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Abstract 

In longitudinal studies repeated rneasurements of exposures and response are made on 

individuals to assess the relationship between them. These repeated measurements of 

response collected fiom individuals ofien exhibit more similarity within individuals than 

among individuals. Such clustering can be accounted for in the statisticai model by 

incorporating within subject correlation or by allowing the fixed effect parameters to 

have probability distributions. In this thesis the effect of ignoring such clustering on the 

estimation of the fixed effects in a linear model are explored. The fixed effects (slopes) 

c m  be estimated without bias, but the variance of estimated slopes may be over- or 

under-estimated if the within subject correlation is ignored. This may lead to a biased 

conclusion about the fixed effects. The direction of the bias may depend on the relative 

sizes of the correlation in the exposure and response variables. 

This thesis also explores the factors related to the identification of random effects or 

AR(1) correlation. The factors studied include the number of individuals, the number of 

repeated observations, the variance of the predictor variable and the variance of the error 

term. The results from this study will be usehl in the evaluation of fixed effects. and in 

the design of a study, which identifies clustering phenornena. 
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Preface 

The methods of longitudinal data analysis have k e n  studied for decades (Ware 1985). 

The essential point of such methods is the proper treatment of the cluster phenornenon 

which occurs when observations within clusters exhibit more similarity than between 

clusters. The correct method of dealing with such phenornena is to include certain 

variance components. such as auto-regression (AR) correlation andfor random effects 

into the statistical model. However it may not be very clear whether AR correlation, 

random effects or both should be inc!uded in the data analysis (Jones 1990). A practical 

way to identim these components is through hypothesis testing. If a component is found 

significant, it will be included in the model. Othem-ise. it will be excluded. This study 

will examine the consequences of ignoring clustering and explore the power to identi& 

random effects and AR(1) correlation in modeling a longitudinal data set. 



Chapter 1 
An Introduction to Longitudinal Data Analysis 

1.1 Longitudinal study and longitudinal data 
In a follow-up study or a clinical trial, a subject is usually assessed several times over the 

study period, and the outcome variable and some CO-variables are measured repeatedly. 

Therefore, each subject bas a series of measurements. This type of study is usually called 

a longitudinal study. In contrast. a cross-sectional study only measures a subject once: 

there is no foilow-up and no repeated measures. The information collected fiom a 

longitudinal study is called longitudinal data The simplest longitudinal data might only 

contain two repeated measurements, one measured at baseline and the other measured at 

the end of the study. In general. a longitudinal data set c m  be expressed as: 

Table 1 - 1. Layout of a longitudinal data set 

ID. Repeated # Y ii xyk 



The outcome variable y, is t h e y  response of the th subject and xjIk is the th covariate for 

the il'' measurement, and i=l , ..., n, and j= 1. .. . , nl and k l  , ..., p . where n is the total 

nurnber of subjects, ni is the total number of repeated measurements on the ilh subject and 

p is the number of covariates. The information from a subject can be expressed as a nix 1 

vector. Yi _ for response and a nixp maaix, xi , for the covariates. The response variable, 

Y. and covariates, X, both can be continuous or discrete, and the X can be t h e  variant or 

fixed at the Saseline. For example. variables such as initial age and sex are fixed, whereas 

nutritional intake at a tirne point is time variant. Covariates rnight be the same for al1 

subjects at the same tirne point, such as time (t), or an air pollutant, which would be the 

same for al1 subjects who are living in one area. 

1.2 Longitudinal data analysis 
Since measurements or observations fkom the sarne subject are usually more similar to 

each other. these observations are correlated with each other and not with observations of 

other subjects. This is usuaily called clustering, or within- subject correlation. To fmd the 

relationship between a response Y and a predictor X we have to consider this correlation. 

Classical modehg rnethods such as ordinary Ieast square (OLS) are based on the 

assumption that each observation is independent, and thus are incapable of handling 

longitudinal data. A variety of rnethods have been developed to properly account for this 

correlation. such as Generalized Least Squares (GLS) and Generdized Estimating 

Equations (GEE). Using these methods to analyze a data set is called longitudinal data 

analysis, in which the within subject correlation is handled appropriately. 



1.3 Example: Asthma follow-up study 
Asthma is a chronic disease characterized by repeated attacks of wheezing and 

breathlessness. Each attack may be related to exposure to a specific allergen such as 

pollen or fungal spores. Some environmentai pollutants such as ozone (03) and nitrogen 

dioxide (N02) may increase the sensitivity of the respiratory tract to the allergen. As a 

result. exposure to air pollutants may lead to an exacerbation of asthma. To test this 

relationship, a longitudinal study was conducted in Winnipeg, Canada, between 199 1 to 

1993. There were 59 patients in Winnipeg enrolled in the study. Peak flow was measured 

everyday for each patient over the study period. Also recorded were the daily medication, 

asthrna symptoms, medicd service needs. and concentration of environmental factors. Al1 

patients were observed for approximately one year, resulting in about 365 response and 

covariate rneasurements. 

An exploratory analysis showed that each patient had a very different mean level of peak 

flow rate over time. Some patients were consistently high whereas some were 

consistently low (see Fig 1-1). This fact suggests that there exists clustering in the peak 

flow rates and that using OLS to estimate the relationship between peak flow rate (Y) and 

its predictor (X) would be inappropriate. The relationship between the peak flow rate and 

the daily 0 3  concentration was explored as follows. 

Table 1-2 lists the results fiom a regression analysis of peak flow on daily ozone level for 

each subject for a subset of 19 patients. We find that the estimated slopes are quite 

different: some are negative while others are positive, and some are significant while 

others are not. This suggests that there may be heterogeneity across the patients in their 

response to ozone exposure. Therefore, the use of random slopes in the statistical mode1 

should be considered. 



Table 1-3 lists the results fiom an auto-regression analysis for each subject. It shows that 

many subjects have significant first order auto-correlation, and al1 except 3 have positive 

correlation. This fact indicates that we may need to consider AR correlation in our 

analysis of the relationship between peak flow and its predictors. 

In the following chapters, we wil1 try to identify and understand the appropriate way of 

handling these data. In Chapter 2, the most commonly used models and estimation 

methods from this field will be reviewed. The consequences of ignoring the within 

subject correlation in a real data analysis will be examined explicitly with some 

simplified cases in Chapter 3. In Chapter 4, factors which rnay influence the 

identification of random effects or AR(1) correlation will be explored, based on the 

asymptotic Wald test. In chapter 5 a data set will be analyzed and used to illustrate the 

alçebraic and simulation results h m  earlier chapters. Chapter 6 will consist of some 

concluding remarks as well as a discussion of possible extensions and limitations of the 

techniques in this study. 
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Figure 1-1 Daily peak flow in Spring season of patient with asthma 



Table 1 -2. Results fiom linear regression anal y sis of 
the evening peak flow on daily ozone level by patient 

(a part of the results) 

Patients (ID) Intercept St Error P-value Slope (03)  St Error P-value 

1 333 3.234 0.000 1 -0.966 0.330 0.005 



Table 1-3. Results fiom Auto-regession analysis of 
the daily peak flow within the spring season by patient 

(A part of the results) 

AR( 1 )* 

ID Coefficient Std Error t Ratio P-vaiue 

1 0.373 0.123 3.038 0.002 

2 0.027 0.132 0.201 0.841 

19 0.046 0.132 0.346 0.720 

* : First order auto-regression correlation. 



Chapter 2 
Methods of Longitudinal Data Analysis 

Analysis of a longitudinal data set mainly involves two procedures. First is the selection 

of a statistical model. Second is the estimation of the parameters in this model. In this 

chapter. we wili first describe the statistical models? and then review the estimation of the 

parameters. 

2.1 Statistical Models 
Three types of models have been defined according to Zeger & Liang (1 986). They are: 

marginal models (or population average models). random effects models (subject specific 

models), and transition (Markov) models (auto-correlation models). These models could 

be combined together to be known as the rnixed model as used in the statistical software 

package, SAS (SAS Inc. 1997). This t e m  is used very often in the context of parameter 

estimation. The linear mixed model can be used to describe linear response data, and the 

generalized linear model or the generalized linear mixed model can be used when the 

responsr variable is continuous or discrete. However, for simplicity, we will descnbe 

three types of models separately and the mixed model will be described in Chapter 2.2. 

2.1.1 Marginal models 

The marginal model approach attempts to find estimates of fixed effects by considering 

within- subject correlation. The model is defined as: 



where n is the number of subjects and n, is the nurnber of repeated measurements for the 

i" subject; p,, is the marginal expectation of y,), which is related to x,, by a link 

function. g(.). vij is the variance h c t i o n  of p 0 (a known function) and 4 is a dispersion 

factor which accounts for the variation of Y not explauied by vij. Cov(y, . y,, ) is the 

covariance between any two repeated measurements. which is a function of pij and a. 

The parameter a is a vector which reflects the type o f  within subject correlation. 

For a linear model. g is an identity link, we have: 

For a b i n a .  response. we can have a logistic model 

where v(p,)=p,(l-@,and ( = l .  

The focus of the analysis for this model is to estimate the population average, or the fixed 

effects. The within subject correlation is treated as nuisance information. The regression 

coefficients have the same interpretation as coefficients fiom a cross-sectional analysis. 



2.1.2 Randorn effects model 

This model assumes that the within subject correlation is due to naturai heterogeneity in 

the regression coefficient across subjects. It can be expressed as: 

where fij is a conditional expectation, g(.)  is the lînk function that transfers the fi to be a 

linear one. p is a fixed effect for the population, and b, is random effects for each individual. 

rij is a 1 x q vector, a subset of predictor x, . Conventionally. 6, is defined as a q x 1 random 

vector fiorn a multivariate normal distribution with zero mean vector and covariance matrix 

G. 6, - N(0 .  G) . This model attempts to address both the regression objective and within 

subject correlation simultaneously. After accounting for the random effects, that is, given b, 

residuals are assurned to be independent. 

For the continuous response. we wi1l have 

y,, = x J + z , , b ,  + e , .  

For the binary response: 



2.1.3 Transition (Markov) models 

This model (Diggle, Liang & Zeger , 1994) assumes that the within subject correlation is 

due to auto-regression. The current response is thought to be influenced by previous ones. 

