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Abstract 

Aragrtetic resonance iniaging is a powerfiil imaging modality ivhereh>- tissiitl c i r i  

be characterized ocrording to various cont rast mechanisms. niost notab1~- - - w i $ i t  tv !  

contrast. The Tl-rveighted images are ver>- osehil clinically. hiit t h e  niajor (lisadvan- 

tage is t hat t hese high-quality images often reqtiire lonj irnaging t inies. 

The C'artesian R.-\RE-mode acquisition proposed by Hennig r ~ t  ains t hr solt - t  issw 

cont rast-to-noise ratio ( C'NR) and signal- to-noise ratio ( S N R )  of con\*ent iorial fi- 

weighted images. but at a reduced acquisition time. Sloreover. non-( 'artesiari sarii- 

pling schemes offer furt her advantages in motion and Flow art ifact suppressiori. aritl 

efficient use of gradients. 

In t his t reatise. the viabiiit>- of TL-weighted polar k-space sanipling acquisitions 

is assessecl and compared for projection reconstruction ( P R-SI R 1 ) and concent ric 

circles ( CC- AIRI). \\è analyze the fundamental aspects incliiding saniplirig ancl imaje  

reconstruction effects such as aliasing. resolution. and SSR. ancl ire investigate the 

T2-weight ing contrast of PR-SIR1 and CC- SI RI when imaging in R A R  E-niode. 

The Fourier aliasing effects of uniform polar sampling are esplainecl Ironi the 

2 D  principal point spread function (PSF). This is determined by assurning q i i a l 1 ~ -  

spacecl concentric rings in k-space. The 2D polar effects such as replication. srmaring. 

truncation artifacts. and sampling requirements are characterized. 

Althoogh the '2D polar sampling PSF leads to some s~tbtle aliasing effects and 

art i facts. t hese eRects can be suppressed depending on the choice of reconstruction 

algorit hm one uses. 

tion backprojection 

For uniform polar sampling. both gridding (GRD)  and convolu- 

(CBP) are applicable. The respective strengt hs and iveaknesses 



of these algorithms are  analyzed. compared. and discussed. Provicled t hat t Fie i r i iao~ 

resoliit ion and the SN R a re  considered toget her. t hese algorit hnis perform sinii larly. 

Bot. their aliasing behaviour is digerent because G R D  is a 2D Fourier inversion al- 

gorithm. tvhereas C'BP is based upon a 1D Fourier inversion. 

The effective echo t imes (TE)  and resulting T2 contrast curves of RARE-niocle PR- 

SIR1 and CC'-LIRI are derit-ed. The effective TE of R-ARE-mode PR-AIR[ is shown to 

he h igh l -  clepenclent a n  T2 .  t he  echo spacinp ( ESP). and the  echo train k n g t  h I ET L I .  

By comparison. the effective TE of R-ARE-mode C'C'-SIR[ is riot nrarl>- as srrisir ive 

to  ESP and ETL. especially for large objects trithin the field of view. 

Finally. w e  propose a novel uet general met hod of correct ing for t h r  T2 niotliilat ior: 

effects of R-ARE-mode seqiiences t o  allow the acquisition of hi$ SNR. hiqh C 'SR.  

properlb- Tl-weightecl images. 

Keywords: polar k-space. principal point spread fiinction. gridding and  corivo- 

lotion backprojertion reconstruction. resoliition. S S R .  diasin?. aiid 

T2 modiilat ion 
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Chapter 1 

Introduction 

1.1 Brief MR History 

Siiclear magnet ic resonance [ N'rl R )  was first observed in L9-I-5 hy t wo independent 

groiips. one being the Stanford research group headed by Bloch [LI. and t lie ot her he- 

ing t h e  .\lasachiiset ts  Inst i t ute of Technology ( IIIT 1 research groiip tincler t lie I r a t h  

ship of Purcell [ L ) ] .  Their pioneering achievements were recognizetl in 19-52. Fur d i r h  

both Bloch and Purcell shared the 1952 Sobel Prize in Physics. 

Froni 19-16 onwarcls. SSIR became a viable and usehil tool in probing t tir c-lierriical 

cornposi t ion of materials. .4lt hoiie;h a corn prehensive esplanat ion of t lie t iieory of 

SSlR is bej-ond the scope of this treatise. man? books ha[-e been writtrn on t hr 

subject. among them the two *-bibles of SAIR" b- Slichter [Y] and .-\bragarii [ l j .  

In 1!9T:3. the State Cniversit'? of New I o r k  at Stony Brook researrh groiip liradecl 

by Lauterbur succeeded in forming images using N M R  [ 5 ] .  They realizecl t hat berause 

the resonant frequency is proport ional to the magnet ic field st rengt h. a magnet ic field 

gradient yields multiple resonant trequencies. each one corresponding to a spatial 

location in the  imaging field of view ( FOV). 

Since its inception in 19C:3. there have been numerous studies and aclvancements 

in the field of .\.IR imaging (1IRI). In fact. the progress has been so rapicl that a 

complete bi bliographic listing is not feasible here. Hoivever. for an in-dept h historical 

review of MRI. the textbooks by bIorris [6] and Brey [Tl prove to be very informative. 



1.2 Background Theory 

I-nlike niost ot her imaging modalit ies modalities. SIRI d a t a  acquisition occurs in 

Fourier space. and the image is calculated from the inverse Fourier transforni. Fourier 

theory. then. pl-s an important role in understanding .\IR1 image effects. 

In this section. the .\[RI signal equation is developed which shoii-s t hr psplicit 

Fourier nattire of SIRI. Furthermore. some basic yet useful concepts of Fo1.1rit.r t hwr!- 

are presented. 

1.2.1 Signal Equation 

Let 11s first review the underlying theory of SIRI. The governing phetionicnolo~ical 

equat ions t hat describe magnet ic resonance are the Bloch Eqtiat ions ($1. nani r l -  

where B = ( Br. B,. B2 ) is the  magnetic fieid strengt h. m = (ni,. nt,. 177:  ) is t lie riiaq- 

netization spin-density. m ,  is the  equilibriiini magnetization spin-tlensitj* along t h e  

z-asis. 7 is the gyrornagnetic ratio. T is the spin-lattice relaxation t irne constant. 

i. c. the  cliaracterist ic t ime of regrowt h hack to equilibriurn in the  --direct ion. and Tl 

is the  spin-spin relaxation t ime constant. i.e. the characteristic tinie of ciephasing of 

the  magnetization in the transverse plane. Sote that m. B and t heir corresponcliiig 

components are fiinctions of space and time. whereas m,. T l .  and Tl are fonctions of 

space only. 

In 19-56, Torrey [9] adapted the  Bloch equations to include diffusion effects. ancl 

in 196.5 Stejskal [IO] included velocity effects in the so-called rnoclified Bloch-Torre>- 

ecjuat ions. namely 

where v and D represent the velocity vector and diffusion tensor. respectively. In 

this treat ise. however. Ive d l  not concern ourselves with diffusion or velocity. but 



will focus primarily on sampling effects and Tl modulation effects. Thrrelore. t h e  

signal equation is derived from Eq.(l . l)  only. The expansion of Eq.( 1.1) into irs 

cornponent s clescrihes the temporal evolution of the magnet izat ion: 

cf rn, - - rnr - 7 (m ,B ,  - rn&) - - 
cl t Tr 

dnz : rn, - nz= - - - 7 (m,B, - n@z) + 
ci t Ti 

Ir1 .\IR. we are interested in both the longitudinal  and t rnnsr~rsc  comporicnt s of the 

niajnet izat ion vector. bL-e define t hem as follows. ivhere the spatial and temporal 

depenclences are @en esplicit lx: 

where i = J-l. After the radiofrequency ( RF)  pulse has been t urned off. the niagnet ic 

fieid st rengt h components are Br = O. B, = 0. and BJr. t ) = B.,+lBz(r)+G( t )-P. \vIiere 

B., is the  DC' magnetic field strengt h. 1 B J r  'I are --direct ional field inlioniogeneit ies- 

and G ( t )  = (C;,. C;,. Ci ; )  is the time-dependent gradient field riecessary for spatial 

localization. By specifying the initial conditions of the magnet ization after t lie R F  

pulse as m&. O )  = m:,(r) and m.(r. 0 )  = m f ( r ) .  rve fincl 

Eq.( 1.5) is simple and straightforward. It describes the regrowth of ni- from its 

initial value of rng(r) a t  time t = O back to  its equilibrium value of rn,(r) as  t -+ r. 

So te  tliat there is no phase modulation of rn, during its temporal evolution. 

In Eq.( 1.6): the dT2 terrn describes an  amplitude modulation (T2 decq-) .  while 

al1 ot her exponent ial terms describe a phase modulation. More specificallj: the  phase 

factor e-'7B0L descri bes the oscillatory (or precessional) behaviour of the transverse 



rnagnetizat ion about the  2-asis a t  the  Larmor lrequency 7 B,. T h e  term t-'7-\B=(r't 

imposes a posi t ion-dependent precessional perturbation ( i. E .  a n  off-resonance ) effect 

; on the magnet ization. Finally. by defining k( t ) = ,J/ Gr r ) d r .  the  last terni can be 

writ ten as E-'" k-r which. as it t iirns out. is the Fourier kerriel. 

The above mode1 is correct for liqtiid-like systems. bot not for solicls. Since bio- 

loeical systems consist of about do% water and solids clo not  contribute niiirti signal 

d u e  to  very short 7;. t his mode1 is adequate for SIRI piirposes. 

Sow. t h e  ncquired signal (sa- -11) is actually the sum of t h e  tram\-erse niagnet i -  

zation at  al1 positions within the  escited region ( a s  determined bu t h e  RF coi1 ). I f  W. 

democlulat e the  acquired signal at  the  Larmor frequencc which effect i vely anlorint s 

to rnultiplying by the  phase factor e+"Bct . then 

where F is the  Fourier t ransform ( FT) operator since e-'" k.r is the  Fourier kernel. 

This is t h e  .\[RI signal c p n t i o n  which def  nes the  acquired d a t a  in ternis of t lie spatial 

freqriencies in Fourier space. more commonly known as k-space. T h e  SIR iniage. I (  r ). 

is then calculated from the inverse Fourier transform ( IFT) of . I l (  k. t ). natiielj- 

. \ l (k.  t )  and I ( r )  lorm an  F T  pair and depict the  current formalisni in SIRI: 

( 1 )  acquire the  d a t a  in k-space. and ( 2 )  take the IFT to  reconstruct the  .\IR iniage. 

The  .\IR image characteristics ivill depend on the  magnetization spin-tlensity 

ni&(r). on  T2(r). and on the  off-resonance l B z ( r )  as evidenced by Eqs.( 1.7.1.8). 

Also. from Ecls.(l.J). ive see tha t  m,. m,. and rn, are coupled so that  the transverse 

magnetization also bears Ti (r)  information. Consequent ly. t he  reconstriicted .\.IR 

image characteristics will also depend on Ti(r). 



1.2.2 Fourier Theory 

-4s s h o w  in t h e  previous section. the  h iR i  acquisition process occiirs i r i  Foiirier space. 

ancl one  niust t ransform t o  t h e  image domain  via t h e  IFT. Fourier t heor~- .  t hm. is 

t h e  cornerstone of 1 I R I  image  reconstruction. 

.Ait houjh man>- books have been wri t ten on  t h e  various topics of Fourier anal!-sis 

a n d  t heor~- .  t his sect ion merely touches o n  t h e  more important  aspects of Foiiricr 

transfornis. The reader  is referred t o  Papoulis [11] and /o r  Bracewell [12] for an  iri- 

dept h anal?-sis of cont inuous Fourier theor?. a n d  t o  Brigham [I:)] for t hr   discret^ 

Fourier t ransbrrn  t heory. 

Fourier Integral 

T h e  Fourier t ransform of t h e  one-dimensional ( 1 D) f u n c t i m  f .r ) is given as 

T tiese are  clefincd as 

~t~~ p x k Z  t e r m  is t h e  Fourier transformation 1 cerne1 and  represent s t he c oriiples 

sinusoid cos('L;;rkr) f i s in (2axk r ) .  Now. f (x) a n d  F ( d )  a r e  n Fourier trarisforni 

pair. where r a n d  kr a r e  Fourier conjugates. For r in units  of lengt h. k,  is i r i  un i t s  

of reci procal lengt h. o f ten  termed t h e  spat  iai freqiiency. 

C'learlc one can  generalize t he  above integrals t o  niiiltiple dimensions. For rsar i i -  

ple. in 3 D  f(s. y. z )  t ransforms t o  F(k , .  k,. k - )  according t o  

Furtherrnore. we do not  necessarily h a ~ e  t o  restrict ourselves t o  C'artesiari coorcli- 

iiates. One  can t rans form ei ther  (r. y. s) o r  (k,. k,. k , )  o r  bo th  t o  different coordinate  

systems. whereby Eq.(l.lO) adopts a new form. For euample.  one  can t ransform t o  

polar  coordinates to ga in  ftirther insight in to  t h e  aspects  of polar sampling. 



Fourier Theorems 

T h e  power of Fourier theory lies in its easiiy-clerived theorerns. The t heorerns ( in 

1D) a r e  simpiy stated without deril-ations. although the'- can be derivecl frorn basic 

principles ancl Eq.(l.!J). For a more  thorough list. the  reatler is referred t o  C'hapter 6 

of Braceivell [111]. 

Table 1.1 : Basic Fourier t ransform t heorems 

1 Convoiut ion f ( . r )  * g ( s )  F(k,)C;(r(.J 1 

The t heorenis of Table 1.1 can easily h e  generalized to multiple dinieiisions. T h ry  are 

irsecl t hroughoiit t his t reat ise. 

Discrete Fourier Theory 

In general. one does not measure t he  continuous ( i . e .  analog) signal f ( x  ). but rather 

a sarnplecl ( L e .  digital) signal. say A(+). which is a discrete representation of f ( . r ) .  

Mat hematically. ive can express t his discretizat ion as the  multiplication of t h e  cont in- 

uous signal with a sampling fiinction s ( r )  consisting of a series of impulse f~inctions.  

often called 6-functions. For example.  if  f ( x )  is sampled a t  P locations. t hen 

/ s ( J - )  = /(x) 41) = f ( x )  C 6 ( x  - z p )  = C f(.rp) 6 ( 3 .  - z p )  



One clearly sees the  discrete nature  of f,(x) owing t o  the sifting propertx of t lie r -  

function. i.~. / ( s )  b ( x - x ' )  d r  = f (x') i f  cl < .t' < h. C'sing the  Fourier ccnr-olittiori 

t heorem from Table 1.1. ive obtain 

11-here F ( L )  and S ( k , )  a re  t h e  FTs  of J ( r )  and  s (s ) .  respectively. and  * represerits 

the convoltit ion operation. Convolut ion is s i rnp l -  t his: ( I ) take t lie mirror i n i a g ~  of 

one of t h e  fiinctions. ( 2 )  slide this mirrored function t o  position i l .  ( 3 )  mitltiplj- t liis 

wit h t he  un-mirrored funct,ion. and ( 4 )  calculate t h e  area. This gives one \-aliie (nt 

position il ) of  the convolution integral. To get t he  full curve. repeat steps 1-4 for al1 

possible t r  locations. 

One  rniist recognize t hat t he  convolut ion operat ion is a -srnearinj-  operat iori 

since F (  kr) is possihly smoot hed and/or  blurrecl and/or  replicat+d tlepentling on r he 

fiinctional form of C;'( kr). In other  words. t he  process of sampling affecls t lie 01-rra11 

appearance of the reconstructed function. S o t e  tha t  convoIiition with a sin$(. &- 

funct ion ret urns t he  original funct ion cent red on t hat 5-fiinct ion. ancl so no hltirri rie; 

o r  replication occurs. But.  since the  Fourier conjugate of a b-function is a constant 

es tending or.er al1 space. this is the  same as having sampled continrioiis1~- oves ari 

infinite extent.  which is inipractical. 

In practice. one samples only a finite numher of points. This can bc  t ho~ igh t  of 

as  rnultiplying a function of infinite extent with sorne truncation windori.. .-\ricl. since 

multiplication in one domain engenders convolution in the  other.  ive sep t hat  finite 

extent sampling may corrupt t h e  t rue  signal: this is called a truncation art  ifact. 

T h e  abor-e effects a r e  very well known in t he  case of Cartesian sampling. as  e s -  

pounded upon by Brigham [19]. For a historical perspective. t he  reader is referrecl 

t o  t he  original Syquis t  paper of 1928 [l-L] which describes the  aliasing (replicat ion) 

phenornenon. To prevent aliasing, Nyquist s ta ted t ha t  - t h e  sampling ra te  must be a t  

least t wice as  large as t h e  largest frequency cornponent*.. The reader is forewarned 

tha t  t h e  above-mentioned definition of the Xyquist criterion applies to  Cartesian Sam- 



pling. but t hat t his definition ma? not necessarily apply t o  non-C'artesian sanipling. 

In fact. a generalized Nyquist criterion may not evist in a similar forni: consec~iiently. 

sampling criteria for non-Cartesian acquisitions maj- be more stringent than  those of 

C'artesian acquisitions. 

S o t e  r hat in .\[RI. t he  sampling procedure occurs in k-space as  opposecl to image 

space. Therefore. blurring. replication. and truncation artifacts show iip in the  recon- 

st ructeti image. In summary. the sampling funct ion determines the  basic signal pro- 

cessing propert ies in t h e  resiiltant image. [--sinp Fourier t heory. one can ctiaracte>rizc 

t h e  resolut ion. signal-to-noise. cont rast - to-noise. aliasing. 7; and Tl modiilat ions. aiid 

off-resonance effects in the  reconstructed images. Sloreover. hecause of t h e  fieri bili t -  

of da ta  acqiiisition. one  may acquire the  SIR k-space d a t a  in varioils non-rertilinear 

fashions. This al1oi1-s t h e  possibility of exploring ~ o t e n t i a l  aclvantages ancl benefits of 

non-rectilinear Fourier t heory and analusis. 



1.3 Polar Sampling 

In this section. a brief historical perspective of polar sampl in j  is qiven. ancl its close 

relat ionship t O computed tomography is described. ;\lso. a hi hlioqrapliic rrt-irw of 

the salient works on polar sampling in hIRI is given. 

1.3.1 Historical Perspective 

The idea of iising linear magnetic field gradients da tes  back t o  the  earl- 1950s [15. 

16. 171. However. about  20 j-ears elapsed before Lauterhur (51 and 1Iansfirld [IS] 

independerit lu realized t hat the  511 R signal ( often called t he free incliict ion deca~.. or 

FID)  coulr.1 be encoded wit h structural information of the  spin system hy risinq t hese 

sanie linear magnet ic field gradient S. 

\ivit h the t heoret ical developrnent of section 1.2.1. one can now appreciate t h c  

Fourier natiire of the  spatial encoding process. In the early 1970s. tlioogli. t his 

formalisni was not yet well established. Severtheless. Lauterbiir reasonetl t hat tlie- 

(inverse) FT of the collected FID acquirecl tvith a linear magnetic field gradient at 

angle B represents a projection at angle 8 t hroiigh the  object being iniagecl. By va-;ir>-iriq 

the projection angle froni O0 t o  180°. one can generate a complete set of projections 

t hroiigh the object in analogy to  compiited tornography (CL)  data.  

In LIRI the projections are calculated from the  inverse Fourier trarisforni of the 

acquired radial k-space lines. while in CT the projections are acqiiirecl direct 1 ~ -  in 

image space. The projection da ta  can then be reconstructed using the  con[-olutiori 

backprojection algorithm. an  in-depth revieiv of rvhich is given by Herman [l!)]. 

Laiiterbur proposed tha t  his imaging technique be  called zeugmatography. which 

was taken [rom the Greek word zeugma meaning - that  ivhich is usecl for joining". 

However. t he  term projection reconstruction SIR1 ( PR-MRI) is probably more ap- 

propriate. By use of t h e  projection (or  central) slice theorem [?O]. we next show tha t  

PR-4IRI and CT data  represent k-data on a polar grid. 



1.3.2 Projection Slice Theorem 

T h e  projection slice theorem is niost easily understood with an  example  [Zl ] .  T h e  2D 

functions f ( x .  y )  and F(X;. k , )  form an FT pair. whereby 

--\ri arbi t rary projection of f (x. y )  can be obtained by coordinate transformation 

( €.y. a rotation ) followed by integrat ion along one of the  coordinates. For esaiiiple. 

i f  L-e integrate along the  y-asis and  project /(x. y J ont0 the  r-asis ( i . c .  0 = 01. t lwn 

t he  projection p 6 z O ( z )  is 

T h e  IFT of Pg=o(kr) returnç the  projection p e , o ( r )  given by F-' { F ( A - , . O ) ) .  .\ri 

iniportant property of t h e  Fourier transform is t hat it presen-es o r t  liogonal t ransfor- 

mations.  inclucling rotations [l?]. Tlius. t he  projection of f (x. ,t/) a t  an' a n j l e  cari he 

compiited a s  t he  IFT of t he  1 D radial line in F(P,.  k,) passing through thr  or-igin arid 

a t  t h e  .surne angle 0. 

In ret rospect. t hen. the FT of each image domain projection a t  angle 0 represents 

one  radial line in k-space a t  the s ame  angle B .  Thus. PR-MRI a n d  CT d a t a  a re  bot h 

polar sampling acqiiisitions. T h e  difference is that in SIRI one  samples  t h e  FT of the  

projections in k-space. while in CT one samples the image domain projectioris clirectly. 

T h e  ensuing ramifications of t his subtlety a re  examined in t he  Reconst riict ion Effects 

chapter .  



1.3.3 Projection Reconstruction 

-As ment ioned prcviously. the beginnings of SIR imaging are a t  t ri biitecl to I.aiitrrhiir 

[5] who acquired the Fourier transform of projections throiigh the ohjcct. rianid>- 

radial b,-lines in k-space. Throughoiit t h e  history of SIRI. PR-SIR1 has prown to 

be iiseful and beneficial in m a n -  clinical situations. 

Projection reconstruction SIR 1 is aclrantageous in acqiiiring images of s tiort Ti 

ancl T2 species. Ra (12.  '131 used a hybrid PR-.\IR1 and 'IDFT imagirig rtictliod ro 

measure the short T2 components of soclium '3Sa within the ranges 0.7-XOms ancl 

16-30ms at l..i Tesla. The hybrid sequence involveci a PR-)IR1 acqiiisition for the 

.ry-directions. and a 2DFT approach in t h e  slice (or  z )  direction. 

Lung parenctiyma imaging. like sodium imaging. is limited by Ion- proton tlen- 

sity ancl short T2 components. F~rthermore.  s~isceptibility and motion artifacts also 

corrupt the image. But. signal intensity from the lung parenchynia. L-isibility of 

piilnionary structures. and signal-to-noise ratio ( S S R )  a re  improved iisins PR-SIR1 

[%. 2-5;. -\lso. the iniaging of boron I 1  B (which has a T2 o n  the orcler of 6 - l O p s )  ivas 

achievecl b -  Cilover [26] For potential application to boron neutron captiire t h~rapj- .  a 

technique supgested for treatinp certain brain cancers. 

. - \ n o t h  advantage of PR-SIR1 is t h e  suppression of flou- ancl niot ion art ifacts 

as compared to conventional ZDFT irnaging methods. This is mostly c l t i r  to t tir 

inherent signal averaging of low spatial frequencies from oversampling of central k- 

space data. Sishimura [Yi] found that PR-.LIRI is an effective method of eliniinatirig 

the dis placement art i fact arising from floning spins. Ci lover [ZS] also s howed t hat 

P R-IIRI techniques have intrinsic advantages over 2DFT met hods wit h respect to 

diminished art  ifacts from respiratory motion. 

Grnit ro [29] usecl a PR-MRI diffusion-weighted technique to  reduce the sensi t ivi ty 

to global translational motion of the object. while Glover [30] developed a consis- 

tent PR technique to reduce streak artifacts by applying consistency criteria to the 

acquired k-data. 



Furt hermore. the mot ion artifacts in functional SIRI ( fil R I )  were corn paretl for 

2DFT. PR-1IRI. ancl spiral scans [31].  The motions arise froni the pulsations of t lie 

brain which cause pulsatile phase shifts in the acqitired k-data. It  was shown that 

P R-11 RI and spiral met hods exhi bi ted reduced art ifacts comparecl to convent ional 

2DFT imaging. 

