 

the specifics of the algorithm that generates random ~arity-check matrices H, with 

possible constraints. A few distinct constructions are given in [18,20]. In Section 2.3 

we will present a new construction for short frame codes that exhibits an excellent 

performance with i terative decoders. 

Let us briefly describe the reasons that led us to disregard some uniformity con- 

straints of the original Gallager codes. In digital speech transmission short frame 

error correcting codes are required to maintain small information delays. Suppose 

the information block length is fixed (and is short so that signal processing delays 

are small). If the code rate is high then the code block length is relatively short, and 

error-correcting capabilities of the code are weak. To obtain a powerfd code, one 

needs to increase the code block length and hence reduce the code rate to maintain 

the fixed information block length. 

The parameters N, M, j and k for an (N, K, -), {N, j, k) conventional Gallager 



code must satisfjr the following relation: 

Suppose the code rate is 1/ZL for some positive integer L. Then MIN = 1 - 1/2= = 

(2L - 1 ) / 2 ~ .  The numerator and denominator of the last expression are relatively 

prime for any integer L > 1. Thus, j l k  = (2L - 1)/2~ and so the minimal values 

of j and k are: j = 2L - 1, k = 2=. For example, if L = 3 then j = 7 and k = 8. 

As our experiments show, Gallager codes perfonn the best with suboptimal iterative 

decoding algorithms for s m d  values of k, e-g., k = 3. As k inaeases, the performance 

grows progressively worse. Hence, one has to introduce in H columns whose densities 

may differ (and so we d o w  j to vary). 

It is known that high rates (rates 112 and 114) Gdager codes perform very well in 

Gaussian and Rayleigh fading charnels [20]. However, these high rate codes require 

luge enough block length for the manifestation of this good performance. If one is 

restricted to short data sequences as it is in our area of interest, high rate Gallager 

codes have a relatively poor performance (e.g., if the information block length is 192 

bits then the code block length is 384 bits a d  this block length is not sufficient 

for a good code's performance [18.20]). Hence, our attention in the present work 

concentrated on low rate (rate 118) Gallager codes for which we were able to h d  

special code constructions that provide superior codes's performance compared with 

many turbo and convolutional codes proposed for similar applications. 

2.3 Constructions for Gallager codes 

Let us give a brief ovewiew of constructions that have been considered in [18] and (201. 

We start with a construction for an { N ,  j,k) code that appears in [18, p.121. The 

procedure is to partition the parity-check matrix H into several parts. Suppose the 

top part, i.e., the h s t  N/k rows of H (where we assumed that N is divisible by k), is 

generated by shifting a block of k "ones" by k positions for each consecutive row and 



then permuting the columns of the top part at random to obtain the rest of matrix H. 

An example of this constmction for a {2O, 3,4) code is given in Fig. 2.1. Note that 

Figure 2.1: An example of (20,3,4) Gallager code. 

summing up d rows of a submatrix consisting of any two parts in the parity-check 

matrix (each part is bounded by a rectangle in Fig. 2.1) yields the d-zero row vector 

and thus at least one row in the submatrix is linearly dependent. There are total of 

j - 1 such rows. In the course of our work, we re-discovered experimentdy a similar 

construction for low rate codes and found that it performs quite well with iterative 

decoders. 

Gallager describes [18, p.911 another construction for parity-check matrices with 

the property that no short cycles (walks) exist in a matrix H whïie row and column 

densities are maintained uniform. (A cycle in H is a sequence of distinct row-col- 

indices (rl, cl), (rZ, 4, . . . , (P., G), n even, with ri = rz,  C* = c3, r3 = rq, etc., and 

= cl, and for each index ( r i ,  ci ) ,  the corresponding entry in H is non-zero.) The 

primary goal of this construction is to obtain parity-check matrices to which certain 

theoretical bounds on the performance of an iterative (probabilistic) decoder can be 

applied. It is interesting to note that the recent developments in turbo codhg also 



consider it h a n h l  to have short cycles in the belief network describing the code, 

even though the results of this work and [20] show that the existence of a few short 

cycles does not produce a pronounced negative effect for Gallager codes. 

MacKay and Neal in [20] indicate the following constructions. ki each column 

of the parity-check matrix H a fixed number j of not necessarily distinct bits are 

assigned 1 and the rest are assigned O. An example of an (8, -, -) code obtained 

in this manner is given in Fig. 2.2 (with j = 3). The result that Gdager codes are 

Figure 2.2: Construction of a general Gallager code. 

"very good" was obtained for the ensemble of codes produced by this construction 

(the ensemble includes in particular the original { N ,  j, k} codes). 

This construction is for a very broad class of Gdager codes. In order to im- 

prove distance properties of the code ensemble, MacKay and Neal make the following 

modifications to the construction. A parity-check matrix H is created by randomly 

generating columns of weight j .  This is equivztlent to assigning j ones to distinct 

positions in each column and assigning zeros to all other column positions. Further- 

more, this ensemble can be narrowed by requiring that the row weight has to be as 

uniform as possible. This last constmction can be modified in such a way that no 

two columns have an overlap greater than 1, Le., the number of rows in which any 

two columns both have a one is not greater than 1. This eliminates a l l  short cycles 

(walks) of length 4. The parity-check matrix can be further modified so that no cy- 

des of lengths smaller than any reasonably given integer exist. As noted in [20], in 

the case of Gadager codes and the iterative sum-product algorithm, elhination of 

short cycles of lengths greater than 4 does not produce any significant improvement 

in performance. 



We investigated the following constnictions in the course of o u .  work on short 

frame Gallager codes. 

C o w t ~ c t z o n  1. The paxity-check matrix H in this construction is produced by 

generating columns of H of weight j (we experhented with j = 3,4' 5,6,7) such that 

row densities are as uniform as possible and no checking for the existence of short 

cycles is done (construction 2 in [ZO]). The code parameters were (1536,192? -) and 

6 j -1. An example of a parity-check matrix generated by this construction 

(with smaller parameters (8,2, -) and {8,3,4)) is shown in Fig. 2.3. The matrix in 

Figure 2.3: Parity-check matrix of Construction 1. 

Fig. 2.3 has uniform row density (k = 4) but for lower rate codes the row density 

may not be unifonn. 

We found that though the performance (in AWGN channels) of rate 112 and rate 

114 codes obtained by this construction is similar to the one reported in [20] for 

block lengths of order 1536; the performance of lower rate codes (118 and lower) 

deteriorates very rapidly (z 3 dB worse for rate 118 code than for rate 112 code in 

terms of &/No) .  

Construction IA. We modified Construction I so that no two columns have an 

overlap greater than 1. This eliminates cycles (walks) of lengt h 4 in the parity check 

matrix. Even though the precise effect of the presence of short cycles on the code's 

performance is unclear, many researchers (s tarting with Gallager [la] ) t hink t hat short 

cycles are bad for the decoding pedormance. The process of short cycle breakking is 

shown in Fig. 2.4. (Note that in the matrix in Fig. 2.4 we cannot break all short cycles 

because the density of the matrix is high: 0.5. Breaking a l I  such cycles is possible 

for low-density matrices.) We observed a slight improvement in performance (a 0.5 



Construction 1 Construction 1A 

Figure 2.4: Elimination of short cycles in Construction 1. 

dB) compared with Construction 1 for al1 code rates, but codes of rate 118 and lower 

were still very poor. 

After a great deal of experimental work we discovered a constmction similar to 

Fig. 2.1 but with low code rates. The improvement in performance was amazing (z 

2dB) for block lengths of order 1536 and code rates 1/8. This improvement occurred 

only for k = 3 and disappeazed for k 2 4. This was, in a sense, counterintuitive 

since parity-check sets (rows of the pa,rity-check matrix) with fewer co~ec t i ons  to 

code symbols (sites) provided better error correction than any of those with more 

connections. We need to emphasize here that this effect is entirely due to the specifics 

of i terat ive decoding. The maximum-likelihood decoder will perform bet ter for larger 

values of k. Hence, we arrived at the following construction. 

Construction 2. Let k = 3 be a divisor of N. The first row of the parity-check 

matrix H contains 3 ones in the first 3 positions and zeros in all other positions. To 

obtain a consecutive row of H, we shift the block of ones by 3 positions to the right 

until position 1V is reached. These rows form the top part of the parity-check matnx 

H. The dimensions of the top part of H are N/k x N. Let t = LMkIN].  Now 

t - 1 blocks of the parity-check matrix H are formed by a random permutation of 

the columns of the top block. Let s = M mod (Nlk). The bottom part of the matrix 

H is formed by permuting the columns of the f i s t  s rows of H. An example of the 

parity-check matrix H obtained by this construction (with IV = 9, M = 7 and k = 3) 

is shown in Fig. 2.5. Note that the required block length N may be not a multiple of 

k in some instances. We bypass this difficulty by generating H with a slightly greater 



Figure 2.5: Parity-check matrix of Construction 2. 

number of columns that is a multiple of I f  and then simply delet ing extra columns in 

H .  We did not notice aay significant drop in performance due to this modification. 

In the course of our experiments with matrices obtained by Construction 2 we 

noticed that a column permutation does not change the code performance with the 

iterative decoding algorithm. Thus, the cause for the good performance must lie in 

the code's structure. In particular, from Fig. 2.5 we observe that some colurnns of H 

contain 3 non-zero elements while others contain only 2. In general, Construction 2 

will produce w3 = [M mod (Nlk)] x k columns of weight 3 and wz = N - w3 columns 

of weight 2. If N = 1536, M = 1344 and k = 3, then H will contain 960 columns 

of weight 3 and 576 columns of weight 2. In the course of this work we have corne 

to the conclusion that the reason for the good performance of Construction 2 is the 

right "mixture" of weight 2 and weight 3 columns provided by Construction 2. 

As we noted previously, in Gallager's constructions for low-density parity-check 

codes 118) columns and rows of the pari ty-check matrix have uniform weights. MacKay 

and Neal first observed [20] that low-density parity-check codes whose parity-check 

matrices have weight 2 and weight 3 columns perform better than the original Gallager 

codes with iterative decoders. However, they did not optimize the proportion of 

weight 2 and weight 3 columns in the parity-check matrix for the best performance 

(and they did not consider low-rate codes in [20] as objects of a particular interest). 

Construction 2 yields a very good (perhaps, the best) such proportion. 

Our experiments with Constructions 1 and 1A showed that low rate Gallager codes 

do not exhibit an adequate performance as compared with higher rates Gallager codes 



(rates 112 and 114, for example). In particular, lower rate Gallager codes obtained by 

Constructions 1 and 1A have higher fiame error rates than rates 112 and 114 Gallager 

codes for the same values of Eb/No. 

Analyzing possible reasons for this behavior, we considered the following argu- 

ment. Suppose the code's block length is 1536 and the code rate is 118. Then the 

size of the parity-check matnx is 1344 x 1536. A reduction of the code rate to 1/16 is 

equident  to introducing 96 randomly generated rows to the parity-check matrix. A 

further reduction of the code rate to 1/32 is equivalent to introducing 48 new rows to 

the patity-check matrix. As we obseme from this example, the number of additional 

rows in the parity-check matrix reduces exponentially with each reduction of the code 

rate in half. In tenns of signal-to-noise ratio each such reduction requires a 3 dB im- 

provernent in performance just to keep error rates unchanged when considered as a 

function of &/No. 

We argued that when a number of additional rows is small, it becomes harder to 

find rows that are linearly independent of the rows already present in the parity-check 

matrix, especidy when these new rows are generated randomly and the number of 

rows aheady included in the parity-check matrix is large (as it is usually the case 

with large block lengths and low code rates). 

Bence, we considered the following technique to reduce the possibility of such 

dependencies: a part of the parity-check matrix should have a systematic-Iike fom.  

In particular, we partitioned the parity-check matrix in blocks such that the top 

block is obtained by a cyclic shift of the first row (that contained 3 ones in the fust 3 

positions) by a fixed number of positions (3 in our case) to the right. Other blocks are 

obtained by permutations of the top block to keep column densities close to uniform. 

This is our Construction 2. 

We obsewed an immediate irnprovement in performance due to this construction. 

In the course of further investigation we observed t hat parity-check matrices obt ained 

by Construction 2 have a mixture of weight 2 and weight 3 columns (which is similar 

to constructions considered by Mackay and Ned [20]), and furthemore, the reason for 

the good performance of these codes is precisely in the codes's parity-check structure 



when some sites are comected to 3 checks and some are connected to just 2 checks. 

Hence, incidentally but luckily, we e e d  at the construction that produces good 

low-rate Gdager codes. 

One of the factors that made our search for good low-rate Gdager  codes a hard 

problem is a constraint on the code's block length (required for s m d  processing 

delays). It is possible that as the code's block length inmeases it becomes easier to 

find constructions that yield good low rate Gallager codes (by good in this context we 

mean a superior performance as compared with higher rate Gallager codes in terms 

of Eb/N0)* 

Of course, Construction 2 produces a good Gdager code on average, Le., the 

density of good codes among all codes generated by the construction is high. It is 

still possible to produce a poor code with this construction so we tested each generated 

code and rejected it if its performance in a simulated AWGN channel was poor (such 

codes accounted only for a small percentage of ail generated codes). 

2.4 Generator matrices for Gallager codes 

Suppose rnatrix H consists of two submatrices [ H l ,  H2] where Hl is a square invertible 

M x M matrix and Hz is an M x K matrix. Then the generator matrix G for the 

code can be written in the form: 

where II; is the identity K x K matrix. 

Matrix HF' c m  be obtained by standard Gaussian elimination methods. This 

computation will require only moderate amounts of computer time and memory for 

matrices of a moderate sise (1344 x 1344). 

Note that any parity-check matrix generated by Construction 2 has a r d  smaller 

than M because the top two parts of H contain linearly dependent rows (the sum 

of d rows in each of the top two blocks is the d-ones row). Hence, H cannot be 



immediately represented as in (2.5) since Hi is singular. By deleting a few rows fiom 

H, the singularity of Hl can be usually removed. This results in a slightly higher 

code rate, 

Note. A detailed discussion of the encoding computationd complexity for Gallager 

codes is given in Section 3.7. 