The model can be expressed as follows: 

f,. (y,-, .....y,, ) . and H, = y,,_,# ...., y,, is the history of previous observations. Here, ,û is 

the fixed effect and a is the auto-regression coefficient. As in the random effects model. 

this model attempts to address botb the regression objective and the withh subject 

correlation simultaneously. 

For a linear AR(1) model, we ni11 have 

where. e, - N(0 ,  o: ) . 

For a binary AR(1) model, we have 



log[,uii 4 1  - p, )] = x,p + a * y,, ,, - 

The above three models suggest three strategies of handling the within subject 

correlation. However. in the context of parameter estimation, they are usually cornbined 

together as the mixed model. The following is a review of the methods to estimate fixed 

effects. variance components, and random effects. 

2.2 Estimation of the fixed effects 
There are a variety of estimation methods developed. The most popular ones are 

(1) the generaiized least squares (GLS) (Diggle, Liang &Zeger, 1994) 

(2) the generalized estimating equations (GEE) (Zeger & Liang, 1986) 

(3) the generalized linear mixed model (GLMM) (Wolfinger & O'Comell, 1994). 

GLS is the foundation of these methods. Both GEE and GLMM methods are extensions 

of GLS. 

2.2.1 Generalized Least Squares (GLS). 

When the response is continuous and assurned to have a normal distribution, the 

statistical models in section 2.1 can be cornbined as a linear mixed model 

Y = , v +  E 

and Y - . k fW(Xp,  V )  

T r r  where Y =  (y, ...., , X =(x: ,..., xi ) '  and E = ( E :  ,..., E : ) ~ .  y, and El (i=l, ... n) 

are the n, x 1 vector from the i" subject. Correspondhg to the different statistical 

models. E, takes different formats. For the marginal model, it is equal to E, . For a 

random effects rnodel. it takes the form of b, zi + ei , and for a transition model, it 

becomes a, * (p)  + e, . x, is an n, x p matrix of explanatory variables, and p is the 



number of explanatory variables. B is a p  x 1 unknown coefficient vector of this 

regression model. z, is a n, x q matrix, a subset of xi; Vis  a block diagonal matrix, 

v = diag[V, ,.Y, ... Y, 1, where, is a covariance matrix for vector y , ,  and al1 the 6 have the - 
same structure defmed by the user. The formula for the GLS estimate of P is given by 

When = I,o,', the GLS estimates are the ordinary least square estimates (OLS), 

B = (x' x)-' X' Y .  For a marginal model or transitional model, Y,  = R and for a 

random effects model. Y,  = r , ~ z '  + IC:,  where R usually refen to a non-diagonal 

matrix, a correlated error structure, and G is a variance matrix of b (see section 2.1). In 

the SAS software the procedure MIXED permits a variance structure with both random 

effects and a correlated error structure such that V ,  = ,GZ: c R . There are other types of 

estimation procedures such as those suggested by Swamy (1970) and Gumpertz & 

Pantula ( 1989) that actuaily are special cases of the GLS. 

2.2.2 Generalized estimating equation (GEE) 

To handle a discrete response, the Generalized Linear Mode1 (GLM) (McCullagh & 

Neider 1989) was extended to become the Generalized Estimation Equation (GEE) 

(Liang & Zeger 1986), which uses the quasi-likelihood technique (Wedderburn, 1974). 

Given a generalized linear model, 



The score function of a GEE for is of forrn 

where D, = dp, /dpT . and y = A:' 3, (a)~:" is an approximate covariance matrix for yi 

where si = kzg[Var(yil ). .... Var(yi, )] and Ri(<') = corr(yi) is an ni x ni "working" 

correlation matrix; and a represents a vector of parameters associated with a specified 

model for c o r a i ) .  When %(a) is the identity matrix, the GEE approach becomes the 

GLM model. When the link function g is the identity link GEE is GLS. The format of 

.)?(a) can be defined according to the nature of data. The solution requires numencal 

methods, such as Newton Raphson iteration. 

The GEE approach only estimates the fixed effects, not the random effects. The 

following Generalized Linear tMixed Models (GLMM) are able to estimate the random 

effects. 

2 - 7 3  Generalized linear mixed model (GLMM). 

The Generalized Linear Mixed Mode1 (GLMM) is a further extension of GLM to a mode1 

containing random effects. Several methods have been proposed to estimate the random 

effects when the response is non-linear. The most commonly used approach is the 

pscudo-likelihood method (Wolfinger & O'Connel1 1994). The estimation procedure can 

be described as follows. 



Given a random effects mode1 , 

i\.hich is nssumed to follow a multivariate normal distribution. Given f l  and bi 

where. W l  = [ g  ' ( p , ) ] - ' ~ - '  and St(a) is the working correlation mauix for ib subject. 

When _o is an identity link, vl  is equal to y , .  Now fl ,  b, and the variance components of 

43:; ( u )  can be estimated based on the new response variable v and its variance covariance 

mritrix V (LJ, ) using the GLS approach described in section 2.2.1. It is easy to see, when 

b,=O the mode1 is the GEE, and when g is an identity link the mode1 is the GLS. 

To estimate the fixed effects we need to estimate the covariance matrix. We may also be 

interested in these variance components for their own sake, such as to know the size of 

the auto-correlation or intra-class correlation coefficient. The following section describes 

the estimation of these variance components. 



2.3 Estimation of variance components 
There are different methods to estimate the variance components. In this section we will 

only describe the maximum likelihood method including both the unrestricted maximum 

l i  keli hood (ML), and the restricted (residual or  reduced) maximum likelihood (REML) 

methods. 

2.3.1 Maximum likelihood (ML) method. 

Gi\.en a linear mixed mode1 (see section 2.2.1) the log likelihood function of Y is 

B y differentiating with respect to components of V, Say, a,, ( p i  ,..., v), 

where the trace is th: sum of elements on the diagonal of the matnx, and v is the number 

of the variance components in V. By equating this to zero, we obtain the estimating 

equations. Since the equations contain unknown fixed effects B. the variance components 

and have to be estimated by iteration. 

3.3 -2 Restricted maximum likelihood method (REML). 



The REiML estimator is a maximum likelihood estimator based on the residual, Le., 

Y '  = Y - X ( X ' X ) - '  X ' Y  , where Y* has a singular multivariate Gaussian distribution 

with mean zero. The process of estimation could be described as conditional estimation 

given fixed effect 6 . Corresponding to the formula (2-7) for ML estimation, the log- 

l i  kelihood function for EEML estimate is (see appendix for derivation) 

I = -+ N log(?@ - :lojI~I - f I O ~ ~ X ' V - ~ X I  - $ ( y  - X B ) ~ V - ' ( ~  - XD), 

(2-8) 

which can be solved by differentiating with respect to each variance component in V, and 

equating to zero. 

2.4 Estimation of the random effects 
After we obtain the estimators of fixed effects and variance components, we are then able 

ro estimate the nndom effects for the i" individuai with the following formula 

This formula is obtained using the conditional expectation method under a multivariate 

norrnali ty assurnption (see appendix). 

2.5 Inference 
There are two types of tests in modeling a longitudinal data set. One is the test for fixed 

effects, and the other is the test for random effects and AR(1) correlation. The latter is 

realized by exarnining whether the variance of the corresponding random effects for a 

variable or the AR(1) correlation coefficient is significantly different from zero. Both 

types of tests are based on large sample theory (asymptotic normality). 



2.5.1 Hypothesis test for fixed effect 

To test the fixed effects a Wald test or an F-test may be used. With the estimated variance 
.. Li 

covariance matnx of 8. two types of approximate tests for Ho: Lfl=Lfl, are as follows. 

First the statistic for a Wald test is given by 

where L is a q x p matrix of linearly independent rows that is used to define the 

hypothesis to be tested. The W statistic is approximately distributed as X: with degrees 

of freedom ~=rank(L). The estimate of the covariance matrix in the middle can be either 

model brised or a robust estimate (Royall, 1986). When the model is not known with any 

certainty, the robust estimate of variance is preferred. This test is usually used when the 

number of subjects is large or the correlation matrix is known. When the sample size is 

not large, the F-test is preferred. The statistic for an F-test will be 

This F will be approximately distnbuted as an F,, , 2 ,  where V I  = rank(L) and v 2  =the 

degree of freedom used to estimate L C O V ( ~ ) L ~ .  In simple cases, v 2  cornesponds to the 

degrees of freedom required to estimate the dispersion factor @. In more complex cases, 

we must approxirnate ~ 2 ,  using a Satterthwaite-type procedure (Searle et al. 1992) . 
Obviously, when d = 1 ,  the F test will be equivalent to a t test and the chi-square test to a 

2-test. 



2.5.2 Hypothesis test for a variance component 

To test a variance component the estimated components are assumed asymptotically to 

fol low the Gaussian distribution (Harville 1977) . The covariance matrix of this 

distribution is the inverse of the observed Fisher information rnatrix. The Wald test is 

also applied, and the Z ratio is calculated as 

wherc &j is an estimated variance component, r = 1, ..., v ,  where v is the number of 

variance components. This Waid test of the covariance is only valid asymptotically. 

When the sample size is srnall the distribution will not be Gaussian and is usuaily a 

skewed or bounded sampling distribution (SAS institute 1997 ). 



Chapter 3 
Influence of Ignoring Within Subject Correlation 

In general, ignoring within subject correlation (or clustering) in the analysis will lead to a 

biased variance estimate of an estimated fixed effect, and thereafter a biased conclusion 

about the fixed effect. Zeger & Liang (1  992) compared the variances of estimated P from 

the estimation with and then without considering the within subject correlation. They 

found that ignoring a positive correlation leads to an under -estimation of the variance 

while ignoring a negative correlation leads to an over-estimation of the variance. This 

can lead to gossly incorrect inferences about regression coefficients. However Zeger Br 

Liang only investigated this problem for a simple regression case in which a Gaussian 

response is a linear function of time and the errors follow a first-order auto-regression 

model. Whether the trend is true for the other models or for other types of predictors is 

not very clear. We will further explore this problern in this chapter. 