In addition. the projection reconstruction k-space trajectory lends itself to R-ARE- 

niotle acquisition ( also known as Fast Spin Echo and/or Turbo Spin Echo ). R--\R E is 

the acronj-m of Rapid -4cq~iisition wit li Relaxed Enhancement in which the acquisi- 

tion time is shorter than in conventional spin echo acqiiisitions. This is achie\-ecl h>- 

assigning multiple echoes in the spin echo train to different regions of k-space. The 

ramifications of R.4 RE-mode polar acquisitions are esamined in t lie Tr 11ohla t  ion 

Effects chapter. Early on. Hall [El devised a G-weighted R.-\RE PR-SIR1 seqiwncc 

In 1994. Rasche [33] analyzed and applied R-ARE-mode PR-SIR1 to ahdoniinal aritl 

cardiac imaging. This provided a familiar contrast behavio~ir a t  a retliiced scan tinie. 

Hafner [34] proposed a simple fast irnaging scheme based on loiv angle &e PX- 

citation PR-SIRI called BLAST (back-projection low angle shot ) irnaging applicable 

for imaging of both solids and liquids. The PR-.\.IR1 technique has also hem ~isecl as 

a cheniical-shift imaging niet hod [:35] whereby the PREP ( projection recorist ruct ion 

echo planar) imaging sequence was used to obtain Biiorine images. 

Still. projection reconstruction SIRI can be disadvantageous. especiall- in t lie 

presence of magnet ic field inhomogeneit ies [36]. For 'LD FT . t hese inhoniogenei t ies 

lead to geomet rical distort ions which can be corrected for easily. wherras in P R-AI RI 

the inhomogeneities procluce complicated distortions and a loss of spatial resolution 

( i . e .  blurring in the image). Nevertheless. PR-1IRI offers great promise in the iniaging 

of short Tl species. and in motion artifact suppression. 

Therefore. a fundamental in-depth understanding of the image effects such as 

aliasing. resolut ion. SNR. and T2 modulation effects are deemed necessary to est ablish 

the full potential of PR-MRI acquisitions. 



1.3.4 Concentric Circles and Spirals 

Polar sampling can he achieved by orienting the readoiit direction along t h e  radial 

direction arid repeating this acquisition for clifferent discrete angles (stich as in PK- 

SIRI). o r  by orienting the readout direct ion d o n g  the azimut ha1 direct ion and re- 

peating the  acquisition for different radii. This seconcl methocl is termerl r-oriceritric: 

circles SI RI. or  CC'-5IRI. and is a close relative of spiral imaging. 

C'oncentric circlrs and spiral k-space trajectories were first conccpttialized 

Ljunggren [9ï]. and later impleniented by SLatsui [ils] and Ahn [:19!. rpspecti1-el>-. 

These trajectories are atlvantageous in that the point spreacl lunct ions diie to Tl de- 

cay are circtilarly symmet ric. and the  sequences exhi bi t a tlecreasecl sensi t i vi t j -  t o flon- 

artifacts. 

The  problems of reconstructing a 2D fiinction from a set of spiral saniples were 

acltlressed by liidilevich and Stark [-Hl]. but a more general reconstruction met hot1 

knorvn as  griclcling [41. 42. 4:]] iras lurt her exploitecl by .Jackson arid SIeyer [-14. -451. 

Gridciing is a flexible algorithm that  can be iised t o  reconstruct, any non-Cartesian 

k-space da ta  set inclocling spiral. PR-SIRI. ancl C'C'-SIR1 acquisitions. 

S lanj- st iidies have been performetl iisirig spiral k-space t raject ories i ricliidi iig 

l i e ~ e r  (441 rvho invest igated coronar- arterial disease. Gatehouse [46] ancl Pi kr [4 71 

who esamined spiral phase cont rast met hods for blood flow antl veloci t j -  iniagirig. 

respectivelu. and Sol1 [ - S I  who mapped cortical activation antl shorvecl t hat art i fac-ts 

were reduced as compared to convent ional imaging. ;\lso. Block [AI)] shortenetl t lie 

acquisition t ime by developing a T2-weighted R.ARE spiral sequence. 

.-\s a simplification to  understanding the effects of spiral sanipling. concentric 

circles can be used. One advantage is that  the samples lie on circles a t  discrete radial 

locations. This allows an easier analysis of sampling effects such as  SSR.  resolution. 

and aliasing. and allows for different reconstruction algorithms ( e . 9 .  gridding and 

convolut ion backprojection) to  b e  used. CC->IR1 also lends itself t o  RARE-mode 

acquisitions whereby the T2 modulation is circularly symmet ric and  isot ropic. 



Matsui [381 deveioped a concent ric circles approach to k-space sampling usin; on1~- 

half the number of pulses reqiiired by conventional 2DFT AIR imaging. 1Loreot-er. 

since the readout is in the azimuthal direction (as opposed to the raclial direction ). 

lewr excitations are needed than in PR-hIRI since t h e  number of azirnuthal saniples is 

typicaily ~ 1 . 1  times grenter t han the number of radial samples. .-\zhari [JO] corit rastecl 

CC'- 11 RI wit h -hall-Fourier- 2DFT metliods and showed t hat for eyual acquisition 

times. C'C'-SIR1 provides about a 17% increase in SSR.  

One must be cautious in applying the understanding of CC-SIR1 effects to  those 

of spiral AIRI. This is especially trtie in terrns of image aliasing since the respective 

point spreatl hinctions due to sampling are not identical. although the>- are siniilar. 

Clowever. t h e  Tr modulation effects are neadj- identical for C'C'-AIR[ and spiral SIRI. 

The importance of t his treatise lies in the general formalism t hat is ~ s t a t > l i s t i d  

to analyze the sampling. reconstruction. and & modulation effects for polar k-apacr 

clata. SIR1 clata acquisition involves a n~irnber of t radeoffs which ma>- affect the 

reconstriicted image. In order to optimize the image quaiitj- ancl miriiniize an>- iitiaqe 

artifacts. it is imperative t hat one understand ( 1 ) the fundamental effects of t. he data 

acquisition process. and (1) the 5IR physics associated wit h it. 

This treatise attempts to Iax some t heoret ical foundations to best iinclerstantl the 

t radeoffs inl*olved. Since many possible accluisit ion schemes are possible. hwe  WC 

limit oursel\.es to polar sampling wit h the intent ion t liat the conceptual formalisni 

establishecl herein be appliecl to other SIRI acquisition schemes. 



1.4 Research Goal 

llagnet ic resonance iniaging is a powerful imaging modality t hat a l low varioils soft - 

tissue contrast based primarilx on proton density. Tl or ( the characteristi(- AIR 

relaxation times). diffusion. or a combinat ion of t hese characteristics. Tlie so-c.atlrd 

T2-iveighted images are ver- useful clinically: bat. the major disad\-ant age is t liai t. h ~ s r  

high-quality. diagnostically-interpretable images often recluire l on j  imaging t imrs. 

The development and optimizat ion of fast and ult rafast techniqiies [i> 1. 5 2 .  5: ) .  541 

allow s horter acquisition t imes. However. t hese met hods general1~- siifFt-r Eroni re- 

diiced image contrast and/or low SSR. The acquisition seqiience proposrd b!- Hrnriiq 

[53] .  often termed RARE. retains the soft-t issue cont rast ancl S S R  of TL-iveijtitetl ini- 

ages. but wit h a reduced acqiiisit ion t ime in cornparison to corirent ional T2-weightecl 

i ni ages . 

C'urrent ly. non-Cartesian k-space sampling schemes sucli as spiral acqiiisi t ions i3R. 

40. -HI. projection reconstruction [S. 32.  261. and concent ric circles [35] are Iwconiing 

more comrnon. In part icular. projection reconstruction ancl concent ric circles srlienies 

lend t hemselres easily to R.-\RE-mode acquisitions. 

The hypot hesis is t hat polar sampling schemes. ancl more specifically Ra-\ R E-rnocle 

polar sanipling. are a viable alternative to acquiring high contrast. high SSR.  T2- 

weiglited .\IR images. In this t reatise. t h e  research goal is to analyze the fiintlanieiit al 

aspects of polar k-space sarnpling. namely sampling and image reconstructiori efFects 

such as aliasing. image resolut ion and signal-to-noise. and invest igate t lie TL modiila- 

t ion effects nhen imaging in RARE-mode. The t heoretical analysis is substant iatetl 

wit li esperiniental verificat ion. 

Our aim is to establish a firm theoretical framework to properly characterize 

the spatial effects of MR data acquisition and to lay the conceptual foundations 

of how one should characterize T2 modulation (a temporal effect). The fundamental 

underst anding gained herein leads us to a potentially powerful. yet general and simple 

T3 demodulation method. 



1.5 Thesis Overview 

In this treatise. the research goal is t o  analyze the  fundamentai aspects of polar 

k-space sampling dealing wit h image resolut ion. S N  R. aliasing effect S. ancl T2 nioclu- 

lat ion effects. 

Iri the Sampling Effects chapter. the  2D Fourier aliasing effects of iiriilorni polar 

sampling ( i - c .  equally-spaced radial and azimut ha1 samples) are explainecl. T h e  pri- 

rnary focus is on  the raclial effects. and so the  principal polar point spreacl function 

( PSF ) is evaluated by assiiming equall'.-spaced ring samples in k-spacc. .-\ rial>-t i- 

cal clerivations of the  polar PSF are given. an intuitive approaçh is presentetl. and  

the  aliasing effects are discussed. demonst rated. and numerically siibstant iatwl. This  

chapter is a published manuscript: 

Lauzon ML. and Rutt BK. -Effects of Polar Sampling in Ii-SpacpS-. 

.Ifagn Reson JIed 36. 940-949 ( 1996 ). 

In the  Reconstriiction Etfects chapter. t he  resolution. S S R  and aliasirig cliarac- 

teristics of the  gridding and convolut ion backprojection reconstruction algorit hiiis 

are comparecl and contrasted for polar k-space sampling. This incliides an iri-drptli 

analysis of modulation t ransfer funct ions and noise propagation. and a dcscri pt ion 

of the  aliasing effects of polar k-data reconstructed a i t h  the respective reçonstriir- 

t ion algorit hms. Pract ical S S R  improvements wit h eit her reconst riict ion met hocl a re  

discussed. and the theoretical expectations are  verified both nunierically ancl exper- 

irnentally. hloreover. the potential benefits of a hybrid gridding ancl convolut ion 

backprojection reconstruction algorithm applicable t o  radially non-equidistant but  

azimuthally equidistant polar k-data are analyzed and discussed. This chapter  is a 

submit ted manuscript currently (February 199s) under review: 

Lauzon ML. and Rutt BK. -Polar Sampling in li-Space: Reconstruction 

Effects". submitted to .Clagn Reson M e d  on January sth. 1997. and revised 

Xovember 1997. 



In the T L  5Ioclulation Effects chapter. the amplitude modulation effects of R.4RE- 

mode polar sampiing for projection reconstruction and concent ric circles a re  anal!-zd. 

The T2-weighting and impulse response function anal'-tical formalisrn is prcseritetl. 

.-\ lso. t h e  effective echo t imes are  derived. which allows one t O characterize t lie effcc- 

t ive T2-rveighted cont rast ciirves. The t heoretical expectat ions a re  siibstant intecl h ~ -  

numerical simulations. and  L-erified experimentally. The  ramifications of Tl-wi.;ht ing 

pert aining to  polar acquisit ions a re  discussed. 

In the Conclusions and  Disc~ission chapter. a summary of t he  more pertinent 

and  salient points of this treatise a re  presented. The  results regarcling owral l  iniagr 

qiiality are discussed. .Uso. a possible future direction in the  a rea  of &-clrniodiilatrd 

\ IR  imaging is presented. 
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Chapter 2 

Sampling Effects 

2.1 Introduction 

Uagnet ic resonance irnaging ( S [RI) is a versatile imaging modality n-hicti a l l o w  

various sampling schemes. be  they on a Cartesian. polar. spherical. or ottirr iion- 

rectilinear coordinate system. T h e  data are acqiiired in Fourier space. of tm terriietl 

k-space: the  image is the inverse Fourier transform ( IFT) of t hese collected data. 

which are sarnpled ( i. E .  discrete) as opposed to  cont iniious. The discret izat ion ariri 

the  finite estent  of accluisition leads to  potential aliasing effects antl/or artifacts which  

mq- aclversely affect the image content. 

In the majority of hIR acquisitions. the da ta  are acquirect on a Cartesian co- 

ordinate system. r s e  of t h e  efficient fast Fourier translorni (FFT)  [ l ]  transfornis 

t h e  Cartesian k-space frequencies to C'artesian image space intensities. The aliasing 

effects in such cases are well understood [1. 31. Cartesian accluisit ions allow for ef- 

ficient image reconstruction and  exhi bit aliasing propert ies t hat are easily clescri bed 

hy well-known Fourier theorerns. 

C'urrently. non-rectilinear sampling schemes are gaining popular i t .  most notahlx 

spiral acquisitions [4. 5 .  61. projection reconstruction [ï. Y. 91. and concentric circles 

[IO]. These non-rectilinear sampling schemes offer advantages in motion and flou* ar- 

tifact suppression. efficient use of gradients. and fast acquisitions. T h e  disadvantages 

lie primarily in more complicat ed image reconstruction and off-resonance effec t S. In 



projection reconstruction SIRI. t he  convolution backprojection algorit hm [ L  1. 121 nia\- 

he  used: in general. however. reconstruction invoives regridding [13. 14. 15. 161 t h e  

k -da t a  on t0  a C'artesian grid and  using t h e  FFT. The gridcling process ma? affect t h e  

image [16]: but more fundamental lc  non-rectilinear sarnpling itself will infliirncc t h e  

image characterist ics. 

CIere. we esplain the  t wo-climensional ('1D) Fourier aliasinq effects of iiniforrii po- 

lar sampling. whereby t lie samples a re  equally-spaced bot h radiall-  and azi niii t lial1'-. 

\\é focus primarily on radial effects and so assume eqiiall>*-spacetl ring sarnple.; in 

k-space. Previous work has been done b -  Stark wit  h regards to conipiiterl tonicqra- 

ph' (C'T) [ l i .  Id. 191: here LW adopt a different approach pertinent to .\IR saniplrd 

data .  In this chapter. no a t tempt  is m a d e  a t  explaining SIR ph>-sics effects such as 

off-resonance effects. mot ion. Tl and io r  & modulations: ire deal strict ly u-i t. h t he  

sampling aspects of polar acquisitions. .\nalut ical derivat ions a re  si yen. and  t heir 



2.2 Theory 

In Cartesian coordinates. the concept of finding the point spreatl funct ion ( PSF). i . r .  

the Foiirier t ransform of the sampling funct ion. in t wo (or more) tlinimsions follotr-s 

readily [rom the one-dimensional ( I D )  case: one performs the ID-FT inc1epenclrntl~- 

for each dimension. In polar coordinates. however. t h e  task is more difficult . 

-4 sanipling fiinction can be rnathematically represented as a siiperpositioti of 

Dirac delta-hnct ions (h-funct ions). .An important aspect of polar sanipline;. a n d  

non-rcctilinear sampling in general. is the weighting associated [rit h each O-liinction. 

This iwiglit ing occurs because 6-functions are defined tvit hin an integral. and t lie 

infi nitesimal area of integration must be taken into accoiint in order to properl>- 

norrnaliz~ each Lc-sampie. In section 22.1. we show that this weight ing is the .Jacohian 

in t rarislorming to a coordinate sxsteni mhere the d-spacinç is rect ilinear. 

For polar sampling. the discretization occurs in both the radial and azinilit lia1 

directions. Hoivever. in the Iimit of equally-spaced azimuthal samples h e i n  infiriitm- 

inially close toget her. Ive can focus exclusively on the radial effects of polar sari1 pli no, 

since we effect irely have a superposition of circularlv symrnet ric ring samples. -41- 

t hough the sanlpling of cont inuous rings is unrealizable in pract ire. its FT Icads to 

the principal PSF of polar sampling which can he calciilated using t h e  Foiirier- Bessrl 

( Han kel ) t ransform. a 1 D t ransform. In section '2.2.2. ive develop t h e  governi ri: niat h- 

ematical Fourier formulation. Based on ivork hy Braceivell and Thompson ('101. wc 

separate the principal polar PSF into its main lobe and a series of ringlobes. 

\Vit 11 the analysis developed in the theory section. we are able to characterize 

the radial effects of polar aliasing. This includes concepts such as radial sampling 

requirements. smearing. leakage. and truncation artifacts. 



2.2.1 Weighting of 6-Funct ions 

Dirac delta-fiinctions. represented as 6(+). were introduced by Dirac in qiiantuni 

meclianics [?II. Fundamentallc 6-ftinctions ( impulses) are defi necf bj- t k i r  action 

uithin an integral. namely 

{ y )  i f . < . ' < "  
ot herwise 

This is called the sifting property of 6-functions. S[oreo\-er. a h-fiinction tias zero 
+ x  

widt h and infinite height si.ich t hat the O-area is unit>-. i.~. [ O( . r )  d.r = 1. Lf one 
J - s  

clianjes the scale of x bi- a factor E. say s + X / E .  t hen b ( . r / z )  = / : / b ( . r )  j:j. p.T(i]. Iri 

othcr words. a change in scale weights the intensity of the impulse coninicnsiiratel~-. 

In general. we may have a superposition of 6-fiinctions at rarioiis locations. For t l i ~  

1D unit-spaced case. ive have the shah function. m(r) x,O(.r  - j ) .  I f  ive scalr 

u ( x )  in the s-direction from equidistant unit-spacing to  E-spacing. then 

for t~ = . r / r  

The aboi-e equat ion can be interpreted as follows: t h e  6-functions ha\-e equidistant 

z-spacing in the s-coordinate systern but are uni!-spaced in the ti -coorcIinate si-stem. 

Hoivever. in hoth the r- and u-systems. the b-functions have a weighting of z :  in 

t h e  s-si-stem. it arises because of the scaling property of b-funct ions. tvhereas i r i  t lie 

il-system. it is ttie .lacobian Idxldul. For a general superposition of 6-fiirirtioris of 

the form 1, 6 [ ~ ( i )  - j ] .  ive ha\-e 

Note t hat the 6-functions a re  equidistant and unit-spaced in the ci-system. but cotilcl 

be non-rectilinear in the x-system. -As before. the  weighting of the j t h  6-funct ion is 

the  Jacobian I d ~ / d ~ l ~ = ~  * Id~(s)/dx l;:,, . 



S o t e  that  when one writes X I  S[:(x) - j ] .  this is in fact a short-hancl notation 

for J C S [ z ( r )  - j ]  dr w h e r e -  the 6-functions- intensity and position inforniation 
J 

are hiclden within the z ( . r )  term. Hoivever. if one malies a coordinate trarisforniat iori 

from r to  i l such that the spacing is linear and unit-spacecl in the 11-sust.eni. ive ira\-e 

/ C 6[1i - j ]  du. where 3, is effectiwly the Jacobian ei-alilated a t  u=j .  i i - h ~ n  
J 

ivritten in this manner. the intensity (zJ) anci position ( i i = j )  of each P-fiinction are 

ohrioiis. and the short-hand notation is given by 1 , 6 [ u  - j ]  3,. Espressecl in t h r  .r -- 

sxsteni. and because jdz( s)/dxl;L,, = Idx/du 1 .=, = J,. any one-cliniensiorial sampling 

funet ion can be writ ten as 

where .r, ancl J, are the location and weighting of the j th b-function. respectii-pl>-. 

Generaiizinj Eq.('L.4) to n-dimensions. we have 

ivhere xJ and ,'JJ are the location and weight ing of the  j r h  n-dinierisional h-fiinct ion 

respectively. -4s in the I D  case. the Jacobian is foiind hy tiansforniirig fn~rii  x 

coordinates to  u-coordinates siich t hat the b-funct ions are unit-spacetl ancl rect i liriear 

in each of the  n-dimensions in the u-system. 

A few 2 D  esamples may give a better intuition. First. let lis look a t  ZD C'artesian 

sampling with spacing I r  and I y  in t h e  x- and y-directions. respectively. The 

trarisforrnation reqiiires [ i l  = s / l s  and uz = y / l y  so that the .lacobian (ancl Iience 

the  weighting) is A r l y :  

As a seconcl example. we look a t  polar sampling where the radial ( r ) a n d  azimut ha1 

( O )  spacings are A r  and M. respectively. The polar coordinates X I  = r cos e. and 

s? = r sin 0 can be transformed to  rectilinear u-coordinates provided t hat u 1 = r / A r .  



and 112 = B / l B :  the .lacobian is I r l l r l 8  and the polar sarnpling function is 

Note that for polar sampling. the weighting is proportional to the  radial distniicc of 

t hc sample. One can draw an analogy wi t h parallel- beam corn puted toniographj-. 

Ait hoiigh CT data are acquired in the image domain. the 1 D-FT of rach image 

domain projection at angle 8 represents the k-space line at angle 6 ) .  To recoiistriict 

the image. each k-line is miiltiplied by the ramp filter ( a  fiinct ion proport ional ro t lie 

radial clistance). inverse Fourier transformed. and backprojected. The ranip tiltcr. 

then. is siniply the weighting necessary for polar sampling. lloreover. riote tliat r i i i i l -  

tiplication of the k-lines with the ramp filter is the Fourier conjiigatc to corivoliition of 

the image domain projections with the IFT of the ramp-filter. Thus. the convoliitiori 

kernel of the CT convolut ion backprojection algorit hm sirnply applies the ncressary 

polar sampling weighting in the image domain. 

l l a t  heniat ically. ive can express discretizat ion as the multiplication of a ront iniioiis 

ohject irith a sampling function. Each discrete sample subtencls a giwn area. as 

given by the .Jacobian. In Cartesian sampling. each sample has the sanie coristant 

area. narnely ls_ly. so t hat the 6-area for each sample is constant. In ecliiidistant 

polar sampiing. however. the sample size changes as a function of radiiis. Tlius. to 

nornialize the b-area for each sample. ive rveight each sample by its areal estent: tliis 

is equivalent to correcting for the sampling density. 

Finally. note t hat if we had a non-rectilinear Fourier transform algorithni expressed 

in u-coordinates. the algorit hm would already include the Jacobian: the B-iveight ing 

would effectivelv be %uilt-in" to the algorithm. .An esample is the  Hankel t ranslorni 

for circularly symmetric objects whose coordinate sustem changes from x -  and y-  

coordinates to r-coordinates. as will be shown in section 2.2.2.  

In SIRI. one can acquire the data in various 2D and/or 3D coordinate systerns. To 

reconstruct the object properly. however. one must weight t h e  samples appropriatel? 

depending on the reconstruction algori t hm used. 



2.2.2 Ring Samples and the Principal Polar PSF 

111 polar sampling. t he  coordinates of interest are the radial ancl azirntit ha1 dirrct ions. 

Typically. one acquires enough azimuthal samples so that  the  rnasimiini arc-distaricr 

between sarnples is less or equal t o  t h e  radial spacing. C-nder t hese circiimstances. 

t he sampling effect s are primarily associated wi t h the  radial direct ion on1~-. 

To iintlerstancl t he radial effects of polar sampling. ive will assume equal1~--.spac~tl. 

concent ric. cont inuous ring samples. In effect. we  consicler the limit ing case whrre 

the aziniiit ha1 çample spacing tends to zero. Since the  sampling funct ion eshihits 

circular propert ies. it is aclvantageous t o  convert the Fourier t ransform intesral froni 

C'artesian to polar coordinates. In SIRI. we acquire the  da ta  in k-spacc from which 

t he  image is comp~i ted  as the ZD iniverse Fourier t ransform of S( k,. k,  ): 

ntiere k, ancl are the Fourier conjugates of s and y. respectivel?-. If ire esprpss t lie 

Fourier and image clomains in polar notation. narnelj- k, = kr  cos k a .  k, = k, sin b+. aritl 

r = r. cos 0. !/ = r sin 8. wit h b, ancl b t h e  Fourier conjugates of r -  a n d  0. respect i l - ~ I J * .  

ive ha\.e [3. p.2471 

Fiirthermore. if S(k,. kd ) is circularl>. SJ-rnmetric (which is t lie case here wit Ii concsen- 

tric rings). i . e .  S ( k , .  kg) + S ( k r ) .  then ive can integrate over the k8 variable t o  obtain 

the d l -  knowi Han kel t ransform: 

Note that S ( k r )  is u ~ i g h t ~ d  by the  dacobian 2 a k r  so that  the Hankel transform of 

S( kr ) is t he  same as the  Cartesian Fourier transform of S(/i,. k, ). Thus. t h e  necessary 

weighting for polar sampling is built-in t o  this transform. 