2.5 {N, -, 3) Gallager codes: minimum HRrnming 

distance and useful bounds 

We consider Gallager codes of rate 118 obtained by Construction 2. Parity-check 

matrices for these codes have a distinct feature that a number of columns have Ham- 

ming weight 3 and the remaining columns have Hamming weight 2 (rows have weight 

k = 3). We partition the parity-check matrk H as in Fig. 2.5, i.e., the upper two 

parts of H have dimension N/k x N each and the bottom part of H has dimension 

[(l - R)N - 2N/k]  x N. Let us c d  each part of the parity-check matrix a block. 

We have the foilowing bound on the number of codewords with a given Hamming 

distance. 

Proposition 1 (Gallager [18]) For each code in an { N ,  J, k) ensemble, the number 

iV,(l) of sequences of weight 1 that satisfies any block of N/k parity-checks is bounded 

by 
N N 

N l [ k ~ r ( s ) ]  5 exp k b ( ~ )  + (k - l ) log2 - ~cI ' ( s ) ]~  @6) 

where 

p(s )  = l 0 ~ 2 - ~ [ ( 1 +  es)k + (1 - 

and s is an arbitrary ~ e a l  parameter. 

Proof. See Gallager [l8, p.131. 



Proposition 1 gives a bound on the number of weight 1 sequences sa t ie ing the 

p&ty-check equations represented by the top two blocks of a parity-check matrix 

obtained by Construction 2. The bottom block of the parity-check matrix H in 

Construction 2 containç fewer than N/k patity checks. Using arguments similar to 

Gallager's in the previous Proposition, we can obtain a bound on the number of 

weight 1 sequences satisfjring the bottom "incompleten block of (1 - R) N  - 2NIk 

parity-checks of H for an { N ,  -, 3) code. 

Proposition 2 For a random bloc6 of (1 - R ) N  - 2Nlk  purity-checks the number 

NI([) of sequences of weight 1 in un { N ,  -, 3 )  code that satlsfies the parity-checks is 

bounded by 

Proof. Note. We are primarily interested in k = 3. However, in order to make 

arguments more transparent to the reader we shaU use the symbolic constant k. The 

ugurnent that follows will hold for other values of k (k 5 N) as weU. If k = 3 then 

some expressions axe simplified because of term cancellations. We will mention the 

instances when we use a particular value of k = 3 to obtain such cancellations. 

We make use of generating functions and Chernoff bounds similar to Gdager's 

argument for a "completen block of parity checks [18, p.131. Since the number of 

rows in an "incompleten block is smaller than in a "completen block, the number of 

random variables that contribute to the Hamming weight of a codeword will change 

with respect to Proposition 1. This constitutes the main ciifference in the proofs of 

Propositions 1 and 2. 



Let us consider the set consisting of all sequences of length k that contain an even 

number of ones. The number of ones in the sequence should be even in order to satisfy 

the required parity-check relations. The total number of such sequences is 2'-'. 

Let us denote the number of ones in a sequence of length k as i. The total 

number of sequences is 2"-' and the number of distinct sequences of even weight i is 

( )  Hence, the probability of a sequence containing i ones is (f) 2-*+' (assuming a 

unifonn distribution of even weight sequences). Let g(s) be the moment generating 

function for the Hamming weight of a sequence of length k. W e  can mite that 

i even ' ' 

or, equivalently, 

g(s )  = T k [ ( l  + e')" + (1 - e8)*]. 

Each of the (1 - R) N - 2N/k  parity-checks in the block is non-overlapping with any 

other parity-check in the block and together they cover block length k N  - kRN - 2N.  

We have k = 3 and hence the parity-checks cover N - kRN code symbols. The 

remaining kRN code symbols are not covered by parity-check constraints. Note that 

the parity-checks of the top two blocks of the parity-check matrix H cover the entire 

block length N and hence only sequences of even weight can belong to an ( N ,  -, k} 

code. Therefore, the remaining ILRN positions of the incomplete block axe Yfree" 

subject to the even weight constraint. 

We can devise the following procedure to obtain an even weight sequence of length 

N satisfying (1 - R ) N  - 2 N / k  parity-checks. For each of the parity-checks indepen- 

dently choose a sequence of even weight from the ensemble of length k sequences. 

Then choose an arbitrary even weight sequence of length 3RN to fill the remaining 

positions in the length N sequence. The total weight of the entire sequence of length 

N equds the sum of the weights of the so chosen individual length k sequences plus 

the weight of the %ee" part. 

The weight of each individual length k sequence is a random variable whose gen- 

erating function is given by (2.12). The sum of (1 - R) N - 2 NI k independent random 



variables, each with the generating function (2.12), has a moment generating function 

The generating function ga(s) for the "fieen pu t  of the sequence is given by the 

fouowing expression: 

g2(s) = 2-*RN [(1 + qkRN + ( 1  - 

The moment generating function for the weight of the entire sequence is gT(s) = 

gi (s )g2(s ) ;  which can be expanded as 

1 even 

where Q(1)  is the probability of a sequence of even weight Z and length N. For any 

fixed 1 and s we can write 

Hence, 

The number of parity checks in the block is (1 - R)N - 2Nfk and the number 

of even weight sequences in the length k ensemble is 2*-'. Hence, the number of 

sequences in the ensemble of length N - kRN satisfjGng (1 - R)N - 2 N / k  parity- 

checks is 2(k-1)[(1-R)N-2N/? The number of even weight sequences of length kRN is 

2kRN-'. Hence, the total number of even weight 1,  length N sequences that satisfy 



(1 - R ) N  - 2N/k parie-checks and have a %een part of length kRN is 

Using (2.17) we can write: 

or, equivalently, 

Since the parameter s is arbitrary, we c m ,  in particular, choose s to satisfy 

This choice of s minimizes the exponent in (2.6) and gives a good but not optimal 

bound on the number of codewords of weight 1 for the entire {N, -, k) code. This 

choice of s was first suggested in [42]. Then (2.20) assumes the form 

H 

The probability that a rrtndomly chosen weight Z sequence of length N satisfies 

either one of the top complete blocks or the last incomplete block of parity-checks is 

I& ( 1 )  / ( y ) ,  where NI (Z) is given by either Proposition 1 (denote it N;) or Proposition 2 

(denote it Ni). Each of the three blocks of H is generated independently and hence 



the probability that a weight 1, length N sequence is in the code is 

Now we cm derive the following result. 

Proposition 3 Over the ensemble of { N ,  -, 3 )  codes obtazned by  Construction 2, the 

average number of codewords of (even) weight 1 is bovnded by 

W2) 5 ( y )  -2[~:(l,12[wwl* 

Proof. The probability P(I) that an even weight 2, length N sequence is a codeword 

in an {N, -, 3) code is given by (2.23). The total number of weight 1, length N 

sequences is ( y ) .  The result follows. W 

The Stirling approximation gives the following bound on (L) [43, p.5301: 

[2*NX(1 - A)]-$ exp[NH(X) - 
1 

12NX(1 - A )  I ( N A )  ' 

where A is LIN and H ( A )  is natural entropy function. 

From (2.24) and (2.25) we derive the following bound on the number of weight 1 

sequences in an {N, -, 3) code: 

where 
1 

C(X, N)  = -[27rNX(l - A)] exp 
2 

2 12NX(1 - A )  ' 

and X = ZIN. 

The behavior of the function B (A) is critical for the code minimum distance prop- 

erties. In paxticular, suppose B(X) has a zero crossing at X = Xo and for X < Xo 

B(A) > O. Then XoN is the typical minimum distance of the ensemble of { N, -, k) 



codes since for large enough N the probability that a code contains a non-zero code- 

word of weight less than XoN, tends to zero. 

In (2.28) ~ ( s )  is dependent on N. We can remove the dependence by splitting 

the bound (2.26) into two parts and observing that only one part is relevant in the 

bound. Let us denote r ) ~  = fRlog[l + exp(s)], 1 2  = 3Rlog[l - exp(s)], Bi@) = 

2H(A) - (1 - R ) p ( s )  - 2(1 - R) log 2 + 3Xs - r)l and &(A) = 2H(X) - (1 - R ) p ( s )  - 

2(1- R) log 2 + 3Xs - m. Then 

The graph of the function BI (A )  is shown in Fig. 2.6 and the graph of the function 

B2(X) is shown in Fig. 2.7. Since B2(X) is always positive the contribution from 

Figure 2.6: Exponent Bl(X) in the upper bound on the average number of codewords of 
Harnming weight 1 in an { N ,  -, 3) code. 

exp[-NBz(A)] to the bound on N(1) in (2.29) c m  be neglected. 

In Fig. 2.6 function BI (A) assumes negative values in the neighborhood of the 

origin. However, {N, -, 3) codes do not contain very low weight codewords. We 

derive tighter bounds on N(1) for (1536, 3) codes later in this section and show 

that the corresponding B(X) is indeed positive for all X < A*. Variation of s in 



Figure 2.7: Exponent B2(X) in the upper bound on the average number of codewords o f  
Hamming weight 1 in an { N ,  -, 3) code. 

Propositions 1-2 moves the left zero crossing of Bi(X) closer to zero. Suppose 

As parameter cr increases the left zero crossing of BI ( A )  moves closer to the origin as 

shown in Fig. 2.8 while B2(X) remains positive for s m d  values of X (Fig. 2.9). 

For relatively small values of N (such as N = 1536) it is possible to calculate 

the average number of sequences that satis@ the parity-check matrix H exactly (and 

hence, obtain an exact result rather than a bound such as (2.26)). Such calculation 

involves computing binomial coefficients of large degree that increases with N as well 

exponents also increasing with N. It is possible to bound the binomial coefficients in 

such calculations by using a form of Stirling approximation. However, such bounds 

s&er fiom the same problems as the bound (2.26)), namely, they are not tight enough 

for codewords with s m d  Hamming weights. 

Let us consider a (1536, -, 3) Gdager code. Similar to the techniques of Prop* 

sitions 1-2, we treat the top two complete blocks and the last incomplete block of H 

separa t el y. 



Figure 2.8: Dependence of function & ( A )  on the parameter a in (2.30): (a) cr = 50. 
(b) a = 100, (c) a = 150. 

Proposition 4 For each code in an ( N ,  -, 3 )  ensemble, the number Ni(E) of se- 

quences of wezght l that satisj ies ony block of Nf k parity-checks ts given by 

Nt (Z) = 3'12 ("1) - 
Proof. Since each row in the block of parity-checks contains 3 ones then possible 

non-zero length 3 sequences satisfymg a particular parity-check are (101,110,011). 

A sequence of weight 1 must sati* 112 parity-checks. Out of total number of N/k 

parity-checks we can choose 1/2 in (:y) ways. The total number of possible non-zero 

sequences satisfiing 112 parity-checks is 3'12. Hence, .VI (1) = 3'12 R 

Proposition 5 For each code in an { N ,  -, 3) ensemble, the number NI (1) of se- 

quences of even weight l < N / 2  that satisfy the incomplete block of ( 1  - R ) N  - 2N/k  

parity-checks is gzven by 



Figure 2.9: Dependence of  function B2(X) on the parameter a in (2.30): (a) a = 50, 
(b) a = 100. (c) a = 150. 

Proof. For O 5 i 5 212 we partition the weight 2 between the parity-checked part 

and the %een part of the block in the following way. The weight of the parity- 

checked part is 2i and the weight of the %een p u t  is 2 - 2i.  Hence, for each such 

partition the number of sequences of weight 1 satisfying the block of parity-checks is 

3' ((1-R)y-2N'k) ((:!:) vvhere we used the s a m e  arguments as  in the proof of Pioposi- 

tion 4. If 1 is greater than 3RN then the first term in (2.32) accounts for a sequence 

that has ail ones in the %een part plus additional ones in the parity-checked part. 

So the lower limit of the sum in (2.32) is max[O, (1  - 3 RN) /2 ] .  On the other hand, 

the weight of the parity-checked part cannot exceed 2[(1 - R) N - 2 N / k ]  since for 

i = 2[(1- R ) N  - 2 N / k ]  a l l  parity-checks are filled. Hence, the upper limit of the s u m  

in (2.32) is min[l/2, (1 - R)N - 2 N / k ] .  The result follows. rn 
The probability that a sequence of weight I and length N satisfies any of the blocks 

where NI ( I )  is 

of H is chosen 

given by either Proposition 4 or Proposition 5. Since each of the biocks 

independently we can use Proposition 3 to obtain an expression for the 



the number of codewords of weight 1 in an {N, -, 3) code averaged over the ensemble 

of (N, -, 3) codes: 

where Nt([) and iV:(l) are given by Propositions 45. 

We computed (2.34) for N = 1536 using Mathematica. In order to relate this 

approach to previous results we used function B(X) which is now defined as 

B(X) = - 1 /N  log N(Z), (2.35) 

where N(Z) is given by (2.34) (and so N(Z) = exp[-NB(h)]). 

The graph of the function B(X) is shown in Fig. 2.10 (compared with BI(X) in 

Fig. 2.6). As we can see from Fig. 2.10 the function B(X) is indeed positive in 

Figure 2.10: Function B(X): (a) obtained by direct enurneration of sequences (Proposi- 
tions +5), (b) obtained by bounding techniques of Propositions 1-2. 

the neighborhood of the origin. This discrepancy in the neighborhood of the origin 

between the two functions B(X) is due to the fact that applications of Chemoff bounds 

to sequences of low weight results in neglecting a large number of sequences of higher 

Hamming weight. As H d n g  weight of a sequence increases, the two functions 



B(X) tend to be closer to each other since now Chernoff bounds are applied to largest 

ternis in the sum (2.15). 

It is dso interesthg to cornpute the actual number of sequences of weight 1 in an 

average { N ,  -, k) code. This is shown in Fig. 2.11 (different y-scales are used to show 

the dynamics of the growth of the number of sequences of certain weight). 