Consider a linear model 

T T T where 1- = (-L., .....in )' , -Y = (x, ..... x i  )' , E = (E, ..... EL ), 1; and c i  (i=l,. . . n) are the 

ni i 1 vector from the ih subject, q is the number of repeated measurements, and xi is a 

design matrix of the i* subject. The variance of Y is a block diagonal matrix, 



where, 1 '; = For this rnodel, the GLS estimator of the fixed effects p will be 

- - (xTc--1x)-I ~ r ~ r - 1 ~  (3-3) 

and its variance is 

if we assume that al1 the observations are independent, that is, the within subject 

correlation is ignored, we will have the ordinary least square (OLS) estimator 

and the variance o f  this estimator, which is the one provided by an ordinary regession 

analysis procedure such as REG in SAS, is 

However, when the repeated observations are not independent, the variance o f  the OLS 

estimator is 

Zeger & Liang (1 992) refer to these three variances, vm(6 '=), var(6 and 



r h - ( P  Ou ) as the variance of the efficient estimate, the variance reponed by OLS and the 

true variance of the OLS estimate, respectively. 

Both estimators of p are unbiased. That is, 

- GU ~ ( 6 ~ " )  = E ( P  ) = p .  

To study the potential consequences of ignoring the within subject correlation, we will 

investisate the relative size of these three variances for three models: the cornpound 

symmetric, M(1) and random effects rnodels. An analytical study will be performed for 

compound symmetric models and a simulation study for some AR(1) and random effects 

models. 

3.1 Ignoring compound symmetric correlation. 

Consider a linear mode1 

y; =x;p t E ;  

and 

where y, and E; are ni x 1 vectors, i= 1 ,.. n, xi is a predictor rnatrix. P is an unknown 

parameter vector, and p is the compound symrnetric correlation coeff~cient. 



To simplify the formulas, we assurned that ni = 2 and that there is only one predictor 

variable, X, in the model, which has been centered to have mean zero. The value of p, is 

not changed by centering (see appendix). The Bo will be different, but it is not of interest 

to us. Therefore, in this chapter we tvill always explore our question based on the 

centered data. The GLS estimator of P and its variance are 

and 

Correspondingly, the OLS estimator is 

and its reported variance is 

-ou However, when p s O ,  we have that the true variance of p is 



To explore potential b i s  due to ignoring the within subject correlation, the differences 

betsveen the three variances will be explored by considering some special cases. 

Case 1. If xi, = xi. - = xi , that is, it i s  a cross sectional variable, we will have 

And the difference benveen h r ( 6  O") and Lkr'(p'OL") is 

The difference between V ~ ( B O = )  and Viar(fiGti) is the same as the above because 

kv-(pGu) is the sarne as ~ . a r ' ( t ~ ~ ) .  For this case, ignoring the within subject 

correlation will not have any impact on the estimation ofp, . but the variance of this 

estimator will be under-estimated and the associated t ratio will be too large if p is 



positive. This wili result in confidence intervals that are too narrow failing to provide the 

normal coverage and significance tests which reject too often the true nui1 hypothesis. 

The opposite effect will resuIt from a negative p . 

Case 2. I f  (xi, + xi:) = O ,  that is, x is a balance designed treatment, the estimator of p, 
and its variance are 

We see again that ignoring the within subject correlation will not have any effect on the 

estirnator of pl  . and the difference between ~/ar(p'~~) and var(p' is the sarne as that 

- o u  benveen I hr(poLC) and Lbr'(P ) . The direction of bias in the estirnated variance will 

-ou depend on p . If p is positive, Vm(fioti)  will always be greater than Far'(P ) .  This 

is esactly opposite to case 1. 

Case 3. For non-special cases, GLS and OLS will produce different estimators of P and 

their variances wiIl also be different, as s h o w  in formulas 3-1 1 to 3-15. The differences 

behveen variances are 



and 

We can see that 3- 16 and 3- 17 cm be easily derived from 3- 18. This shows that the 

direction of bias will also depend on the corretation between repeated X values. 

Given p is positive, ~br- ( f i*~)  will be greater than bbr'(fi0") if the correlation is 

negative. or vice versa. To see the direction of the difference more clearly, w e  assume 

n n n 

that x i  = x,; and r.. v = O (j= 1 ,2), and define for the finite population of X 
r:I 1.1 i-1 

values the variance and correlation as: 

Then the above hvo differences can be expressed as 

- TXP - P,) r,ar($ -c.'ar(BGu) = 
2 t 1 0 3 l  - pp,) 

and 



When p is positive, the direction of the difference depends on the relative size of p, 

and p . If p > pc , b r i r ( f i  Ou) will be greater than &r(p^ Ou). However. the difference 

between Z ~ ( ~ O ~ )  and kbrœ(6 depends only on the signs of p, and p . Both 

having the same sign will lead to an under-estimated variance while a difference in signs 

will lead to an over-estimated variance. Case 1 irnplies a correIation of = 1 ,  and case 2 

implies a correlation of p, = -1, where both differences are equa1. 

3.2 Simulation 
ln the  above section we used algebra to show the effect of ignoring the within subject 

correlation on the variance of the estimated slope for a compound symmetric model. To 

explore this problem for a model which contains M ( 1 )  correlation, random effects, or 

both, a simulation study was performed. From the algebraic anaIysis, we found that the 

variance of an estimated fixed effect was also influenced by the within subject 

correlation of the predictor variable X, and its size relative to the correlation of the 

response variable Y. Therefore, two sets of simulation were performed in this section. 

3 -2.1 Generation of random sarnples 

The true model is designed to contain both the random effects and AR(1) correlation as 

where 



The random samples were generated from this model and then fitted to four models: the 
? 

correct model, a model with only random effects, o, a model with onIy AR(l), and a 

linear model without both random effects and AR(1) (i.e., OLS). 

In the simuiation to examine the complexity due to the correlation in X, repeated 

j -4: 2 measurements of .ri, were made to be AR( 1 ) correlated, that is, Cov(x,x, ) = p, o , , 

where p.< is the auto-correlation coefficient in ycr j is the variance of X. The samples 

were then firted to the model with/without AR(1). 

Auto-correlated U,, or xij were generated as follows 

1 )  Generate the first observation, or x i , .  from a normal distribution, N ( O , G ; ) ,  

E = U,.Y 

1) Generate an r;. from a normal distribution N(0, . a ,' ), where 

,.of =o , ( l -p ' )  and .a l  = o f ( l - p l )  

3 )  Calculate the next residuals with CI, = pug-, +e:, or .r, = p,x,, +e;.  

4) Repeat 2) and 3) untii t observations are generated. 

Parameters used in this simulation are (Po, p, ) = (O,l) ,  C'ar(b,,) = o = 1, O j = 5 ,  

of = 4 .  For other parameters, such as the number of subjects, the number of  repeated 

rneasurements, and p , etc, please refer to the notes beneath tables 3.2 and 3.3. 



3 2 . 2  Results and discussion 

Table 3.1 lists the results from the first set of simulations. Compared with the correct 

model, ignoring M ( 1 )  correlation yields a larger mean of estimated variances, Mean 
A -  

(Var( 6; ) ), while ignorinç randorn slopes yields a srnaller Mean (Var( P ;) ). We also find 

that the absolute differences between the correct model and each of the incorrect models 
A .  

in bfean(Var( P ) ) are different. This difference is much larger when random slopes are 

irnored than when AR(1) correlation is ignored. Var(@) is calculated from al1 the 

estirnated p', and is usually called the m e  variance. The cornparison between Var($) 
A .  

and h;Iean(Var( P i )  ) shows that both variances are very similar if the mode1 is correct or 

if only AR(1) correlation is ignored. However, they are quite different if the random 

slopes are ignored. This indicates that ignoring AR(I) correlation when a model already 

contains random effects will not produce a severe effect on the evaluation of the fixed 

effects, if this AR(1) correlation is less or equal to 0.5. Random effects seem more 

important for the model and ignoring them will lead to large type I and II errors. 

Table 3.2 lists the results €rom the simulation that explored the effect of ignoring AR(1) 

correlation when there is AR( 1 ) in X. We find that ignoring AR(1) correlation will lead to 
I\, 

an increase in Mean((Var( P ;) ) when pp, .  and a decrease when p<p, . We also find that 

6 - 
the absolute differences in Mean((Var( Pi) ) between the correct model and the model 

with AR( 1 )  ignored Vary with the size of p,. When p<p,, the difference is much Iarger 
- *  

(0.003 5 vs 0.00 18). Cornparison between Mean((Var( P,  ) ) and Var( 6) shows that the 

former is always less than the later. This indicates that ignoring AR(I)  correlation will 

lead to an over-estimated fixed effect when both AR(1) correlation coeff~cients, p and p, 

are greater than zero. The differences between the correct models and the models with 

AR(1) ignored are different. It is much larger when p<p, than that when pp,. This 

indicates that bias will increase with the increase in correlation in X. However, if the 



model is correct, that is, AR(1) correlation can be considered in the model, the increase in 

the correlation in X will not be a problern because the similarity between 
A. 

Mean((Var( P i) ) and Var( 6) c m  be seen in both situations. 

3.3 Surnmary 
In this chapter, we explored the effect of  ignoring clustering on the estimation of variance 

of the estimated slopes. For some special cases, the effect cm be assessed analytically. 

Ignoring any of the variance components which were associated rvith clustering will lead 

to a biased variance estimator of t he  estimated dope. This may lead to a biased 

conclusion about the fised effect. Since the fixed effect is estimated without bias, the t- 

ratio of this estimate to its standard error will be Iarger or smaller than it should be if the 

variance is under-estimated, or over-estimated. Therefore, an insignificant effect might be 

found significant, or vice versa. This means that the effect is over-estirnated, or  under- 

estimated. The direction of the bias will depend on the correlations in both Y and X. 

However, this influence may be modified by other factors, such as the change in degrees 

of freedom due to ignoring within subject correlation. 



Table 3.1 Means and Variances of the Estimated Slopes From the simulation 
-- Effect of Ignoring AR(1) and/or Random Slopes on the Estimation of Slope 

when true model contains both AR(1) and Random slopes #. 
(replication of 500, n=25,5 repeated ). 

Cornponents Mean( f i  ~ e a n ( v 2  ) Var( b) * 
ignored ** 

From model 
Nei ther 
(Correct mode[) 

1.00105 0.04839 0.04868 

Random dopes 1.00240 0.01410 0.06424 

Both ignored 1 .O0034 0.01586 0.06636 
( O W  .. 