Assume we sample at the origin of k-space (k, = 0 )  and  a t  J I  ecpially-spaced 

concentric rings. as shown in Figure 2.1. For a radial spacing of M,. t h e  ring positions 



are  given bj- 

n-hose Hankel transform is 

.1 r 

Figure 2.1: K-space sampling rings 
E q u i d i s t a n t .  conce n t r i c  sampl ing  r ings  in k-rpnce.  

-4s for the 6-sample at the  origin. one might assume the  weight ing to he ident icallj- 

zero (since Lr = O ) .  Homever. the  weighting function. as discussed in section 2.2.1. 

tlescrihes the artal c r t e n t  of a given sampie. if we had sampled continuously in the  

radial direction. t hen t h e  weighting tvould be zero a t  L = O  since the  areal estent  of a 

point is zero. But. for finite sampling. the  sample has finite area. and so its wight ing  

is a ( l k , / Z ) 2 .  The Fourier transform of the weighted 6-lunction a t  t he  origin is a 

constant. namely r(Ak, /Z)*.  Since the  Fourier transform is a linear operator. t he  

IFT of S( k, ) is given by 
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Its profile is depictecl in Figure 2.2 for -11 = 9. where .s( r )  is called the  p r i n r i -  

pal polar PSF. a t e rm coined by Bracewell [?O]. Some salierit k a t  lires of .s( r . )  in- 

clucie: ( 1 )  discretization b ~ .  Lk, in the  radial direction leacls to radial r - i r ~ g l o b ~ . ~  at 

r- = ;/AC,. j = { 1.2. . . .}. (2 )  the radial ringlobes are nsymmetric a n d  cl~crrast.  in 

aniplit ude as r increases. ( 3 )  t here a re  approximately .II oscillation periocls brtrveen 

srircessive ringlobes. where .II is the  number of rings: this is a triincat ion artifact 

ancl arises hecause -11 is finite. ( 4 )  t he  width of the  central (or main)  lobe decreascs 

as  .\I increases. ( 5 )  t he  oscillation and ringlobe amplitudes relative to  t. h e  main lobe 

decrease as .II increases. ( 6 )  the  main lobe behaves as J i ( r ) / r .  the jinc funrt  ion: t his 

becomes apparent i f  we let JI + x and M, +O such that .\I l k ,  - c ( a  unit-heiqht 

disk. whose FT is (2-c') jinc(2m-c) [3. p.2491). ( 7 )  alt hough S ( k ,  is raclially-cliscrete 

ancl of finite estent .  s ( r )  is contintioiis and  of infinite extent. 

* - 

Figure 2.2: Principal polar PSF profile 
Principal polar PSF projle for -11 = 9 concentr-ic rings. 

Based on work bu Bracewell and  Thompson [?O]. we can decompose s ( r )  of 

Eq.(-.i3) into its main lobe and a series of ringlobes. Using [22.  p.952 (8.4 11 ) ]  to 



express .JO in integral form. and introducing the spin-integration operator  Q. we ha\-c 

where ire define t he  spin-integrator as 

C'onseqiient ly. Eq.('>. 1 3 )  can be writ ten as 

x ; 
= roirI  + [ e V o  ( r  - lin;) i- Ls ( r  + g-)] 

J = L  

~ r h e r e  F and  F-' tlenote t h e  forward and inverse Fourier transforms. respectively. 

m(k/lkr ) represents a series of 6-functions spaced bu l k ,  in k-spnce. L U ( r l k ,  ) 

represents a series of 6-functions spaced by L / l k r  in image space. * denotes con\-O- 

lution. and 

1. lpl 112 1 - IPI? IPI r 1 
= { O. ,pl > L 

. and  
0. lpl > 112 - 



Siibstituting Eq.(?.lT) into Eq.P.  16). we have 

n-here 30 and s, a re  the  spin integrat ions of çqO(r) and the  summation ternis. respec- 

t i\-ely. and the constant term n ( M ,  )'/4 arose because of t lie 6-sarnple at t h r  urigiri 

of k-space. \\,-e nes t  stucly s o ( r )  and s , ( r )  indiviclitally to gain fiirther insight. 

Figure 2.3: Normalized principal polar PSF main lobe su( r ) 

-\*or-rnalixd prlncipaf  polar PSF main fobr s o ( r )  for -11 = 9 conctntric ring.,. 

To simplify s o ( r ) .  we make use of the spin-integral theorem [?O. app.B] which 

states that Q { c * ( r ) }  = 7-l {Fc{~v(r)}/(bkr)}. where ;F. and 3-1 denote t h e  Fourier 

cosine and Hankel operators. respectively. Since the  Fourier cosine transform of ~ y , ( r )  

is slkrl n (kr/[2.L1MJ). ive have 



which is the  Hanlie1 transform of a unit height disk of radius . \ I l P r .  S o t e  the jinc-like 

hehaviour of t h e  main lobe. as expected: s o ( r )  appears in Figure 2.3. 

To investigate t h e  ringlobes s , (r) .  one can apply the  spin-integral t heorem ( a s  

Figure 2.4: Sormalized principal polar PSF ringlobe ..;,(ri 
.\-01-mnlired principal polar PSF ringlo6r s,( r ) for- .\l = 9 conce ntr-ic ~sings .  

A n  analytical expression of the above lunction is not readily available. altlioiigli 

Bracewell and T hompson [?O] have approximated t his funct ion near j/Ak,. Sel-er- 

t heless. one can numerically evaluate t h e  above equation t,o get a visual representat ion 

of .s,(r). as  shown in Figure 2.4. Note tha t  a11 ringlobes a re  similar in appearance. 

altliough t heir amplitudes will be different depending on t h e  ringlobe order j .  Froni 

Bracewell and Thompson's approximation. the  maximum ampli tude of ..-, is abolit 

2 . 2 5  - 1  ) Cornparison of two ringlobes shows t hat t heir relative ampli- 

t udes scale as the  square-root of the ratio of ringlobe orders. i .e .  Isjl Il lsj2 1 2 Jm. 



Furthermore. the ringlobe amplitude relative to  that  of the main lobe. whose arril>li- 

tucie is r( . \ I S , ) ' .  is given b ~ -  

For JI-1-dues of 64-128 rings ( a s  would be  typical in MRI) .  t h e  peak aniplitiiclr of 

J, ( r )  is about 5.1% -J.6% of t he  main lobe peak amplitude. 

In sumniary. the principal polar PSF can he  decomposed into its niain lobe whosr 

beha\-iour is jinc-like. and a series of asymmetric ringlobes a t  ;/AL., whose peak ani-  

plit tities decaj* as j increases. Knowletlge of the  principal polar PSF. its const itiients. 

and its characteristics allows us to investigat.e t he  aliasing etfects inciirrecl h ~ -  polar 

sampling. as disctissecl in the nest section. 



2.3 Results 

In the t heorv section. we mat hematically characterized the  behaviour and composition 

of the  principal polar point spread function. In contrast. t his section a t  ternpts t o  give 

an  intuitive understanding of the behaviour of t he  principal polar PSF. LI-e also disrtiss 

the ensuing effects in t h e  image dornain. 

Since rectilinear sarnpling is well understood. section 2.3.1 relates the  polar PSF 

betiai-iour t o  known concepts of t he  rectilinear PSF. This section. alheit hrief. a t -  

tempts  t o  give some insight as to  how t h e  ringlobes and oscillations arisr wtien sarti- 

plin; on  a finite polar grid. and whu t h e  ringlobes a re  asymmetric and riecrrasr in 

ampli t  ide. 

The  radial aliasing effects of polar sarnpling are  investigateci in section 2.:I.2. Froni 

t h e  Fourier convolut ion t heorern [ 3 .  p. LOS]. \ve st udy how t he principal polar PS F 

leads t o  radial replication and smearing. T h e  concept of an effective field of rien- or  

haseband is expounded upon. which leads to the  polar radial sarnpling reqiiireriirnt. 

Finall~.. we cliscuss hom the  image replicates get folded back (or  aliasetl) into tlie 

basehancl which can severely corrupt t he  image. 



2.3.1 Polar PSF Intuition 

b-hen  discussing sampling theory. ive inrariably ta lk  about  rectilinear (Car tes ian)  

sampling. Concept iially. t hen. it is advantageous t o  relate t h e  principal polar PIj F 

to the C'artesian PSF. SIoreover. t he  principal polar PSF \vas derired from t h e  1 D 

CIankel transform: ive t herefore deyelop an int ~ i i t i on  based on  the  1 D C'artcsian point 

sprcact funct ion. 

In section 2.2.2. ive assumed sampling at t he  origin and  nt .\l conwntr i r  rings 

spacecl bu Ak, ( i. É. l k s  + O ) .  For 1 D Cartesian sampling. t liis corresponcls to a t in i t r  

sarnpling cornb of (?JI+ 1) sarnples which can be esprisseci as xy\f d(k,  - r n l X . , ) .  

The Fourier expansion- and  hence the  C'artesian PSF. is given by 

which is tlrpicted in Figure 2.5 for JI = 9. 

Figure 2.5: Xormalized Cartesian PSF 
.Lorrnalized C a r t e s i a n  PSF f o r  :1f = 9 .  i.e. ( 2 M  + 1 ) = 19 rectilinear snrnplc points.  



CCk next draw some parallels with the  principai polar PSF of Eq.(2.13) and Fig- 

ure 2.2. T h e  first observation is that in both the polar and C'artesian cases. ire have 

replicates a t  multiples of I l l k , .  For Cartesian sampling. the replicates are exact du- 

plicates of the  niain lobe. For polar sampling. however. t he  replicates ( i . ~ .  ringlobes) 

differ fron-i t he  main lobe in both shape and amplitude. 

-4 second observation is t hat .II oscillation periods occur between success iv~ repli- 

cates: for C'artesian sampling. it is ~ r a c t l y  II  periods. rvhile for polar sanipling i t  

is only npprwrimri te .  These oscillations arise because ive sample oi-er a liniited es- 

tent in k-space. This can be understood if we limit the  C'artesian samplins ronih: 

~ ( k , / l r ( . , )  x ~ ( l i , / [ 2 ~ 1 k , ] ) .  Its FT is of the  form m(slk, l t sinc( . l l . r l k .  1. 

where w e  have used the  Fourier convolution theorem. The rect frinctiori (II). t I l m .  

niakes the  Cartesian sampling comh firiite but gives rise to sinc-like oscillatioris i r i  

the PSF. In general. a finite sampling extent results in oscillations in t he  PSF. olteti 

termed a t runcat ion ar t  ifact . 

SIoreover. because the  complelc exponentials are purely periodic. Cartesian sani- 

pling leads to  a coherent sunimation. In other  words. the  Cartesian replicates resrtiible 

the niain lobe in al1 respects. In contrast. t he  Bessel functions- non-piirely periodic 

nature leads t o  dest riictive interference upon sumrnat ion. This incoherence creates 

as>-mmetric polar ringlobes of decreasing amplitude. 

The Cartesian and principal polar PSFs a re  espressed as siimmations of complcx 

esponentials and weighted zero-order Bessel functions of the  first kind. respectivel!-: 

Since bot h the  complex exponentials and Bessel funct ions are cont inuous fiinct ions of 

infinite extent and .b1 is finite. their respective PSFs are also continuous and infinite. 

Since Cartesian replicates are duplicates of one another. their energy is t h e  sarne. 

By analogy. then. we assume that al1 polar ringlobes have the  same energy. el-en 

t hough their amplitudes differ. This can be justified using Eq.(2.22) and realizing that 

the  volume under each ringlobe is given by t h e  Hankel transform of s,(r) evaluated 



a t  X-,=O: in doing so. one  ob ta ins  a volume of 2 (a rb i t ra ry)  units rejarclless of rllp 

ringlohe order j. For eqiial volumes. t hen. ive assume t hat t heir energies niiist al50 

be eclual. if ive furt her assume t hat  each ringlobe is concent rated a t  a radius J /  Ab,. 

t hen the energy is given by i t s  circurnference t imes i ts  aniplit ide-sciiiarecl- narr ie l -  

2 1 .  J / k r .  To obtain a constant  energy independent of t h e  rin:lobr orcler. !.$, 1 

must be proportional t o  II&. as was s ta ted in section 2.2.2.  

The intuition rnentioned abore .  albeit mat hematically iniprecise. supports  in a 

hancl-ivavin; manner)  t h e  concepts developed in section 2.2.2. \Ié nest  d i sc~iss  r tic 

image  effects and artifacts of polar sampling in k-space. 



2.3.2 Radial Aliasing Effects 

Since SIR da ta  are discrete. it can be espressed as the multiplication of the continiious 

k-data O ( k )  with a sampling function S ( k )  as O(k) x S(k) .  From the Fourier convo- 

lution theorem [ 3 .  p.lOS]. the SIR image is given by o ( r ) t s ( r ) .  mhere o(r)  =.F{O(k)} 

is the  object in the image domain. s(r) = F { S ( k ) }  is the PSF. and  * represmts the 

convoliit ion operat ion. 

.As an  esample. let the field of view (FOL') be l / M ,  and the  ohject hr a îirriilar 

disk of radius 0.3T5/1hr. as shown in Figure 2.6(a). The  effect of saniplirig witli 

concentric rings spaced hj- Ah, is shown in Figure 2.6(b). S o t e  that the liniits are 

* l . . i / lk, .  i . r  . ive display t hree times the  expected FOV liniits of & O . . j / l r ( - , :  tlic effect 

of t h e  main lobe and of the first ringlobe are t herefore observable. The salien? feat u r ~ r  

of the magnitude image are: ( 1)  t he  original object appears at t he  centre. ( 2 )  a brijht 

ring siirrounds the object at  a radius of 0.625/Ahr. ( 3 )  a non-zero. non-constant . low 

amplitude signal appears between the object and the bright ring. ( 4 )  iriirnecliately 

beyond the bright ring. there is a region of almost no signal. ( 5 )  bej-oncl t his (lark band. 

a shaclecl region appears out to a radius of 1.:3i.?/lX.,. and ( 6 )  the  clisk's intcrisity 

profile is no longer uniform. but rat her concave. 

These k a t  ures can be understood if me simplify the principal polar PS F to consist 

o f  d-funct ions onlj-. since conrolution wit h a 6-function replicates ( and  scales) the 

object cent red on t hat particular 6-f~inction. Thus. me sinipli- t h e  principal polar 

PSF as follows: let the main lobe be described by a unit-intensit~. B-ltinction. and let 

the  first ringlobe be approsimated by a ring of negative and positil-e E-functions at 

l / M ,  - A r  and l/lh. respectively. tvhere A r  is the spacing in the image domain 

([2.\l+l]Ar = lllk,). The intensity of the  %ringsm' are on t h e  order of 2.2.5/[adE]. 

The convolution of the object with t his simplified PSF is readilr understood. The 

central 6-function replicates the object a t  r = O. which explains salient feat ure ( I ). 

The &rings scale. replicate. and dist ri bute the  object circularly w hich procluces a 

-smearing effect'. The sum of these smeared replicates yields t h e  image. 



Figure 2.6: Synthet ic disk phantom aliasing 
.\lagnitude image and profile of a s yn lh~ t i c  disk phantom of radius O.:373/1k-,. 
( a )  Original object. ( b )  Disk concolaed with the principal polar PSF. ( c )  Disk 

conrolued with the simplified PSF consisting of a 6-Junction at r = 0 .  and  t wn r g n a l  
intcnsity bu t  opposite polarity 6-rings at  1/1k, - A r  and l / l k , .  ( d l  Dzsk con r o l r ~ d  

with the simplijied PSF consisting of a 6-iunction at r = O .  and tcco d i f f c re r~ t  
intensity and opposite polarity 6-rings at l/Ak,-Ar and lllk,. ?;etc thnt ire 

display out to three limes the ef ict ior  FOIf-. 



If the  b-rings have equal intensity but opposite polarity. then the edges of the  

object will remain intact. as shown in Figure 2.6(c). Since the object is a tlisk of radius 

0.:57.7/Ak, ancl the  object gets smeared circularly at a radius of l / l X . , .  the  bright etlge 

rings appear a t  ( 1 &0.37.i)/lkr. This explains the  bright ring a t  0 . 6 ? . j / l k r .  namely 

salient feature ( 2 ) .  and why the  shaded region appears out to radius of 1.9T. i /1k,.  as  

stated in salient feature ( 5 ) .  

To niirnic the  asy-nmetryof the  ringlobe. the  negative &ring is given a n  intensitj- of 

aboiit 90% tha t  of the positive &-ring. This value was chosen since from F i g ~ i r e  (2.4).  

the  norrrialized ringlobe values at  j / L k ,  -Ar and j/Ak, are approsimate1~- -0.670 

and 0.742. respect ively. whose magnitudes differ b?; aboiit 10%. The resiiltarit srriearecl 

image appears in Figure 2.6(d). T h e  shading described in salient featurr ( 5  ) is rion- 

clear1'- present. Furthermore. t he  asymmetry gives rise to a clark region jiist beyorid 

the  bright ring at 0.62*5/1kr. The asymmetry explains salient feat iires ( 4 )  a n d  ( 3  ). 

Salient feat ures ( 3 )  and (6)  arise because the true polar PSF is not as simple as 

a b-function a t  r = O and &rings at  r r z  l / M r .  -4s mentioned before. t tir ohjcct 

se ts  snieared Ihroughoel. In general. then. sampling on a finite polar gritl prorlures 

circtilarly smeared artifacts. circular ringing (a truncation art.ifact rliie to saniplirig 

over a finite extent) .  and circular blurring (since the PSF's main lobe lias a finite 

v i t  1 ) .  However. as the  number of ring saniples increases. the blurring decreases 

(since the widt h of the main lobe decreases). and  the  amount of ringing also diminishes 

since one effect ively sarnples over a larger extent in k-space. 

One important aspect of convolution to note is that  the object being snieared is 

not rotated as it gets smeared circularly. For example. let the object be a n  elliptical 

disk whose major  and minor radii are O.3FZ/Akr and O.25/1hr. respectively. wit h the  

major axis in the  x-direction. The resultant smeared image appears in Figure 2.7. 

Note t hat t h e  bright ring surrounding the  object is a n  ellipse with major a n d  niinor 

radii ( 1  -O.?.j)/Ak, and ( 1  -0.:375)/Mr. respectively. with the  major a s i s  in the  

y-direction. Also, the  dark band just beyond this bright ring is no longer circularly 



synimetric. Furthermore. t h e  outer  shaded region is an ellipse of major  and  rninor 

radii of ( 1 +O.:17.i)/lhr anci ( 1 +O.2-i)/1kr. respectively. wit h t h e  major  as is  i r i  t tic 

r-direction. Sow. i f  t he  object  had been rotated as it rvas smeared. t he  hright rine. 

t he  dark band. and  the  ou t e r  shaded region nould have been cirrularly 5'-mnietrir. 

which is clear1)- not the  case. 

Figure 2.7: Synt hetic elliptical phantom aliasing 
.\fagnittide irnnge O/ a synthetic elliptical phantom conrolccd loith the prirrciynl pol«r 

PSF. .Io!€ that me disptay out 10 three times the cflectirc FOI:  

Disks and  ellipses exhibit  circular properties. Therefore. we espec t  circitlar siiiear- 

ing effects. as  shown in Figures 2.6 and  2.7. If the  object is not circular o r  elliptical. 

t hougli. the  smearing effects assume a more cornplex pattern. 

Since t he  first ringlobe occurs a t  l l l k ,  and the  object gets  smeared circiilarly. 

t he  inner edge of the  smeared  replicate occurs a t  ( 1/AX, - r,,,). where r.,,, is t he  

mas imum radial extent of t h e  object.  If r,,, is greater t han  0 . 6 / l C r .  then the  

replicate appears  a top  t h e  original object. Thus. t he  effective FOV (baseband) in 

polar sampling is a circle of radius 0.5/Akr. This is analogous t o  Cartesian sampling 

rvith a kz- and  k,-spacing of Ak,. mhere the baseband extends from - O . . 5 / l b ,  t o  



+O.. i / lk , :  in Cartesian sampling. however. the FOV is rcctnngular. 

In t h e  aforementioned examples. t he  extent r,., of t he  object ne\-er esce~rler l  

O.ri/lk, .  t h e  effective polar FOV radius. If. however. t h e  object ronsists of two clisks 

of radius 0 . 2 / A k r  shifted by O.X/lk, in both the x- and  y-directions as cIepictec1 

in Fiyure '>.d(a). then r,,, is about 0.554/1lr,. which extends be>-ond t h e  effective 

Foi- radius. T h e  resultant smeared image appears in Figure ?.S(h). 

S o t e  tha t  each disk taken separately looks similar t o  Figure 2.6( h) :  a briglit ring 

surrounds t h e  disk. followed by a dark band. and a shaded region. These feat iires are 

cent red tri th respect t o  the  disk in question. T h e  full image. then. is a superposition of 

two t ranslatecl srneared disk images. C'learlc the bright rings intersect t he  clisks. i.r . 

part of t he  replicates emanat ing lrom the  first ringlobe a re  nliased into t he  rffwtit.r 

fielcl of ~eieiv. 

T h e  polar radiai sampling requirement is t herefore analogotis t o  t he ( 'art esian 

sampling criterion: one  must sample above the  Nyquist rate.  In ot her ivorrls. i f  the 

radial spacing in k-space is 16,. the  object must b e  limited t o  within a circle o f  

d iameter  I/lk, in t he  image domain t o  avoid polar aliasirtg. 

Hoivever. we have shown t hat the  finite number of samples -1f leacls t o  an  oscilla- 

tory hehaviour in t he  PSF. For finite C'artesian sampling. t he  oscillations a r e  sinc-like. 

ivhere t h e  zero-crossings a re  equidistant. This property leacls t o  a cohercrit suninia- 

t ion upon con[-olution of the  Cartesian PSF and the  object.  and J-ields t h e  fanliliar 

C;ibbbs ringing artifact i n  the  x- and y-directions. 

For finite polar sampling. though. t he  jinc-like oscillations in t he  polar PSF have 

non-equidistant zero-crossings in the  radial direction ( by virtue of t he  Bessel fiinct ions 

not being purely periodic). Consequently. the  polar PSF produces a radial ringing 

(or  t runcat ion)  a r t  ifact but also leads t o  signal Leakage/aliasing: t his effect \vas ob- 

served bx the  appearance of a low non-zero background signal and  t h e  disk's intensity 

assuming a concave rather  than uniform pattern. 

This  means t ha t  even if the Xyquist criterion (as defined for Cartesian sampling)  is 



Figure 2.8: Synt hetic two-disk phantom aliasing 
.bIagnitude image of a synthetic phantorn consisting O/ two translatcd disks. 

( a )  Original object. ( b )  Two translated disks conuolved with the principal polar PSF. 
.Vote that Ee display out t o  three times the eflective FOI: 



met in the k, 

of the ohject 

aliasing (and 

-direction. i . ~ .  t hat the sarnple spacing Ah, is such t hat the radial estent 

is fully cont ained wit hin the baseband. the ringlobes will int rodiice some 

leakage) art ifacts into the image. This occurs because convolut ion of the 

ohject with the ringlobes distributes ringlobe energy into the effectii-e FOL-. This is 

a consecluence of the N~*quist criterion being defined stnctly for C'artesian sampling. 

Xote t hat when one considers the sampling as a '2D polar sarnpling effect . as clone 

here. r he  Sycluist criterion must be modified and/or generalizecl. The e n d  rrsiilt is 

t hat the 2D polar sampling effects do not follorv the Cartesian Xyqiiist criterion. 

and thus sorne form of polar aliasing andlor leakage artifact resiilts. The anioiiiit of 

aliased signal will depend on the objectes size. geometry and intensity. and will var>- 

according to pixel location. 