Figure 2.11: Nurnber o f  sequences o f  weight Z = 1536 x X versus A. Left graph: to see 
the initial growth in the number of sequences o f  the Hamming weight 1 ,  only Hamming 
weights such that the corresponding number of codewords is fewer than 1000, have been 
shown. The typical minimum Harnming distance is 0.15 x 1536 = 230 for { N ,  -, 3) codes. 
Right graph: as the Hamming weight o f  codewords increases. the nurnber o f  codewords 
with this Hamming weight grows exponentially. The rnajority o f  codewords in the code 
have a Harnming weight greater than 0.35 x 1536 = 538. 

2.6 Average probability of maximum-likelihood de- 

coding error 

In this section we derive upper bounds on the average probability of maximum- 

likelihood decoding error for short fiame { N ,  -, 3) Gallager codes. The probability 

of decoding error is averaged over the ensemble of all {N, -, 3) codes in the deriva- 

tions that follow. It tu rns  out that the bounds for Gdager codes are smder than 



analogous bounds for other codes (of comparable rates and blodc lengths) that have 

been proposed for FEC in CDMA applications; this fact motivates the study of the 

performance of Gallager codes with practical decoders. 

In the present work we are primarily concerned with iterative decoding of low- 

density Gallager codes. The analysis of the probability of decoding error in iterative 

decoding schemes is difficult, mostly because of the existence of cycles in the code's 

Tanner graph (which we will introduce formdy in Section 3.1). Somc approaches 

to this problem have been suggested in [14,18,20]. In this section we analyze the 

probability of decoding error for maximum-likelihood decoding of low rate, short 

block length Gallager codes, and consider the performance of the maximum-likelihood 

decoder as a performance benchmark for the codes. We reason that if the maximum- 

Iikelihood decoder for a particular class of Gallager codes has a good performance, 

then iterative decoders are also likely to perform well for this class of codes. Recently 

Soljanin and Urbanke showed in [44] that for many random-like block codes (such 

as Gallager codes) the performance of an iterative decoder is u s u d y  close to the 

performance of the maximum-Iikelihood decoder whereas for structured block codes 

(such as Hamming codes) the maximum-likelihood decoder usually performs much 

better. 

The most common technique for obtaining an upper bound on the error probability 

is by using the union bound 135,451. Gdager derived in [la] bounds on the error 

probability that are sharper than the union bound. However, these bounds in most 

cases do not have a closed form and depend on several parameters that need to 

be optimized. Generally, these bounds are not easily applicable in the andysis of 

{ N ,  -, 3) Gallager codes. 

We start by applying the union bound on the decoding error probability to code 

sequences of lower weight. Let us consider a Gaussian noise channel with noise vari- 

ance u2 and f 1 binary phase shift keying (BPSK) signalling scheme. If the Hamming 

distance between two code sequences is 2 then the Euclidean distance between these 

sequences is f l  for f l BPSK signalling scheme. Then for a paxticular {N, --, k) 



code 

where 

N(1) is the number of code sequences of weight 1, dmin is the code minimum Hamming 

distance, K is the dimension of the code and N is the block Iength. 

Averaging over d codes in the { N , - ,  3) ensemble we obtain the following ex- 

pression: 

where N(1) is the average number of codewords of weight 1 in the ensemble of { N ,  -, 3) 

codes and &/No = 112 RaZ. 

The graph of the average error probabilit~ resulting from expression (2.38) where 

the number of sequences N(1) was computed in the previous section (from the function 

B(X) in Fig. 2.10), is shown in Fig. 2.12. 

In [Il low rate superorthogonal codes were ~roposed as an error correcting scheme 

in CDMA systems. For this class of codes upper bounds on frame error rate were 

derived for maximum-likelihood decoding. We s h d  compare the upper bounds for 

maximum-likelihood decoding of Gdager codes (2.38) with the upper bounds of [l] 

(we compare rate 118 Gdager codes with superorthogonal codes of rate 118 and 

lower ) . 
Note that [l] does not give actual simulation results for superorthogonal codes 

but only the upper bounds on frame/bit error rates. An extreme care should be 

taken in drawing conclusions from any such cornparison since srnaller upper bounds 

do not necessarily imply a better actual performance. However, it is stiU usefd 

to have a point of reference for the results being derived. In Chapter 4 we s h d  

compare the actual performance of Gdager codes with other codes proposed for 

CDMA applications (such as low rate turbo codes, for example), for which actual 

simulation results were available in the literature. We should point out that there 



is no single, absolutely best code for applications that we consider but rather there 

are good codes in terms of tradeofb between performance - decoding complexity - 

signal processing delays, and Gallager codes are good codes in precisely this sense. 

In Fig. 2.12 we also compare the bounds on the error probability for Gallager codes 

and superorthogonal rate R = 2-d (d is the constraint Iength) codes [l, pp.144-1631. 

Figure 2.12: Upper bounds on the maximum-likelihood block error rate versus signal-te 
noise ratio: (-) (1536, - , 3 )  Gallager codes; superorthogonal codes [l]: (x) d=3. (+) 
d=4, (O) d=5. 

The upper bound on the block error probability for Gallager codes in Fig. 2.12 

has two distinct types of behavior. Two difFerent exponents apparently dominate 

the behavior of the upper bound for Iow and medium-to-high signal-to-noise ratios. 

The nearest neighbor multiplicity and minimum Hamming distance determine the 

behavior of the bound. From the upper bound in Fig. 2.12 we may conclude that 

{ N ,  -, 3) Gdager codes have Iow average nearest neighbor multiplicity, and due to 

this factor we observe a sharp drogoff in blodc error rate for lower signal-to-noise ratio 

(SNR) . As signal-to-noise ratio increases, the minimum Hamming distance becomes 

the dominant factor and we observe that the bound 'Yloors" out. Recently, results 

on analytical upper bounds for pardel concatenated codes appeared in [46]. In this 



paper the authors also observed two distinct types of behavior of upper bounds on 

bit error rate for turbo codes for different signal-twnoise ratios. As in our case, low 

nearest neighbor mdtiplicity causes a sharp decline in bit error rate for lower SNR. 

Moreover, it is very interesting to observe that in simulations for Gallager codes 

(Chapter 4) the block error rate exhibits a type of behavior very similax to the theo- 

retical hdings. In our simulations we modelled the performance of iterative decoders 

for Gdager codes. Hence, the factors that determine the behavior of the maximum- 

likelihood decoder are also decisive for the performance of iterative decoding algo- 

rithms. 

For low signal-to-noise ratios it is possible to obtain a tighter bound on P, corn- 

pared with (2.38) by using Gallager bounds. Following Gdager [18, Section 3.31, let 

us defme the discrepancy D (x, y) between a transmitted vector (sequence) x and a 

received vector y by 

where N is the block length, f (y) is a positive and even function of y; and p (yi 1 xi) 
is the conditional probability density function. It is useful to think of discrepancy 

D (x, y) as a "distancen between the transmitted vector and the received vector. In 

a Gaussian channe1 with &1 BPSK signalling (this being our model) the conditional 

densities in (2.39) are equal to: 

where subscripts O and 1 reflect the modulation that maps O t -1 and 1 + 1, 

and g2 is the noise variance. 

Using maximum-hkelihood decoding, the probability of decoding error P. is upper 

bounded by ( [18, p.241) 

P. I PI + Pz, (2.42) 



where 

where rn is the number of codewords in the code, xj is a codeword other than the 

transmitted one and d is an arbitrary parameter. Expression (2.43) accounts for 

decoding errors when the discrepancy between the transmitted vector x and the 

received vector y is large and so there are many contenders xj for the final (incorrect 

decoding), however, o d y  one of them appears at the decoder output, and so special 

bounding techniques can be used to reduce the contribution to (2.42) from Pi. This 

problem does not appear in bounding Pz. 

The following expression bounds Pt : 

where s is any real non-negative parameter such that the function g(s )  exists and 

satisfies the following expression: 

where f (y) is a positive and even function of y. 

where N(1)  is the number of codewords of distance 2 from the transmitted codeword, 

r is a red non-positive parameter, g ( r )  is the function defined by (2.46) and h ( r )  is 

given by 

Averaging over the ensemble of { N ,  -, 3) codes we obtain the following bound on the 
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probability of block error. 

where d, 1- and s are an arbitrary red, a negative real and a positive real parameters, 

respect ive1 y. 

The function f (y) in (2.46) and (2.48) is an a r b i t r q  even ~ositive function of y. 

Optimization of f (y)  generally gives a tighter bound on P.. A suboptimal (but tight) 

f (y) was suggested by Gallager [18, p.311: 

where k is an arbitrary parameter (it cancels in the final bound for P.). 

The bound in (2.49) depends on parameters dl r and s and in generd it is not 

possible to evaluate explicitly the right-hand side of (2.49) given f (y )  in (2.50). We 

tried to optimize (2.49) numerically by varying parameters d, r and S.  The matter 

is complicated by the fact that for any two parameters drawn from the list {d, r, s), 

the right-hand side of (2.49) achieves a minimum for a certain value of the remaining 

parameter. Hence, this is a multivariate optimization problem and such problerns are 

notoriously hard to solve. 

We were able to find several (suboptimal) sets of parameters dl r and s that give 

a better bound on P, cornpared with (2.38) for low signal-to-noise ratios (less than 

2.5 dB). For higher signal-to-noise ratios the union bound is bet ter but we still quote 

the parameters that l ocdy  minimize (2.49). These parameters are given in Table 1. 

Fig. 2.13 shows the improvement (for SNR < 2.5 dB) of the upper bound on the 

average block error probability that results from optirnizing (2.49). 

Note that the two points in Fig. 2.13 for (SNR < 2.5 dB) lie above the solid 

c w e  corresponding to the union bound. This is due to the fact that (2.50) gives 

only a suboptimal expression for the function f (y) and for high SNR this expression 

should be further optimized. The optimal formula for f (y) depends on other param- 



n Signal-tenoise ratio Eb/Nn (dB) 

Table 1: Parameters d, r and s as functions of signal-to-noise ratio for evaluating the 
bound on the average error probability (2.49). 

Figure 2.13: Bounds on the maximum-likelihood error probability: (-) the union bound; 
(O) the Gallager bounds with parameter values given in Table 1. 

eters beside d, r and s and is too complex to be optimized even with the aid of a 

computer [18]. However, one should expect that an optimized f (y) for high SNR will 

yield a bound on Pz that is asymptotically close to the union bound. 

We observe fiom Table I that as SNR increases, the value of the parameter r 

decreases. Now we show that for very s m d  values of parameter r the Gallager 

bound is indeed approximated by the union bound. 

Suppose r = O in (2.48) and po(y), pl(y) are as in (2.40)-(2.41). Then, 



After expansion of exponents and some cancellations we can re-mite (2.51) as 

h(0)  = exp (-1/2c2). (2.52) 

Furt hermore, 

Note that 

(2.47) on Pz. 

g(0) is 1, so (2.47) becomes 

since r = O the function f(y) in (2.48) does not affect the bound in 

Hence, we can choose the function f(y) in such way that contribution 

to the total error probability from 4 is negligible. In particular, let us choose f (y) 

to be a constant function f (y) = a-'. Then (2.46) becomes 

From (2.40) and (2.54) it follows that 

where we impose a restriction on s: s 5 1. Then, 

In (2.56) we 

Hence, P, is 

c m  always choose a sufEciently s m d  to reduce Pi to a negligible level. 

bounded entirely by P2 in (2.53). 

At this point it easy to see the connection between Pz and the union bound. 

hdeed, we have the following approximation: 

where erfc(x) is given by (2.37). Substituting (2.57) to (2.36) we obtain the following 



expression 

whose asymptotic 

In conclusion, 

behavior is the same as Pz in (2.53). 

we should also point out that the eariier work of Zyablov and 

Pinsker [19] showed that the number of errors a Gdager code can correct, increases 

lznearly with the block length. This also indicates that Gdager codes are "goodn. 

Aiso, a simple decoding algorithm (based on check votes) is presented and analyzed 

in [19]. 



Chapter 3 

Iterative decoding algorit hms: 

formulations, enhancement s, 

implementat ions and complexity 

3.1 Background 

Iterative decoding algorithms c m  be thought of as decoding on graphs that reflect 

the code stmcture. Parity-check matrices for low-density parity-check codes [18] are 

essentidy incidence matrices that describe the code parity-check structure. Such 

graphs were introduced by Tanner [26] and are called Tanner graph. A Tanner 

graph is bipartite; a site is a vertex of the Tanner graph corresponding to a codeword 

symbol; a check in the Tanner graph can be thought of as a row in the code parity- 

check rnatrix. A Tanner graph for an (N, K, -) code consists of N sites and N - K 

checks. Each site comects to a set of checks according to the location of non-zero 

entries in a column of the parity-check matrix. 

Example: the T w r  graph corresponding to the parity-check matrix of Fig. 2.5 

is shown in Fig. 3.1. 

Recently, a generalization of Tanner graphs for block and convolutional codes 

appeared in the work of Wiberg et al. [22]. This work introduced the notion of 



Figure 3.1: Tanner graph of Construction 2 (Fig. 2.5); 0 denotes a site s{l-9) and @ 
denotes a check c{l-7). 

hidden sites in graph that describes the code structure; for example state spaces of 

the code trellis description can be represented by hidden sites. 

By iterative decoding algorithms we primarily mean the sum-product and min-sum 

algorithms. The sum-product algorithm was first proposed in the Gallager7s work [18] 

as "probabilistic" decoding algorithm. The algorithm was subsequently re-discovered 

by several researchers. Chang and Hancock [4?] applied the sum-product algorithm to 

signal detection in channels wi th inter-symbol interference. In 1974 the algorit hm was 

proposed by Bahl, Cocke, Jelinek and Raviv [48] for optimal decoding for minimizing 

symbol error rate. It became known as BCJR "forward-backwardn algorithm. In 

1981 the sum-product dgorithm appears in the work of Tanner [26] as Algorithm B. 