Note: çalcuiarsd from 500 estirnated 6 . ** mean of 500 estimated variances of fi, . 
#: p =O.S. p, =O and Variance of random siopes 1s 1. 

Table 3.2 Means and Variances of the Estimated Slopes from the simulation 
--- Effect of Ignoring AR(1) Correlation on the Estimation of Slope 

when true model contains AR(1) correlation with correlated X#. 
(replications = I O ,  n=25,5 repeated). 

Tnis mode1 Fitted Mode1 Mean( B, ) ~ean(va;(  f i  ) )** var( BI * 

( O U )  
A 

Note: * calcuiated from 1 0  estirnated /!?, . ** mean of 1000 estimated variances of 4 .  
#: p= AR( 1 )  correlation coefficient of residuals (U); p,= AR(1) correlation coefficient 

of predictor variable (x). 



Chapter 4 
Identification of Random effects orland AR(1) 
correlation 

4.1 Question 

From the algebraic analyses in the previous chapter, we see that if the within subject 

correlation (or ciustering) is ignored. the estimated variance of the fixed effects will be 

biased. Therefore. we may corne up with a too optirnistic or a too pessimistic conclusion 

about the fixed effects. However, for a real data set, it may not be so clear if there are 

rrindom effects, AR(1) correlation, or both. 

Jones (1990) perfonned an explorative analysis of a real data set. The strategy he used is 

similar to the  backward method that is used to screen fixed effects for a model. A starting 

model will contain al1 of the potential variance components which may be able to explain 

the clustering. The non-significant ones will be dropped based on the hypothesis test step 

by step until al1 the remaining components are significant. The final one will be regarded 

as the conect model. In the SAS "Procedure Mixed", the variance components are tested 

based on the large sample theory and the results from the asymptotic Wald test (see 

Chapter 2) are provided. Therefore, Jones' method can be used easily to determine which 

variance components should be included in the model. 

As for a fixed effect, we may want to know when a random effect or AR(1) correlation 

cm be identified. that is, k ing found statistically significant, and which factors will 

influence the identification. Jones commented that sample size was an important factor 



for identifying an AR(1) correlation. if the sample size is fairly large, AR(1) correlation 

may be identified. Otherwise it might be missed, especially when the random effects have 

been in the model. However it is not clear how the power to identify either random 

effects or AR(1) correlation changes with the sample size, the number of repeated 

merisurements, and other factors. 

In this chapter factors related to the power of detecting random effects and AR(1) 

correlation are identified and the size of their influence estimated using logistic 

regression. A formula to estimate power to detect random effects and AR(1) correlation is 

derived based on the asymptotic Wald test. A possible improvement of this formula is 

derived using numerical integration. Finally a Monte Carlo simulation is used to estimate 

power for different levels of the influentiai factors and compared to the power estirnates 

derived from the formula and the numencal integration. 

4.2 Power to Detect Random Effects or AR(1) Correlation 

4.2.1 Formuta 

Assume a linear mixed model with both random effects and AR(1) correlation as follows: 



w here 

Lsing the Wald statistic to test the hypothesis that the variance component is zero (see 

section 2 - 5 2 ) ,  the formulae to estimate the Type 1 and Type II error rates for the test 

foliow: 

P 

and 

The formula to estimate power or sampIe size will satisfy 

Assuming the two variances above are the same, the formula becomes 



where 

The trace is the sum of the elements on the diagonal; r,j, k=i, ..., v, v is the number of 

\.niance components in VarCv,). In this model, we have components af , ai ,O: and p .  

Thus. v=4 in this model. Z, - ,  andZB are the percentiles of a standard normal distribution. 

and a and are the type 1 and II error rates. a: is the r'th variance component and 

O: is the r'th variance component under alternative hypothesis; var(&:) is the variance of 

t h e  estimated variance component which is from the inverse of the information matrix 

about ô:, an asymptotic dispersion mavix (Searle.1992). L is a v*l vector with O and one 

1 elernents to pick up one of the diagonal eIement from the variance covariance matrix. 

In order to estimate the power or sample size, we may assume that â: is an unbiased 

estimate of O:. and then estimate the variance var(&:) by varco i ) .  Therefore, the 

power can be estirnated as 

However, this formula was found biased in estimating power (see section 4.3.3 and table 

4-7). It might be due to the fact that the variance of 6: is a function of itself, (6: ), in 

which the bigger ô; is, the bigger var(6;) will be. As a result. the ratio of 0; to 

4 s  will not be distributed the same as the ratio of a,', to ,/a (see Figure 

4-5 and Table 4-3). Therefore a modified formula to estimate the power is then proposed 

as: 



where 1 is an indicator function. We still assume that 6,' is normdly distributed with 

mean or: and variance varfa;) .  However, each 6; has its own variance. and the 2- 

ratios of 8: to 4- will not belong to the same distribution. According to the 

PROC MKED model, this 2- ratio still follows the standard normal distribution with 

Z,-, being the critical value for the 5% significance level. The power is the integration 

of the  normal density when z-ratio is greater then or  equal to 2,-,, 2 .  

1.2.2 Influentid factors of the power 

Based on the above formulas, the power to detect one variance component will be a 

tùnction of al1 the components. These components are the sample size, the nurnber of 

repeated measurements. the AR(1) correlation coefficient ( p ). the error variance( 0; ), 

the variance of random intercepts(q2). the variance of random slopes(oi  ). and the 

variance of predictor x ( O ] )  . 

To understand how the power to detect random dopes and AR(1) correlation is altered by 

each of the other components (or parameters), we estimated the two types of power 

curves, varying the size of each component. The values used were: n = 15,25; r = 3.5; 



a,' = 0.3: a: = 2.5; 0; = 4.25 . For the power curves to detect random slopes, the ai 

was set equal to values in the range of O to 2.0 and p =O and 0.5. For the power curves to 

detect AR(1) correlation, the AR(I) correlation coefficient was set to values in the range 

of 0.05 to 0.45, and O: = 1.3 . Because the X vector for each subject was randomly 

oenerated from a Gaussian distribution, 20 replications were applied. The power curves - 
will then be drawn from the mean of 20 individual estimated powers. 

Figs 3- 1 and 3-2 display the power curves to detect the variance of the random slopes and 

AR(1) correlation, respectively. Each panel plot shows the influence of one factor on 

power. 

We found that the power to detect the variance of random slopes increases with an 

increase in the number of individuais (n), an increase in the number of repeated 

observations (t), and the variance of X, but decreases with an increase in the variance of 

errors. The power to detect AR(1) correlation increases with n and t and the variance of 

errors but decreases with an increase in the variance of random intercepts and the 

variance of the random slopes. When the total number of observations is equal to 75, the 

power to detect AR(1) correlation wili be higher if we decrease the number of subjects 

and increase the number of repeated measurements. However, a decrease in the number 

of repeated measurernents and an increase in the number of subjects will increase the 

power to detect the random slopes. 



Fig 4-la. POWER CURVE to detect random slopes based on the formula 
N=Sampie Size; t=Repeated Number; sigmauZ=Vanance of error 

Sigrn&=Variance of predictor, X; Sigma1 1 = variance of random intercepts 
Sigma22=Vanance of random slopess 



V a m e  oi Randam Sapes 

Fig 4-1 b. POWER CURVE to detect random slopes based on the formula 
N=Sample Size; t=Repeated Number; sigmau2=Vanance of error 

Sigrn&=Variance of predictor, X; Sigma1 1 = variance of random intercepts 
Sigrna22=Variance of random slopess 



Fig.4-2a POWER CURVE to detect auto-correlation based on the formula 
N=Sample Size: t=Repeated Number; sigmau2=Variance of error 

Sigrnax2=Variance of predictor. X: Sigma1 1 = variance of random intercepts 
Sigma22=Variancë of random slopes 



Fig 4-2b POWER CURVE to detect auto-correlation based on the formula 
N=Sample Size; t=Repeated Number; sigmau2=Vanance of error 

Sigma>O=Variance of predtctor, X; Sigma1 1 = variance of random intercepts 
Sigma22=Vanance of random slopes 



4.3 Simulation 

The above results show that the power to detect random effects and auto-correlation is 

intluenced by a variety of factors. This property is obviously different from that for a 

fi?ted effect. for which only sample size and its own variation will be invotved in the 

estimation of the power. However, the results were based on the normal approximation 

and the assumption that the other factors could be estimated without bias. In order to 

verify these results from a real scenario, a computer simulation was performed. The 

randorn samples were generated given the parameters (factors), and the data were then 

fitted to a mixed mode1 to estimate the variance components and to perforrn the 

hÿpothesis test. By generating a number of replications, we will be able to find the 

empirical power to identify random effects or auto-correlation. The details are as follows. 

4.3.1 Design 

A factoria1 mangement was used in the simulation. Seven parameters were considered 

w hich have been found to be influential for the identification of random slopes and AR(1) 

correlation. Each parameter assumed two levels: high and low. These parameters and 

their values used in the simulation are listed in the following table. 



Table 4- 1. Parmeters examined and their values taken in simulation. 

Parameters Code Value taken 

S m p l e  size( # of individuals)(n) 

rr" of repeated measurements(t) 

AR( 1 ) coefficient ( p ) 

Variance of the predictor, X, ( O,: ) 

Variance of error term (a l )  
Variance of random intercepts (ai ) 

Variance of random slopes( ai ) 

NSAMP 

NREP 

AUTO 

SIGhlAX2 

SIGMA2 

SIGMA1 1 

S IGMA22 

We have a 2' factorial mangement with a total of 128 cornbinations. For each 

combination, 250 randorn sarnples were generated and fitted to a mode1 with both random 

effects and AR(1) correlation. 

Since e x h  parameter has oniy two levels, which can tell us the direction of the effect of 

each parrimeter on the power, we may not be able to verify the accuracy in estimating 

poLver. Therefore an  expanded simulation was also performed. To generate a series of 

power Ievels to detect random slopes, SIGMA22 took the values 0.25,0.5,0.75, 

1.00.1 2 5 ,  1.50,1.75 and 2.00 with al1 the other parameters held fixed. To generate a 

series of power levels for detecting AR(1) correlation, the auto-correlation coefficient p 

took the values 0.05,0.1,0.2,0.3,0.4, 0.5,0.6,0.7 with al1 the other parameters held 

fixed. Correspondingiy, these two power curves were a l s ~  estimated using the formulas 

(Formulas 3-1 and 4-2 ) given the sarne set of the parameters. 