From Eq.(".:'O). the principal polar PSF is the sum of the  main lobe and the 

ringlobes. which can be written as PSF = PSF,, + PSF,, . In so tloing. we bal-c 

where ive have grouped the constant term arising from the 6-saniple at t hr origiii \vit l i  

the main lobe. These PSFs appear in Figures 2.3 (minus the aclditi\-e constant) and 

2.9. respect il-el'. for -1-1 = 9 concentric rings. 

The .\IR image is then given by o(r)  * [PSF,, + PSF,,]. Since convol~ition is a 

linear operator. ive can write t his as 

where Io and 1, are the image components arising from the object convolved wit h the 

main lobe PSF and ringlobe PSF. respectively. In terms of energv. me have 

where Et,,. Eo. E,. and EOj represent t h e  total energy. the main lobe energy. the  

ringlobe energy. and the cross-term main lobe/ringlobe energy. respect ively. ancl t lie + 



Figure 2.9: Principal polar PSF arising from the ringlobes on]>- 
Principal polar PSF arising frorn the ringlobes only for -11 = 9 c o n c c n t r i c  ring-$ 

«ssiim ing  thnt  the arnpli!ude o/  the arnplit ude  of the  luil PSF i.5 norncnlized to uri ity. 

superscript indicates the cornples conjugate. Note that & ancl E, are always positi~-e. 

w hile &, can be posit i\.e or negat ive. Also. the energy content is object -depentlerit : 

in ot her words. depending on the ohject's size and geomet ru. the energj- coiit ri biited 

11'- each component wiI1 vary. 

The main lobe energy is g i ~ e n  by E0( r). while the aliasecl energy can he  deterrriind 

froni E,(r) +Eo,(r) within the effective FOV of radius O..j/AL,. Similarly. o n e  can 

cletermine the total energy contributed by each component wi t hin t h e  effect i\-e Foi-. 

For example. Table '2.1 surnmarizes the main and aliased energy contributions for 

disk phantoms of varying radii sampled on a polar grid. Sote  that here Eo, takes 

on strictly positive values. More importantly. though. is t h e  fact that  as t h e  clisk 

radius increases. the expected uniform intensity assumes a concave shape. Note that 

although we have observed the Xyquist criterion (as describedfdefined previously) in 

the C -direct ion. the aliasing can become qui te severe for large ob jec ts wi t h respect 

to the  field of view. 



Table 2. 1: E n e r g  components of synt het ic disk phantoms 
E n r r g y  con2pon~nts and calues rithin the bastband for synthetic disk phnntoni .~  O/ 

carying radii. 

In suiiimary. t h e  polar sampling effective FOV occurs wit hin a radiiis of O . ? / l k , .  

where l k ,  is the radial sarnple spacing in k-space. Since the ringlobes a r p  radial in 

Radius ' Eo 

nat tire and occiir at niultiples of l / l b r .  t h e  replicates are circtilarl>- snirared ver- 

£1 

0.001 0.0.5/Mr 

sions of t h e  original object. Therefore. the object extent niiist be at least iiniited to 

0.995 

within a radius of O..j/lk,. Because the polar ringlobes are asymnirtrir and rs ter i r l  

£01 

0.004 

in to  the baseband. the  polar radiai sampling requirement is niore invol\-rd t h a n  just 

c t o t  c 

1.000 

considering the object's eittent. 



2.4 Discussion 

In .\IR imaging. a flexible gradient system alloivs one to cover k-space in virt riallj- 

any fashion. Depending on the t rajectory and velocity of t raversal. t lie acqi tiret1 

k-space samples may be distributed non-rectilinearly. \+-henever one  saniples non- 

rectilinearly. one must meight each sample point according to  the  areal estent  of the 

gil-en acquired sample. In effect . t h e  weight ing funct ion is designecl t o  con ipensa t~  

for the sampling clensi tu. 

To gain furt her insight into the 'LD principal polar PSF. we follorverl Bracendl  and 

Thompson's [?O] formalism and decompascd it into its main lobe (whose helial-ioiir is 

jinc-li ke). and a series of asyrnrnet ric ringlobes peaked near j/Mr ( whose ampli t iiclrs 

clecay as  j increases). 

Since the first ringlobe occurs a t  a radiiis of 1/1k,. where AX., is t h e  radial sa ni pl^ 

spacing in k-space. the object's extent  must be space-limited to within a rachis of 

O.;i/ lkr.  This is the sampling requirement similar to that of Csartesian sanipling. 

However. when sampling on a finite polar grid. the ringlobes are  asymnietric. oscilla- 

tory. non-periodic. and extend ro the origin ( i.~. t hey are not localizeti at niiilt iples of 

1 ' .  This means that the  2D polar PSF ringlobes replicate a sniearecl version of 

t he object t hroughout the baseband. This  aliasing/leakage ar t  ifact lcads to  a siiiall 

non-zero background signal wit hin t h e  baseband. 

hlore i t n p o r t a n t l ~  the aliasing affects the overall intensity pat tern of the  ohject. 

In our simulations of a uniform disk phantom. polar aliasing resultetl in t h e  disk's in- 

tensity assuming a concave pattern. T h e  deviation from a uniform intensity increases 

as the  object occupies more of the FOV. Thus. t o  minimize aliasing ancl image cor- 

ruption within the required FOV. oversampling in the  /+direction may he necessary. 

T h e  oversampling factor would depend on the object's extent and  o n  t h e  acceptable 

tolerance of aliasing. 

T h e  concepts of aliasing and leakage are well understood for Cartesian sampling. 

However. for polar sampling (and perhaps most if not al1 non-Cartesian sampling 



acquisitions). this distinction is no longer clearl- obvious. Even if  i ve  sa ni pl^ wit ti 

fi-rings out to infinity. it is not apparent that its 2D PSF is itself a series of concmt ric 

6-rings. Recall that in Cartesian sampling. the concept of aliasing is proper1~- definrd 

becairse the FT of an  infinite series of 6-functions is itself a series of &fiinçtions. 

Leakage effects are easily explained ancl are due t o  truncation effects. i . ~ .  c i i i e  to  

the  fact t hat we've sampled over a finite extent. For polar sampiing. ho~vm-m. t hesv 

two concepts are not as easily defined. Consequently. the  2D PSF of polar sarnpling 

enconipasses a -misingSo of bot h aliasing and leakage effect S. as definerl for C'art esian 

acquisitions. Here. we've opted to  cal1 this simply aliasing. 

But. t hr reader is cautioned t hat . herein. the te rm aliasing is used in the hroarlest 

sense of the word: any high frequency (or spatial) component going under an assunird 

low frequency (or spatial ) cornponent. In Cartesian sampling. leakage ( and ringin%) 

effects are remedied via t h e  application of suitable filters ( c.g. t hc Haniniing irintloiv ) 

prior to IFT. However. for polar sampling. these same fi lters did noi correct t iie 

obsert-et1 non-iiniform intensity pattern of the reconst ructed clisk objccts. T herrlore. 

ire attrihute the  effect a s  an aliasing phenomenon. where aliasing is noir i i sd  in its 

nios t general and all-encompassing meani ng. 

In Cartesian sampling. the  effective FO\. is a square region of full-ividth l / l k r  

for a sample spacing of  Lk, in bot h the  L- and kg-directions. In polar sanipling. 

however. it is a circular region of dianieter l l l k , .  In effect. t hen. the polar FOL- ares 

is about Id..i% t hat of t h e  Cartesian FOV for cornmensurate sample spacing and iniage 

pixel size. For comparable FOVs. the number of samples may have to he increased. 

O n  the ot her hand. certain polar sampling schemes ( e .g. spiral accluisi t ions ) allow 

more efficient coverage of k-space for a fixed gradient capability which may offset the  

increase in samples required. Furt hermore. azimuthal sampling effects have not been 

acldressed here: it may be that  non-equidistant azimuthal sampling offer significant 

advantages in reducing aliasing effects. 

.\nother important aspect of polar sampling. and any other k-space sampling 



schenie for that rnatter. is t h e  signal-to-noise-ratio (SNR).  Pipe and  Diierk [23]  have 

analyzed the estimator variances for various sampling schemes. from which the  SSR is 

civen b- 1/J-. L-sing [23.  Eq.421. t he  polar sanipling variance wit li respect t o  b 

C'artesian sanipling is gii-en by [4.\- + 2 ] /  [3.V + 31. where .V is t h e  nuniber of reatlou t s 

of durat  ion T with .\1 samples per  readout: here. ive assumecl that  T .  . I l  and  .\- 

a re  t h e  sanie for polar and Cartesian sarnpling. -1s .\: e t s  largc. the polar [miance  

approaches 4/3.  [rom ivhich t h e  SSR tends to Ji/:! =0.d66. where ive have nornializrd 

t h e  C'artesian S$R a t  1.0. Thus.  polar sampling has an inherentlj- loiver SSR than 

C'artesian sam pling. al1 else being equal. 

In clinical applications. however. polar sampling (and other  non-rect i i inrar sani- 

pling schemes) offer some advantages in motion artifact suppression. .-\lttiough S S R  

and  aliasing a re  important considerat ions. the  benefits of non-rect ilinear sariipling 

schemes (110th radially and  azirniithally) in terms of niotion suppression niay oiit- 

iveigh t hese disad~antages.  On lx  further work in this area will clarib. t hese tratleoffs. 
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Chapter 3 

Reconstruction Effects 

3.1 Introduction 

AIagnetic resonance images are most commonly calciilated from the inverse Foiirier 

transform (IFT) of the acquired k-space data. Since t h e  data are c l i s c r ~ t ~  as op- 

posecl to cont inuous. the sampling process may int roduce image art ifact S .  .-\ls«. t hese 

art ifacts may tiepend on the reconstruction algorit hm used. For iiniform k-space 

polar sanipling. i. e. equally-spaced radial and azimut ha1 samples. the  iniagrs iiiay 

b e  reconstructed using either the gridding algorithm [ L .  2 .  3. 41 or t h e  convoliition 

backprojection algorit hm [5. 6. 71. 

Griclding is a general reconstruction algorithm which can be used for an' non- 

Cartesian sampling scheme. Convolution backprojection. hoivever. applies niostly to 

data  sampled on a purel-  polar grid. although other polar-type acquisitions can be re- 

constructed wit h t his algorithm ( e.g. CT fan- beam. and CT  cone-beani accliiisit ions). 

These tivo algorithrns offer different tradeoffs regarding image resolution. signal- 

to-noise ratio (SXR). and aliasing in the reconstructed image. Since these effects may 

(adversel') influence the appearance and subsequent analysis of the image content. 

t h e  choice of reconstruction algorit hm is important. The purpose of t his chapter is to 

compare the resolut ion. SNR. and aliasing characterist ics of t hese t wo reconstruction 

algorit hms for polar k-space sampling. 

For polar k-space sampling, the discretization occurs in both the radial ancl az- 



irnut ha1 direct ions. C'onsequent 1- the aliasing can occiir in bot h t h e  raclial ancl az- 

imut ha1 direct ions. Here. ive focus primarily on radial sampling issues sincr one typi- 

callj- samples finely enough in the  azimut ha1 direction t o  avoid aziniut ha1 aliasing. \\*e 

do. hoivever. make some cursory statements about azimut ha1 sanipling consiclerations 

ancl artifacts. 

In the Theory section. ive analyze t he  modulation transfer firnction ( )[TF j. t h  

SSR. and the aiiasing effects of equally-spaced radial ancl azimut ha1 polar )IR da ta  

reconst ructed using bot h gridding and convolut ion backproject ion. In t lie Tratleofs 

section. Ire disciiss the t radeoffs of gridding versus convolut ion backproject ion. L\:c 

also disciiss pract ical SSR improvements rvit h eit her reconst rirct ion mct hod. Es-  

perirriental verification of the  theory is presenteti in t h e  Results section. In t tic Son- 

Eqiiidistant Pr Sampling section. we cliscuss the potential benefits of a ttybrid grirtclirig 

and  cont-oliit ion backproject ion reconstruction applicable to radially non-eqiiitlist ant 

but azimut hally equidistant polar k-data. 



3.2 Theory 

3.2.1 Gridding 

Gridcling ( G R D )  is a general purpose Fourier reconstruction algorit hm. I t  is flehihle 

in that  an? non-Cartesian samples a re  interpolated ont0  a C'artesian (rect  i 

ancl t hen t ransformed using the rapicl and  efficient fast Fourier transfomi 

which operates  o n  discrete data. 

li  nea r gricl 

( F F T )  [SI. 

Algorithm Description 

Let ils assume t hat  t h e  SIR magnet k a t  ion in n-dimensional k-space is gii-en b!- .II( k ). 

In t h e  acquisit ion process. rve sample the  magnet  izat ion (ci t  her rert i l i  nearlj- o r  riot I 

via t h e  function S ( k ) .  which consists of unit ar ta  6-functions at  the  appropriate 

locations in k-space. The acquired sampled magnetization is given by 

Since t h e  k-space sampling density may be  non-unilorm for some general acqiiisi- 

t ion k- t  rajectory. each sample at location k is weighted by i ts  areal extent . sa>- 11 - (  k ). 

The  sampled  a n d  rveighted magnetization is t hen interpolated ( i.e. regriclcled ) ont0 a 

C'artesian k-space gricl via convolut ion and  resampling. n a m e l ~ -  

J 1 1 (&) is the  n-dimensional Carte- ivhere ('(k) is t h e  interpolating function. - 
Ak 

sian sampling function of spacing A k  in t he  k directions. * denotes convolution and 

x denotes multiplication. 

The computat ional ly efficient inverse FFT is t hen used t o  reconstruct t lie regrid- 

ded M R  image. say  I g r d ( ï ) .  However. by t h e  Fourier convoiution theorem [9. p. LOS]. 

convolution with C(k) in Fourier space implies apodization by c(r) in image space. 

ivhere c(r) is t h e  IFT of C(k).  To undo this effect. one  needs to  clivide t h e  LFT of 



.il,,,,,( k )  by c(r).  so tha t  

Modulation Transfer E'unction 

It is custoniary t o  describe a n  imaging system by its frequency response. also knoirn 

as its t ransfer fiinction [IO]. The transfer function provides a iiseful measiire of t hr 

5'-st em's hehaviour and  allows for a direct corn parison bet  wecn sxstenis. 

I f  the  input t o  a linear sj-stem is f ( r ) .  linear systems theory predicts the  outpiit 

t o  he  j ( r ) * p ( r ) .  where p(r)  is t h e  point spread function (PSF)  of  th^ systeni. i . f .  the 

response to  an impulse function. In frequency space t his becomes F( k )  P(  k). wtirre 

F ik )  and  P(k)  a re  t he  Fourier transforms of f ( r )  and  p(r). respectivel! The transfer 

iunct ion P( k )  descri bes how each frequency is rnodulated accorcling to 1 P( k ) 1 r '"pl  k). 

Slore specificallx. 1 P(  k)  1 a n d  O,( k)  are  the modulation ( SITF ) ancl phase t rarisfer 

fiinctions. respectively. S o t e  tha t  i f  t he  PSF is a real a n d  even Fiinctiori. th rn  t l i ~  

transfer function is purely real. whereby the  phase transfer fiinction can ml!- assiinic 

values of O or n. This is t h e  case wit h GRD (and convoitition backproject ion) of polar 

k-space data. and so a n  MTF analysis suffices. 

For a point object . .\!( k )  is unity over al1 of k-space. Consequent ly. .Il, ( k ) is iiiiity 

a t  al1 discrete locations in  Eq.(3.2). and  Iiswcs(k) is also iiriity a t  each rrgrirldrd 

Cartesian k location. even though the sarnpling density is non-unilorni. In ot htar 

words. after regridding (interpolation and  resampling) t h e  energy per unit area is 

constant: tliis is a consequence of t he  CC*(k) w i g h t  ing direct ly compensat ing for t he  

\-ariable sampling density. In t h e  particular case of purely polar sampling. the  ramp 

weighting leads t o  t he  GRD algoritlim's SITF being unit? t hroughoiit the acqiiisit ion 

region. i.e. within t h e  radial frequency range [O. k:az]. where k y a x  = i.\;M,. 
T h e  t heoret ical SITF expec ta t  ions for GRD reconstruction of polar k-data  were 

verified via numerical simulations. hnalytical L s p a c e  values of noise-free image do- 

main sinuaoidnl bar phantoms were calculated. .Ml synthe t ic  phantoms were derived 



from assiimed unit amplitude (x-directional) sinusoids given bj- 1 + sin 

where r is ~ r i t  hin the  range &FO\'/?. and  .V, is the  number of sinusoicl ~ ~ * ~ l e s  per 

FOL- (field of view). To avoid leakage a r t i hc t s .  .l> was chosen to  he a n  i r i t f g rn l  

number  of cycles. T h e  reconstructed bar phantom ampli tude for .- = 1 ivas then 

normalized t o  unity. and  al1 other reconstructed .b> phantorns were scaled accord- 

i n & - .  Thus.  the relative amplitudes of t he  reconstructed sinusoidal bar  phantonis 

>-ielded t h e  S ITF  values directly. To avoid a n y  beat frequericj- efferts. .Y- \vas choseri 

t o  be a factor of .\-,.. the  niimber of discrete image points per FOC'. For esaniple.  

wit h .Y, = 192. the  arailable .I:. values were { 1.2.3.4.6.S. 12.16.24.4d). Tlip nimsi i r rd  

synt het ic sinusoid amplitudes ( SITF values) were 1.00 k 0.0 1. 

Signal-t O-Noise Ratio 

In any real physical system. t he  triie signal is accompanied by noise whicli ro r rupts  

t he  image. In ),[RI. it is the measured k-data tvhich incliide a noise term. sa?. rl(k)- 

\\e assume t hat q ( k ) .  the  inpiit noise function. is a zero-mean comples uncorrelatecl 

Ciaussian addi t  ive stochast ic quantity wit h s tandard  deviat ion o. Note t hat  siich 

noise is strictly t rue  only in the  case of a n  ideal low pass (rectangular) analog-to- 

digital acq~i is i t ion filter. I-nder this assumption. t he  duration tinie of accpiisition 

( Tqcq ) scales the  expectation value accorcling t o  

where b , ,  is t h e  Kronecker delta. and  the  * superscript denotes t he  comples conjiigate. 

1.-nder t hese condit ions. and the underlying assumption tha t  t h e  samples a r e  accluirecl 

ivith constant  dwell time. Pipe [LI] has shown tha t  the  variance (per  unit  k-space 

corerage) of t h e  reconstructed noise is given by 

0 
var = ., IW(k)l2 dk 

Tacq Areai 

where W(k) is the  GRD weighting function. a n d  .-\reak is the  entire area of k-space 

covered dur ing  d a t a  acquisition. For 2D purely polar sampling. the product of t h e  



sampling a n d  weight ing funct ions. i. E. S(  k) CC'( k). is given II'. 

.As espected.  t h e  weighting for t h e  [.\.; x polar samples depends on t lie radial 

location Irnl S c , .  which is the r amp  filter. Note that  we have .\; azimut  ha1 saniples 

\vit hin O-a to be consistent wit h t h e  convolutiori backproject ion coriverit ion. nanid'- 

.\lt hou& t h e  ramp filter ma! not be t he  -optimalw weight ing funct ion l in ternis 

of noise reduct ion arid smoothing j. it is the  most intuitive une ancl can h e  d i r ~ c t  ly 

rompareci t o  convolut ion backprojection using the Ram-Lak ( r a m p )  fi 1tt.r [l'j. A n  

apodized r amp  filter of the Form A( b, ) 1 m A b  1 may prove niore beneficial in prart ire. 

although this woiiltl alter the G R D  SITF. Here. though. ive deal strictly witli t he  

iinapodized r amp  filter. namely A&) = 1. lrom which t h e  G R D  variance per  unit 

k-space coverage is given bj. 

Since t h e  nornialized SNR is given by t h e  reciprocal of t he  square-root of t h e  varianw. 

r o t e  that  this effectively represents t h e  S S R  per  unit corel rolume. ;\ccorcling to  

Edelstein [13] ancl Macovski [Id]. t h e  SNR scales as the voxel volume 11.. gii-en hj- 

h = L . r  _ly lz with A= the slice thickness. Thus. 

Esperirnental verification of the 4% and Au dependences a r e  given in t h e  Results 

sec t ion. 



Since the magnetizat ion is sampled via S(k) .  t he  k-da ta  a re  cliscrete as opposed t o  

continuoiis. and  t h e  reconstructed image is t h e  t rue  image convolvecl wi th  t he  point 

çpread fiinction. which is the  IFT of S(k)CC-(k). T h e  process of cliscretization. t hen. 

can potent ially lead t o  aliasing artifacts. 

For finite extent polar sampling. the principal polar PS F can he deterniine(1 b>- 

considering f .\-,. concent ric rings spaced by MT. as previously shown in the Sanipl ins  

Eflects chapter of t his t reatise. C'sing the formalism of Bracewell and Thonipsori j l5]. 

Laiizon and  Rut  t [16] have shown that the polar PSF is given by the spin intesrat ion 

of ~ ' ( r ) .  where t . * ( r - )  is t h e  I D  IFT of the discrete (as opposed t o  continuoii.s) r an ip  

filter. which is the  weighting function of Eq.(3.6). Thus. 

- - 2 sinc(r.V,M,) - sinc' * l k ,  1 U ( r l b ,  ) 
4 

 sin(^() 
rvhere 3-' denotes t h e  IFT operator. and sine([) -F 

. T h e  spin integration of 
" 4 

t : ( r ) .  cienoted Q { L * ( T )  1. is ident ical to hackproject ing L*( r ) cont iniiously ( a s  opposecl 

t o  discretel!.) a t  al1 angles from O to r. In doing so. we obtain the ~ r i n c i ~ a l  polar 

PSF. namely 

where s o ( r )  and .sj(r) a r e  t he  main lobe and ringlobes. respectivelu. Q is the  spin 

integration operator. a n d  ~ v , ( r )  is one term of Eq.(J.iO) a t  tha t  particiilar j value. 
JI (rr:Yr1kr ) 

Upon evaluation. so( r )  behaws as ( t h e  jinc function [9. p.?-191) 
T r :Vr 1 kr 

which is t he  circular analog of the  s i c  function. It describes the  blurring effect of 



having s a m p l d  over a finite extent.  The  ringlobes s, ( r )  a re  oscillator>- and asyni- 

inetrical in the radial direction. a i t h  t heir peak amplitude occurring near J .  The  
1 k,. 

I 
ringlobe peak amplitudes decay wit h the ringlobe order as -. The  reader is refrrrecl 

\/7 
to the  Sampling Effects chapter of this treatise for a more in-clepth analysis of the 

cliaracterist ics of the  polar PS F main lobe and ringlobes. 

The resultant image. then. is a summation of the triie object convol\-ed with 

( 1 ) the  main lobe s o ( r )  ivhich replicates the  object at r = O and bltirs it dite to tinite 

sampling. and ( 2 )  with the ringlobes .s,(r) ivliich smear the  object aziniiithal1~- a n d  

radially at  mult ipie radii i. Furt hermore. if  the k-space values a r e  not siifficient 1 ~ -  
1 Xe, 

sampled in the azimut ha1 direction. t hen streak artifacts (azimut ha1 aliasing) ivill also 

result. To avoid this type of aliasing. one requires 2 $r.\',. - 
.\lt hough C;RD is a n  opt imized interpolât ion and reconstruction techniqtie ( wi t h 

t he  appropriate choice of convolution fiinction). it does not correct for the  original 

sampling effects [-II. In other words. t he  2D polar PSF in Eq.(3.11) affects the  aliasing 

at a level that is not remediecl using GRD. ln practice. t he  regriddecl k-data  a rc  

subsarnpled (sa? by t he  factor *ovr') ont0 a finer Cartesian k-gritl. I-pon IFT. the 

resitltant image FOL. is larger by the  same factor .ovr'. The t rue  ohjrct  is t t i r r i  
t h  

crûpped from the central region. This siibsampling process miriiniizrs an' 

aliasing from the re-interpolation and  subsequent IFT. but it does N 0 . T  correct for 

t he  inherent aliasing effects incurred during acquisition. 

C'onsequentl- t he  overall signal amplitude pattern of the  object ma- be conipro- 

mised. as shown in Figure d. 1: as  the  object becomes larger relative to t he  FOY. t lie 

aliasing leads to a greater deviation of the  signal amplitude profile pat  terri. The  CiRD 

images were regridded using the  Kaiser-Bessel window funct ion ( an  approsimat  ion t o  

the  Prolate Spheroidal FVavnre Function of zero order) giaen by Io ( 3  Jm) . wit h 

parameters L = 4. 3 = 12. and a subsampling factor of ovr = 2. These parameters apply 

to  bot h the I, and kg directions. a n d  for al1 GRD reconstructions wit hin this stiidy. 