The algorithm also appears in the AI literature [BI. Recently, Wiberg (491 gave an 

extensive treatment of the sum-product and min-sum algorithms. The sum-product 

algorithm is used in iterative decoding of turbo codes [16]. h fact , the use of the sum- 

product algorithm in the original work by Berrou [13] spurred most of the interest in 

this area. 

The following simple example illustrates the min-sum algorit hm (and, mutatis 

mutandis, the sum-product algorithm) and is due to Forney [50]. In this example 

the Tanner graph does not contain cycles, hence, a single fonvard-backward pass is 

sufncient to arrive at maximum a-posteriori Iikelihoods for each site. For graphs with 

cycles usudy several iterations are required to obtain a reasonable approximation of 

t hese likelihoods . 
Ezample (Forney [SOI): the following three figures show a worked example of the 

min-sum algorithm. Circles indicate observed sites and @ indicate checks. With each 



site two numbers are associated (in this case, integers) that rdect  the conditional 

likelihoods of two possible values for each site (Fig. 3.2). 

Figure 3.2: Li kelihoods of two possible values for each site given observed values for each 

In Fig. 3.3 a downstream flow of information is shown. When two messages (pairs 

of integers in our case) arrive at a check, the outbound message is formed. It contains 

a pair of integers that are computed in the following way. Consider the bottom-most 

check in Fig. 3.3. Pairs (5,2)  and ( 3 4  arrive from two sites as indicated by the 

arrows. The first number in the outbound message is min (5 + 3,2 + 4) = 6. The 

second number is min(5 + 4,2 + 3) = 5. Note that the outbound message is consistent 

with the check it passes. To be more precise, suppose the Ç s t  number corresponds to 

0, the second number to 1, and the operations are perfonned in GF(2). Then there 

are two ways to obtain O: 0+0 and 1+1, and two ways to obtain 1: 0+1 and 1+0. 

This is precisely the procedure how the sums were formed under the min operator in 

the above equations. At each site the miving information is fused in an apparent 

way to obtain an outgoing message. 

Finally, Fig. 3.4 shows an upstream fiow of the information in the sum-product 

algorithm. All pairs of numbers in the upstream flow are formed similarly to the 

downstream flow. After the propagation of the information through the graph is 

complete, each site will receive a message that contains likelihoods for two possible 

values of the site. rn 



Figure 3.3: 
propagating 

Figure 3.4: 
propagating 

Another 

Downstrearn flow of the information in the min-sum algorithm. Downstream 
messages are bold-faced. 

Upstream fiow of the information in the min-sum algorithm. Upstream 
messages are in bold-italic. 

useful type of graph for block and convolutional codes is a trellis diagram. 

Trellis diagrams for convolutionaI codes are used extensively in the Viterbi decoding 

algorithm [35,51]. Trellis structure of block codes has been extensively investigated 

in the recent years (52-541. The min-sum algorithm that is a naturd generalization 

of the Viterbi algorithrn, appears in the Ungerboeck's dissertation [55] where it is 

applied to signal detect ion in intersymbol interference (ISI) channels. Algori thm A 

in [26] is also equident  to the min-sum algorithm. 



3.2 The sum-product algorithm 

We now show how the sum-product dgorithrn can be applied to Gdager codes. 

One paxticular realization of the sum-product algonthm is an instance of syndrome 

decoding. Suppose we received a sequence of codeword symbols y = (yi, y*, . . . , y,) at 

the channel output. The input codeword was x = (1, , x2, . . . , x,), the channel noise 

sequence was n = (nl, n,, . . . , n,) and so y = x + n. We first make hard symbol-by- 

symbol decisions to obtain vector 9 in the following manner (assuming f 1 BPSK): 

Qi = O if the i-th codeword symbol Yi is less than 0, otherwise, y, = 1. Next, we 

compute the syndrome of Y. If the syndrome is the d-zero sequence the decoder 

outputs and stops. Otherwise, the decoder tries to find an error-pattern that 

has the same syndrome as y. For this purpose the decoder performs a number of 

algonthmicdy identical steps called iterations. The process is described next. 

With the parity-check rnatrix H we associate 4 real matrices: Qo, Q1, R0 and 

R1 having the same structure as H. Denote qi,, qil, r i l ,  rki and hkl the elements 

of matrices Qo, QI, Ro, R1 and H, respectively. Elements &, qLl, ril and rkl may 

assume non-zero values only if hkl = 1. Note that the subscript k here denotes 

the row index of an element and is diEerent from the parameter k in the {!V, J, k) 

notation. Matrices Qo and Q' store site-to-check-set costs (costs associated with site- 

to-check-set connections in the Tanner graph of Fig. 3.1) and matrices R0 and R1 

store check-set-to-site costs, 

Each entry q&, x E { O ,  11 ,  of the matrix Q' (site-to-check-set) combines in a mul- 

tiplicative rnanner the costs propagating fkom other checks comected to the l-th site. 

and the cost of the 1-th site itself conditioned on the value of the site being x. Each 

entry r;, x E { O ,  11 ,  of the matrix RI (check-set-to-site) combines in a multiplicative 

rnanner the costs propagating fiom other sites that form a valid configuration for 

k-th check (i.e., compatible with the observed value of the syndrome at the check) 

conditioned on the Value of the 1-th si te being x; and in additive manner - the costs 

that correspond to al1 such valid configurations. 

The algori thm itself consists of the foIlowing steps [20,22] : 



1. Initialtzotion. For each site 1 of the received sequence y we initialize p: to the 

likelihood that the noise vector has 1 in position 1 (Le., it %pss the trans- 

mitted bit); and pf  to the likelihood that the noise vector has O in position 1. 

q&, q:l, r & a n d ~ ~ ~  are initialized to 1 if hu = 1, otherwise, to O. 

Site-to-check-set propagation (Vertical Step)). The algorithm runs over the 

matrices l?' and R1 column-wise and computes elements of Qo and Q1 

(hence the name Kvertical step"). Let s(2)  be the set of row indices of 

non-zero elements in 1- th colirmn of H. Then, 

and 

k'€s(l) \k 

where s(I)\k denotes the set s(1 )  with the element {k) excluded and 7~ 

is a normalizing factor such that q: + qi1 = 1. This normalizing factor is 

not essential for the proper operation of the algorithm; it makes q& and 

qh into valid probabilities and this simplifies computations of ril and ril 

in the horizontal step. It is easy to see that (3.1) and (3.2) cornpute the 

costs propagating from a site to a check-set as required. Note that in the 

first iteration the vertical step initializes each non-zero element of Q0 and 

Q1 to an appropriate value of pp and p i ,  respectively. 

Check-set-to-site propagation (Horizontal Step). The decoder runs over Qo 

and Q1 row-wise and computes the entries of RO and R1 (hence the name 

"horizontal step"). Let E ( k )  be the set of column indices of non-zero 

elements in the k-th row of H. Then, 



and 

where E(k)\l denotes the set E ( k )  with the element ( 1 )  excluded. 

3. Temination. .Mer the vertical and horizont al s teps the posterior probabili ties 

qp and q: are computed as follows: 

and 

If qp > q: then nl = 0, otherwise, ni = 1. Let ii be the tentative noise vector 

produced by the algorithm. If fi has the same syndrome as y,  the decoder 

stops, reveals n = ii and outputs x = 7 + n; othenvise, it proceeds with the 

next iteration step. 

An example of an iterative decoding is shown in Fig. 3.5 where a block of 256 bits 

(8 x 32 matrix of the image file) was encoded with rate 112 code and transmitted 

over a noisy Gaussian charnel with noise level of Eb/No = 1.5 dB. The iterations are 

arranged column-wise in Fig. 3.5. The first image in the top-left corner corresponds to 

the received codeword and the final image in the bottom-right corner corresponds to 

the correctly decoded codeword. It took 11 iterations to achieve the correct decoding. 

3.3 The min-sum algorithm 

The min-sum algorithm that is a generalization of the Viterbi algorithm was treated 

by Tanner 1261 and Wiberg et al. (221. As in the case of the sum-product algorithm, 

the min-sum algorithm cari be adapted to Gallager codes. 



Figure 3.5: 
from left to 

An instance of iterative decoding: iterations increase from top to bottom and 
right. 

We use notation similar to that of the previous section. Let x = (xt , x2,. . . , z,) be 

the input codeword, y = (yt, y*, . . . ,y,) the channe1 output and n = (n17 n ~ ,  - . - , nn) 

the noise sequence. The vector Y is formed by hard symbol-by-symbol decisions on 

y. The matrices Qo, Q', as before, store the costs propagating from sites to checks 

and matrices Ro and R1 store the costs propagating from checks to sites. 

Each entry &, x E {O, 1), of the matrix Q' (site-to-check-set) combines in an 

additive manner the cos ts propagating from other checks connected to the 1-th site, 

and the cost of the /-th site itself conditioned on the value of the site being z. Each 

entry ri l ,  x E {O, 11, of the matrix Rx (check-set-to-site) chooses a minimum among 

costs corresponding to valid configuration of sites (excluding site 2 )  connected to k-th 

check (i.e., consistent with the value of check k )  conditioned on the value of site 1 

being 2. 

The algorithm itself is nearly identical to the sum-product algorithm (Section 3.2) 

except the "sum" should be replaced by 'min" and "product" should be replaced by 

Ksum" throughout expressions (3.1)-(3.6). Appendix A contains the precise formula- 

tion of the min-sum algorithm. 

Note that in the min-sum algorithm we rninimize the negative log-likelihoods (as 

opposed to mmimizing the pos terior probabilities in the sum-product algorithm) . 



The min-sum dgonthm does not perform as well as the su-product algorithm 

since by taking minima in (A.3) and (A.4) the min-sum algorithm incurs information 

loss. Fig. 3.6 shows simulation resdts for the sum-product and min-sum algorithms 

for a rate 118, (1536, -, 3) Gallager code in a AWGN channel. For bit error rates 

in the order of 10-~, the difference in the required signal-to-noise ratio may be as 

large as 2 dB in favor of the sum-product algorithm. (We will give more detailed 

description of simulation techniques used in this work in Chapter 4.) 

Figure 3.6: Corn parison of performances of the (a) sum-product algorithm; and (b) min- 
sum algorithm for a rate 118, (1536, -, 3) Gallager code. 

The min-sum algorithm is computationdy simpler since computing s u s  is com- 

putationally less costly than computing products as well as taking minima (cornparison- 

type operation) is less costly than computing sums (these computational savings de- 

pend on the decoder's implementation but they are not of the same order of magnitude 

as the degradation in performance sus t ained by the min-sum algori t h ) .  We will see 

in the next section that the sum-product algorithm can be modified in such way that 

taking products c m  be substituted by taking s u s  with very Little degradation in 

performance. 

3.4 Algorit hm modifications 

One of the most important parameters of any practical decoding algorithm is its com- 

putational complexity (whose measure, for example, could be the number of floating 

point operations required in the software implementation of the algorithm). As we 



recall fkom Section 3.2, the sum-product algorithm involves multiplications of real 

numbers that are generdy computationaUy expensive. ki this section we will dis- 

cuss a modification of the sum-product algorithm that reduces the cornputational 

complexity of the decoder. We will also discuss strategies to reduce the frame error 

rate of the iterative (mm-product) decoder at the expense of higher computational 

complexi ty. 

3.4.1 Computations in the log domain 

In the vertical and the horizontal step we compute the products of certain local 

costs (equations ( 3 4 ,  (3.2), (3.3), (3.4)). The multiplications are computationally 

expensive compared with additions. Hence, the question arises if it is possible to 

replace the multiplications with additions throughout the algorithm. We r e c d  that 

in the logari thmic domain multiplications correspond to additions. Additions in their 

tun i  can be evaluated by a table look-up procedure [56,57]. 

Suppose, x = log X and y = log Y. Then, log(X Y) = log X + log Y = x + y. 

Hence, a multiplication can be replaced with an addition. Suppose, we need to 

compute log(X + Y). The following expression is instrumental for this purpose: 

where we assumed that x > y (in general, we factor out erna(=~y) h m  ez + ey). The 

expression log(1 + eY-=) is a function of y - x. The argument of the function is always 

negative since we factor out the largest term from ez + ey. The graph of the function 

is shown in Fig. 3.7. 

The function f (2) = log(1 + e') (Fig. 3.7) decays fast as z decreases and so a s m d  

look-up table can provide high accuracy in the evaluation of (3.7). We evaluated 

function f (2) as follows: 



Figure 

2 

Function log(i + e') for computing sums in the 

Iteration 
1 
2 
3 
4 
5 
6 
7 
8 
9 

log dornain. 

Table II: Cornputations of site probabilities conventionally and in the log domain; the 
argument range in (3.7) is [-5, O] and the quantization step is 0.01. 

ln Table II we show the values of posterior probabilities for a site computed in 

several iterations of the sum-product algorithm in its generic version of Section 3.2 

and in the log domain. The look-up table was created according to (3.8). 

Since the logaxithmic function is monotonie for positive values of its argument, the 

decision rule whether a site assumes value of O or 1 ((3.5)-(3.6)) remains the same. 

That is, if logqp > logq:, then y1 = 0, otherwise, y[ = 1. 

From Table II we obseme that implementing the sum-product algorithm in the 

log domain yields results that are very close to those obtained in the conventional 

implement at ion. 



3 A.2 Re-it erat ion t ethniques 

In each step of the sum-product algorithm we compute the syndrome of the tentative 

noise vector produced by the decoder. If the tentative noise vector syndrome coin- 

cides with the syndrome of the received codeword, the algorithm stops, corrects and 

outputs the received codeword. It is possible that for certain channel noise config- 

urations the decoder produces a noise estimate at each step of the a lgor i th  whose 

syndrome is different fiom the syndrome of the received codeword. Then the algo- 

rithm of Section 3.2 will not tenninate. We c d  this type of the decoder behavior 

non-convergence. 

We observed in our experiments with the iterative decoder that al1 frame errors 

result from the algorithm's non-convergence for certain channel output sequences. 