The p-values from the test of the hypotheses of the estimated variances of randorn slopes 

and the estimated AR(1) correlation coefficients were extracted. The power (or type 1 



error rate ) was then calcuiated as a proportion of the samples for which the p-value was 

less than or equal to 0.05. Logistic regression analysis was perfonned to detennine 

whether the estimated difference in power between different levels of the parameters was 

statistically significant. The powers fiom the expanded simulations will be compared 

with those estimated using the formulas with the same set of given parameters. The SAS 

procedure MIXED was used in the simulation. 

4.3.2 Generation of random samples 

(See section 3.2.1) 

4.3.3 Results and discussion 

Distribution of the estimated variance of random slopes 

Figure 4-3 shows that when the true value of the variance is equal to 0' the estirnated 

variances will be highly skewed to the right with a mode equal to zero. However. when 

the true variance is equal to 3, the distribution of the estimates is much closer to normal. 

or slightly skewed to the right. This implies that large sample theory is appropriate when 

the variance is greater than zero. 

Power (or type I error rate) to detect the variance of random slopes 

It was observed that about half of the samples (8830/16000) had a missing p-value for the 

Wald statistic used to test the hypothesis of zero variance of the random slopes when the 

true variance of the random slopes was equal to O (SIGMAZ=O). In these samples, the 

corresponding estimates of the variance were equal to zero. Because the variance of this 

estimated variance' var(&: 1, is a function of itself, the zero estimate will make it 

impossible to compute the inverse of the variance matrix which therefore leads to a 

missing (see section 4.2.1) p-value. When the tnie variance is equal to zero there will be a 

greater chance of simulating samples for which the maximum likelihood estimate of the 

variance is negative or zero estimate. The negative estimates will be automatically 



adjusted to be zero. Therefore, such missing data actually implies that there exists no 

significant random effects. That is, the estimate of the variance is equal to zero or 

negative. No rnissing p-values for the estimated variance of random slopes was observed 

when the true variance of the random slopes was set to 3. This problem also is a 

particular example of a well known problem associated with maximum likelihood 

estimation. When the parameter being estimated is close to the boundary space of 

possible values that usual properties of maximum likelihood estimation such as 

consistency and norrnality may not apply[Casella G&Berger RL. 19901. 

Table 4-2 lists the power (SIGMA22=3) to detect the variance of random slopes or the 

type 1 error rate (SIGMA2M) based on the available non-rnissing results. The power is 

iarger for large n and large t. When the total number of observations was fixed at 75, 

higher power was found when there were more subjects (n=25, t=3) than when there were 

fewer subjects (n=L5) and more repeated observations (t=5). The table also shows that 

the power is also affected by the other parameters. An increase in the variance of the 

predictor. x. and in the auto correlation coefficient will also increase the power. But an 

increase in  the variance of the error term and the variance of the random intercepts lowers 

the power. These results are entirely consistent with those shown in Fig 4-1. 

Note that where the uue variance is equd to zero (SIGMA22=O), the type 1 error rate is 

very smali and in most cases equal to zero. From the formulas in section 4.2, we know 

that the variance of a variance component is a function of itself. The results from the 

simulation clearly show that the variance of the estimated variance of the random slopes 

increases with the size of these estimates (see figure 4-5). As a result, a large estimated 

variance will have a large standard error and lead to a small Wald statistic (2-value). 

When SIGMA22=0, we have some large estimates of the variance, but which have large 

standard errors as well (see table 4-3). As a result, we still obtain an acceptable 

conclusion. However, when SIGMA22=3, the variance will be much smaller when the 

estimate is similar resulting in hypothesis rejection. We may have a reason for this 



phenornenon. When the m e  variance of the random slopes is equal to zero, a large 

estimator of i t  might be due to a large random error, so both will always corne together. 

The latter will lead to a large variance of this estimate. When the tme variance is equal to 

3. the error variance may not always be large. Therefore, it will be possible that the 

variance of the estimate is small even though the estimates are the same size. 

Table 3-4 lists the estirnates from the logistic regression model to find how the levels of 

various model parameters influence power after adjustment for each other. The response 

is coded as 1 if a p-value is less or equal to 0.05, or else it is coded as O. Because of the 

large sample size al1 of the effects observed in Table 4-2 were found to be statistically 

si gni ficant. However the relative sizes of the chi square statistics indicate the relative 

strength of these associations. For example, we see that the effect on power of an increase 

in the number of subjects (n) from 15 to 25 or an increase in the number of repeated 

observations (t) from 3 to 5 or an increase in the error variance frorn 2 to 5 have a much 

greater impact on power than an increase in the variance of random intercepts from O to 3 

or an increase in the auto correlation from O to 0.50. No significant interactions were 

found. This means that each parameter plays its role independently. 

Esri mated AR( 1 ) correlation coefficients 

Figure 4-4 shows that when the true auto correlation is equal to 0, the estimated 

coefficient will be symrnetrically distributed between -1 and 1. But when the true AR(1) 

correlation coefficient is equal to 0.5, the distribution is skewed to the left. 

Uniike the variance of random slopes, no missing p-value was observed for testing 

estimated AR(1) correlation coefficients. Table 4-5 lists powers (true AR(1) coefficient 

=OS) and type 1 error rate (true AR(1) coefficient=O) to detect the auto-correlation 

coefficients by different parameters. We can see that increases in the number of subjects 

(n)  or in the number of repeated measurements (t) will decrease the type 1 error rate or 

increase the power, but the increase in the repeated numher is more helpful. The increase 



in the variance of the random intercepts and random slopes will increase the type 1 error. 

Effects of changing variance of error terms and variance of x are very trivial. 

In contrast to what we saw with the random slopes, the type 1 error rate in most cases is 

very high, most being greater than 0.1. However, this error rate is close to 0.05 when 

n=35 and t=S. From t=3 to t=5, the error rate dropped considerably, but as n increases 

from 15 to 25, the error rate only drops slightly even though the total number of 

measurements is constant, 75. On the other band, when the true AR(1) coefficient is 0.5, 

the power to detect the AR(1) coefficient is lower when t=3, and much higher when t=5. 

When n=25 and t=5, the power is around 90%. The results suggest that when the number 

of repeated measurements is smdl (less than 9, the conclusion about AR(1) correlation is 

not reliable because of the high type 1 error and lower power. 

TabIe 4-6 lists the results from two logistic regression mode1 analyses. One analysis 

assesses the effect of the parameters on type 1 error rate (true AR(l)=û) and the other is to 

assesses power ( m e  AR(l)=û.S). We find that the type 1 error rate will decrease with 

sample size. number of the repeated measurements and variance of error term, but it  will 

increase with the variance of random effects (intercepts and slopes). Among them, the 

repeated number is a major contributor. An increase in sarnple size (or repeated number) 

will produce a stable series and an increase in the random effects will produce more 

heterogeneity, which will lead to a false auto-correlation. This also shows that random 

effects could be explained by AR(1) correlation to a certain extent. 

In contrast, the effects of al1 the considered parameters on the power to detect AR(1) are 

in the opposite direction. The power will increase with an increase in sarnple size, 

repeated number, and the variance of error terms, and with a decrease in random effects. 

Among them, the major contributor is the repeated number. But the effect of random 

slopes is much stronger than randorn intercepts, and the variance of the error term while 

the random intercepts is the strongest for the type 1 error rate (in terms of estimate sizes). 



The relationship between the identification of AR(1) correlation and the variance of error 

ternis is very interesting. The power to detect auto-correlation increased with larger error 

variance. A tentative explanation is that auto correlation and the error term always stick 

together: the bigger the variance of the error term is, the stronger the effect of auto- 

correlation will have on the response, y. 

Cornparison of Power curves between simulation and formulas 

In table 4-7, the power from simulation and formulas (4-1-4-2) were compared. Based 

on the first formula (4-1)- we find that the estimated power to detect the rvldom dopes is 

quite different from the estimated power from the simulation. When the SIGMA22 (the 

tnie variance) is less than 0.5, the power estimated using formula is higher. Beyond 0.5, 

power calculated using the formula is much lower than that from the simulation. 

However, formula (4-2) resulted in estimates of power which are much closer to those 

büsed on the simulation. Unfortunately, the powers estimated using formula 4-2 are 

slightl y lower than those from the simulation. This difference might result from the use of 

the normal approximation. and the assumption that al1 the other parameters were fixed. 

For the power to detect AR (1) correlation, we find the opposite relation. Although, both 

formulas are biased, estimates based on formula 4-2 are much closer to the estimates 

based on the simulation than those obtained using formula 4-1. As long as we know the 

direction of the bias, it is still possible to use formula 4-2 to estimate the power or sample 







Figure 4-5 Scatter Plot of Estimated Variance of Random Slope Against its Standard Error 

Estimated Variance of Random Slopes 



Table 4-3 Power (Or Type 1 Error) to Detect Variance of Random Slopes 
by Sample Size, Repeated Number, and Other Parameters 

Variance Sarnple size n=15 Sample size n=25 

of 

level Random Repeated Repeated Repeated Repeated 

S lopes t=3 t=5 t=3 t=5 

Variance of 

Random 

Intercepts 

Variance of 

Error 

\:ririance of 

X. 