These parameters were chosen in such a manner to minimize uniformit. deviations 



(in the Ieast-squares sense) of an expected uniform synthetic disk phantoni occupj-irig 

-70% of the FOL-. LVe fixed the oversampling parameter to oïr=2. and 1-arietl L and 

.i within 3-6 and 6-20. respectivelc Within t his range of parameters. the rrieasiired 

uniformit! deviations were similar. rvhich suggests t hat the gridding reconstruction 

is not overly sensitive t o  the choice of the L and 3 parameters. 

1 1 

0.9! 1 1 .  0.91 ( I ;  

-0.5 -025 O O 25 0.5 -05 -025 O 025 0 5  
Radd direcnon Radia) direction 

Figure 3.1: Synthetic. uniform disk profiles using C;RD and C'BP 
Synth~t ic .  noise-/ree. rrniform disk profiles of re f~rcncf  C'nr-teainn k-dntn 

recoristiwcted lcith the FF T (aolid). and of polar k-data iuconstructrd u i n g  (;RD 
(dotted) or C'BP (dashed). The GRD reconstruction k t  rncf parantete r.5 can hr jo und 

in Ih t  tex!. Th he radial ares are i n  units of the FOI: The profilts n r r  J 7 1 .  disk 
~~~~~~~~~~~-3 O/ ( a )  2.5% of the FOI: ( b )  507; of the F O I -  ( c )  7.?% of th t  F O I  ririd 
( d l  9.5% of the F O I -  .Vote the incmasing non-uniform profile s igna l  nrr~plitudc for* 

CRD n.s the object s i x  incrrases. an aliasing E ffect arising /rom th ringlobes .., I r . ) .  

The sampling effects of purely polar sampling can be minimized il one sinc inter- 

polates in the radial k, direct ion prior to  regridding. This is most easily acconiplished 

b>- taking the 1D IFT of the radial k,-lines. zero-padding to taice their lengt h. and 

Fourier transforming back to k-space. Gridding can then be used by appl>*ing the 

discrete ramp weighting (whose spacing is now $M,). - In this case. the polar PSF is 
lx 

civen bu ~ ~ ( r ) + C s ~ ~ ( r ) .  Since the first ringlobe s l ( r )  and al1 ocld-order ringlobes 3 

j=i  
have been eliminated. the reconstructed image has reduced aliasing. 



For esarnple. an ohject occupying 9.5% of the FOL- may cleviate from its t riie signal 

amplitude pattern hy as much as 20% if GRD is performecl on the  original k-data.  as 

shown in Figure 3.1(6). However. by sinc interpolating in the k,  direction bl- a factor 

of 2 pnor to  gridcling. the signal ampli tude deviations are [vit tiin LX ou-in5 to  t lie 

reduced aliasing. Çimilarly. by sinc interpolating in the k, tlirectiori b). a factor of I 

pr-ior t o  griclding. the deviation is wit hin 0.1% for the sarne object since t h e  polar PS F 
S 

non- consists of the main lobe and every -LZh ringlobe. i. e.  soi r )+C s4, ( r ). For gerleral 
]=l  

non-C'artesian sarnpling schemes. t hough. sinc interpolation in the k ,  direct. ion tiiay 

not tie pract ical nor possible. 



3.2.2 Convolution Backproject ion 

The  convolot ion backproject ion ( CBP) algorit hm has been iised estensively in corn- 

puted tomography (CT).  Alt hough CT acquires da ta  in the  image domain ( i . ~ .  real 

projections through the object ). one can show using the  central slice theoreni [ I i ]  

that  this is equivalent to polar sarnpling in k-space. Furtherrnor~.  C'BP ma- he 

appliecl t o  (noisy ) complex projections since one can reconstruct the real and iniag- 

inaq-  components independcntly. Therefore. C'B P has potent ial applications to SIR 

reconstruction. 

Aigoritlim Description 

T h e  reconst riicted hIR image is given hj- the  inverse Fourier t ransforni of t tie sanipl~cl  

magnetizat ion. .il,( k) .  If one expresses the Fourier variables in polar notation. r i a r t i~ l~ -  

( A-= = Pr cos Le. P, = k ,  sin kg ). the ~ o l a r  saniplecl magnet izat ion can he writ ten  as 

irhere . I l , ( m l k , )  is the  magnetization sampled in the  A., direction at angle ~ i l A - ~ .  

L\Ïtti  the use of Eq.(3.'19) from Appendix A. the  reconstructed ÇBP iniaae is 

where B is the  backproject ion operator. Csbp(r )  is t he  discrete convolut ion funct ion 
1 

sampled at spacing A r  = - . and the  term being backprojected is the cliscrete 
-Yr 1 kr 

convolved hIR -projection" at  angle n U s .  The  image is summed over al1 .\:, con- 

volved projections being backprojected a t  the  desired Cartesian ( . r .  y )  locations. 

T h e  convolution function is effectively given by the  sampled IFT of the finite 

coniinuous (as  opposed to discrete) ramp filter (SI. To reduce high freqiiency leakage 

effects. t his filter is often apodized by A(kr ) so that  in general Ccbp is gi\-en by t he  



zero ot herwise. 

For a direct comparison of the  CBP and GRD algorithnis. we limit oiirselïes to t lie 

ramp filter ( known as the  Ram- Lak filter in the  C'T commiinity ) whereby A( A., ) = 1. 

in analog'. to t h e  G R D  case. ;\ brief overview of the tradeoffs of apodized ranip 

tilters is discussed in the Tradeoffs section. The CBP reconstruction algorit lm riiax 

be applied to an- type of purely polar k-data. be it Hermitian. anti-Herniitiaii. or 

non-Hermitian (see Appendix .\ ). 

Modulation Transfer Function 

The con\-olution backprojection MTF is dependent on three factors: ( 1 ) t h e  ronvo- 

lution fiinction CqCbp(r )  whicli weights the  projections (in the image ciornain). ( 2 )  the 

interpolation fiinct ion iised in the  backproject ion stage. and ( 3 )  t h e  resaniplirig ont0 

the image grid. 

The  interpolation arises hecause each desired imaae (r. y )  location corresponds to 

a given projected location ont0 the 1D convolved SIR projection vector a t  angle n l k j .  

These projected locations may or may not coincide m i t h  an act  ual SIR projection 

P { -;. -.-. -Yr sample located at -. with p =  -- - - l}. Thus. ~orne interpolation is 
-\ ,.Mr - -1 - 

reqiiired so that the  appropriate 41R projection value is backprojected to each clesirecl 

image pixel location. 

Larious filter (apodized ramp)  functions and their convolution countcrparts ap- 

pear in Jain [Id.  Ch. 101. although me will only analyze the case for the Rani-Lak 

(unapodized ramp)  filter [12]. Of course. the  analpsis below follons reaclily for any 

filter funct ion. In the case of the Ram-Lak filter, Ccbp(r)  of Eq.(3.14) is easily calcu- 

lated and the  coefficients are given in Appendix B. 

After discrete convolut ion of the  projections wit h Csbp(r) .  o n e  must backproject 

t hese onto the  image grid: this requires both interpolation and  resnmpling. One of 



t he  more computationally efficient and commonly used interpolation technic(iirs i s  

linear interpolation. which is assumed here. It can be  expressecl as a convoliition ( i n  
-1 - 

the  image domain)  ~ v i t h  a triangle function of width U r  = . In k-spacc. th i s  
.Yr 1 k,. 

corresponcls to  a modulation of sinc- - J ( - v rL r )  - 
The convolved interpolated projection is then backprojectecl ancl r e s a m p l d  ont0 

t he  desired image locations. This  resarnpling leads t o  some form of waparoiintl  in 

t he  2D k-spare. the  details of which can be found in Appendis  B. 

The C'BP algorithm's SITF can be calculated for large .\, ( .\:, 2 16.j-, ) \rit h 

. I t , (ni I k r  ) = 1 for al1 m. In t his case the .\.IR projections. F-' { -11, ). are i 1 . m  I>J* a 

single impulse Eiinction a t  r = O .  Reconstruction of these d a t a  yieltls t he  algorit hrri's 

PS F since ive expect t o  reconst ruct a point nt the  image centre. Finally. t lie Foiirirr 

transforni magnitude of the  PSF gives the LITF. 

The Ram-Lak hITF contour is given in F i jure  :).?(a). For comparisori. that of 

the  Shepp-Logan filter ( a n  apodized ramp) is also shown in Figure 9..L(c). S o t e  that  

t he  NTFs are  no/ circirlarly symmetric.  nor are t h e -  confinecl t o  a circle of cliametrr 

.\-,Ab,. e ï e n  though t h e  acquired da t a  are within tha t  circle. These eflects arise 

hecatise of the  interpolation and  resampling cluring backproject ion. as disciissecl in 

.-\ppentlix B. Howei-er. at low spatial  frequencies ttiese 1,ITFs can be approsiriiatetl b ~ *  

the  circiilarly synirnet ric funct ions sinc- ( - ) a n d  rinc3 ( ,, :k,) . respectit-el?. 

These approximations a r e  also depicted in Figures 3.2(  h )  and ( d ) .  respect ively. 

The 'IITF values were verified with simulations. T h e  synthetic phantom k-values 

were calciilated in t he  s a m e  rnanner as that for GRD (see section 3.2.1 ). ancl t he  

images rvere reconstructed using the  CBP algorithm. T h e  t heoret ical 'IITF val- 

ues on ar i s  for .Yr = 192. and  .\; assuming values of { 1.2.3.4.6.S.12.16.24.4S) a re  

{ 1 .OOO.O.9!B.O.9!% .O.WS.O.996.O.994.O.9SS .0.9ï9.0.9.?E.O.S-Ld}. respect ively. T h e  mea- 

sured synthetic sinusoid ampli tudes ( the  MTF values) were within f 2% of these 

t heoretical values. 



Figure 3.2: Convolut ion backprojection MTFs 
Contour perccntages of CBP I lTFs.  The axes  arc in anits O/' .\-,.lk,. ( n i  TI-IIE 

the Shcpp-Logan j l ter.  ( d )  Truncnted sine . .Vote that the true . IITFs c r r ~  

Jbur-filri .symmetBc. uhile the  tr-uncated sine2 and sinL3 ~ ~ p r o r i r r ~ n t i o n s  nrr  
circularly symmetric. 

Signal-to-Noise Ratio 

.-1s in GRD. 11-e assume that the k-space noise terrn is a zero-rnean ~incoirelatrtl  

complex addit ive Ciaussian stochast ic variable wit h standard deviat ion r r .  Pipe's 

variance analysis (1 1] for CiRD reconstruction. as gii-en in Eq.(:l.5). is eq~ial ly \.alid 

for t h e  C'BP reconstruction. Thus. the  variance per unit k-space coverage is still 

where IC7(k) is the  eflectire weighting function 

function A(k, ) Ik, 1 times the appropriate 4ITF. 

in k-space. nanie 811- t he  C'BP filter 

In the previous section. we showed tha t  the  convolution function. backproject ion. 

and resampling operations lead to a non-uniform MTF in k-space. C'onsequently. the 

effective weighting function must incorporate these effects. This  is clone by multi- 



pl'-ing the  ( perhaps apodized) ramp function with the  calciilatecl C'BP SlTF. ('onse- 

q ~ i e n t  lu. t lie CBP variance per iinit k-space coverage is given b ~ -  

SIore particularly. wr,b, using the Ram-Lak ( r a l a )  Alter reqiiires A( r n  l k ,  ) = 1 and 

t lie Ram-Lak .\.[TF (shown in Figure 3.2). so t hat 

Since t h e  C'BP 1ITF is difficult to clxertain analuticall- ive resortcd to  a riiimerir-al 

evaluat ion of the  variance per unit k-space coverage. Therefore. t h c  0.T 1 1 factor 

cornes about from a numerical integration of the  square of the  finite. circular. ranip 

filter multipliecl by the  Ram-Lak 1ITF divideci by the  circular k-space ares sqirarecl. 
Ar 

b i n g  Eqs.(:3.9).(:3.i7). and S S R  = - . t h e  C'BPrar, SSR re la t i~-e  to ( ;RD of fi 
polar da ta  using the  ramp filter is easily compared. and is given in TahIe 3 .1 .  Ttic 

Shepp- Logan results are also includeci for furt her comparison. The  C'B P algorit tim 

inipleniented with the Rani-Lak filter yields an increased S S R  relative to (;RD of 

polar k-data  using the ramp filter. However. with GRD the  AiTF is Rat while with 

C B P  the  1ITF falls off at  higher frequencies. resulting in a loss of resolution. This 

point will be espounded upon in the Tradeoffs section. 

T h e  aliasing using the  C B P  algorithm of Eq.(3.13) is markedly clifferent t han t hat 

of GRD. Because the  radial Irr-lines are discretized rectilinearly wit h spacing Ak;. 

t he  Syquist  criterion applies in the radial direction: if  the  object is spat id).-linii ted 
1 

t o  within a diameter of - ? then the IFT of each radial k,-line is a non-aliased 
SA;, 



Tabte 3.1: Theoretical variance and S X R  values for G R D  and CBP 

Thcorrtically erpected absolute and rtlatire r n h a n c ~  ( rnr )  and S.\-R rcilura jhr 
[-\-\; x polar samples rwonstructed using E ither GRD with thc rnrnp  jiilt~r. C'BP 
rritk Ih t  Rnm-Lak (rnla) filter. o r  CBP wifh the Shepp-Logan (shlo) filter. ( *nrler. 

t h f s e  conditions. the eflwtire r~solu t ion  will be rnnrimum /or GRD (since itn .\[TF i.+ 
uni/oi-rn) irhile that of C'BP is reducecl (sincc the JI TFs roll o s  nt highcr j r rqu t  rrri~s.  

u . ~  dcpiclcd in Figuru .3.2(n) and J.?(c) for the rala and shlo fi1ter.s. ~ * ~ . s p f c t i ~ * c l ~ } .  

projection through the ohject. Thus. unlike GRD. in CBP t h e  original sanipling 

- 

b 

rfects  in the k ,  direction are treated in 1D as opposeci to 2D. 

Polar Sanipling 
CB P Recon 
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The azimut ha1 sampling criterion. t hough. remains the sanie hetrveen t lie t \vo 
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var 

var3,. ci 

S S R  

S S R  
S s Ryrd 
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image will contain streak artifacts. LI. hoivever. .\a > +;;.\-,. - then t h e  iniage will not 

1.723 

siiRer from this streaking artifact. 

The effective PSF of CBP is similar to that of GRD. escept that the PSF is 

.. 

composed of the main lobe only and no ringlobes. If there are an infinite number 

of projections. then the CBP PSF is calculated from the spin integration of CqCbp(r)  

foiincl in Eq.(3.14). However. one must note that Ccbp(r )  is the IFT of the contir2uous 

(perhaps apodized) ramp filter followed by discretization in the  image domain: hy 

comparison. the GRD weighting function is discretized directly in k-space. from mhich 

the GRD PSF is the spin integration of the IFT of the discretized IC'(k). This 



difference is what leacls to  the ringlobes in GRD. but not in C'BP. For esample. 

CPcap(r)  using the Ram-Lak filter is. from -4ppendix B. 

with A r  = 
1 

as before. Seglecting the sampling process. i . ~ .  the  u ( i - / l r  ) terrn. 
-i-r 1 kr  

('.:ap above is identical to  c * ( r )  of Eq.(3.10) for j = O. r p o n  spin integration. t h e  C'BP 

PSF is jiven by Q { ~ * ~ ( r ) )  = so(rs) .  Thus. as stated previously. the PÇF consists of 

the niain lobe only and no ringlobes. In effect. the  ringlobes in G R D  emanate froni 

the sanipling ( in  k-space) of the weighting funct ion p n o r  to  the IFT and s u  hsrqiient 

spin integrat ion. Conversely. C B P eliniinates the ringlobes bj* sarnpling ( in t lit> irtiae;~ 

cloniain 1 t lie IFT of the weighting function aper t he  IFT. 

In r ed i t - .  the  cliscretization of C b p ( r )  rneans t hat the true C'B P PSF is rlitfer~rit 

t han su( r  ). the G R D  main lobe. While s O ( r )  is calculated lrom the  spin iritegratiori 

of ~ * ~ ( r ) .  in C'BP one spin intesrates C,..,(r) tvhich is a sampled anc1 siihseqiimt ly 

interpolated version of vo( r).  The fiinctions cVo ancl Ceca, are depictecl o n  t lie left sides 

of Figiires :)..i(a) and 3.5(e). respectivelu. which are  found on page 9 1. 

The C'BP sampling criterion is simply stated: proïiclecl that ( 1 ) t hr k, spacina 
1 

l k ,  is such that the ohject is contained within a circle of diameter -. and ( 2 )  the 
1 Asr 

number of projections .\.; within the azimuthal range O-a is of the  orcler la.\; - or 

gea te r .  t hen the aiiasing resulting irorn the C'BP reconstruction d l  be  negligible. 



3.3 Tradeoffs 

.\lthough G R D  is a general reconstruction algori thm and  CBP applies mostly t o  polar 

sarnpli ng. t heir respect ive t radeoffs concerning resolu t ion. Ç S R .  alid aliasirig rarl hr 

direct ly compared for purely polar k-space acquisitions. 

T h e  effective resolution of each algorithm is dependent on its modulation t rar iskr  

fiinction. T h e  1ITF of G R D  for polar k-da ta  using t h e  ranip filter is unit>- for radial 

frreyuencies lkr(  $ $.\ .; lkr.  - Conversely. the  hITF of CBP iising the  Ram-Lak filtrr is 

not unit>-. nor is it circularly symmetric. Rather .  it is a n  e\-en foor-folcl s~*nin ie t  ric 

funct ion which can be approximated bu sinc2 ( )  at  ion- spatial frrqiirni-irs. as 

esplained in the  CBP-hiTF section. 

For G R D  reconstruction using the  ramp weighting. the  SITF is Rat. C'on\.ersel>-. 

for C'RP reconstruction using t h e  Ram-Lak filter. t h e  4 I T F  decreases a t  higher spatial  

Ireqiiencies. Thus. t he  effective image resolut ion of CBP ( rala j images is tlegradetl 

\vit h respect to  t hat of GRD. However. this decrease in resolution is conipensatecl h!- 

a n  increase in S S R .  as  shown in Table 13.1. 

The weighting functions need not be limited to  t h e  ramp ( Ram-Lak) fiinctions. 

.\[an'. choices of apodized r amp  functions a r e  possible. both for C;RD and C'BP. 

T h e  r a m p  filter guarantees t h e  maximum resolution (for a gi\-en algorit hrii 1 in t h e  

reconst ructed image. Hoivever. ivit h the r amp  filter t h e  variance is also niasirr i izd 

ivhich leads t o  a minimal SNR. For apodized r a m p  functions. t h e  .\[TF rolls off at 

higher Pr  values. This  leads t o  blurring in the  image but with a n  increase in SSR.  

Thus. resolution and SNR must  be considered in  unison t o  properly compare t h e  

C;RD a n d  CBP algorithms. 

In bot11 GRD a n d  CBP. the  variance is given by the  effective k-space weight- 

ing squared. namely t h e  (possibly apodized) r a m p  weighting times t h e  UTF of t h e  

reconstruction algorit hm. i . e .  



For both GRD and CBP. A ( m l P , )  is unity when using the ranip ancl/or Rarii- 

Lak filters. Hoivever. their respective LITFs are different. which leads to a different 

variance and SSR.  However. the change in SNR is clirectly compensatetl for Iïy a 

change in resolut ion owing to t heir di fferent MTFs. as disciissecl earlier. 

One can. in principle. restore maximum resolution bj- cleconvolving tlie PSF froni 

the reconstructed C'BP image. but doing so decreases the SXR to  a level siniilar to 

t hat of GRD images. Also. i t  is possible to use an apodized ramp wei5hting in G R D  

so t hat the image Ç N R  is comparahle to the CBP,,/, SNR. In ot her words. t hc (;RD 

.\[TF woiiltl no longer be uniform but w-oiild roll off at higher frecpencies. In tliis 

case. the GRD and CBP image resolution and S S R  will be comparable. 

In effect. i f  one reconstructs the k-data to obtain a comparable S S R  Ixtmcm tlic 

GRD and C'BP images. then the effective image resolution or bliirrinq will also I>r 

comparahle. The reverse is also true. Thus. the CiRD and C'BP algoritlinis I>~liai-t> 

siniilar1~- when one considers resolution and S S R  toget her: CRD wit h the rariip filtrr 

rnasimizes resolution wit h minimal SXR. whereas C'BP sacrifices resoliit ion \v i t  Ii a 

gain in SSR. Still. one can judiciously alter the weighting parameters to jet conipa- 

rahle results between the two algorithms. However. the aliasing properties will not 

be significantl- altered since altering the weighting cloes not eliniinate the ringlobes 

in GRD altho~igh it n ~ a y  suppress them slightly. 

.Ait hoogh S S R  and resolution miist be considered together. one can simiiltan~oiisly 

rnaximize bot h provided the azimut ha1 spacing varies as a fiinct ion of k, siicli t hat t h e  

C;RD weighting Ct,-(k) is constant. Gridding of t hese data yields maximum resolut ion 

( because of the unit YTF) and maximum SNR [19.20]. since the variance is minirnizecl 
oz 

to . where is the total number of sampled points. Since ive recluire that 
Tc ,  .\p 

-\; ~ T - I - ~  - only at kia' = l A Y r 1 k , .  - then .\;p < .V,.V,. Thus. the GRD reconstruction 

time mil1 he shorter than for the purelp polar case of [.V, x .L.] sarnple points. Sote. 

however. that the aliasing characteristics will be identical in both cases becaiise PSFgrd 

of Eq.(:3.11) is still applicable since t here is no azimuthal aliasing. 



The  aliasing incurred using C'BP wit h t he  Ram-Lak filter a n d  linear interpolation. 

aritl G R D  wit h the  rarnp filter a re  different. For a n  infinite niimber of projections 

( .\; - x ). t he  point spread funct ion is given bj- t he  spin integration of t lie appropriate 

. . 
fiinction. narnely Eq.(3.10) for GRD and Eq.(3.18) for CBP,,lr,. In actiialit~-. .\., is 

finite and so t he  respective PSFs  a re  given by a discrete and  finite spiri .~i in>rr~ri! ion 

insteatl of spin integration. This  leads t o  potential azimuttial (streaking) artifacts in 

t hr haseband iinless .\; 2 - 7 .\,. 

For GRD reconstruction. t h e  r amp  filter is discretized pnor t o  t h e  IFT. while for 

C B P it is discret ized nj te  r t h e  IFT. Because t he  ringlobes emana te  from t hc rliscret iza- 

tion of the filter prior to t h e  IFT. the  C'BP PSF is composed of r h e  niain  lob^ only. 

Thus. prof-ided the  object being reconstructed is contained wit hin a circular FOL* of 
1 

dianieter - and  .Yq > ?;r.V,. t he  aliasing resulting from the  <.'BP reconst riictiori 
1 k,  - 

will be negligible. 

In cornparison. t he  ringlobes present in t he  G R D  PSF are  d u e  t o  the fact t tiat the  

CiRD reconstruction retains t h e  original 2D samplirig effects. One  w- to miiiimizc 

t lie effects of t he  ringlobes is t o  sinc-interpolate in t he  radial tlirectiori before G R D  

reconstruction. as suggested in section :3.2.1. 

It is interesting t o  note  tha t  if one applies t he  r amp  (Ram-Lak)  filter t1irectl~- t o  

t he  polar k-data  prior t o  t h e  1 D IFT ( i . e .  in a multiplicative fashion in arialog>- to  

what occiirs in G R D ) .  takes t he  IFT in t he  k,  direction and  backprojrcts. theri t h r  

reconstructed image aliasing is similar t o  tha t  of t h e  GRD image. This  is hecaiise tlie 

IFT of the discrete r a m p  produces replicates which upon backprojection ( t he  cliscrete 

analog of spin integration) leads t o  ringlobes. Thus. t h e  discrete con\*olution in image 

space is preferable t o  t h e  discrete multiplication in k-space. 



3.4 Results 