The exact nature of the channel outputs that result in such non-convergence remains 

unclear. Presently, many researchers are trying to deduce distinct characterist ics 

of such sequences but so far this remains an open problem. In the present work 

we heuristically attempted to modify the iterative decoding algorithm so that the 

probabili ty of the algori t hm's non-convergence is reduced. 

Suppose, for a given received codeword the sum-product algorithm does not con- 

verge after a certain number of iterations. C d  this number MAXI. The sum-product 

algorithm computes "local projections" of the global cost function that depends on 

local cost bc t ions  qEl, qil, rEl and ril [22]. These local projections are candidates 

for maximization of the global cost function. Thus, we may draw a conjecture that 

the tentative noise vector E should closely resemble the actud channel noise vector n 

after a large enough number of iterations. Hence, it rnay be used to rnodify the site 

probabilities pr , x E {O, 11, so that the sum-product wiU converge to the correct noise 

vector under these new conditions. The block diagram of the modified sum-product 

algorithm is shovvn in Fig. 3.8. 

We considered the following modifications of the site probabilities based on the 

tentative noise vector. 

Declaring eîuut-es. Suppose the sum-product algorithm does not converge after 
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Figure 3.8: A modification of the sum-product algorithm to  reduce the probability of 
non-convergent behavior. 

MAXI iterations and the tentative noise vector is îi. For indices 1 such that rîl = 1, 

we declaxe the site probabilities equal: py = pl = 112. The argument in favor of 

this strategy is that the sites where the tentative noise vector n is 1 contain most 

unreliable symbols and hence assigning equal probabilities of 0.5 to the possible site 

d u e s  of O and 1 "improvesn the initial state of the iterative decoder. 



Figs. 3.9-3.10 illustrate decoding mith such modifications. Fig. 3.9 shows every 

second iteration of the fkst 50 iterations of the sum-product algorithm (MAXI = 50). 

The channel signal-tenoise ratio was chosen high so the average number of iterations 

for correct decoding was s m d  (z 6). Observe from the last (bottom-right) h e  in 

Fig. 3.9 that tentative decoding after 50 iterations still m e r s  from the transmit ted 

vector by many bits. After 50 iterations the algorithm stops and re-initializes the site 

probabilities f l  taking into account the tentative noise vector h. Then the dgorithm 

Figure 3.9: The initial stage of non-convergent iterative decoding: no modifications to 
the initial site probabilities are made. Iterations increase from top to bottorn and from 
lef? to right. 

nins on this new set of site probabilities. To make a clean experiment we made a 



Figure 3.10: The lefi column: erasures have been declared; the bottom frame shows the 
algorithm converging. The right column: for cornparison, the same number of iteration 
is performed with no erasures declared and with the original initial conditions (continued 
from Fig. 3.9). lterations increase from top to bottom. 

"snapshotn of the decoder state after 50 iterations and continued to run the decoder 

for the original set of site probabilities for the additional number of iterations it took 

the modified algorithm to converge to the correct codeword. 

This process is illustrated in Fig. 3.10 where the left column shows decoder itera- 

tions with modified site probabilities and the right column shows continued decoder 

iterations with the original site probabilities. It took the algorithm only 7 itera- 

tions to reveal the correct noise vector with modifications while for the original site 

probabilities the algorithm still had not converged after 57 iterations. 

We observe from Fig. 3.9 that the algorithm descnbes a decoding "orbit" that 

at certain points approaches closely the transmit ted codeword (frarnes 6,12,21 in 

Fig. 3.9) and then moves away from it (fames 8,16,26). For the modified algorithm 

to converge, the orbit perturbation introduced by the site probabilities modification 

must "pushn the decoder in the right direction towards the correct codeword. The 

larger is the amount of time that the decoder spends near the correct transmitted 

codeword, the higher is the probability that the rnodified algorithm will achieve a 

successN convergence. 



Code rate seems to play a critical role in choosing the strategy to reduce the 

probability of non-convergence. In particular, we observe that declaring erasures 

corrects errors resuiting fkom non-convergence for high rate codes (R = 112 or R = 

114) but not for low rate codes (R = 118). Fig. 3.11 shows the the percentage of 

errors that were corrected by declaring erasures (for a rate 112, block length 512 

Gdager  code). 

Figure 3.11: Percentage of non-convergence type errors corrected by declaring erasures 
versus channel signal-tenoise ratio. The code used was a rate 112. block length 512 
Gallager code. 

Site p~obabdzty "flipping". This method works well in Rayleigh-fading channels 

when the information about the fading amplitude is available. If the iterative algo- 

rithm does not converge after a certain number of iteration MAXI, we rnodify the 

site probabilities in the following manner. The tentative noise vector n is added to 

hard symbol-by-symbol decisions y modulo 2 and the site probabilities p; are then 

re-initialized according to these new hard decisions without taking into account the 

knowledge about the fading amplitude, i.e., re-initialized likelihood functions assume 

a Gaussian channel model. 

Re-initialkation of Likelihood functions without introducing the knowledge about 

the fading amplitude is similar to the "fudge-factorn technique of [13]. It is possible 

that simila skewing and %ppingn of likelihood functions may also lead to a reduc- 

tion in t he  probability of the algorithm's non-convergence in AWGN chmels  for al l  

code rates and block lengths, though we have not obtained a conclusive evidence of 

such possibility. Fig. 3.12 shows the percentage of errors corrected by the site prob- 



ability %ppingn technique for (1536,192, -) Gallager code whose performance was 

simulated in a fully interleaved flat Rayleigh-fading channel. 

Figure 3.12: Percentage of non-convergence type errors corrected by "flipping" site prob- 
abilities versus channel signal-tenoise ratio. The code used was a rate 118, block length 
1536 Gallager code. 

3.5 Software implementat ion issues 

Recall that a parity-check m a t h  for a low-density GaUager code is sparse. In par- 

ticulor, we construct parity-check matrices for { N ,  -, 3) Gdager codes that contain 

only 3 non-zero entries per row, hence, the row density with N = 1536 is only about 

0.002. We irnplemented a software decoder that takes advantage of this property to 

a fid extent. 

We represent the parity-check matrix H as two related lists H, and He; each list 

is a set of pairs of indices corresponding to non-zero elements of H only. H, and H, 

describe H row-wise and column-wise, respectively. 

Example: the matrix in Fig. 2.5 can be represented as follows: 



and 

Matrices Qo and Q1 are represented by row-wise lists (similar to H,) and ma- 

trices RO and R1 are represented by column-wise lists (similar to H,). Since the 

algorithm dtemates between column-wise and row-wise runs, we create lists SORT 

and SORT,,.,. that establish a correspondence between the elements of H, and He, 

and X, and H,, respectively. These lists are computed only once for a particular 

Gdager code. 

The sum-product algo7+thm. In the vertical step the algorithm runs through the 

lists Ro and R' computing q:! and qll (expressions (3.1)-(3.2)). The results of compu- 

tations are placed into appropriate positions in the lists Qo and Q' using SORTinneme. 

In the horizontal step the algorithm runs over the lists Qo and Q1 computing rEl and 

rLl (expressions (3.3)-(3.4)). These values axe then placed into appropriate positions 

in the lists Ro and R1 using SORT. 

Expressions (3 -3)-(3.4) (check-set- to-si te propagation) involve computing config- 

urations of sites that yield the observed syndrome value at the check. These compu- 

tations can be simplified in the following manner [20]. Let DQ be a component-wise 

difference between matrices Qo and Q' . Denote elements of l I Q  by 4,. Let l I R  be 

an LM x 1V matrix whose elements Gl are cornputed as follows: 

where zr; is the k-th syndrome component. It tums out that diI = rzl - rLl. Let us 

demonstrate this on a simple example. Suppose, k-th row of Q', contains non-zero 

elements in positions I l ,  la and 13. Denote them q&, c&, and q& . Let = 1. Then 



expressions (3.3)-(3 -4) yield for GII : 

O 1 0  
'111, = d l 2  q;l3 + q& qkls 

and 

Note that 

from which follows: 

and 

The products in (3.1)-(3.2) and (3.9) require computations over sets s(I)\k and 

E(k)\Z. An efficient way to do this is to run forwaxd and backward passes over the 

lists RO, R' and DO as illustrated in Fig. 3.13. 

The min-mm algorithm. The software realization of the min-sum algorithm is 

similar to the sum-product algorithm (with corresponding substitutions of products 

by sums and sums by taking minima). 

The technique for computing valid site configurations at a check (expressions 

(A.3)-(A.4)) c m  be adapted from the sum-product algorithm by applying the Viterbi 

algorithm to a simple prtrity-check trellis. This is illustrated in Fig. 3.14. 



(a) Forward Pass (b) Backward Pass 

Figure 3.13: Fonivard-backward passes for computing (3.1). (3.2) and (3.9). 

Figure 3.14: Trellis for cornputing elernents r& in the min-sum algorithm. 

3.6 Hardware implementation issues 

We propose to utilize the decoding algorithm's inherent parallelism in the hardware 

implementation of the iterative decoder. The decoder wiU consist of four processor 

units and three interconnection networks that form a pipeline design. A memory 

module is used as a data bufFer. The schematic configuration that illustrates paral- 

lelism and pipelinability [58] of the decoder is shown in Fig. 3.15 where each processor 

unit consists of a number of processing elements operating in p a t d e l  and processor 

units PUil2, PU3 and PU4 form a pipelinhg design. 

R e c d  that the su-product  algorithm alternates between computing the elements 

of Qxand Rz. Hence, if the decoder is dedicated to decoding of a single codeword 

at  a time, only a fraction of circuit elements will be performing usefd taslcs at any 

given moment of the decoding cycle (iteration step). To increase the utilization of 

the chip, we propose simultaneow decoding of several received codewords. This c d s  

for use of a data b d e r  that will store these codewords and will pump them into the 

decoder if a free space dot  is available. This will cause some latency in the decoder 
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Figure 3.15: Schematic decoder configuration: PU - processor units. ICN - intercon- 
nection networks. MM - memory module (data buffer). 

operation. Suppose the decoder in Fig. 3.15 contains five codewords simultaneously 

(in PU'S and ICN's). Then the latency wiil be 20 ms x 5 codewords = 100 ms. The 

iterative decoding is characterized by a variable decoding effort. In practical schemes 

the number of iterations performed by the decoder is usudy  hard limited in order 

to avoid these variations. The advantage of the scheme that we propose is that the 

decoder may ~er form larger number of iterations on certain received codewords due 

to the presence of the data b d e r .  

Fig. 3.16 shows snapshots of the decoder (y i  is the i-th received codeword). The 

processor units PUi  and PU2 compute matrices Qo and Q', respectively. PU4 corn- 

putes Ro and RI. The processor units consist of M x k processors (M = N - K ,  k 

is the parameter of {N, -, k) Gallager codes). 

The signal flow graph for the processor units PUli2 is shown in Fig. 3.17. PUll2 

perform the vertical step. R e c d  that the number of non-zero elements in a column H 

is either 2 or 3. Thus, the processor unit consists of the top part (a) (weight 2 columns) 

and the bottom p u t  (b) (weight 3 columns). Since for any {IV, -, k)  Gallager code 

the number of weight 2 and weight 3 columns remains fixed the structure of PU is 

unchanged, and appropriate routing is done entirely by ICN's. For clarity we assumed 

in Fig. 3.17 that the first column has weight 2 (and so it is processed in the top part) 
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Figure 3-16: Snapshots of decoder states. 

and the second column has weight 3 (and processed in the bottom part). Appropriate 

routing for this arrangement is done by ICNz and ICN3. 

Fig. 3.18 shows the processor unit PU3. It performs the syndrome computation of 

the tentative noise vector ô. and the received vector y and compares these syndromes. 

If they are identical, the control unit CU gives a command to output the decoded 

vector x and re-initialize the matrix 0 4  (load po - pl) .  Thus, a new vector y is 

accepted by the decoder. If the syndromes are not identical, PU3 computes the 

difference Qo - Q' which is used in the next iteration for the same y. 

The signal flow graph for the processor array PU4 is shown in Fig. 3.19. Note 

that in our case k = 3 so H contains exactly 3 elements per row, and therefore the 

structure of PU4 is the same for all parity-checks (in contrast with the subdivision of 

PU; and PU2 in Fig. 3.17). 

The function of interconnection network ICNl is twofold. It switches signals fkom 

topbottom arrangements in PUI  and PU2 to row-wise anangements, and routes 

signals and qil to adjacent inputs of PU3. Interconnection networks ICNz and ICN3 

perform routing fiom row-wise arrangement of signals to top-bo t tom arrangement 

required for PU1 and PU2. These networks are prograrnmed once for each code. 

The networks ICNi, ICNz and ICNJ have global but static connections for a given 

decoder. One possible realization of these networks is a programmable cross-bar 



Figure 3.17: Signal flow graph for processor units PUll2; rk l ,  qkl are elements of Rz and 
Q'; ql are tentative posterior probabilities; pi are the likelihood functions for i-th received 
codeword . 

switch such that every input to the network can be connected to any output. This 

configuration is shown in Fig. 3.20. 

A better architecture for ICN,, ICN2 and ICNJ is achieved by using Banyan 

networks [59,6O]. An example of a three-stage Banyan network is given in Fig. 3.21. 

Let us denote the input (and output) size of a Banyan network as S. The number 

of stages required to route any input to any output in a Banyan network is log2(S). 

Hence, for (1536,192,-), (1536,-,3) Gdager code the number of non-zeros in the 

parity-check matrix H is 3 (1536 - 192) = 4032 and so rlog,(4032)1 = 12 stages are 

required. 

The most immediate problem that aises in a Banyan network but not in a cross- 

bar switch, is message blocking (we refer to site and check-set probabilities as messages 

in this context). If two messages (&, and Plzl2, for example) arrive at the same 

outputs of a 2 x 2 cross-bar switch (basic blodc in Fig. 3.21) then one message is 

rejected. Hence, delay elements are needed in order to avoid such collisions. 