Auto 

Correlation 



Table 4-3 Selected random samples with their estimated variance of 
the random slopes and their test statistics, 
where large estimates rnay not be rejected 

OBS# Estimated SE Z P-value 
Sigma22 

Sigma22=0 8071 5.1 83 2.987 1.735 0.083 
8093 9.675 6.433 1.504 0.1 33 
81 11 7.000 4.848 1.444 0.149 
81 7'7 6.61 5 4.81 2 1.375 0.169 
8343 5.264 3.698 1 -423 0.1 55 
10053 5.448 3.286 1.658 0.097 
10059 5.468 3.687 1.483 0.138 
1 0071 5.392 3.001 1.797 0.072 
10111 6.307 4.652 1.356 0.1 75 
10120 6.624 4.666 1.420 0.1 56 
10143 6.140 6.888 0.891 0.373 
10147 6.770 4-606 1 -470 0.1 42 
1 O1 56 5.923 4.448 1.332 0.183 
1 O1 77 7.239 5.682 1 274 0.203 
10346 5.71 1 3.440 1.660 0.097 
12177 7.519 6.401 1 .175 0.240 
14177 5.551 6.74 1 0.823 0.41 0 



Table 3-4 Effect of Each Parameter on Power to Detect Random Effects ( ai ), 
Based on Logistic Regression Analysis 

(true a& = 3) 

Parameter Estimate S td Error Chisquare P-value( 

UVTERCElT 2.562 0.071 1321.12 0.0001 

Sarnple size 15 -2.434 0.060 1675.64 0.0001 

25 0.000 0.000 

Repeated number 3 -2.050 0.057 1298.30 0.0001 

5 0.000 0.000 . 

Variance of Random. O 0.288 0.050 33.43 0.0001 

Intercepts 3 0.000 0.000 . 

Variance of 

X. 

Variance of 

Error 

i iuto O -0.977 0.051 363.59 0.0001 

Correlation 0.5 0.000 0.000 . 
Note: response=I if p-value<=û.05 and response=O if p-value 9 . 0 5 .  



Table 4-5 Estimated Power to detect AR(1) Correlation ( p ) 
by Sample Size, Repeated Number, and Other Parameters 

Auto- Sampie size n=15 Sample size n=25 

level Correlation Repeated Repeated Repeated Repeated 

Coefficient t=3 t=5 t=3 t=5 

Variance of 

Random 

intercepts 

Variance of 

Error 

Variance of 

x. 

Variance of 

Random 

SIopes 



Table 4-6 Effect of Each Parameter on Power (type 1 error rate) to 
AR(1) correlation ( p ) Based on Logistic Regression Analysis 

(true AR(1) coef-=û) 
Parame ter Levels Estimate StdError ChiSqua P-value 

Repeated Number 3 0.676 0.054 156.38 0.000 1 
5 0.000 0.000 . 

Variance of random O -0.199 0.052 14.49 0.0001 
S lopes 3 0.000 0.000 . 

Variance of random O -0.33 1 0.053 39.58 0.0001 
Intercepts 3 0.000 0.000 . 

Variance of error 4 0.2 10 0.052 16.12 0.0001 
te rm 25 0.000 0.000 . 

(tnie AR(1) coef.=0.5) 
Parameter Levels Estimate Std Error ChiSqu~e P-value 

INTERCEPT 1.54 0.05 1128.80 0.0001 

Sample size 

Repeated Nurnber 3 -1.64 0.04 2039.63 0.0001 
5 0.00 0.00 

Variance of randorn O 0.4 1 0.04 133.01 0.000 1 
S lopes 3 0.00 0.00 

Variance of random O 0.08 0.04 5.17 0.023 
Intercepts 3 0.00 0.00 

Variance of error 4 -0.18 0.04 26.02 0.0001 
terrn 25 0.00 0.00 



TabIe 4-7. Cornparison between Simulated and Formulated Powers 
to Detect Random Slopes (SIGMA22)'/or AR(1) correlation 

SIG-MA22 

0.25 

0.50 

0.75 

1 .O0 

1-25 

1-50 

1.75 

2.00 

AR(1) coef. 

o. 1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

Simulation 

O. 15 

0.49 

0.73 

0.86 

0-93 

0.96 

0.98 

0.99 

o. 10 

0.26 

0.52 

0.79 

0.94 

0.99 

1 .O0 

Formula 1 

0.34 

0.55 

0.67 

0.7 1 

0.75 

0.78 

O.  80 

0.82 

0.18 

0.44 

0.78 

0.98 

1 .O0 

1 .O0 

1 .O0 

Formula 2 

o. 10 

0.46 

0.72 

0.83 

0.89 

0.92 

0.94 

0.96 

0.12 

0.34 

0.63 

O. 89 

0.99 

1 .O0 

1-00 

a: N=25. t=3. Sigmm2=5, Sigmaud, Sigma 1 1 s .  auto=O; 
b: N=25. t=3, Sigmax2=5. Sigmau=4. Sigma1 l a ,  sigma22d; 



Chapter 5. Example: 
Effect of Ozone pollution on Daily Peak Flow Rate 
in Asthma Patients 

5.1 Introduction 

To illustrate the methodology discussed above, we andyzed data from a study of 

asthmatics canied out in the city of Winnipeg during 199 1-1993 (refer to section 1.3 ). 

The objective of the study was to estimate the relationship between daily mean air 

pollutants and several types of responses in asthma patients. The study was based on a 

sample of 59 asthmatics ranging in age from 7-59 years. 

For each of the 59 participants. data were collected on a daily basis. Peak flow rates were 

collected as a measure of pulmonary function. Each individual recorded the best of three 

peak flow rares each moming (PKFLOWAM) and in the evening (PKFLOWPM) before 

the use of asthma medications. Environmental data were collected by a network of six 

Manitoba Ministry of the Environment fixed site monitoring stations. Al1 the patients 

were living in the same city and area, and they were assumed to have the s m e  exposure 

Ievel to air pollutants. The air pollutants consisted of ozone (03), nitrogen dioxide 

(NO?), and total suspended particulate (TSP). The study also collected data for daily 

temperatures, humidity, counts of pollen and fungi spores, as well as individual 

information on sex, age, daily symptoms and medication. 

To illustrate the properties we explored in the previous chapters, the information 

collected from the Spnng season was used in the analysis. Only the 33 patients who had 

complete data in this season were used in the analysis. As explored in the Introduction 

(Chapter L), there are potential random effects and AR(1) correlation indicated in the data 

set. Therefore, the data were fitted to the mixed models with and without random effects 

and with and without AR(1) correlation. The response variable of interest is the peak 



flow rate measured in the evening (PKFLOWPM). The predictors analyzed are both 

cross-sectional and longitudinal variables. The former consists of baseline information 

such as sex and age, and the latter includes the level of the daily pollutants, such as 0 3  

and N02. The estimated slopes (fixed effects) for different types of variables will be 

compared between the fitted models to show the necessity of considering random effects 

and AR(L) correlation. The effects of 0 3  on pulmonary function (PKFLOWPM) will be 

discussed as weil. 

In the above anal ysis a dramatic difference in esti rnated slopes for 0 3  and NO2 were 

found from the models with random effects and with only AR(1) components. To further 

explore the discrepancy, we fitted individual rnodels, marginal models, and mixed models 

for 0 3  and N 0 2 .  separately, with and without AR(1) considered. For the individual 

model, slopes were estimated for each subject and the anthmetic mean of these individual 

slopes was computed. The method used is discussed by Gumpertz (1989). For the 

marginal model, daily means of PKFLOWPM, 03 and NO2 were computed and then we 

estimated the mean slope and AR(1) correlation. The results were then compared to 

explore the potential reason for the discrepancy. 

5.2 Results and Discussion: 

Table 5 -  1 lists the results from a model that included only the cross-sectional variable 

age: We can see that estimates from the REG procedure (OLS estimate) and from the 

M K E D  procedure (GLS with only random intercepts, or compound symrnetric model) 

are the same. However the standard errors from the REG procedure are much smaller 

than those obtained from the MIXED procedure leading to larger t-ratios. The results 

from the model with both AR(1) and Random intercepts are very sirnilar to those from 

the model with only random intercepts. The inclusion of AR(1) comelation resulted in 

l i ttle change. However when the random intercepts are ignored. considerable change was 



observed in the estimate of the standard error of the estimated slope, which decreased by 

almost 50%. This fact suggests that random intercepts can explain AR(1) correlation very 

well, whereas AR(I) correlation cannot explain variation due to random intercepts as 

weil. AI1 four models suggested that age is a very important predictor of the evening peak 

flow rate. The model that includes only AR(1) correlation had larger standard errors than 

those obtained from OLS. This result is the sarne as what we found in Chapter 3 (case 1). 

When a predictor is cross-sectional, ignoring correlation will not affect the coefficient, B ,  
but the variance will be under-estimated. 

Table 5-2 tells US what happens when a predictor is a longitudinal variable, and the 

variable vector of repeated measurements is the sarne for al1 the subjects (bdanced 

design). For exarnple, consider the exposure to 0 3  concentration in this study. We find 

that the REG procedure and the MIXED procedure with random intercepts andor random 

slopes produce exactly the sarne slope estimates. The standard errors of estimates are 

much p a t e r  if the clustering was ignored than if random intercepts, slopes, or AR(1) 

correlation were included in the model. The comparison of the two random effects 

models shows that ignoring random slopes will lead to a smaller standard error- This 

result agrees with that shown in case 2 in Chapter 3. With the random slopes added to the 

model, the degrees of freedom are dramatically reduced from 1945 to 32. A model that 

includes AR(1) but no random effects results in a totally altered conclusion. For these 

data m y  model that includes the random intercepts will lead to sirnilar conclusions. 

If the rnodel contains both cross-sectional and longitudinal variables (Table 5-3), the 

results are almost the sarne as those from their separate models (Tables 5-1 and 5-2). This 

is because age and 0 3  or NO2 are independent. Age is a cross sectional variable, while 

0 3  and NO2 vectors are the sarne for every subject. The only difference from the 

separate models is that the degrees of freedom and residuals changed, but the t-ratio and 

P-values didn't change much and the conclusions are the same. 



However, when the longitudinal variable is not balanced, the above nice properties will 

disappear. From table 5-4, we can find that the estimated coefficients for AGE, 0 3  and 

NO2 are different from those in the previous tables. This is because neither inhaied 

bronchodilator (IBRON) nor inhaled steroid (ISTER) is a balanced predictor over the 

repeated observations in each subject and therefore they may be correlated to other 

variables to a certain extent. The correlation results in the estimates k i n g  different frorn 

the previous ones. However, some properties still exist. Standard error for cross-sectional 

variables are smdler in the OLS estimates than in the random effects model, but for 03, 

N02. and B R O N  they are greater in the OLS estimates than in the random effects 

model. This nile is not m e  in ISTER. This suggests that the variation in the level of the 

variable ISTER between subjects is large relative to the variation within subjects. The 

behaviour of the variable ISTER is more simila. to that of a cross-sectional variable 

rather than a longitudinal variable, even though it is observed longitudinally. Therefore 

variables may differ from each other by having more or less of the properties associated 

with cross-sectional and longitudinal variables. A follow-up variable can be a cross- 

sectional variable, or show cross-sectional properties, if there is large variation between 

subjects. Essentially, it depends on the relative size of the within and between subject 

variation. The two extremes are the cross-sectional and balanced longitudinal variables. 