The t heoretical SNR expect at ions were verified experiment ally on a O 3 l  C; E Signa 

scanner ( General Elect ric Medical Systems. SIilwau kee. CL-1 ) . whose niasi mu ni gradi- 

ent amplitude ancl slew rate are 1.0 Gauss/cm and 1-67 C;aiiss/cm/ms. r~spec t i i - e ly .  

The phantom consisted of 9 NhIR glass tubes ( 1 .O cm diameter. 1.5 cm l e n j t  h ) closel- 

packed rvit hin a 4s-l cm' region. Each tube rvas filled wit h varioiis concent rat ions of 

agarose clopecl \vit h nickel chloride ( SiCl-) to generate phantoms with TI ancl & \-alun 

ranging trom 2 5 0 m ~ -  1'L.Xrns and 2Jms-4OOrns. respect ively. as shou-n in Table 3.2.  

Table 3.2: Agarose/ NiCl? phantom Tl and T2 values 

.\fensuird TI  and T2 relaxation times for the nickel/agarosc {.\-iC&) phaotorris of 
~ ~ a q i n g  concc ntrations. 

S iC'1- 
5.0 ml1  
O m 
5.0mhI 
2.0 ml1  
2.0 mhI 
2.0 rnM 
0.5 mhI 
O..? mhI 
O m 

.-\ Concentric Circle Spin Echo pulse sequence was written (EPIC' 5.6 pulse pro- 

graniming language) such that half the circle was acquired at each excitation. The 

readout was in the azimuthal direction. and the radiai steps were increasecl for suh- 

seqiient excitations to acquire the entirety of k-space. i.e. both the top and bot ton1 

tialf. The k-space values were acquired using the GE head coil and a loader shell to 

properly load the coil. 

The SIR parameters were as follows: an echo time (TE)  of 4Oms. a repetition 

time (TR)  of 2000ms. a 5mm slice thickness. 1 excitation ( X E X )  per image. a matrix 

;\garose 
4.0 Li/c 
1.0 % 
0 .2% 
4.0 C;% 
1.0 C7c 
0.2 '% 
4.0 % 
1.0 % 
0.2 % 

T? 
21.9 nis - 
i 9.4 ms 

1 X . l m s  
27.3 ms 
g.?..? m s  

2S-L.O ms 
2'7.9 ms 

101.3 ms 

Tl 
249.S rtis 
26S.2 nis 
27O.lnis 
50S.4 ms 

I 
.77:3..j ms 
567.1 nis 

1066.0 riis 

12:30.0 rns 
407.7 ms 1 1240.0 nis 



size of [3S4x 1601 (namely 3Y-L azimuthal points \vit hin O-i; [vit h 160 radial points per 

projection 1. \vit h a scan tirne of 5 2 4  per image. T h e  k-space values were measured for 

F o i e s  of 1 lcm.  2 c m .  and  33cm using filter bandtvidths (BW) of k32kHz.  k l G k H z .  

ancl I d k H z .  which correspond t o  acquisition tinies (Ta,,)  of 6 1 4 4 ~ s .  l 2 S d p s .  ancl 

24.576ps. respectively. -411 images were reconstructed ont0 a 256x256 image grid for 

110th GRD and  CBP. 

Two images were acq~iired for each FOLV/BLL- combinat ion. sa>- i n i l  ancl iniel. 
1 

The  resiiltant signal and noise images were calciilated froni [ i n g ,  + inigl] aritl - 
1 
- [ img, - img,] . respect ivelu. The pair of images were t hen sçaled siicti t liat t h e  fi 
signal image ivas normalized to have a maximum amplit ucle of one. LL:e measiircrl t lie 

average signai and noise within various regions of interest ( R O I )  of t h e  phantonis. 

anci determined the  SNR by taking their ratio. Thirty six ROIS were rhosen rvithin 

the  S l I R  tubes. and 36 ROIS were chosen in the  surrouncling air niecliiini ( i. t .  noise 

regions). 

A11 noise images (GRD and CBP) were observed to  be fairly iiniforni over t h e  

cntire FOV. Furthermore. t he  signal images were ohservecl to  possess coriiparahk 

signal intensities ( t o  wit hin I.j% ) at  the various FOVs and BLVs. 

From Eq.(3.9) and Table 3.1. the SNRs of both G R D  and CBP are expectetl 

to scale as t h e  square-root of the acq~iisition time. And. since Ta,, x L/B\\-. t h e  

5XRs a t  I t 6 k i - i ~  and 31SkHz relative to  tha t  a t  &:32kHz are espected to  increase bj- 

fi% 1.41 a n d  & = 2. respectively. The  experimental resiilts of Table 3.3 support 

the  t heoret ical expectat ions. 

Ne also verified the noise dependence with voxel voliime. Since the  reconstructed 

images consist of ';, square pixels of width Ar.  the  FOV along the .r and y clirectioiis 

is given by FOV = :V,lr .  Con~equent ly~ the  voxel voliime is _Ir = FOV'~Z/.\';. Al1 

images were acquired for A r  and :V, held constant. so tha t  Ac scales as FOV'. 

The mean noise value was measured in 36 air  regions a t  different FOVs for varioiis 

BWs for bo th  GRD and CBP reconstruction. Since the  SNR is expected to  scale as 



-rable 3.3: Experimentai S S R  measurernents relative to a k3'2kHz f i l  ter 

- -  

&:~%HZ kl6kHz 
( 614-41~s) ( 122SSps) 

G R D  ( l l c m )  1 .O00 1.:3S k 0.07 

CBPrafa ( 1 lcm) 1 .O00 1 .:39 + 0.06 

C'BP,hra ( 1 k m )  1 -000 1.139 k 0.0s 

! GRD (43cm) 1 .O00 1.49 k 0.19 

C' B P ,,/, (:3:3cm ) 1 .O00 LI39 3t O. 19 

C' B P,h/,-, ( :3:3cm ) 1 .O00 1-41 & 0.23 

Ezpci-imentnl S-YR mensurernents relntire to n *J2kH:  bandrridth filtcr (irith thc 
rorrraponding acquisition limes in 6racketsJ. The rneasurrrnents repr-esent thc r n f « ~ ,  
plus one standard d~ ciation of mcusured relative S.VRs in 36 digcrent ROIS withiir 

ihe cnrious .\-iC12 phantoms. The theoretical expectations ut i 1 6 k - H z  and f NiHz nrf  
1.41 and 2.0. respectiwly. 

FOL-' and the masimum signal wit hin al1 imases was normalized to unit-. t hen the 

variation of noise only is expected to scale as 1/FOy2. Thus. relative to an 1 lcni 

FOLv. the expectecl noise at Z c m  and :3:3cm FOL-s is expectetl to he 1/2' = 0.25 

and 1/13' z O. 11. respectively. The experimental results of Table 3.4 siipport t l i r  

espectations. alt hough there seems to be a bias to slightly overest imate the noise. 

Finally. ive rerified the theoret icall- expected S N R  increases of C'BP iniages rel- 

a t i ~ e  to G R D  images. as given in Table 3.1. Me expected an SNR increase of ap- 

proximately 1.:37 using the Ram-Lak filter. and an increase of about 1.7'25 iising the 

Shepp-Logan filter. The results of Table 3.5 agree wit h theoretical predictions. 

Alt hough the GRD and CBP Signal- to-Yoise Ratio t heory sections were clevel- 

oped assuming ideal condit ions. the results of Tables 3.3-3.5 provide experiment al 

validation of the simplified t heoret ical analysis. 



Table 3.4: Esperimental noise measiirements rdat  ii-e to an 1 lcrn F o i -  

1 lcrn FOC' 

Eipwimentnl  noise mcasurements relntice to an 1 l cm FOI: The m€a.i;urerrifnt.$ 
rrprcwnt f h t  rnrarr plus one standard dellia tion of mensurfci n o i s e  rrgi0n.q in  .16 

diffcrent ROIS within the air regions suriatinding thc .\-iC& phantoms. Th6 
theoretical erpectntions nt ??cm and JJcm FOL3 are 0.25 and O. I l .  iunpcctir~lg. 

Table 3.5: Experimental SSR measurements of CBP relative to G R D  

1 lcm FOC.'. S ' 2kHz  1 .O00 
??cm F O L  d32kHz 1 .O00 

:3:3cm FOC'. I32kHz 1 .O00 

Il 1 lcm FOV. I16kHz 1 .O00 

1 L c m  FOV. H k H z  1 .O00 

Erperzmental S-VR measurements of CBP,.,,, and CBPshr, reconstruction relntire to  
<;RD reconstruction. The mrasuremenb represent the mean plus one standard 

deciation of measured relative S:b'Rs in 96 different ROIS uithin the uariou..; .La 
phantoms. The theoretical expectations for CBPrara and CBPshr, arc 1-33 and 1.7.5.  

respectit?ely. 



3.5 Non-Equidistant k,  Sampling 

The Ç X R. resolut ion. and aliasing characterist ics are  important design ( ancl recon- 

st ruct ion algorit h m )  considerat ions for any SIR acquisition. However. the scan t inie 

and the resiilting flow/motion artifacts in the image a re  just as  important. Since t h e  

g r o s  features of the  imaged object are contained near the  centre of k-spaw ii-hile 

its edge information is located a t  the high spatial freqiiencics. i t  niay he desirahle to 

sarnpk non-uniformly in the  radial and/or azimut ha1 direct ions to recliice scan t imc 

and suppress motion artifacts. Here. ive rest rict oiirselves to  non-equiciistant radial 

polar sarnpling wit h equally-spaced azimut ha1 samples. 

To reconst ruct such radially non-equidistant polar k-data. Ci RD ran st i l1  IF iisecl 

hecause of its Bexibilitj- and generality. provided that t h e  2D weighting funct ion IIv( k )  

is knowri. CBP. howel-er. espects the projection da ta  ( i . e .  the 1 D IFT of the  i(., -lines) 

to  he equal1~--spacecl. C'onsequentl*. one can perform a 1D G R D  of the  k,-lines (u-hich 

siver. rectilinear I I R  projections) followed hy CBP: t his we cal1 the  hyhricl C;RD/C'BP 

reconstruction. 

To perform the GRD/CBP reconstruction. one first needs to  deterniine the 1D 

weight ing fiinct ion LCF(kr ) required in the 1 D G R D  of t h e  non-equidistant A-, saniples. 

This is easily calculated. For esample. assume 3 conseciit ive k ,  samples ara locatecl at 

k,.,,. k,,. and kTeel. T h e  weighting of the p'h sample. a measure of its areal esterit. 

is $[-en b>- 

Alt hough GRD/CBP reconstruction is generally more t ime-consumirig t han 2D 

GRD.  it does offer some benefits: Ctr(kr)  is easily calculated (as shown above). ancl 

the aliasing is reduced. 

The aliasing reduction of GRD/CBP compared t o  ZD GRD is obvious when one 

compares their PSFs which are  given by the spin integration of the effective weighting 

functions. For general non-uniform radial polar sampling. the  (lr,. k,) coordinates are 



s 1 

t ransformed t o  ( I<( k, ). lis ). where Ii( h, ) represents some  seneral  fttnct ion. For 'ln 

so tl iat  the  PÇF. u s in j  t he  Fourier convolution theorem. is given hy 

clIi(ntlk,) 
PSF,,,l = Q 

dk,  

where Q and F-l are  t h e  spin integration and  IFT operators.  respertii-el!-. and * is 

t h e  convoliition operator. In analogy to Eq.(3.11). spin integrating the  IFT of t h e  

tliscrete weight ing will produce ringlobes in t he  PSF. 

In coniparison. For t h e  C;RD/CBP reconstruction. t h e  1 D griclding port ion reqiiires 

image space in the  CBP portion of the algorithm via CCbp(r ) .  T h e  PSF  is t hiis 

1 dI i ( rnAk , )  
a iveighting of 1 d L  

wliere C'+(r) is given in Eq.(3.14). Note tha t  belore convolut ion. onl>- tlie I)asehand 

. T h e  ramp-like weightinp is applietl as a convolution i n  

is retainecl. \Vithin this baseband. the aliasing effects of having unclersamplecl nt large 

k ,  persist. which is reflected in the Fi terni.  

Sow.  cornparison of Eqs.(J.Z) and (9.23) shows that  the  only ciifference in the 

PSFs is t h e  function convolved with 3-' {IdI<(rnlk,) /dk,I)  prior t o  spin integration. 

In GRD/CBP. it is C'+(r) which is calculated from t h e  I F 7  of t h e  continuor~s ranip 

function. which is Eq.(3.18). Conversely. in 2D GRD. it  is t h e  IFT of the (non- 

u n i f o r m l ~ ~ )  s a m p l ~ d  r amp  function. Thos. in analogy t o  the  purely polar case. the  

ringlobes emanat ing from the  IFT of the discrete k-space ramp weighting have been 

eliminated. alt hough the  original sampling effects ( i.e. t hose d u e  t o  undersampling of 

t he  high spatial  frequencies ) a re  retained wi t hin the  baseband. 



Figure 3.3: Polar Li-space sampling t rajectories 
K-space sampling patter-ns /or ( a )  purely polar snmplea with radial apncing l k ,  . 
(6) radially non-equidistant polar sam ples whose radial posi!iona n r u  g i r f  ri i n  

Eq. (3.24). nrrd ( c }  ptrrel9 polar samples crith radial spacing 1..3Z1kr. . \ o t ~  th«! ni1 

A simulation of radially non-equidistant polar k-data was carried ou t .  The data 

w r e  reconstructed using both 2D GRD and the  GRD/C'BP algorithms ( Figure 15. -L) .  

The reference image in Figure 9.4(a) depicts the  synt hetic noise-lree phantoni k- 

da ta  reconstructed from [1% x 1-81 Cartesian samples of spacing Lk, in hot h t lie 

XI and 6, directions. Figures :l.-k(b) and :l.J(c) show the 2D G R D  and C;RD/( 'BP 

reconstructions. respectively. of the same synt liet ic p hantom sampleci \rit h ratlially 

non-equiclistant polar sampling. The k-data consisted of 200 azimuthally ecpiidistant 

sarn ples \vit hin (O. ir ) by -11 radial samples located at  li(P, ) given by 

where cs and cl0 are constants. and ILI < .Vr. By setting CS = 5000. and clo = 5.0000. we 

pet J I  = 84 so t hat the total k, extent is IYSAk,. This represents a 34% reduct ion of 

k, samples. For cornparison, Figure 3 4 d )  depicts the case of 84 radially equidistant 

polar samples covering the same I;, extent of 128Akr but wit h spacing 1 . J 2 l k , .  



Figure 13.4: Synt het ic. noise-free. phantom images 
Synthctic. noise-Jree. phantom images. ( a )  Reference [12d x 1281 Cnrtr-sian irnng~ 
rrconst~-rrcted u*ith the FFT.  (b )  Radialy  non-etpididant [S-L x 2001 polar k-dntn 

~rcon.~trurtcd with the 2D GRD algorithm. The radial spacing i.5 about Ik, crt lotr 
jrfquencies but increases to  over 3Ak, at high frequencies. ( c l  The znnir k-dritu ri.. 

in Figure -3.4 ( 6 ) .  but  reconstrucled with the hybrid C R  D/C'BP algoi?th rr t .  

((1) Rndially equidi.dant [Y4 x 2001 polar k-data of radial spacing 1 . . i U A - ,  
I-~con.dracted with the JD C R D  algorilhm. The d~tni1.q O/  th^ k-drrt« .i«rnplr 

locations can be found in Ihe tex!. .dl1 images were rtconstructtd orrto n [12S x 1-SI 
irnugc grid. .Yole the serrre aliasing in Figure J .4 (d)  a s  cornpairri lo  Figai+ J . $ ( b )  

or. Figure . I . ~ ( c ) .  euen  though the rnatrix sire and k-space e r t f n t  n r ~  t h f  aomf. 

Xote that becaiise t he  radial ertent of k-space is constant (see Fig~ire :l.:jl. al1 

reconstructed images have the same pisel size. The aliasing effects. however. a re  

clifferent. especially when comparing the equidistant versus nori-eqiiitlistant cases. 

Furt hermore. the SNR and eflectice resolution differ. alt hough t hese two effects niust 

be considered joint ly (as discussed in the Tradeoffs section). 

In Figure 3.-!(c) .  the circular oscillations present inside and outside the object  

are strictly due to undersampling at large kr. The. emanate mostly from the ob- 

ject boundary (outer ellipse) since the aliasing effect is more pronouncecl for large 

objects withiri the FOV. In Figure 3 4 b ) .  the oscillations are slightly larger. espe- 

cially in the region outside the object. This is t h e  ringlobe effect arising from t h e  



3 [ 1 ( 1 )  ] terrn in Eq.(S..L2). Iloreover. the  signal amplit iide efec t  seeri in 

Figure 3.1 persists in Figure 3.4(b) but is eliminated in Figure :3.4(c) since this too is 

a ringlobe effect. It emanates from the k-space discretization of t h e  ramp-like filter 

pi-ior t o  IFT and subsequent spin integration. 

Figure 3.-L(d) clearly demonstrates t hat if  the k-space coverage and niinihcr of 

samples is the  same as in the radially non-ecpidistant case. the aliasinq is w\-tv.  

alt hough the  underlj-ing gross characteristics of the ob ject are st il1 recognizahle. 

Se i t  her the  C; R D  nor C;RD/CBP reconstructions correct for aliasing prescnt cl tir 

to  unciersampling of the data. Thus. some aliasing is inevitable iincler t hosc sanipliriq 

circiinistances. However. not al1 aliasing is catastrophic. In fact. it ma>* Iw possihlr 

to sample in such a waj- that t h e  aliasing within the  image is tolerable ancl does riot 

affect the  overall S N R  and/or CNR (contrast-to-noise ratio) characteristics of the 

image too severely. These concepts may b e  applicabie when the object iindergoes 

motion. whereby an  increase in spatial sampling artifacts ( i . ~  aliasing) is tracltd off 

for a decrease in temporal artifacts ( i . e .  a reduction in motion artifacts). 



3.6 Discussion 

T h e  image reconstruction effects of equidistant radial/azimut ha1 polar k-tlat a uwe 

investigated for bot h the  gridding and the convolut ion backproject ion algori t hnis. 

These effects included the SSR.  resolution. and aliasing present in the imase. 

\\'hile G R D  is primarily a Fourier domain algorit hm ancl C'B P is an iniaat. clornairi 

techniqiie. bot h of these algorit hnis perform identically in terms of S N R  and  resolti- 

tion. provicled that  t hese two effects a re  considered toget her. Ln t heir most basic 

implementat ions. i. e. the weighting based on ramp filters. G R D  masimizes resoltit ion 

a t  t h e  espense of SNR. while C'BP sacrifices resolution to  increase the SSR.  

T h e  variance analysis presented herein yields the  S N R  value. a n  effect ively global 

figure of nierit. However. a more  in-dept h analysis of t he  noise power spect riim is !var- 

ranted to  ascertain and determine the  complete characteristics of noise propaaation 

within each algorithm. 

Gridcling offers the advantage of direct manipulation of the k-spacc data.  - r h i ~  

a i h v s  one to tailor the  resolution versus the SNR. LIoreover. CiRD alton-s t'or t lie 

possi bili ty of non-equidistant azimut ha1 polar sampling iv tiereby one can niasi rriize 

resolut ion and S XR simultaneously. 

In this chapter. rve contrasted G R D  using the ramp filter with C'BP iising  th^ Rarii- 

Lak ( r amp)  filter. the  rnost direct coniparison between the  two algorit hnis. Mowe\-et. 

many choices of reconstruction weighting and/or convolut ion h n c t  ions are possible 

for bot h G R D  and CBP. In fact. t he  polar k-data can be reconstrocted using C'BP 

a n d  GRD such tha t  the  images have comparable SNR and resolution. In this case. 

eit her t he  GRD weighting function o r  t he  CBP convolution function or bot I i  nitist be 

altered to  yield comparable variances and  MTFs. Apodized ramp filters also have t h e  

added benefit of suppressing Gibb's ringing artifacts. but  doing so leads to  increased 

blurring and a loss of image resolution. 

One important difference between GRD and CBP is their different PSFs which 

lead to different aliasing behaviour. T h e  polar PSF using GRD includes the  niain 



lobe and the ringlobes. The main lobe describes the blurring effect of finite sani- 

pling. and the ringlobes are a measure of the expected aliasing. Conversely. the PSF 

iising C'BP eliminates the ringlobes altogether. Thus. prorideci the radial sanipling 

satisfies the Syquist criterion. the aliasing using CBP wiil  be minimal. In hoth al- 

goritlims. though. insufficient azimiithal sampling leads to streaking artifacts in the 

image (aziniut ha1 aliasing). Neither GRD nor CBP correct for t tiis art ifact.. 

as opposecl 

rediicecl. w 

Int erest inglu enough. simulat io 

to discrete ( i - e .  spiral 

tiich leads to reduced a 

is show t hat if  the k-data are racliallj- cont iriiioiis 

versus concent ric circles ). t h e  PS F ringlohrs are 

iasing. However. the spiral PÇF is dependent o n  

the  number of interleaves acquired. and consequently so is the aliasins. In short. orw 

must f ~ i l l j -  characterize the PSF of the  particular sampling scheme to ascertain t hr  

aliasing effects. Therefore. the conclusions drawn here for purely polar saiiipliiig do 

not necessarily apply to spiral sampling. 

To reconst ruct radially non-equiclistant but azimut hally eqiiiclistarit k-dat a. ive  

suggested a hybricl C;RD/CBP reconstruction algorit hm. This techniqiie reduces 

aliasing in cornparison to 2D G R D .  although t h e  reconstruction tinies tend to  he 

longer by about 30% or so. Though an in-depth analysis of the radial sanipling 

effects of radially rion-equidistant polar k-data is beyoncl the scope of t his t reatise. 

t hc hyhrid C;RD/C'BP algorit hm may allow one to investigate the tolerahle aliasing 

lirnits and ensiiing tradeoffs of radiallj- non-equidistant polar k-space saniplirig. 



3.7 Appendices 

3.7.1 App. A - CBP Integral 

In polar coordinates. we write X; = k, cos ko and k ,  = k, sin 4. froni which t he 2D IFT 

wliere S [.r cos k G + y  sin k 8 ] .  In the  second integral. Ive can  first substitiite L*.? =L.ra.  

then not,e that .I1(kr. kJ+a) = . I I ( - k r . k J ) .  and then siibstitute k ,=-k ,  to obtain 

so that 

Sou-. for a particular Le = 4. t he  -y(x. y )  variable represents t he  projert ion of ( . r .  !/ ) - 

space a t  t h e  same angle lré in the  image domain. Conversely. we can wri t r  this 2 D  

.Y(r.  y )  representation as a 1D representation of r in conjunction with backprojection: 

where B denotes backproject ion. and .'CIk;(k,) E .\I(k,. k i )  represents t he  radial k- 

lirie a t  angle ke. Note that Eq.(3.28) applies to continuous functions. whereby the  

ramp weighting can be applied as a multiplication in k-space o r  as  a convolut ion in 

image space (by virtue of the Fourier convolution theorem [9. p. 1081). \Vhen appliecl 

t o  discrete funct ions. however. the  convolut ion expression is preferred since i t does 



not suffer froni cj-clical aliasing [2 1. Ch-T]. Finallj-. t hen 

The interpretation of Eq.(3.29) follo~vs readily. The IFT of each raclial k A n e  a t  

angle ke is convolved wit h t h e  IFT of the  ramp filter which compensates for t h e  vari- 

able sanipling density. This convolved projection a t  angle k*# is then  backprojwtrd for 

each desirecl image (r. ! j )  location. The reconstructed image K r .  !j ) is the suiiirriat ion 

of al1 t h e  convolved projections at angles kg wit hin ( O .  r ) .  S o t e  r hat wr i r r iposd rio 

conclit ions on .\l( k,. ke ) so t hat  t his reconstruction forrnalism is valid for Heritii t ian. 

ant  i- Hermi tian. or non- Herrni t ian polar k-data. 



3.7.2 App. B - CBP MTF 

One might expect t he  convolution backprojection SITF ( using linear interpolat ion ) 

to be given by A( k, ) sinc' ( )  out to  a rnnrimum radiiir of +-\-rL4-r. u - h e r ~  

A(kr)  is the  apodization function applied to the finite ramp filter. Howe\.er. t lie 

discret izat ion. interpolation. and resampling of the convolved d a t a  ont0 a ('artesian 

grid leads to a niore complicated 1ITF (see Figure 3 . 2 ) .  

The SITF  is given by the  Fourier transforrn of the PSF. where ive assume rlir 

ohject to  be a point object so tha t  each projection is given by a single impulse at r .  = O .  

naniely b (  r ). The convolved projection is t hus the IFT of the filter fiinction. Here. we 