Example. Consider a (6,2, -), (6, -, 3) Gdager code whose puity-check matrix 



Figure 3.18: Signal Row graph for the procesor unit PU3; CU - control unit; PE - 
processor elements: procesor element * AT cornputes syndromes of ii and y; x is the 
decoded vector; p0 and pl are the likelihood functions o f  a new vector y. 

Siaglc pragsor 

Figure 3.19: Signal flow graph for the procenor unit PU4; 4, are elements of the k-th 
row of DQ; Zk is the k-th syndrome 
of R'. 

bit; y is normalization coefficient; rér are elements 

H is shown below: 



Figure 3.20: Cross-bar switch for interconnection networks. 

Figure 3.21: An example of 8 x8 Banyan network. 

H can be represented row-wise: 

and colirmn-wise: 

The List SORT that transforms the row-wise mangement to column-wise arrangement 

67 



Figure 3.22: The first step of routing messages in the Banyan network for a {6, -, 3) 
Gallager code. 9 out of  16 messages p a s  through the network without collisions. 

of the parit-check matnx H has the following f o m :  

In the transition fiom the horizontal step to the vertical step of the sum-product 

algorithm we need to route 15 messages (probabilities) according to the list SORT. It 

turns out that for this code 3 steps (or, equivalently, 2 delay elements) are required 

for this purpose. This is illustrated in Figs. 3.22-3.24. 

The following expression cornputes the probability of successive routing of a single 

message through a Banyan network if its destination is random [61]: 



Figure 3.23: In the second step 4 out of the remaining 6 messages pass through the 
network wit hout collisions. 

where k is the size of the switching element (2 x 2 in Fig. 3.21), rn is the number of 

stages in the network and X is the network load. We expect this expression to give a 

good estimate of the number of "trials" required to route d messages through ICNx- 

Ezample (cont.) We can apply (3.16) to compute the probability of successfd 

message routing in each of the steps in the previous example. In the first step the 

network load X is 15/16. The number m of the network stages is 4 and hence, 

the probability P. of successfd routing of a message in the first step is 0.48. This 

corresponds to 8 messages being delivered in the first step. From Fig. 3.22 we see 

that the actual number of successfidly routed messages in the first step is 9. 

In the second step the network load X is 6/16 and hence, P, = 0.27. This cor- 

responds to 4 messages (and the actual number is 4). And h d y ,  in the third step 

X = 2/16 and P, = 0.11. This corresponds to 2 messages which is also the actual 

number of messages delivered in the last step. W 

Let us consider now the case of interest, namely, {1536, - ,3)  Gallager codes. 

Initidy, the network load h in most cases is close to 1. After 12 cycles (Le., when a 



Figure 3.24: The final step of routing messages in 
successfully p a s  t h  rough the network. 

the Banyan network: al1 messages 

first successfùlly routed message reaches the network output and some messages still 

wait at the network input) 3545 messages out of 4032 (88 %) will enter the network. 

This is, of course, a purely statistical result. IR a practical design, carefd routing 

may significantly reduce the number of cycles required to route d messages through 

the network, 

We also may note that Banyan network are VLSI implementable [60] and so the 

entire decoder c a n  be designed as a VLSI chip. 

The hardware algorithms proposed in this section are for a general code from the 

class of { N ,  -, 3) Gdager codes. To adapt the hardware decoder to a new code from 

the same class one sirnply needs to re-program the intercomection networks. There 

is no need to change the structure of processiag units or other components. Such 

flexibility reduces implementation costs of the proposed scheme. 



3.7 Encoding and decoding computational corn- 

plexity 

In this section we discuss one of the most important issues that determines the feasi- 

bility of a practicd coding scheme. Whereas there are many good block and convo- 

lutional codes whose performance is shown to be good, a restricting factor for their 

practicd implementation is the high complexity of of software and hardware that is 

required to extract this good performance for many such codes. 

-4s we recall, Gdager7s motivation for studying low-density parity-check codes 

was precisely the existence of low-complexity decoders for sud, codes. It is fortunate 

t hat Gallager codes beside being amicable to low-complexity implementations dso 

t m e d  out to have many good properties that result in the powerful perforrnaoce of 

these codes in a variety of communications channels. 

The possibility of implementing a coding scheme with a low complexity is partic- 

ularly important in the context of this work. In mobile cellular telephony it is alrnost 

impossible to implement expensive hardware or software algorithms on the mobile 

side because of a w ie ty  of severely restrictive factors, e.g., the need to maximize 

time intervals between bat tery re-chargings, to maintain s m d  data delays, etc. 

There axe two major contributing factors to the compiexity of the coding scheme 

based on Gallager codes, namely, the costs of encoding and decoding. 

3.7.1 Encoding 

Let us first discuss the encoding complexity for (1536,192, -), (1536, -, 3} Gallager 

codes. A code's generator matnx has dimensions 192 x 1536. Unlike the corresponding 

parity-check matrix, the generator matrix needs not to be sparse. Hence, the encoder 

has to store the entire generator matrix. The storage space required for the matrix is 

192 x 153618 = 36864 bytes. The size of the storage space can be slightly reduced if the 

generator matrix is in a systematic form, and the encoder needs to store only the non- 

systematic part. For (1536,192, -) Gallager codes this will Save 192 x 19218 = 4608 



bytes. Technologically, storing a matrix of this size in ROM presents no difiiculties, 

even on the mobile side. 

Each bit of an output codeword is obtained by multiplying in a bit-wise manner 

a length 192 binary vector of input data with a column of the generator matrix and 

computing the overd parity. The number of clock cycles required to accomplish 

such multiplication depends on the lengt h of processor's registers . For example, if 

the processor's word length is 32 bits then the operation will require 192/32 = 6 

cycles, and the total number of clock cycles required for encoding is 6 x 1536 = 9216 

(6 x 1344 = 8064 clock cycles if the matrix is in the systematic form). A mutfiplier 

in a digital signal processing (DSP) chip does not normally contain a circuit for the 

parity computation. However, if this operation is done often (as in our case) such a 

circuit can be easily implemented on the exclusive-or gates. Hence, the cost of the 

parity computation is negligible in any application specific hardware. 

For cornparison, encoding of a rate 112, constraint length 7 convolutional code 

will require (for information block length of 192) 192 + 6 = 198 register shifts and 

198 x 2 = 396 bitwise multiplications, with two multiplications for each register shift 

(since the code rate is 112). The total number of clock cycles required for encoding 

is 198 + 396 = 594. Hence, encoding of a Gallager code is slower than encoding of a 

convolutional code with parameters discussed above. Similar analysis applies to turbo 

codes since in a turbo code component codes are recursive convolutional codes of rate 

1. For each component code one shift and two multiplications (one for the output 

bit and one for the recursion) are required to produce an output bit of a codeword. 

A permuter can be realized by applying an appropriate mask to an appropriate part 

of the input sequence, and hence, the cost of the operation is just one clock cycle. 

For example, for a rate 113, constraint length 4 turbo code with information block 

length of 192 bits the cost of encoding is 192 + 2 x 3 x 195 = 1362 bit-wise operations 

(where we assumed that one component of the turbo code is systematic). 

However, bitwise operations bear a lower cost compared with floating point op- 

erations required for decoding of the received codeword, and as we will see next, 

decoding of this particulas fûmily of Gallager codes is less costly in tenns of floating 



point operations than many other codes. The overd  encoding/decoding complexity 

is dominated by the decoding complexity since decoding requires thousands of floating 

point operations for Gallager codes and comparable convolutional and turbo codes. 

3.7.3 Decoding 

Let us calculate the decoding complexity of Gdager codes and compare it in par- 

t icular wi th the decoding cornplexity of convolutional and turbo codes ( t hese are 

the classes of codes that were proposed in literature [3,7] for similar applications in 

CDMA systems and with whose performance we compare the performance of Gal- 

lager codes). The computational complexity of the sum-product algorithm is roughly 

proportional to the number of non-zero elements in the parity-check matrix H. In 

what follows, we compute the number of floating point operations required for de- 

coding, Le., we consider addition and multiplication of two floating point numbers to 

have equal cost. If the computations are done in the log domain, then floating point 

multiplication becomes a floating point addition, and floating point addition becomes 

a table look-up operation. 

Consider a (1536,192, -), (1536, -, 3) Gallager code. We start with the horizontal 

step of the algorithm. Suppose matrices Qo and Q1 in (3.3)-(3.4) have been properly 

initialized. M x k = 1344 x 3 = 4032 floating point additions are required to compute 

the difference of the two matrices in (3.9). Cornputation of the right-hand side of (3.9) 

requires 1 floating point multiplication per matrix element d i i  (since every chedc-set 

E ( k )  contains 3 elements) so the total complexity is 4032 flops. Thus, the cost of the 

horizontal step is 8064 flops. 

The vertical step involves computations of particular elements qil and qil as well as 

computations of tentative posterior probabilities $ and q:. Construction 2 produces 

k x (M mod Nlk) columns of weight 3 and N - k x (M mod N/k) columns of weight 

2 (for code rates R < 1). Substituting the numerical values, we obtain 960 columns 

of weight 3 and 576 columns of weight 2. 

For each weight 3 column 2 multiplications are required to compute q& in (3.1)- 

(3.2). The norrnalization factor 7 k i  is convenient but not essential, and presently we 



do not take it into account. Therefore, 2 x 2 x 3 x 960 = 11520 flops are required. 

For each column with 2 non-zero elements only 1 multiplication is required for @l so 

the complexity is 2 x 1 x 2 x 576 = 2304 fiops. 

The computation of the tentative posterior probabilities (3.5)-(3.6) will require 

only 2 x N = 2 x 1536 = 3072 0ops as these can be obtained by multiplying (3.1)-(3.2) 

by an appropriate column element rtl and r&. 

Thus, the total complexity of the sum-product algorithm per iteration is 8064 + 
11520 + 2304 + 3072 = 24960 fIops. The complexity per iteration per information bit 

is then 24960/192 = 130 flops. 

For compaxison, the sum-product algorithm of construction by MacKay and NeaI 

for Galiager codes requires 144 flops per information bit, and iterative decoding of 

turbo codes has a cost of 768 flops per information bit 1621. 



Chapter 4 

CDMA system capacity and 

sirnulat ion result s 

4.1 Background 

Consider a CDMA system in which error correcting coding is not used and orthogonal 

spreading is used to minimize other-user interference. If the total number of users in 

a cell does not exceed the number of available orthogonal sequences and all users are 

assigned distinct sequences then ideally the interference between pairwise taken users 

is reduced to zero. This idea is illustrated in Fig. 4.1. 

If no error correcting code is used then the error rate for any given user is the 

same as in the uncoded transmission over a noisy channel. Usually this error rate is 

too high to provide the required Quality of Service (QoS). Hence, in practica,l CDMA 

schemes a fraction of the processing gain is used for error correcting coding (rate 112 

and 113 convolutional codes are used in IS-95). 

A low rate code can be used in a CDMA system for a better protection of user data 

in a noisy communication channel. A user data sequence is then partially spread by 

the error correcting code and partidy by an orthogonal sequence to maintain the same 

processing gain. Then for two different users the resulting sequences are no longer 

orthogonal to each other and the channel becomes interference-limited. However, if 

a powef i  error correcting code is used, errors caused by an interference fiom other 
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Figure 4.1: Two orthogonal spreading sequences (Walsh functions 44 and +$J) are used 
to produce the input channel sequences for two difFerent users. 

users can be effectively corrected in the same manner as errors caused by the channel 

noise . 
The following simplified reverse link capaci t y analysis [l ,631 is part icularly suit able 

for estirnating the capacity of a CDMA system with or without error correcting coding. 

Assume that perfect power control has been implemented so that the interference fiom 

other users in the same cell appears at the same power level Pi at a user's demodulator. 

Then the total interference power is 



where n is the total number of same-cell users. Let W be the spread bandwidth 

allocated to same-cell usen. Then the interference power density for the user can be 

written as 

&, = If W. (4.2) 

Let Rd be the user data rate (in bits per second). Then the energy of one data bit is 

From (4.1)-(4.3) we obtain the total number of users: 

Let us denote the processing gain of a CDMA system by v.  We can rewrite (4.4) as 

The interference density at the user demodulator is a sum of multiple-access inter- 

ference from other us& and channel noise density. If a code can operate at a lower 

signal-to-noise ratio EsII ,  for a given bit error rate, then the number of users s u p  

ported in a CDMA cell at a given QoS increases. 

Hence, we can see the importance of using a powerful error correcting code in 

practical CDMA systems. This is the area where short frame Gallager codes can 

be successfùlly applied. Beside having good error correcting capabilities (which lead 

to an increased system capacity) they can also be decoded with a relatively low 



4.2 Combined error-control coding and 

As we just discussed, it is advantageous to use a larger portion of the processing gain 

for error control. A better protection against channel noise and MAI is provided by 

a powerfd low rate error correcting code compared with using orthogonal or pseude 

noise sequences to reduce MAI and a high rate error correcting code to combat channel 

noise [7,8]. 

In 1s-95 CDMA cellular standard the processing gain is 128. Idedy, a good, rate 

11128 error correcting code should be used to spread the user data [8]. Initidy, in 

this work we tested the performance of Gdager codes obtained by Constructions 1 

and 1A (Section 2.3) with the goal to find such low rate Gdager codes. We fouiid? 

however, that the performance of very low rate Gallager codes is poor in terms of 

Eb/No. From (4.5) we see that the capacity of a CDMA system depends precisely 

on Eb/No and we could not apply very low rate Gdager codes in such a system to 

achieve good performance. 

High rate {N, j, k) Gallager codes have good performances if the block length is 

large enough. However, the delay required to encode and decode these codes becomes 

too large for digital speech transmission. 

The solution is to use low (but not very low) Gallager codes that provide good 

error protection and relatively small processing delays. Powerful rate 118 Gallager 

codes that we found satis& both conditions. Hence, in the context of this work rate 

1/24 Gallager codes are "optimal" in the sense of achieving the best balance between 

good error protection and small data delays. 