From the viewpoint of application, the final model would have neither IBRON and 

ISTER because they are not significant. Furthemore the random effects associated with 

0 3  and NO2 were not significant, either (Table 5-5a, SAS print out), when random 

intercepts and AR(1) correlation were in the model. Therefore, the final model contains 

only random intercepts and AR(1) correlation for the variance components and AGE, 03, 

and NO2 for fixed effects (see Table 5-Sb, SAS print out). By taking account of these 

two variance components, the effects of age and air pollutants could be appropriately 

assessed. Significant age and age squared ternis indicates that peak flow rate varies with 

age. The younger and elderly patients have lower peak flow rates. Lower peak flow rates 

in younger patients might be due to both disease severity and immature lung tissue. In 



older patients, the lower peak flow rate indicates severe darnage due to asthma. However, 

age is not a confounder, because it is a cross-sectional variable and independent of 0 3  

and NO?. Both 0 3  and NO2 significantly influence the evening peak flow in these 

patients. Whether these pollutants deserve more attention will depend on what proportion 

of this type of patient exists in the population. 

Tables 5-6 lists the slopes from the individual, marginal, and mixed models for 0 3  and 

X02 separately. We find that without considering AR(l), the estimates are the same for 

al1 the models. That is, slope for 0 3  is -0.563, and for NO2 is 4.332. This is because 0 3  

and NO2 are balanced variables, which are the same for al1 the patients. However, by 

adding AR(1) into the model, the estimates become smaller regardless what model is 

used. 

From the individual models, we find that the estimated slopes from the model with AR(1) 

considered are different frorn the model without AR(1). The difference varies with the 

size of the estimated AR(1) coefficient. From the figure 5-1, we can see that difference is 

posirively associated with a AR(1) correlation. This trend appean in both 0 3  and N02. 

The marginal AR(1) rnodel in which the dail y means, PKFLOWPM, 0 3  and NO2 were 

fi tted to a linear regression model witMwithout AR(1) yields different AR(1) coefficients 

for 0 3  and N02 .  In 03,  the estimated AR(1) coefficient is 0.132, which is less than the 

mean of the 33 individual AR(1) coefficients, 0.224. Comespondingly, the estimated 

slope, -0.477, is smaller than the mean of 33 individual slopes, -0.346. In contrast, for 

N02, the estimated AR(1) coefficient is 0.602 vs 0.275, and the estimated slope is 4 . 2 1 5  

vs -0.245. Both cases shows that there is positive relation between estimated slopes and 

estimated AR(1) correlation coefftcients as revealed in Fig 5-1. 

For 0 3  the estimates of AR(1) and slope from mixed model are sirnilar to the above if the 

component of the random intercepts is included in the model. But if only AR(1) is 



considered, the AR(1) coefficients become huge, 0.947, and the slopes change 

dramatically from 4.563 to 0.164 . For N02,  the estimated AR(1) coefficients are the 

same, but the estimated slope didn't show a ciramatic change. The reason for this 

difference is difficuit to explain. The only thing we know is that AR(1) coefficients 

estimated from the marginal mode1 are different for 0 3  and N02. The former has a 

coefficient of 0.133 and the latter has a coefficient of 0.602. 

Both marginal and mixed AR(1) models ignored individual variations in AR(1). That is, 

they both forced a constant correlation coefficient to each subject. Due to ignoring the 

random intercepts, the huge variation between subjects was partly interpreted as AR(I), 

which was forced on each subject. This force may have played a role. As sho\m in Fig 5- 

1. when AR(1) coefficient increases from O. 1 to 0.6, the estimated slope will change 

significantly. but when the AR(1) coefficient increases from 0.6 to 0.9, the trend is not as 

clear. 



Table 5- t Estimated Effects of Cross-sectional Variable 
on Evening Peak Flow Using Different Models 

- .  . - 

Variable Estimate Std Error Degrees of T Pr 

freedom 

REG: AGE 27.304 0.684 1977 39.94 0.000 1 

AGE*AGE -0.476 0.013 1977 -36.43 0.000 1 

Ran-Int AGE 27.304 5 .O99 1947 5.35 0.000 1 

AGPAGE -0.476 0.097 1947 -4.88 0.000 1 

AR( 1) AGE 27.495 2.607 30 10.55 0.000 1 

AGE*AGE -0.479 0.050 30 -9.62 0.000 1 

Ran-AR( 1 ) AGE 27.3 18 5.104 1947 5.35 0.000 1 

AGE* AGE -0.476 0.098 1947 -4.88 0.000 1 

REG: OLS estimation. Ran-Int: Random intercept model; AR(1): First order auto- 
regression model. 
Ran-AR(1): the model contain both random intercept and AR(1). 



Tables-2. Estimated Effects of Longitudinal Variable 
on Evening Peak Flow by Different Models 

Variable Estimate Std Emor Degrees of T P-vlaue 

freedom 

REG: 03MM -0.730 0.287 1977 -2.540 0.01 1 1  

N02MM -0.586 0.3 17 1977 - 1 -850 0.065 

Random 03MM -0.730 O. 149 33 -4.900 0.000 1 

N02MM -0.586 0.101 32 -5.820 0.000 1 

N02MM -0.562 0.09 1 32 -6.160 0.000 1 

REG: OLS estimation. Ran-Int: Random intercept modei; AR(1): First order auto- 
regession model. 
Ran-AR(1): the mode1 contain both random intercept and AR(1). Random: model 
contains random intercept, random slopes; Ran-AR(1): Model contains random 
intercepts, random slopes and AR(1). 



Table 5-3. Estimated Effec ts of Cross-sectional and Longitudinal Variables 
on Evening Peak Flow by Different Models 

Variable Estimate Std Error Degrees of T P-value 
freedom 

Reg: AGE 27.304 0.68 1 1975 40.080 0.000 1 

Ran-int: AGE 
AGE*AGE 
03MM 
N02MM 

Rrindorn AGE 
AGE*AGE 
03MM 
N 0 2 M M  

AR( 1) AGE 
AGE*AGE 
O ~ M M  
N02M.M 

Ran-AR( 1 ) AGE 
AGE*AGE 
03MM 

REG: OLS estimation. Ran-Int: Random intercept mode!: AR(1): First order auto-regession model. 
Rm-AR( 1 ) :  the model contain both random intercept and AR(1). Random: model contains random 
intercept, rrindom siopes; Ran-AR(1): Mode! contains random intercepts, random slopes and AR(1). 



Table 5 4 .  Estimated Effects of Cross-sectional and Longitudinal Variables 
on Evening Peak Flow by Different Models 

Variable Estimate Std Error Degrees of T P-value 
freedom 

REG: AGE 
AGE*AGE 
03MM 
N02MM 
IBRON 
ISTER 

Ran-int: AGE 
AGE*AGE 
03MM 
NO2MM 
IBRON 
ISTER 

Random AGE 
AGE*AGE 
03MM 
N02MM 
IBRON 
ISTER 

AR( 1) AGE 
AGPAGE 
03- 
N02MM 
BRON 
ISTER 

Ran-AR( 1 ) AGE 
AGE*AGE 
03MM 
N02MM 
BRON 
ISTER 

REG: OLS estimation. Ran-Int: Random intercept model; AR(1): Fust order auto-regession model. 
Ran-AR( 1 ) :  the rnodel contnin both random intercept and AR(1). Random: rnodel contains randorn 
intercept, randorn slopes; Ran-AR( 1 ) :  Mode contains random intercepts. random slopes and AR(1). 



Table 5-5a Influence Of age age*age o3mm no2mm on pkflowprn 

(with random slopes for 0 3  and NO?) 

The MIXED Procedure 

Covariance Parameter Estimates (REML) 

Cov P a r m  Subject Estidmate Std Error Z Pr > I Z 1  

Mode1 Fitting Information for PKFLOWPM 

Description Value 

Observations 1980.000 
Res Log Likelihooa -9333 -71 
Akaike's Information Criterion -9340.71 
Schwarz's Bayesian Criterion -9360 -26 
-2 Res Log Likelihood 18667 -41 

Solution for Fixed Effects 

Zffect Estimate Std Error DF t Pr > Itt 

INTERCEPT 131.29806699 48.87253456 30 2.69 0.0117 
AG K 26.95642111 5 -20565396 1854 5.18 O. 0001 
AG= ' AGE -0.46727650 0.09946409 1854 -4.70 0.0001 
0 3 ~ ~  -0.63535689 O. 11356728 32 -5.59 O. 0001 
~ 0 2  x.x -0.56235327 O. 09266331 32 -6.07 0.0001 

Tests of Fixea Effects 

Source NDF DDF Type IIIF Pr > F 

AGE 1 1854 26.81 0.0001 
AGE*AGE 1 1854 22.07 0.0001 
03MM I 32 31.30 0.0001 
N02MM 1 32 36.83 0.0001 
IBRON 1 18 0.02 0.8895 
ISTER 1 7 0.10 0.7592 



Table 5-Sb Influence Of age age*age o h m  no2rnm on pkflowpm 

(Final rnodel) 

The MIXED Procedure 

Covariance Parameter Estimates (REML) 

C o v  ?am Subject Estimate Std E r r o r  Z Pr > I Z I  

Moàel Fitting Info-rmation for PKFLOWPM 

Description Valus 

Observations 1980.000 
Res Log Likelihood -9339.80 
Akaike's Information Critexion -9342.80 
Schwarz ' s Bayesian Criterion -9351.18 
-2 Res Log Likelihood 18679.60 

Solution for Fixed Effects 

INTERCEPT 130 -27575078 47 -76283086 30 2.73 o. 0106 
AG E 27.31538555 5.10336544 1945 5.35 0.0001 
AGE'AGE -0.47597433 O. 09750441 1945 -4.88 O. 0001 
0 3 ~ ~  -0.62709541 0.09533709 1945 -6.58 O. 0001 
NOSMM -0.55836251 0.09184620 1945 -6.08 O. O001 