assume t hat t he  filter function is t he  Ram-Lak filter and t.hat linear interpolation is 

usetl in the  hackprojection stage. T h e  analysis depicted in Figure 3.r> can be applietl 

for other filters and  more sophisticated interpolation schemes. 

Figiire :$..i(a) depicts the  ramp filter F(C,) in t h e  Fourier tlomain (on  the  riglit 1. 

Its [FT is 

wliich is tlepicted on  the  left of Figure :3..j(a) ( the  image domain ) .  For conipiita- 

t ion purposes. t he  convolution function is discretized nt the  Syqu i s t  rate. nanirly 

11- = 
1 

. This discretization is expressed by multiplying f ( r )  with the sani- 
-Y,. 1 kp 

pling function J 1 1 (&) of Figure :I.i(b) to obtain t s ( r ) .  as showri in Figure :1.5(r). 

In Fourier space. this corresponds t o  convolving F ( k , )  with J 1 [ (-\-r? Cr ) t o  give 
F (  b , ) .  a replicated version of F ( P , ) .  as shown in Figure 3 . 6 ( c ) .  The coefficients at 

locations p Ar ( where 

Ram-Lak filter: 

The discrete f , ( r )  

p is an  inteqer) of f , ( r )  are 

114 p = O  
- l / ( p )  p is O D D  

O p is EVEN 

function is t hen (here assumed Iinearly ) interpolated. Now. 



linear interpolation can  be expressed as a convolution with a triangle fiinct ion of widt li 

?Ar. sa- .\ (L). as depicted in Fisure :l.i(d). This gives I s ( r )  *-  \ (&) - which is 
Ar 

shoivn in Figure 3.5(e). S o t e  that  this is effectively C'+(r) of Eq.(3.14). In Fourier 

( ) ivhich space. t his corresponds t,o ~ ( k ,  ) being mult iplied (apodized) by sinc- 

is shown in Figures 3..j(e) and :l..j(f). the latter showing an espanded view. 

\ \ Ï th the interpolated f,(r) representing one projection at angle k g .  wc t t i m  

backproject it onto t h e  image grid at the appropriate (x. y )  locations. This pro- 

ceclure is depicted in Figure :3.,i(g). The 2D FT of this backprojectcd da ta  resiilts 

in k s i c  ( '' ) a t  the sarne angle Pa in ( kz. k, 1-rpnce. Hoiwi-rr. I i r r a i w  u l  sr A A.,. 
discretization in the  s and y directions. we get wraparoiind (o r  foltlins) of tlir 1 D 

funct ion F (  k, ) sinc- ( ) in the 2D k-space. as shown in Figure ê.i(g). 

If kg = 0. t hen F (  k, ) sinc2 (&) is folded ont0  itself and is resai~ipletl witli 

spacing lk,. which is the  original sample spacing. and  the foldover points oc(-tir at 

odd mtiltiples of + !.\;Ak,. In t his case. ive recol-er t h e  ramp filter exact lu. as shown 
* 

in Figure 3..i(h). Siniilarly. if kd = 45". then ~ ( k ,  ) sinc2 (A) also Iolrls untu 

itself. Hotvei-er. unli k e  the  = 0 case. the foldoïer points occiir a t  oclcl niiilt iples of 

, , . .  The  effective wighting â t  4.5' is not a ramp. but rat her an apoclizetl 

ranip-like function tha t  is non-zero at L, = O and extends out to l k r  1 = +.\-,-1kr- \/r 

This too. is depicted in Figure 3.5(h) .  For cases ivhere kg is no t  a multiple of 45'. 

F (  k, ) sinc- ( )  is distributrd orer miich of the  2D k-space. as shoirii in Fig- 

ure 3..5(i). 

When backprojecting niimerous projections within t h e  azirnuthal range O-;. one 

gets the PSF. whose 2D F T  is the MTF (see Figure 3.9) .  The LfTF's non-circiiiar 

symmetru and the fact tha t  it is not restricted to within a diameter of SrM, is due 

to  the  above-ment ioned wraparound effect . 



Figure 9.5: Comprehensive development of the C'BP hITF 
(-hnt*olution bnckprojection .\[TF cldetails in 60th the image rlornnin and thr Fout*itr. 

dornain. ( a l  The ramp jiltder F ( k r )  and its corresponding I F T  f ( r )  in the iningf 
dornnin. ( 6 )  The 1D image domain snrnpling /unetion of spacing A r  and ri..; FI ' .  n 

neries O/ impulses uith spaeing l / l r  = .V,Ah,. ( c l  The result of sampling g i r r s  
f,( r ) .  uho-~BBE FT is ~ ( k ,  ) .  a replicated cersion of the ramp Jilter. ( d l  The triniigl~ 

function of u-iclth : ! I r .  and its FT which is proportional to  sinc2(b,/[.\-,lX.,]). 
(6) Linenru infcipolation o l l s ( r ) .  i.e. conrolution with the tr-inngle function. n id  tt.4 

FT  giccn b y  F ( h , )  npodized by the sine' funetion. i f )  ..ln erpnnded ritir of 
~ ( k , )  s inc ' ( kJ[ . l ; l k , ] )  out to iz4 . V r l k , .  (g} The bnckprojection of 

f , ( r )+. \ ( r / l r )  at angle ks onto the image grid. and its Fourier rorrntrr-par-l 
F(  k, ) .sincL(b,/[.\-,M,]) tchieh i.5 centred at ( 0 .0 ) .  on'cnted a/  angle ks .  a n d  wiuppcd 

nround due to JD imngc dornain sampling. ( h )  rit k8 = [0" .45J] .  
F ( L )  . ~ i n c L ( k , / [ . V r ~ k r ] )  ccraps onto itselj giring 1 D p r o j î l ~ . ~  at kg =O0. L j d .  

respcctirely. in 2D Fourier spnce. ( i }  The wrnparound eflect in fhr Fonrit r dorrrniti 
i o r  ke not n rnultiplc of 4.3°, shown h e r ~  _tbr kd =2.5" .  
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Chapter 4 

Tq Modulation Effect s 

4.1 Introduction 

One major aclvantage of magnetic resonance imaging ( SIR I ) is t he tlasihility of t is- 

sue characterization by various contrast mechanisms. The majority of cliriiral l I R  1 

acqiiisit ions are hased on Tl -weight ing. proton density weiglit ing. and T2-~vrig h r  ina. 

and to a lesser extent on diffusion weighting and other novei contraat niechariiariis. 

Tl-weightecl images have t h e  added benefit of being acqiiirecl \rit li short acqiiisi t iori 

t inies. This translates into more efficient patient t hroughput . cost effect iveness. ancl 

less discornfort to the  patient. The trade-off. t hough. is usual1~- a signal-to-noise ratio 

( S S R )  penaltj.. 

Hou-w-er. it is t h e  high contrast-to-noise ratio (C'SR) Tl-weighted imaging tech- 

niques t hat prove to be clinically useful to the radiologist for generic coniponents of 

pat hology. But. proper Tl-weighted SIR images such as from a convent ional spin echo 

(SE)  experinient require long acquisition times so t hat the>- are not influenced b!. anu 

Ti -1veight ing. 

In 1986. Hennig [ I I  proposed a fast 7;-weighted acqiiisit ion technique which goes 

under the narnes of RARE ( Rapid .4cquisition wit h Relased Enhancenient ). FSE 

( Fast Spin Echo). or TSE ( Turbo Spin Echo). In this treatise. these terms are used 

interchangeably The acquisit,ion time is shorter t han convent ional SE since rnult i ple 

spin echoes in the echo train are assigned to different regions of k-space. Accordinglj-. 



t h e  t ime reduction il-ith respect to conventional SE is the length of the echo train. 

The first principles of FSE have been fully analyzed for Cartesian acqiiisit ions 

[ 2 ] .  to sonie degree for projection reconstruction hLRI (PR-SIRI)  [3]. and not at al1 

for coricentric circles SIRI (CC-ALRI). Here. ive analyze t h e  & modulatiori effecta for 

hoth PR-SIR1 and CC-AIRI polar acquisitions. 

In the Theory section. me develop the  T2-iveighting formalisni iihich rnodii lat~s 

the  k-space data directlv and leads to  possible artifacts in the  reconstriirtc4 image. 

In the Result s section. we present some experimental verificat ions of t he t heorj-. The 

ramifications of T2- weight ing for polar k-space data are cliscussed. 



4.2 Theory 

The effect of Tl modulation can be readily ~ inders tood  bu considering t h e  signal 

eciuat ion (developed in t he  Introduction chapter) and using basic Fourier t lieor-. 

Recall t hat the acquired magnet  izat ion. ignoring field inhomogenei t ies. is g i w n  

1 
+.s 

M k . ! )  = nc, (rl p / T 2 ( r )  f -23k-r  dr (-1.1 ) 
-'S 

where nr:l(r) is the  transi-erse magnetization spin-density and  e reprcsmt a 

t h e  Tl-weight ing funct ion which is bot h temporally arid spat ially ~Irpenrlatit . Tliis 

espression assunies mono-exponent ial Tl decay nt each position r. 

However. i f  me assume tha t  t he  object is composed of .\; rlifferent fi spr<-it.s. 

t hen the  j th species of t h e  T2-weighted magnetizat ion spin-densitj- can be w i t  rcn 

as  rn:,.,(r) c - ' I T 2 . ~ .  where &, is the  T2 spin-spin relaxation tinie constant of the 

j th T2 species. S o t e  that  t h e  spatial and  temporal dependences a re  noir sseparatt4y 

associatecl wi t h t he  rnz,., and  e- ' IT2+~ terms. respect ively. 

Since the Fourier transform oheys t he  superposition principle 

t heorem of Table 1.1 ). t.hen t h e  n e t  magnetization is forrned frorn 
.Ys 

al1 .\; different Tl species. namelx C rnz,,, ( r )  t - L / T 2 . ~ .  S tibst it ut ing 
1=1 

tvc can write the signal equation as 

( i. f .  t hc aclrlit,iori 

t h e  stininiat ioti of 

this into Eq.(-1.1 ). 

B>. interchanging the order of the  summatiori and  integral syrnhols (wiiich is per- 

niissible since the Fourier transform is a linear operator)  and  noting t hat is 

independent of r. we have 

nhere Ii(r)  is the spin-density weighted image of t h e  j th  T2 species. a n d  3 deriotes 

the Fourier transiorm operator. 



Note how the  total acquired k-space d a t a  are given by the stim of the  k-space 

represent at ion of the j th  T2 species ( k )  exponent ial1~- iveighteci according t o i t s 

T2 value. This formalism allows one t o  characterize the effective T2-weijhtiri% of the  

reconst riicted images for bot h convent ional and R-ARE-mode spin echo acclriisi t ions. 

In conventional spin echo (see Figure 4.1). the  nth echo in the who train fornis 

the  nch image nt time TE=nESP. where ESP and TE are the echo spacin, ancl eclio 

t ime. respectively. The k-space magnet k a t  ion and &IR image are given h>- 

Thiis. the reconstriicted image is made up of the  sum of the .Ys intlivicltial fi species 

images. eacti one scaled according to its T2 value. 

Since the  k-space data are acquired a t  one effective echo time. the  Tl -wight  iris 

funct ion is intlepenclent of the spatial Frequency coordinate ( k J. C ' o n ~ e c ~ w n t  1 ~ - .  t lie fi 

contrast for a conventional SE acqiiisit ion is on['- clepenclent on the echo t inie I TE ) 

and on the  T2 1-dues of the .\r, different Tl species. Short TL species will lw ~~~~~~~~rd 

in intensity relative to longer f i  species. and so a Tr-weighted contrast is a c l i i ~ w d .  

B>- cornparison. in RARE-mode acquisitions. multiple ectioes wit hin t hc echo t rain 

are used within the same k-space. as shown in Figure 4.2. In so cloins. tliffererit 

regions of k-space are encodecl a t  different echo times. i.e. k( t ). One can invert t his 

such that the temporal coordinate is dependent on the spatial frequency location. 

namelx 1 + t ( k ) .  By writing it this way. the  temporal dependence in Ecl.(4.3) can be 

wri t ten as a spatial frequency dependence. C'onsequent ly. the acquired R h  RE-mode 

k-space d a t a  and M R  image are given by 

\-  

.v, 
[ = 3 { ( k ) }  = F-i {e-c(k)'T2-)} * U r )  



tvhere the * symbol denotes convolution. and ive have used the  Fourier con[-oiution 

t heorem [4. p. 1 OS]. Alt hough not explicit ly stated previous1~-. t he  inverse Fourier 

transform operation required to  go from M ( k )  to  I (r )  is performed over the spatial 

freqiiency k-coordinate only. which is why rve parameterize t ime  as a fiinction of 

spatial frequency. 

I - n l i k ~  the conventional SE acquisition. T2 modulation in RARE-mode accliiisit ions 

leacls to  a more complicated effect than mere scaling. Rather .  t he  j t h  T1 s p ~ c i c s  

is blurrecl ( i. t. snieared) ancl perhaps replicated via t he  con[-olut ion process. 

understanding of the  functional form of E -  t(k)'Tz J is t herefore rvarrantetl. 

If the j th  T2 species is represented as a point ohject or  impulse. i . c .  !:( r )  = h (  r ) .  

then .F1 {e - i (k ) /*zq~)  is said t o  be t h e  T2 impulse response function ( [ R F ) .  Sottx that 

there  are different T2 IRFs  for each T2 species. 

In analogy t o  t he  conventional SE acquisition. in R-ARE-mode accliiisit ions each 

T2 species is affected according t o  its respective T2 impulse response Eiinctiori. For 

conventional SE. the  T2 IRF is merely a scalar tvhich modifies t he  intensity of the 

respective T2 species. whereas for RARE-mode acquisitions. t h e  T2 IRF is a spatially 

varj-ing function mhich scales. smears. and  hlurs the  respect ive T2 species. 

11oreover. since the  T2-weighting fiinction in RARE-mode accpisit ions is clepen- 

dent on the spatial frequency. the  k-space trajectory plays a n  integral part in the 

fiinct ional form of t he  G-weighting function: the image contrast  and  k-space t rajec- 

tory are no longer separable for these types of acquisition. Thus. t he  Ti-wigtiting 

and  fi IRF functions of PR-.\IR1 a n d  CC-.LIRI a re  analyzecl separatel'. 



Figure 4.1 : Conventional spin echo k-space representat ion 
Each of the n echoes uvithin the echo train (labelled El-Et?) is encodtd u*ithin one 
k-rpnce matrix. The data (shown here as CC-.LIRI) are collected a t  o n e  cffcctire 

~ c h o  time g i v ~ n  by TE- ESP. 



Figure -1.2: RARE-mode spin echo Li-space representation 
-411 O! the n E C ~ O E S  (iabclled El -E8) are encoded within the same k-spacc mntrir. 
The data (shown hem as CC'.WRI) are amplitude modulated b y  the TL-acighting 



4.2.1 Projection Reconstruction 

For projection reconst riict ion IIRI. the readout direct ion (on the orcier of a few nniil- 

liseconds) is in the  radial direction. Thus. for R;\RE-mode PR-SI RI. the TL-weight in$ 

orciirs along the aziniuthal direction and cannot be  circiilarly suniniet ric or isot ropic. 

This has t h e  potential of introducing artifacts into the  reconstructed .\IR image. 

In 1994. Rasche [ 3 ]  surmised t hat RARE-mode PR-SIRI. which he  termecl Radial 

TSE. coold provide a familiar contrast behaviour a t  a redoced scan tinie. Rasclie 

anal!.zecl the T impulse response funct ion and effective TE for R-ARE-mode P H- 

SIRI.  Here. we present some of our own findings which differ from Rasche's. In k t .  

we show that Rasche's analysis may be in error. hloreover. the formalism and anaIl-sis 

of contrast method presented herein is general and can be applied to an- k-space 

t rajectory. 

rn -. 
1 2& /ETL 4N, /ETL 

Azimuthal Location 

Figure 4.3: PR-MRI TÎ-weighted banding approach 
Thht T2-i~*eighting in the azimutha1 direction is  made u p  O/ bands 01 ~choes  at the 
samc ceho tirne n ESP. The I D  representation d o n g  the nzirnuthnl direction is 

shoccn on thc kft. lrhile its ID representation is shoan on the right. 

4Iany types of modulation funct ions are ~ermiss ib le .  The first approac h follo~s 

readily from the Cartesian R-ARE-mode acquisition. here called the bn nding approach. 

as shown in Figure 4.3. The azirnuthal T2-weighting is displayed assuming .\; projec- 

tions within O-? and an  echo train length (ETL)  of 4 echoes. In this approach. t h e  



first echo of each excitation is encoded such t hat the projection lies wit h in  (O. &) . 
the second echo projection lies ivit hin ( - ïï . - ) .nd so on. 

ETL ETL 

The nornialized T2 impulse response function wit h an  echo spacing EÇP= 15111s. a n  

e c h ~  train lengt h ETL=4 echoes. 192 projections. .\;= 1 3  points per projection. 

and a Tl \ d u e  of Z5ms is shown in Figure 4.4. Here. we display the niagnitiitk of the  

TL IRF in clccihels (dBs). i . ~ .  IO log,,(lIRFI). 

Figure 4.4: PR-SIRI T2 impulse response function for the  banding approach 
The norrrialized Tr impulse response function is displayed in dB.s for a n  E7'L oj. .: 

echoes. .\-,1=19J projections. .Vr=128 points per  projection. an  ESP of 13rr~~.  and  ri 

T2 ralut o_f 2.Sm.s. The corresponding linear grag s ca l~  colou rbnr i.5 «ho .ihotr*n. 

S o t e  the asymmetry of the  impulse response function due to the jiinct ions occiir- 

rins het ween successive bands. Simulations show t hat such a T2-weight ing schenw 

leads ro severe smearing in the reconstructed image. This is clernonstratecl in Fig- 

ure  -4..5 for the reconstruction (using convolut ion backprojection) of a synt tiet ic noisy 

disk phantom with an  SLSRz100. 

T h e  second approach. termed the sequential approach. depicts the ectioes being 

seq~ientiaily ordered along the azimuthal direction. as  shown in Figure 4.6. Once 

again we have wsumed an  ETL of 4 echoes. For display purposes. we chose .\,=24 

projections (within 0-7) and !V,=128 points per projection. In pract ice. however. 
- 

one ivould have .V, on the order of t o  avoid azimuthal streaking artifacts. as 
9 - 



Figure 4.5: PR-hIRI image reconstruction effect for the banding approach 
The O/ the PR-MRI banding approach is shoux /or a synthctic disk phnntorrc 
(lejt) being .SE rerely arneared {r ight)  u*hen subjected to the banding nppronch wi!h 

E.SP=l,Sma. ETL=4 ~choes.  .V,=L92 projections. .\;,=L28 points per projection. a n d  
T2=2.5rns. The corrwponding linear gray scale colourbnrs are nbo shorcn: the trro 

images are ut the snme uvindowing leuel. 

1 2ETL 4ETL 6ETL 
Azimuthal Location 

Figure 4.6: PR-5IRI T2-weighted sequential approach 
The T2-uveighting in the a:imuthal direction is sequential wifh echo time. The I D  

representation along the arimuthal direction is ûhown on the leB. whik its 2D 
r~presentation is- shown on the right. 



explained in the Reconstruction Effects chapter. its 2D representat ion is also shown 

for comparison with that of Figure 4.3. 

-4lthough the junctions still exist at  every multiple of ETL along the azimiithal 

direct ion. the Tl-weight ing funct ion exhi bi ts a more srmmet rical appearance sincr 

t h e  junctions are distributed throughout. This also Ieads to a more syrnmetriral TL 

impulse response fiinction. The normalized magnitude T2 IRF (in dBs) is sliowi i r i  

Figiire 4.7 assuming an ESP of Lzms. an ETL of 4 echoes. .&=192 projections trithin 

0-T. .\;= 128 points per projection. and a T2 value of 25rns. 

Figure 4.7: PR-SIRI Tz impulse response function for the sequerit ial approach 
Th E rlorrnalixd T2 impulse response function is d i sp fay~d  i n  dB.5 for- an ETL O/ .: 

cchors. .L*2=19;> projections. .\.;=128 points per  projection. an ESP o/ I5nca. and  a 

T2 rn luç  oJ 2.5m.5. The corresponding finea r gray scale cofoirrbnr is nlso -4otrrr. 

In comparison to Figure 4.4. the squent ia l  T2 IRF of Figure 4.7 appears more 

tiniform ancl pseudo-isotropie. is four-fold symmetric. and there is more distributeci 

energy away from t h e  centre. The reconstruction of a noiseless synt he t  ic disk phantoni 

(depicted in Figure 4.8) shows little smearing artifacts. but slight streaking ( i . c  star- 

l ike) artifacts oittside the object emanating from the edges of the disk phantorn. This 

effect arises due to the star-like appearance of the  T2 IRF (as shown in Figure 4.7). 

The third and final approach depicts the interleaued approach. The ordering is 

similar to the sequential approach except that  one tries to maximize the  number of 



Figure 4.S: PR-MRI image reconstruction effect for t h e  sequent i d  approach 
The c ffect of the PR-JIRI sequential approach is shown for a rcconstructed syrrthttir 
rroise1~s.s disk phanfom. The parameters are ESP=l-5rn.s. ETL=lo' tchoc.i. -\-,,= f 92 

projections. .\; =l>8 points per projection. and Tz=25rns. The image on the right is 
the same a s  that on the left but at a higher brightness lerel to accentuatt th6 

atar-like artifacts (note the dgerent  gray scale colourbar.~). 

c 
1 2ETL 4ETL 6ETL 
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Figure 4.9: PR-!dRI Tr-weighted interleaved approach 
The T2-weighting in the azimuthal direction is interleaved with echo time. as 

cxplained in the text. The ID representation along the arimuthal direction is showri 
on the left. uhile its 7D representation is shown on the r ight .  



junctions in t h e  T2-rveighting function. Therefore. the fint half of t,he echo train is 

encodetl seqiientially at  the odd azimuthal locations. ahile the second half of the echo 

train is encoded in a reverse sequential fashion at  t iie even azimut ha1 locations. .An 

esample helps to  eluciclate t h e  approach. 

If the echo train lengt h is Y and the echoes are labelled E 1-CS. t hen the azimut ha1 

ordering is {El.ES.EZ.E'i'.E3.EG.E4.E.J}. Figure 4.9 depicts the case of ETL=4 echoes 

a n d  -\n=24 projections (for display purposes only). The 2D representation can he 

tlirectly cornparcd to  that of Figure 4.6 since the ESP and T2 values are the sanie in 

these two cases. r o t e  that in the interleaved approach. one introduces more in te ris^ 

junctions than the banding o r  sequential approaches in an at tempt to mininiize t hr  

coherence of Tl- weight ing in the  azimut ha1 direct ion. 

Figure 4.10: PR-MRI T2 impulse response function for the interleaved approach 
The  noi-rnalixd Tz impulse response functions are displayed in dBs for an E TL O/ 4 
echoes. .Y,,= 192 projections. iV,=f 28 points per projection. an ESP of I jms. and T2 

ralues of JJms (14) and 8Ons (right). The corresponding linear gray s c a l ~  
coiourbars are also shown; the two images are at  the same windowing le c d .  

The normalized magnitude T2 impulse response function ( in dBs) is shown in 

Figure 4.10 assuming an ESP of l5ms. a n  ETL of 4 echoes. :Va=192 projections. 

.\-r=128 points per projection. and T2 values of 25ms and SOms. Comparison of the  

Tr=2Jms sequential and interleaved IRF images of Figures 4.7 and 4.10. respect ively. 



shows t hat t he  interleaved approach appears slightly more diffuse t han the sequent ial 

T2 [RF. and there is Iess energy in the spokes. This leads to  reduced star-Iikr and 

smearing artifacts in t h e  reconstructed SIR image. 

In Figure -1.10. one can cleariy observe that  for longer 7; species. t h e  [RF lias 

reduced intensity in the spokes. This leads to reduced blurring effects for long 