If a rate 1/8 error correcting code is used, an additional rate 1/16 spreading must 

be applied since the total processing gain is assumed to be 128. This is achieved by 

multiplying each codeword symbol with one of 16 orthogonal sequences (of dimension 

16), e.g., Walsh functions. This is illustrated in Fig. 4.2. 

There exis t 16 non-zero orthogonal sequences for this Usecond- tier" spreading. 

By a simple uniform assignment of one of these 16 sequences to incoming c d s  the 
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Figure 4.2: Cornbined error-control coding and spreading in a CDMA system. 

multiple access interference can be reduced. This is illustrated in Fig. 4.3. 

Spreading s~mdùig 
sequence 1 sequence 2 

Spr=W 
sequence 16 

Figure 4.3: Assignment of spreading sequences to users. 

The uniform placement of users into the "spreadingn bins is the best arrangement 

for reducing MAI. This can be easily achieved by an appropriate c d  setup protocol. 

Idedy, the interference between users whose c d s  are assigned distinct spreading 

sequences is zero (we assume perfect synchronization among all users). Thus, MAI 

arises from users with the same spreading sequence. (In non-coherent detection, as in 

the case of the reverse link, other-users will usudy  produce an interference dependent 

on their transmit ting powers [64]). Let us evaluate the interference. 

The key observation is that Gallager codes are essentially random. RecaU that 

a parity-check matrix H for a particular Gdager code is generated by a random 

permutation of columns of the top 'structured" part. The dual code whose generator 

matrix is H is a collection of random vectors that form a subspace of dimension M 

in N-dimensional space. Let c be a codeword in the Gallager code whose parity- 

check matrix is H. Then c is a vector that is orthogonal to the randomly generated 

subspace spanned by R. Suppose we randomly generate another parity-check matrix 

H'. Then the subspace spasned by H' is some random rotation (or rather a set of 



random rotations) of the subspace spaaned by H. A codeword cf in the Gallager code 

that is dual to Hf is orthogonal to the subspace generated by H f ;  and thus can be 

considered as a random rotation of c. Such a random rotation tends to scramble the 

symbol positions of c. 

Binary Gallager codes are linear so that half of the codewords have 0's in any 

given position and half have 1's. Hence, by our previous obsenation, the codeword c' 

will appear to the codeword c as a sequence of Bernoulli trials in a fair coin-ftipping 

experiment . 

Suppose M users are assigned the same spreading sequence. Then MAI is a sum 

of M - 1 Bernoulli random variables (assuming f.1 BPSK signalling and perfect 

power control) at any given instant. The resulting random variable has a binomial 

distribution with zero mean and variance hf - 1. Hence, M- 1 is MAI "noise" density. 

Note that this result is consistent with the expression (4.1) used in the derivation of 

(4.5). 

4.3 Capacity of a CDMA ceIl 

We now use expression (4.5) to evaluate the capacity of a CDMA cell. We assume 

coherent detection in both forward and reverse links. The capacity can be computed 

from bit error rates for Gdager codes in AwGN environment. The simulation results 

for rate 118 Gallager codes are shown in Fig. 4.4. In our simulations we observed the 

frame error rate of Gdlager codes. We assumed that the bit error rate is half of the 

frame error rate. This is needed since results available in the literature sometimes 

appear in terms of frame error rate and sometimes in terms of bit error rate. 

We shall compare the capacity of a CDMA system that uses Gallager codes to 

combat multiple-access interference and channe1 noise with other CDMA systems 

built on similar principles. Ormondroyd and Maxey [2] consider a CDMA system 

that uses very low rate orthogonal convolutional codes. In particular, they consider 

rate 1/64 orthogonal convolutional codes (this implies the spreading factor of 64). 

To make a fair cornparison with their results we will assume that the processing gain 



Figure 4.4: Performance of Gallager codes in AWGN. 

7 = 64 in (4.5). 

Fig. 4.5 shows data bit error rates versus the number of users for uncoded DS- 

CDMA, DS-CDMA with low-rate R = 1/64 orthogonal convolutional codes and DS- 

CDMA with GaLlager codes (in this figure only uother usern noise is taken into ac- 

count; interference from other cells and channel noise are assumed to be zero). We 

used the data from Fig. 4.4 and expression (4.5) (with 7 = 64) to generate the cunre 

for DS-CDMA with Gallager codes. In case of Gdager  codes, the spreading factor 

of 64 is partly achieved by a Gallager code of rate 118, and pa.rtly by additional 

spreading of rate 118 by a pseudenoise (PN) sequence, for example. The particulars 

of the system are not important since no orthogonality is assumed in (4.5). 

In digital speech trammission the data bit error rate should not exceed 1 0 ~ ~ .  From 

Fig. 4.5 we can observe that the uncoded CDMA system does not admit more than 7 

users without an increase in the data bit error rate, Le., without a reduction in Quality 

of Service. The CDMA system with orthogonal convolutional codes supports 16 users 

at bit error rates of  IO-^, and the CDMA system with Gdager codes supports 37 

users, respectively. Hence, a CDMA system with Gdager  codes achieves more than 

a two-fold increase in capacity compared with [2], and more than a five-fold increase 



Figure 4.5: Data bit error rate versus number of users in a cell for: (a) DS-CDMA that 
employs Gallager codes; (b) DS-CDMA with low rate orthogonal codes [2]; (c) uncoded 
DS-CDMA. 

in capacity corn~ared with an uncoded CDMA system. 

4.4 Successive user cancellation 

In the computation of CDMA system capacity (Section 4.3) we treated interference 

to a user from other users in the same cell as  noise. In the reverse link it is possible 

to achieve better performance by successive user cancellation with very little increase 

in the decoder complexity. Xie et al. [65] describe a sequential decoding scheme for 

multiuser signal detection in DS-CDMA. The decoding scheme they propose accom- 

plishes a low-complexity suboptimal multiuser detector whose excellent performance 

is due to modified symbol likelihoods of the received signal. Similar sequential de- 

coding scheme was proposed in [53,66,67]. Recently, results on suboptimal multiuser 

detection in CDMA systems appeared in [68,69]. 

We propose a suboptimal multiuser signal detection algorithm based on the sum- 

product algonthm whose complexity grows linearly with the number of users. We 

modified the sum-product algorithm of Section 3.2 so that the decoder performs 



vertical and horizontal steps for h o  Gdager codes simultaneously until one of the 

transmit ted codewords is successfdy decoded. After this is achieved, the decoder 

subtracts the decoded codeword from the received signal, re-initializes the matrices 

Qx and R* for the remaining Gdager code and proceeds to decode the remaining 

codeword. 

It is straightforward to extend this modüied decoding algorithm from two users 

to an arbitrary number of users. The block diagram of the joint iterative decoder is 

shown in Fig. 4.6. 

* 
Set iteration # = 1 

Do iteration 

of i tentions 

t ' Output decoded 

1 Declare decoding faiiure ( 

YES 
5 

Figure 4.6: Joint iterative decoder for multiple access chan nel. 

vec tor x. 

Cancel x from y 

In our discussion of the joint iterative decoder we assumed coherent detection 

of each user signal and perfect synchronization among users in the same cell. The 

last requirement is very hard to achieve in the reverse link. However, it can be 

\ 1 



somewhat relaxed at the expense of a reduction in the performance. We also note 

that a very important advantage of the joint decoder is less stringent requirements on 

power control in the reverse link. h ~articular, the joint decoder can handle nicely 

the "near-fa" problem in a ceUular CDMA when one user transmits at a high power 

level while other users transmit at much lower power Ievels and hence it is difficult for 

the base station to detect low-power users [7O, 711. Since the joint decoder implements 

successive signal cancellation, it may decode the user with the strongest signal first, 

remove its contribution £rom the total received signal and proceed to decode lower- 

power users. In fact, having a user with a strong signal may be advantageous for 

overd system performance. 

We ran performance simulations for the joint iterative decoder just described. We 

assumed that the total number of users is 2 and they operate at the sarne power level. 

The average fiame error rate for this system versus channel signal-to-noise ratio is 

shown in Fig. 4.7. For cornparison we plot ted a m e  corresponding to the frame error 

rate versus channel signal-to-noise ratio for the conventional iterative decoder that 

treats the contribution from the other user as noise. Our results compare favorably 

with the results recently reported in [68,72]. 

4.5 Simulation results for AWGN and fading chan- 

nels 

For generation of pazity-check matrices H for Gallager codes we used fimctions amil- 

able in the Matlab software package [73]. Matlab built-in functions provide conve- 

nient implementations for manipulating and storing sparse matrices that proved to 

be very valuable in simulations with Gdager codes. 

To generate Gdager codes according to Construction 2 the top "structuredm part 

of a pazity-check matrix H for an { N ,  -, 3) Gdager code is permuted using the 

function randperm to obtain the middle and bottom parts of H. 

To investigate the performance of an iterative decoder in AWGN and fading 



Figure 4.7: Performance o f  iterative decoders in multiple access AWGN noise channels: 
(a) joint decoding of  both users; (b) separate decoding of each user. Two (512,256, -) 
Gallager codes were used to simulate two different users. 

channels we implemented the sum-product and min-sum algorithms using C. The 

software implementation enhancements of i terat ive decoding algori thms described in 

Section 3.5 helped to achieve good speed in simulations of the  performance of Gdager 

codes in communications channels. 

4.5.1 Performance of Gallager codes in AWGN channels 

In this set of simulations we modelled the performance of the decoder based on the 

sum-product algorithm. As we r e c d  from Section 3.2 the local cost functions pf and 

pi of a site in the sum-product algorithm are the likelihood functions associated with 

channel noise vector n. Let us derive these likelihoods for AWGN channel and *1 

BPSK signalling. 

Suppose the observed value of the channel output y is positive at site 1,  i.e., yi > 0. 

Then the channel noise vector at this site has a one if and only if the transmitted 

signal x is -1 at site 1, Le., zi = -1. The following is the Gaussian probability density 



function centered at - 1: 

The probability that the channet noise vector n is 1 at site 2 is 

where we applied the Bayes nile to obtain the laçt equality. Taking into account (4.6), 

expression (4.7) can be rewritten in the following form: 

After some cancellations, we can rewrite (4.8) as 

or, equivalently, 

By similar argument we can derive the conditional probability that a noise vector has 

a zero at site 1: 
1 

If the received signal component y1 is negative then the expressions (4.10) and 

(4.11) for the conditional probabilities p (nr = 1 ( .yi) and p (ni = O 1 y[)  should be 

exchanged. 

In our simulations we raa the decoder on 5 x 106 frames for &/Na > 2 dB 

and 10' frames for Eb/No < 2 dB. Fig. 4.8 compares the performance of (N = 

1536, K = 192, -), ( N  = 1536, -, k = 3) code generated by Construction 2 with 

short frame turbo codes proposed for CDMA applications in [3]. Note that the c u v e  

corresponding to Gdager codes differs by a factor of 2 from the cuve shown in 



Fig. 4.4 (we assumed that the bit error rate is haf of the h u n e  error rate). 

The lower cuve in Fig. 4.5 shows the performance of (1536, -, 3) Gallager codes in 

AWGN channels when decoded with an iterative decoding algorithm. The m e  lies 

weil above the upper bound on the performance of the maximum-likelihood decoder 

for these codes (Fig. 2.12 and Fig. 2.13). This is due to the fact that the sum-product 

decoding algonthm is suboptimal. An effective implementation of the maximum- 

Iikelihood decoder is unknown for Gallager codes. Hence, one have to pay the price 

in terms of the codes's performance if suboptimal but effective iterative decoding 

algorithms are used. 

1 1.5 2 2.5 3 3.5 
EWNo (dB) 

Figure 4.8: Frame error rates for (a) (N = 1536, K = 192, -) Gallager code with 
the sum-product decoder: (b) suboptimal MAP decoding of rate 112 turbo code with 
interleaver length 192 and constraint length 4 [3]; (c) suboptimal SOVA decoding of rate 
112 turbo code with interleaver length 192 and constraint length 4; (d) suboptimal MAP 
decoding of rate 112 turbo code with interleaver length 192 and constraint length 3; 
(e) suboptimal SOVA decoding of  rate 1/2 turbo code with interleaver length 192 and 
constraint 3. AI1 results are for AWGN channel. 

From Fig. 4.8 we see that Gallager codes achieve lower frarne error rates than 

comparable information block lengths turbo codes that were proposed in similar ap- 

plications in CDMA systems. However, the turbo codes in Fig. 4.8 have higher rates 



than rate 118 Gallager codes that we considered. 

It is also interesting to compare the performance of Gdager codes with codes 

currently in use in existing CDMA systems even though code rates and decoding 

algorithms may differ. In particular, Fig 4.9 compares the performance of Gdager 

codes with the performance of rate 112, constra.int length 9 convolutional codes used 

in the CDMA forward link as specified in 1s-95 standard (751 (in AWGN channels). 

Figure 4.9: Frame error rates for: (a) ( N  = 1536, K = 192, -) Gallager code; (b) rate 
112. constraint length 9 convolutional codes in the forward link of 15-95 CDMA systern. 
All results are for AWGN channel. 

The simulations in AWGN channel indicate very good performance of Gallager 

codes with an iterative decoder. In many instances the codes outperfonn short frame 

turbo codes that were proposed by other authors for similar applications. Good 

performance of Gdager codes in AWGN enviromnent wiU d o w  these codes to achieve 

significant reductions in error rates due to the Gaussian noise and multiple access 

interference. Moreover, it tums out that Gallager codes outperform turbo codes of 

comparable information block length in fading chaanels as we shall discuss in the 

foIlowing section. 



4.5.2 Performance of Gallager codes in M y  interleaved flat 

Rayleigh-fading channeis 

We simulated the performance of the sum-product iterative decoder for short frame 

Gallager codes in W y  interleaved flat Rayleigh-fading channeh, i.e., we assumed 

t hat fading amplitudes at different time instants are independent Rayleigh random 

variables. 

We considered f 1 BPSK. We assumed perfect synchronization at the receiver. 