Tests of Fixed Effects 

Source NDF DDF Type III F Pr > F 

AGE 1 1945 28.65 0.0001 
AGE * AGE 1 1945 23.83 0.0001 
03MM 1 1945 43.27 0.0001 
N02MM 1 1945 36.96 0.0001 



Table 5-6a Slopes (Fixed effects) for 0 3  and NO2 estimated 
from different models with and without considering AR(1) 

Model with AR(1) Mode1 without AR(1) 
Individual Model: 0 3  AR(1) NO2 AR(1) 0 3  NO2 

Marginal model: 
-0.477 0.1 32 -0.21 5 0.602 -0.563 -0.332 

Mixed Model: 
Only AR(1) 0.164 0.947 -0.202 0.947 
Randorn intercept -0.563 -0.332 
Random intercept -0.332 0.303 -0.256 0.325 

and AR1 



Table 5-6b. SAS code for analysis in Table 5-6a 

options ls=75 ps=60: 
libnarnr Ist'/horne/qilon@thesis/sa5dm'; 

I T n 1 n n - I I -  end individual slopes******: 
d m  prcd 1 :set 1st.predl; run: 
proc soit data=pred 1 ;by id:mn: 
4 macro regrn(yvar.xvarj; 
ritle 1 "individuai slopes frorn autoreg model": 
ti tle2"model: pkflowpm=&xvar"; 
proc ;iutore_e data=predl outest=test : 
by id: 
mode1 pkfiowpm=&xvar/nIag=I : run: 
Cc nicnd: 
5regrnipkflowprn.03mm); Cnregrn(pkflowpmno2mm); 
P.. 

r rnacro r c p (  yvir.xvar); 
titlc I "individuai slopes frorn reg rnodel": 
titlc2"rnodel: pkilo\r.prn=&xvar"; 
proc auroreg data=pred l outest=test noprint: 
by id; 
model pkflowprn=&xvar; mn: 
Gmend: 
'5 regrnc pkflowpm.03mrn): %regrn(pkflowpm.n02mm): 

a-'*****find mcan o3mrn. no2 and peak flow rate for each &y **: 
utle "rnodel ~vith lufithout auto-reg using d l  means" 
proc sort data =pred 1 ;by sasdate;run; 
proc nieans data =pred 1 noprint: 
by srisdatc: 
u r  pktlowpm o3mm noîmm: 
output out=mean mean=memflow meano3 meruin02 ; run; 

proc autores drtra=meui; 
model meantlow=rnemo3/nlag= 1 : 
run: 
proc îutoreg data=rnean: 
rnodcl rncantlow=rneanno2/nlag=l; run: 
proc autoreg drira=mean: 
rnodcl rnerinllow=meano3: 
run; 
proc autoreg darri=mem: 
model rneantlow=rneanno2 1 ; run; 

- - - = * n * I  malys~s  fmm mixed rnodels ******; 
5 m x r o  mix 1 (xvar.ryidornrtr1): 
proc rnixcd data=predl ; 
class id; 
mode1 pkflowpm=&xvar /solution; 
&ranciorn.randorn inVsub=id; 
&arl .repeated /type=ar( 1 ) sub=id: run: 

mend; 5 mix 1 (o3mm. . *); %mix 1 (ohm.*  . ); %rnixl(o3mm. 
5rnixI(no2rnrn. . *); %mixl(noZmrn.*. ); %mixl(no2mm.. ); 



slope with AR(l )-dope without AR(1) 

Fig 5- 1. Relation between estimated AR(1) and the difference 

in estimated slopes from the mode1 with/without AR(I) considered. 



Chapter 6 
Discussion and conclusion 

6.1 Influence of ignoring within subject correlation 
In Chapter 3 we did some exploration. Ignoring the conelation between consecutive 

observations will lead to no bias in the estimation of the fixed effects. For some special 

cases. the estirnated fixed effects (slopes) would be exactly the same. However, the 

estimated variance of the estimate of the fixed effects will be biased. The biases will Vary 

depending on the data structure. 

If the predictor variable, x, is cross-sectional, the variance of the estimated slope will be 

under-esti mated if the wi thin individual correlation is ignored whereas if the predictor 

variable, x. is a longitudinal variable, the variance of the estimated slope(s) could be over 

or under -estimated. The direction of the bias depends on the two within subject 

correlations: the correlation between consecutive response measurements (Ys), p , and 

the correlation between consecutive measurements of the predictors (Xs), p, . When 

both correlation coefficients are positive, the m e  variance will be greater than the 

reported variance if the within subject correlation is ignored. The effect of ignoring 

riindom slopes will always lead to an under-estimated variance of the estimated slope, 

and an over-estimated variance of the estimated intercept. 

The above findings might be useful in the evaluation of potential bias due to an 

inappropriate analysis, that is, when the within subject correlation is ignored. With an 

inspection of the structure of the predictor (X) and the difference between p, and p we 

can estimate the direction of the potential bias. It may be thought that using a simple 



rnethod based on OLS to screen for potentially predictive variables followed by a more 

sophisticated method to build the final model may be a useful approach to data malysis. 

6.2 Identification of AR(1) orland random effects 
One way to identify a mode1 is to test a sequence of hypotheses, keeping significant 

components and excluding non-significant components. Whether the final model should 

contain the random effects, AR(1) or a compound symmetric correlation will depend on 

the hypothesis tested. Based on the asymptotic Wald statistic, we derived a formula from 

which we are abIe to estimate power to detect random effects or AR(1) correlation. The 

formula indicates factors which may affect the identification. Those factors are the 

sample size, the number of repeated observations for each subject, the size of dispersion 

of the predictor x, as well as other variance components involved in the model. The 

influence of each factor on the power was illustrated (see Figures 4-1 and 4-2). 

Our exploration tells us that heterogeneity among subjects is a relative concept. If the 

sample size or the repeated number is huge, then a small variation between subjects could 

be identified. On the other hand, a bigger variation may not be found signitïcant if the 

sample size is not large enough. Two other important influential factors are the dispersion 

of X and dispersion in error terms. The bigger the dispersion in error terms, the smaller 

the power to detect random effects, but the larger the power to detect AR(1) correlation. 

However. the larger the variance in the predictor, X, the larger the power to detect 

random slopes. Therefore, the correct model can only be defined under certain 

conditions, especially, sample size, repeated number and the size of each variance 

component. 

Besides building a correct model to investigate the fixed effects, identification of a 

variance component in a model also has other practical value- Heterogeneity could be 

investigated as evidence of the genetic tendency of a disease. The variation between 



families or the variation between different pairs of twins may indicate a certain genetic 

tendency. Compound symrnetric correlation coefficient (intra-class correlation 

coefficient) is a measure of consistency among different scores from different raters. A 

significant and large correlation coefficient will suggest that rneasurements are reliable or 

reproducible. A homogeneity test is an important step in a Meta analysis. if heterogeneity 

exists, the data from different groups should not be pooled without special caution. In an 

analysis with such a specific purpose, the power and sample size to detect a 

corresponcimg component deserve much more attention- For exarnple, when we are 

detecting a genetic factor, a very small variation between different siblings may be 

identified as very significant if the sample size is very big. The variation might be rnissed 

if the sample size is smdl. Therefore, it seems necessary to introduce clinically 

significant criteria which may be a more meaningful measure of the genetic tendency of 

ri disease. Significant variation should be compared to the clinicai significant criteria, and 

a non-significant variation should be given a power evaluation. In this way, our 

conclusion will be more reliable and meaningful. 

Sarnple size and power are usually related to the detection of a fixed effect. However, 

Jones (1990) linked the sample size to a random component in a mixed model. 

Obviously. when certain variance components become the objective of a study, the 

sample size should be estimated based on these components. As a result, a formula to 

estirnate an appropnate sample size is necessary. This study derived a formula based on 

the asymptotic Wald test. There is difference in power between simulation and formula 

(Table 4-7). When we measure the power to detect random effects, the formula produced 

a lower power than that produced from the simulation, and when we measure the power 

to detect AR(1) correlation, the formula produced higher power than the simulation. This 

implies that using the formula may result in an over-estimation of the sample size if we 

plan to detect random effects, and an under-estimation of the sample size if we plan to 

detect AR(1) correlation. We hope this bias c m  be mininiized with the increase in 

sample size. The discrepancy between formula and simulation could be attributed to the 



use of the normal approximation and biased estimation of ail the variance components. 

Our simulation showed that when the sample size is 0 5  with 3 repeated measurements, 

the estimated variance of random slopes and AR(1) correlation coefficients are not 

norrnalIy distributed, and the variances of these estimates are not constant, but change 

with the size of the estimates. 

6.4 Summary 
This study systematicall y examined the potentia1 influence of ignonng correlation 

between the repeated measurements on the fixed effects, and explored the factors which 

may influence the identification of random effects or AR(1) correlation. The properties 

identi fied through speciai cases about the potentiai influences could be a rough guide in 

the application of a mixed model to a longitudinal data set, data with repeated 

measurements, or data with clustenng phenomenon. The factors related to the 

identification of random effects or AR(1) correlation consist of sarnple size, the number 

of repeated observations, other variance cornponents, such as variance of the predictor 

and variance of the error terms, etc. Understanding these factors would be beneficial in 

creating a correct model for the evaluation of fixed effects, and would aiso be very 

helpful in the design of a study that identifies clustering phenomenon. 

Discrepancies were found between simulations and formulas derived from the asymptotic 

Wald test about the power estimations. A more accurate hypothesis test for a variance 

cornponent might be worth seeking if the asymptotic Wald test is not good enough. 

Obviously. an extension of this study to non-linear models is required. 
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Appendix A: 

1 .  Likelihood Function of REML method 

The density for Y is 

and the density function for f i  is 

Therefore, the density of residual ! y - x@) is î, (Y)/&?) and log likelihood 
function is 

I = -+N log(-) -$loglvl - + I O ~ I X T V - ' X I  -* (y  - x / ? ~ v - ~ ( ~  - XB) 

2. Estimation of random effects 

Based on a property of bivarïate n o d  distribution: 

Therefore we have 





And the numerator is 

Thcrefore. Lve got 