Then the received signal is 

Y@) = c 4 t )  + 4 t h  (4.12) 

where x(t) is the transmitted signal (f l), n( t )  is the white Gaussian noise with 

variance O* and a is a Rayleigh random variable such that E[a2] is 1. 

In the f is t  set of simulations we assumed that no channel state information was 

availabie; i.e., the decoder had no knowledge of fading amplitudes. Fig. 4.10 com- 

pares the performance of the sum-product iterative decoder for Gdager codes in flat 

Rayleigh fading channels with the performance of it erative decoders for short frame 

turbo codes [3]. 

If the channel state information is available to the decoder, its performance im- 

proves significantly as shown in Fig. 4.11. In particular, suppose the fading amplitude 

a is known. Then in (4.10) and (4.11) instead of y[ the decoder uses a y l .  

4.5.3 Decoder complexity 

Fig. 4.12 shows the mean (left) and the standard deviation (right) of the number of 

iterations performed by the decoder. The mean and standard deviation of decoder 

operations decreases very rapidly as channel signal-tenoise ratio increases fiom low 

to medium values. One way to combat large variations of the decoder computational 

effort is to introduce buffering structure as proposed in Section 3.6. Another method 

is to implement a time-out mechanism when the decoder declares a failure when the 

algorithm does not converge after a certain number of iterations, at the expense of 



Figure 4.10: Flat Rayleigh-fading channel, no channel state information: (a) ( N  = 
1536, K = 192, -) Gallager code; (b) suboptimal MAP decoding of rate 112 turbo code 
with interleaver length 192 and constraint length 4 [3]; (c) suboptimal SOVA decoding of 
rate 112 turbo code with interleaver length 192 and constraint length 4; (d) suboptimal 
MAP decoding of rate 112 turbo code with interleaver length 192 and constraint length 
3. 

increased data error rates. 

In our experiments with iterative decoding of Gdager codes we observed that 

most errors result from the algorithm7s non-convergence. Each decoded data frame 

was compared with the transmitted data frame knd aU errors if such occur, were 

counted. FVe have to emphasize that we have not observed any statisticdy significant 

number of errors due to incorrect decoding. Algorithm7s non-convergence, on the 

other hand, produced all the frame errors in the simulations. Hence, a good strategy 

to reduce the miable decoding effort is to detect potential non-convergence behavior 

as early as possible and either declare a h e  erasure or send a re-transmission 

request . 
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Figure 4.11: Performance of an (iV = 1536, K = 192, -) Gallager code in flat Rayleigh- 
fading channel with channel state information. 
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Figure 4.12: Left graph: rnean of decoder iterations. Right graph: standard deviation of 
decoder iterations. 



Chapter 5 

Summary of the thesis and future 

work 

5.1 Summary of results 

In the present work we studied applications of short frame Gallager codes in CDMA 

systems. The distinct feature t hat distinguishes the proposed scheme from similar 

applications of error control coding in CDMA systems is the iterative decoding algo- 

rithm that combines low decoding complexity with powerful performance in a variety 

of communications channels. We studied both the theory of short frame Gallager 

codes and the performance of practical decoders, and found that these codes have 

distinctive properties that make them particularly suitable for implementation as an 

error-control scheme in wireless CDMA systems. 

We dkcovered a c l w s  of low rate Gallager codes, namely, { N ,  -, 3 )  codes, that 

exhibit strong performance in A WGN and fading channels for short user  data frarnes. 

The strong performance of these codes in AWGN and fading channels supports more 

users in a CDMA cell with the required level of the Quality of Service compared with 

conventional CDMA systems and other previously reported CDMA systems that use 

an enhanced error-control coding to mitigate multiple access interference and channel 

noise. This class of low rate GaIlager codes maintains an excellent perfolplasce for 

short user data b e s  (192 bits) and hence the delays associated with encoding and 



decoding of these codes are consistent with data delays in speech-oriented CDMA 

sys tems. 

We ànvestzgated distance properties of {Pi, -, 3) Gallager codes. We found the 

typical minimum Hamming distance of the ensemble of {N, -, 3) Gdager codes 

and derived bounds on the average number of codewords having certain Hamming 

weight. We used these bounds to derive upper bounds on block error rate of the 

maximum-likelihood decoder for {N, -, 3) codes. Comparing the block error rate 

bounds for {N, -, 3) Gallager codes with malogous bounds for other types of codes 

proposed for error control in CDMA systems shows that Gallager codes are expected 

to have a better performance with maximum-lilcelihood decoders. This resdt was the 

motivation for the proposed error correcting coding scheme. Furthemore, as some 

recent results indicate, iterative decoding of many random-like codes is expected 

to have a performance close to the performance exhibited by maximum-likelihood 

decoders. Hence, the theoretical results for maximum-likelihood decoding of {N, -, 3) 

Gdager codes serve as a benchmark for suboptimal iterative decoding schemes. 

We studzed Gallager code-on'ented software and hardware zteratzue decoding im- 

plementation issues. A distinctive feature of Gallager codes is the sparsity of their 

parity-check matrices. The complexity of iterative decoding for a particular code is 

proportional to the density of its parit-check matrix. Moreover, the sum-product 

and min-sum decoding algorithms are highly pardel. Hence, software and hardware 

iterative decoders admit low complexity implementations that take fid advantage 

of the sparsity of the code parity-check matrix and the inherent decoding algorithm 

pardelism. Although we considered a rather specialized case of { N ,  -, 3) Gdager 

codes, these ideas can be easily modified to accommodate a much broader class of 

Gdager codes and block codes in general. We computed the decoder computational 

complexity for low rate Gallager codes and found that the complexity of decoding of 

Gallager codes measured in number of floating point operations per information bit 

per iteration is lower than the complexity of turbo codes and convolutional codes. 

However, one needs to exercise caution here and take into account the variable corn- 

putational effort that characterizes decoding of Gdager codes. 



We proposed certain modifications of iterative decoding aigorithm that help to 

lower the computational complexity of the decoder or to enhance its performance. If 

the decoder operates in the log domain, multiplications transform into additions and 

hence, the overd computational cost of the decoder is lowered. We also investigated 

re-iteration techniques that correct somewhat the type of non-convergent behavior 

exhibited by the conventional iterative decoder for certain channel inputs. 

An increased capacity of a cellular CDMA systern characterizes the introduction 

of Gallager codes as an error comcting technique. We calculated the ceU capac- 

ity of a CDMA system based on the performance of Gallager codes in AWG noise 

and showed the advantages of the proposed system compared with the conventional 

cellular CDMA and similar CDMA schemes with enhanced error-control coding. 

One of the most exciting properties of Gallager codes is their performance in fading 

channels. This p o w e f i  performance makes Gallager codes an excellent choice as an 

error correcting scheme in mobile environment where in many cases fading is a very 

restrictive factor that influences the system capacity. Availability of channel state 

informat ion improves the performance of the decoder significantly. 

A low complezity suboptimal muftiuser iterative decodet shows a significant per- 

formance zmprovement compared with the conventional iterative decoder in multiple 

access channels, while i ts complexity grows only linearly with the number of channel 

users. Such a joint decoder is fairly easy to implement in the reverse link where the 

base station has the information about aU the codes used by users and can accornmo- 

date the increased complexity of the decoders to achieve better overd performance. 

5.2 Suggestions for future research 

We believe that we have not exhausted all the advantages of Gdager codes that make 

them excellent candidates for wireless CDMA application applications. A prac tical 

CDMA system consists of many cells rather than a single cell - the model that we 

considered in this work. Hence, in any practical CDMA system the interference from 

other cells is also an important factor the influences the system capacity. This inter- 



ference is usudy mitigated by assigning a signature P N  sequence to each base station. 

As we obsenred in the course of our work, Gallager codes have a very good perfor- 

mance in Gaussian and interference-limited channels modelled as Gaussian. When a 

multiple cell scenario is considered, Gallager codes will combat the interference fiom 

other-cell users in the same manner as from the same-ce11 users. The ability of Gal- 

lager codes to mitigate such interference hinges on the fact that any two Gdager 

codes are samples from the ensemble of random codes and as such, are not alike. The 

supply of parity-check matrices for Gdager codes is practically unlirnited and they 

are extremely easy to generate. Each mobile can be assigned a Gallager code with 

which it can operate anywhere without being under severe interference from other 

mobiles. This fact may lead to lowering costs of planning and implementing cellular 

networks. Hence, it is interesting to consider a multicell CDMA system that exploits 

these properties of Gallager codes. 

It is important to understand the critical properties of a code that lead to good 

performance with iterative decoding algorithms. In our work we experimented with 

many constructions for Gallager codes before we anived at Construction 2 (Chapter 

2) that produces codes for which iterative decoders work surprisingly well. In a sense 

this good performance was counter-intuitive since the parity structure of {N, -, 3) 

codes is in fact weak, i.e., each symbol (site) is connected to very few checks in the 

Tanner graph. One would conventiondy expect better performance for codes in 

which each code symbol participates in more checks. This, however, is not the case 

for Gdager codes. As parameter k in { N, -, k) Gdager codes increases, the perfor- 

mance deteriorates very fast. In our opinion, this may be due to the fact that more 

complex parity-check structure leads to a reduced "stability" of the algori th,  i.e., a 

powerful check set will try, for example, to maintain the value of the site connected 

to it ignoring to a large degree the messages propagating from other check sets that 

indicate that the site is in error. To explore the dependency between complexity of 

check sets and code performance would be a very interesting and promising topic for 

future research. 

Non-convergent behavior of turbo codes is presently a popular research t opic. 



There is very little known in the area and only few theoretical results are available. 

The sum-product and min-sum algorithms always converge if a graph, e.g., a Tanner 

graph, that represents a code has no cycles. Tanner graphs for Gallager codes and 

turbo codes codes usudy have cycles. lterative decoding works well for these codes 

but the convergence is not guaranteed anymore. To understand the non-convergent 

behavior of iterative algorithms one needs to discern specific characteristics of chan- 

nels inputs that lead to this effect. Gallager codes may be uniquely positioned to be 

a stepping stone to solving the problem. In particular, there is a theory why Gallager 

codes work and many of their properties have been described. Perhaps, an interest- 

ing approach to this problem is to mode1 the operation of iterative decoders as an 

evolution of a dynamical system. Recently, Richardson applied a dynamical system 

approach in [77] to iterative decoders and obtained some interesting results on the 

stability of the resulting dynamical system and the proximity of iterative decoding to 

maximum-likelihood decoding. 

Another interesting research direction is to investigate further the performance 

of Gdager codes in fading channels. Constmction 2 of Section 2.3 yields a class of 

Gdager codes that have good performance when iteratively decoded in Gaussian and 

fading channels. The theoretical hdings of this work and the work of MacKay and 

Neal [20] lend support to the argument that this is to be expected for generalized Gd-  

loger codes. Construction 2, however, was optimized for Gaussian channels. Hence, 

it is interesting to search for other constructions that may have better performance 

with iterative decoders in fading channels. 

In this work we primarily investigated short frame Gallager codes. Hence, our 

study was primarily aimed at speech-oriented CDMA systems. The emerging market 

in wireless data services imposes different constraints on communication systems, e.g., 

data delays may not be so stringent whereas requirements to the reliability of data 

transmission may be much higher. Available evidence suggests that the performance 

of Gallager codes typically improves as the block length increases. Hence, for data- 

oriented applications one needs to investigate properties of Gallager codes of longer 

block lengths. We shall conjecture that Gallager codes will be strong candidates for 



data-oriented applications. However, the set of parameters that define, and construc- 

tions that yield good Gallager codes for such applications will be dXerent fkom those 

considered primarily in this work. 

Joint multiuser detection/cancellation is yet another topic that warrants further 

investigation. The complexity of the optimal multiuser iterative decoder is exponen- 

tial in the number of simultaneously detected users. A suboptimd decoder that we 

considered in this work has low complexity and offers significant performance advan- 

tage compared with the decoder that would detect each user separately. By modifying 

the decoding algorithm to the effect that messages (probabilities) fiom one user can 

propagate to other users in the joint decoder, the overall performance can be im- 

proved at the expense of increased complexity (that still can be below the complexity 

of the optimal joint decoder since one can choose the amount of additional information 

available to the decoder). Since the complexity of component iterative decoders is 

low, this may potentially lead to an advance of powerful multiuser iterative decoding 

algori t hms . 



Appendix A 

The min-sum algorithm for 

Gallager codes 

1.  Inztializatzon. For each site 2 of the received sequence y we initialize p: to the 

negative log-likelihood that the noise vector has 1 in position 1 (i.e., it %psn 

the transmitted bit); and pp to the negative log-Iikelihood that the noise vector 

has O in position 1. Elements qil, ril and rLl are all initialized to O. 

2 .  Iteration. 

Site-to-check-set propagation (Vertical Step). The algorithm runs over the 

matrices Ro and R1 column-wise and cornputes elements of Qo and Q1 

(hence the name "vertical stepn ). Let s(1) be the set of row indices of 

non-zero elements in 1-th column of H. Then, 

and 

, where s(l)\k denotes the set s(2) with the element {k) excluded. In the 

fkst iteration the vertical step initializes the elements of Qo and Q1 that 



may assume non-zero real values (these are determined by the structure of 

H) to an appropriate dues of pp and p i ,  respectively. 

O Check-set-to-site propagation (Hontontai Step). The decoder runs over Qo 

and Q ' row-wise and computes the entries of RO and R1 (hence the name 

u h ~ n z ~ n t a l  step"). Let E ( k )  be the set of column indices of non-zero 

elements in the k-th row of H. Then, 

and 

where E(k)\l denotes the set E ( k )  with the element (2 )  excluded. 

3. Temination. After the vertical and horizontal steps the posterior log-likelihoods 

qp and are computed as foUows: 

and 

If qp < q: then ni = O, otherwise ni = 1. Let ii be the tentative noise vector 

produced by the algorithm. If Î i  has the same syndrome as y ,  the decoder 

stops, reveals n = ii and outputs x = + n; otherwise it proceeds with the 

next iteration step. 
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