species relative to  short T2 species. 

Figure 4.11: PR-URI image reconstruction effect for the  interleaved approarti 
Thc tfleci of the PR-.LIRI interleaved approach is shouw !or n ~rconati-urtrd 

qn the t i c  disk phantom with SiVRz4.j. The parameters are ESP=i;ims. ETL=f8  
tchoes. .\5, =I9? projections. :V,= 128 points per projection- and T2=2.5ms. Thr 

ininge on the l e f t  is the reconstructed disk subjected to the squential n p p r o w h .  u*hilc 
the image on the right is /or the interleaued approach. .Vote the rduced  niynril 

outside the object for the interleaited appronch. The corrrsponding lincar gray s c n i c  
colourbars are nlso sho i~~n:  the tu70 images are at the snmr hright icindouing lr r e l  to 

accentuate the star-like artibcts.  

The reconstruction of a synthetic disk phantom of SXRz-L*? subjectecl to the  inter- 

lea\*ed approach is shown on the  right of Figure 4.11. For comparison. the same disk 

phantom subjected to  the  sequential approach is shown on t.he left. The T2-weighting 

parameters include ESP= l.?rns. ETL- 16 echoes. -Va=192 projections. .Vr= 128 points 

per projection. and a T2 value of %ms. The interleaved approach image has slightly 

less signal (about  5%) outside the object ( i . e .  reduced star-like ar t ihc t ) .  and the  S N R  

is slightly greater (-46 us. -4.1) in comparison to the sequential approach. 



For PR-'IIRI the azimuthal junction artifact is dificult to  avoid. Hciwever. one 

could adopt a two-sided approach to eliminate the junctions altogether. For exanipk .  

t lie one-sided sequent ial approach for ETL=4 echoes is 

which has junctions between the  E-l and E l  echoes. In the  two-siclecl srqtiential 

approach. the azimuthal weighting rvould be (for ETL=4 echoes) 

wliich no longer has a junction betmeen the E-L and E l  echoes. 

But. the two-sided approach emphasizes the star-like pattern of TL-rveight ing 

which leads to  an enhanced star-like appearance in the  Tl [RF. This has r hc t l ~ l t - -  

terious effect of enhancing st reaking artifacts in the reconst ructecl inmga. Thp t iro- 

sicled interleaved approach. which was suggested b ~ .  Rasche [3I. also stiffrrs froni 

increased star-li ke art ifacts. T h e  PR-1LRI one-sided interleavecl approach proposrd 

here. though. appears to  be a good compromise in minirnizing smearing ancl star-like 

artifacts in the image. 

The effective echo t ime of PR-hIRI RARE-mode acquisitions ( TEp, ) is sonien4iat 

niore difficult to ascertain. Since it is the centre of k-space that  dictates the  O\-erall 

contrast of the object. the  effective TE is the time a t  which one samples the  central 

k-space data. But. in PR-MRI al1 the projections ivithin the  echo train t rarerse the 

centre of k-space. 

Nevertheless. an effective echo t ime can be derived i f  we assume that  the  object 

being imaged is circularly synimetric and centred within the  field of view (FOI-).  In 

t his case. al1 the projections are identical, except for an ampli tude variation owing to 

TL modulation. 

To provide stronger T2-weighting. Say. one may wish t o  acquire the  first echo at 

tirne ESPo which may be different than the echo spacing ESP of subsequent echoes. 

This may be achieved eit her by delaying the acquisition t ime of the echo train. or bx 



not accluiring the  first rn echoes in the  echo train. Furt hermore. if ESPo > ESP. t hc 

lipid signal is reduced due  to J-coupling effects ( i . ~ .  scalar coupling). C'on~ec~ueritly. 

the  signal intensity fraction of R;\RE-mode PR-.\.IR1 relative to a con\-entional spin 

echo PR-SIR1 acquisition collected a t  time TE=ESPo is given h ~ -  

s,, = 

S o t e  t hat  S,, 

ETL - n=O 
8 - ETL 

E T L  1 

C f-nESP'T2 
n=O 

is independent of ESPo since t h e  fraction is r ~ l a t i c ~  to  t tiat eclio t irrie. 

Recognizing Eq.(4.8) as a finite geometric series. it can be rewritten as 

1 

ETL 

I - e s p  (- E s P ~ E T L )  
2 

ESP 

The signal intensity fractions a re  plotted in Figure 4-12 a t  various ETL valtics assiim- 

ing ESP= l5ms for & values within the  range 1-300ms. 

QI O M 1W 150 200 2% 300 35û 40a .150 !jOû 1 
T2 values (msecs) 

Figure 4.12: P R-4IRI signal intensity fraction curves 
The PR-J IRI  signal in t ens i t y  f rac t ion  curws are plotted a.s.surning a n  ccho spricing 

ESP= i .jrns. 

It may be instructive to consider a few limiting cases. First. i f  ETL=l  echo. then 

t h e  fraction containing the esponentials in S,, reduces to one so that  S,, is unit-. 

This is as  expected since there is effectively no T2 modulation: this represents t h e  

coiivent ional SE acquisition. 



Second. in  t he  limit of & + >c. t he  Taylor series expansion of t h e  fraction of 

esponent ials t e r m  tends t o  ETL such t hat  S,, is unity. This is also as expecteci sincr 

a n  infinite T2 would not suffer any T2 signal intensity d e c .  

Third.  in t h e  limit of T2 -+O. the  exponential t e rms  in Tr a re  much s m a l k r  t han 
L 

one. Thus. S,, tends to - 
ETL 

for Tr -+ O. a s  observed in Figure 4.12. 

Figure 4.13: PR-LIRI signal intensity fraction synt het ic phantom images 
Thp synthetic phantom consists O/ 6 rings ulith T2 calues of 25m.s. 80ni.5. 1 1 0 r u . q .  

18Om.s. 28Orna. from the centre outccards with the largest ring hncing arc injiriitt &. 
The image on the lej? is the conventional SE PR-MRI image ( TE= 1 Srns). whrr-ens 

fhc image o n  the right is the RA RE-mode PR-JIRI image with ETL=P erhors. 
-\-,l=38d projections. .Vr=128 points per projection. nnd ESP=l5rns. These irringrn 

are at the snmc windowing lecel.  

Xumerical verification of Eq.(4.9) was carried ou t  in t h e  following nianner. \Ve 

senerated a synthetic phantom consisting of a series of concentric rings of varioos 

TL values. as  shown o n  the left of Figure -4.13. T h e  k-space d a t a  (1% radial points 

per projection by 384 projections within O - K )  were synthesized for each ring. and the  

appropriate one-sided interleaved T2-weighting was determined for each different T2 

species. T w o  composite images were formed. namely t h e  conventional SE PR-LIRI 

image and t h e  RARE-mode image. These a r e  depicted in Figure 4.13 on  t h e  left and  

right . respect ively. 

T h e  composi te  k-space data sets were reconstructed using the  convolution back- 



projection algorit hm. The outer ring was chosen to have an infinite TI (so that its 

Sp, is unity for al1 ESP/ETL combinations). and all images were normalizecl to iinity 

ivith respect to this outer ring. 

The PR-hIRi signal intensity fraction was t hen calculated froni t h e  ratio of t iic 

RARE image to that of the conventional SE image for the  respective & rings. Tlir sig- 

nal intensity fractions were found to correspond to t heoret ical expectat ions of Eq.( -L.!) ) 

ivithin f 1% for various ESP (15ms. 2Oms. 3Oms. 4Orns) and ETL ( 1. 2. -1. S. 16. 132) 

combinat ions for TL values wit hin 1-.500ms. 

The PR-AIRI effective echo time TE,, is given by the expectecl ir,-weighting at 

t inie ES Po mult iplied by Sp,. namelj- ~ - ~ ~ p ~ / ~ ~  = ~ ~ ~ e - ~ ~ ~ ~ ' ~ ~  . from which 

Figure 4-14: PR-.LIRI effective TE curves 
The PR-JIRI eflectice echo tirne curces are plotted assum ing n n echo spaeirig 
ESP=l5rns. and ESPo=ESP=l.jms. iVote that the ETL=l tcho curbce (iïhich 
represe nts the cont.~entional S E  acquisition) has TEp,=ESPo for al1 T2 calues. 

The TEpr is plotted in Figure 4.14 for the various signal intensity fraction curves 

of Figure 4.12 ( ESP= l5rns) and setting ESPo=ESP= l5ms. Note the  rapid increase 

in effective echo time for short T2 species and the somewhat 'flat' region at larger 



T2 values. In reality. this region is tending to  the asymptotic TEp, limit for a givrn 

ESPo. ESP, and ETL combination. as shown belotv. 

Again. it is irist ructive to consider a few limiting cases. First. for ETL= echo. w 

previoosly found t hat S,, tends to  unit- so t hat log S,, tencls to zero ancl T E p r  =ESPU 

for al1 T2 values since LE,, is independent of T2 in t his case. This is as especterl since 

the  ETL=l echo case represents t h e  conventional SE acquisition. 
1 

Second. in the limit of T? + 0. S,, tends to  - 
ETL 

. but the T2 log S,, terni tends 

to zero (since T2 tends to  zero) so that  TEpr=ESPo. Con~ec~itently. al1 ciir\-es in 

Fi jure  4.13 start  at TEp,=ESPa and increase as a function of &. 

Third. in the iimit of TL » ESPxETL. one can show that the  Taylor series es- 
ESP( ETL- 1 ) 

pansion of the logarithmic term reduces to  - . Thus. the -T2 log S,, t e rn i  
2 T2 

1 
tencls to  ?ESP(ETL-1) and - 

1 
TEp, = ESPo+3ESP(ETL-l) for » ESPsETL 

- 
1 

if ESP"=EÇP. then the  TEpr asymptote is given by ,ESP(ETL+L). - 
k i n g  the nomenclature established in t his section ancl assuming ESP,=ESP. 

Rasche [:3] determined TE,, to be given by 

T ~ R a s c h e  fi [ ( ESPrETL)]} 
P' = -Tl log 1 - exp - 

T2 

For the above. one can show that for T2 » ESP'cETL the  Taylor series expansion of 
ESPxETL 1 

the logarithmic term reduces to - . so that  TE,, tends to  TESPxETL. This 
2T2 - 

is close but not esactly equal to ivhat was derived above (for ESPo=ESP). 

Sote.  however. that  for ETL=1 echo. Rasche predicts an effective echo tinie of 

ESPI2 for large T2 values even though al1 the  projections were acquirecl a t  a n  echo 

t ime of ESP. hloreover. the effective echo time is less than ESP (=EsPo)  for short 

T2 values. In fact. for T2 -r O. one can show (using l'Hospital's rule) t hat TEpr tencls 

to zero. again less than the acquisition time of the  first echo. Consequentl.  it is felt 

t hat Rasche's analysis may be in error. 



In al1 fairness to Rasche. one  can show that t he  effective TE of Eq.(4.LO) froni otir 

anal'-sis recliices to  Raçche's effective TE of Eq.(-i. 12) if one  assumes t hat ( 1 ) ESPu=O. 

ancl ( 2 )  T2»ESP so that  t he  1 -c-ESP/T2 term can b e  w i t t e n  as ESP/G. Çtill. t-tiwe 

assiimptions are overly restrictive and do  not represent t he  general case. 

Experimental verification ( lound in the Results sect ion)  of the t heoret ira1 esperta- 

t ions of t lie PR-.LIRI signai intensit- fraction. and b -  implication t hat of t hr  rtfert ive 

echo t ime TE,,. subsrant iates Our above analysis for PR- SIRI. 

T2 values (rnsecs) 

Figure 4.15: PR-1IRI effective signal intensity cilnees 
Th€ PR-.\IR[ cflectice s i g n a l  i n f e  n s i t y  curms  arc pIot ted nssu rning an rcho s p n c i n g  

ESP=I.jnz.s;. a n d  ESPo=ESP= I.jms. 

Finall-. b -  knowing the effective echo tirne TE,, . one  can calciilate the effect il-<. 

signal intensity from This is plotted in Figure 4-13 for t h e  variolis effective 

ccho t ime curves of Figure -1.14 with ESPo=ESP=15ms. Note the small signal inten- 

sity for short Tr species. as expected. The  ETL=l echo curve is t he  conventional SE 

case and represents the T2 contrast curve e- ESP, /T2 



4.2.2 Concentric Circles 

In contrast t o  projection reconstruction 41RI. t he  readout direction for concmt  ric cir- 

cies acqiiisi t ions ( CC-MRI) occurs in t he  azimut ha1 direct ion. Therefore. for RARE- 

mode CC'-MRI. t he  T2-weijhting occurs in t h e  radial direction. 1-nlike PR-MRI.  

t he  TL modulation is circularly symmetric. which leads t o  a circiilarlr symmetr ic  Tl 

in-ipiilse response fiinct ion. 

Previoiis work by Block [.il int roduced Re\ RE spiral acqiiisi t ions wherein i t [ras 

ment ioned t hat t h e  T2-weight ing should be smoot hly varying. and one should a t  t en ip t  

t o  niiniriiize t h e  Ti-~veight ing variations. However. lit t le jiist ificat ion kvas $\-en. Here. 

ive show t hat for C'C'-SIR1 the  Tl-weighting should not only be smoot hly \-arying. biit 

also monotonically decaying to  avoid introducing any further artifarts. 

The fi rst T2-weighting approach follows readily frorn t he  PR-SI R 1 hantling ap- 

proach escept t ha t  for CC-SIRI the  bands occiir in the  radia1 direct ion. if t h e  niasinial  

radial location is given as kTas .  then in t he  CC-MRI banding approach the  first eclio 

Y'"' XI Ir' '1s 
is encocled t o  lie mit hin 1 k, 1 5 - -)Y 'Ir . t he  second echo lies within '- 5 lk , /  5 L. 

€TL ET L E T L  

and so on. Th i s  is depictetl in Figure 4.16 for ETL=4 echoes. 

O 
Radial Location 

Figure 4.16: CC-M RI T2-weighted banding approach 
The Ti-u~ighting in the radial direction is made u p  of bands of echoes ut the same 
~ c h o  time n ESP. The 1 D representation dong the azimutha1 direction is shosn on 

the leB. uhile ils 2D representation is shown on the right. 



Because of circular symmetry. one  can use t h e  Fourier- Bessel ( i . e .  Hankel ) t rans- 

form to calculate the  fi impulse response function. Sloreover. in analogy to PR-.\IR[ 

R.4 RE-mode acquisitions. o n e  rn- wish t o  provide st ronger Tl-iveight ing. C'onsr- 

cliientl~. ive assume tha t  t h e  first acquired echo occurs a t  t ime ESPo aricl tha t  al1 

subsequent echoes have a n  echo spacing ESP. T h e  1 D weighting of F i g i i r ~  4.16 can 

t hen be wri t ten as  

where k, 2 0. ive have used t h e  definition of the  -rect" funct ion n(f) to  he  unit!- for 

( 5 1 /r!  ancl zero otherwise. a n d  for n=O ive assume t ha t  t h e  second r w t  ftinct ion is 

ident ically zero (since it is undefined in t hat case).  

Frorn Bracewell [A. p.2491. t he  Hankel t ransform of t h e  rect funct ion is proport iorial 

to t he  jinc function. which is t h e  circular analog of t h e  sinc fiinction. Therefore. t he  

TL IRF  for the CC-S[RI banding approach is proportional t o  

E T L  1 p a r  

C 6-nESP'T2 

9 . v'l= 
{ n + l j i n ( r + 1 )  - n ( - )  (4.141 

n=O ETL E T L  

Figure 4.17: CC-XIRI TÎ impulse response function for t h e  banding approach 
The normalixd T2 impulse response function is displayed i n  dBs /or a n  ETL O/ 4 

E C ~ O E S .  .V , .= lB points per projection. i&=192 projections. a n  ESP of 1.5m.s. and n 
T2 ~ * a l u e  of 3 m s .  The corresponding linear gray scale colourbar is also shouw. 



The  normaiized T? impulse response function with an echo spacing ESP= 15ms. ari 

echo train lengt h ETL=-k echoes. .C;= 128 points per projection. .\;= 192 projections. 

and  a T2 value of 25ms is shown in Figure 4.17. We display the  magnit ride of t hc T2 

IRF in decibels (dBs).  as  before. 

Simulations show t hat such a T2-weighting scheme leads to  ring-like a r t  ifacts in t h e  

reconstrocted image. This is demonstrated in Figure 4. 18 for t he  reconst roct ion ( rising 

çotivolution backprojection) of a synthetic noisv disk phantom wit h SSR-  LOO a n d  

assurnine T2-rveighting parameters of ETL=-L echoes. .Vr=12S points per projection. 

= 19'1 projections. ESPo=ESP= L5ms. and a T2 of 25rns. These ring-like art ifacts 

wl= - are due to the  junctions between the  radial bands a t  multiples of - :n tlie &- 
ETL 

weighting function (see Figure 4.16). 

n:. 

Figure 4.18: CC-SIRI image reconstruction effect for the banding approach 
The eflect of the CC'MRI banding approach is sho wn for a stpthrtic disk phantorr2 
( I E  f t )  ha ring r-inging artifucts (right) tchen subjected Lo the banding approach u-ith 

ESP=f.?ms. ETL=d echoes. .V,=12? points per projection. .Va=192 projections. and 
T2 =J5rns. The corr~sponding linear gray scale colo urbars are also shown: the t cco 

images are at the same windo-wing leuel. 

Since the junct ions occurring between successive bands lead to  ring-like a r t  ifacts 

in the  reconstructed image, a better approach is t o  produce a smoothly varring. but  

st  il1 monotonically decaying T2-weight ing, as shown in Figure 4.19. 

The Tz-weighting function is given by e-t(kr)'T2 since it occurs in t h e  radial direc- 



tion for C'C-4IRI. This must be rewritten as E - " ~ I * ' I .  where a ,  is t h e  paranieterizatiori 

of the  temporal T2 constant as  a spatial frequency constant. W e  assunie that the 

first echo occurs at time ESP,. t hat subsequent echoes have an eclio spacing EÇP. 

and t hat the  echo train lengt h is ETL so that t h e  k, decay constant is $il-en bj- 
ESPXETL m a s  

= u,k, . C'onsequentl. the smoot hly decaying T2-weighting funct ion is 
T, 

c 
O ~~:=/ETL 4kYax/ETL 
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Figure 4.19: CC-&IR1 Tl-weighted smoothly decaying approach 
The Tl-ueighting in the radial direction is made pseudo-conlin u o u s  to ~ l i r n i n n t ~  /h  r 
junction ai~tifarta seen in the banding approach. The ID r~prrsentnt ion nlorrg ~ h e  

indinl direction is shou~n o n  the kfl. chile ils 2D representdion is on thc I-ight. 

The T2 impulse response function of the smoot hly varying approach is calciilatetl 

from the Hankel transform of e - t ( k r ) / T 2  of Eq.(-l.l5). To get a better intuition. ive  

assunie that the weighting is of infinite extent so tha t  the T2 IRF is given by 

which can be rewritten as 



Xow. Eq.(4.17) can be recognized as the Laplace transform of k,.J,(Znrk, ) at the  

specific -Laplace domain frequency" of a,. since the  Laplace transform of a function 
x 

j ( 0 .  sa.. is @en hy J I  / ( C i  ê-"d<. Csing [6. p . i l 2  (6.628)] irith t h e  appropriate 

~ariables.  the C'C'-SIR1 smooth approach T2 IRF is of the  form 

Zaa, e s p  (-ESPo/T2) ESPsETL 
ivith a, = 

+ 4+2,.2 )3/' 
( 4 -  1s) r, kpar 

The normalized magnitude T2 IRF (in decibels) is shown in Figure 4-20 assumirio; 

nri ccho spacing ESP=l.jms. an echo train length ETL=4 echoes. .\;=l?d points 

per projection. .Va= 192 projections. and a Tz value of Z5rns. Note t hat iinlike t he  

ahove analysis. the  actual Tl-weighting function is finite (instead of infinite). and  

t hè weight ing funct ion is pseudo-cont inuous ( instead of t r d -  cont inuous ) si rice one 

rneasures a finite number of li; points. 

Figure -4.20: CC-LIRI T2 impulse response function for the smooth approach 
The n o r m a l i d  T2 impulse response junction is d i s p k y e d  in dBs for. na E T L  of' -1 

F C ~ O E S .  .l; =128 points per projection, .&=192 projections. an ESP o j  15rns. a n d  ri 

Tl cnlue O/ 3 m s .  The corresponding linear gray scalê colourbar is a h  aho un. 

In cornparison t o  the  T2 IRF of Figure 4.1'7. the  smooth approach T2 I R F  is 

mostly concentrated a t  the  centre and has negligible sidelobes. The noisy svnt het ic 

disk phantom of SNRcz100 (shown on the left of Figure -1.21) subjected to this  Tl 

IRF is free from ring-like artifacts, but experiences some radially isotropic blttrring 

(as shoivn on the  right of Figure 4.21). 



Thus. in contrast to PR-MRI. in CC'-11RI one must eliminate the jiinctions (be- 

trr-een bands) to prevent an- furt her image artifacts. However. the T2 IRF  does lead 

to isotropic blurring. which is Tl-dependent: short & species will he blurred morc 

heavilv than long T2 species. This occurs because the Tr-weight ing functions of short 

ancl long T2 species are narrow and broad. respectively. This. in tiirn. nieans that 

t heir TL IRFs are broad and narrow. respectiveiy. 

Figure 4.21: CC-SIR1 image reconstruction effect for the  smooth approach 
Th€ e f i c t  of' the CC-.\IR1 smooth approach is shown for n synthctic di& pphnlonl 

( l f f t )  k i n g  slighhtlg blurred (right) but not ~ u f f e n n g  /rom an y ring-like arti/ncts wk ~ r t  

nubj~cted to the smooth approach mith ESP=I.jrns. ETL=4 echoes. .Y, = 128 points 
p c r  projection. .\, = 19- projections. and T2=25ns. The corresponding lin f a  i. grng  
. x a l ~  colourbars are also shown: the tlco images are a t  the same windoming lcrr l .  

To demonstrate the necessi ty of the monotonicitv requirement . Figures 4 -22 and 

4.23 show t tie T2-rveight ing and reconstructed phantom image. respect ivelu. of a non- 

monotonically decaying smoot hly vary ing T2 modulation for ETL=4 echoes. .Y,= 1% 

points per projections. :Va = 192 projections, ESP= l.'jms. and T2=Z5rns. 

Although the weighting is smooth. the reconstructed image suffers from some edge 

enhancement whereby the edges of the disk appear brighter t han the  centre of the 

disk. This effect becomes more pronounced as the T2-weighting peak is made further 

from the centre of k-space. Therefore, if one wishes to  acquire the  centre of k-space 

at some time different than the echo spacing ESP and avoid edge enhancement. it is 
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Figure 4.22: CC-MRI T2-weighted non-monotonic approach 
The &-weighting in th€ radial direction is pseudo-conlin uous to clirninntc th€ 

jrinctiona. but the weighting ,function is ppeaked awa- /rom the cc ntip o/ k-spnr~ .  

Figure 4-23: CC-hIRI image reconstruction effect for t h e  non-rnonotonic approach 
The eflect of the CC-MRI non-monotonie approach is shown for a synthrtic disk 
phantom (lefi) being edge enhanced (right) when subjected to the non-monotonic 

approach 1~~ith ESP=i.Sms. E TL=4 echoes, !Vr = 1-8 points pe r projection. -Va = 192 
projections. and T2 =%ms. The corresponding finear gray scale colo urbars are nlso 

shown: the two images are a t  the same windowing leuel. 



best to either (1 )  dela! t h e  acquisition timeof the echo train to  ESPo. or ( 2 )  to  not 

acquire the first rn echoes in the  train so that the  (m+l ) t h  echo occrirs a t  tinie ESPU. 

In so cloing. the  CC'- SIR1 T2- weiglit ing will be monotonicallj- decaying. 

In analogy to  PR-MRI. it is the  time of acquisition of the  centre of k-space that 

determines the  overall contrast. In CC'-SIRI. t his is represented b>- the  acquisitiori 

of the first echo at time ESPo. However. short T2 spccies a re  apodizecl niore 1ieavil)- 

than long T2 species. which may well affect the effective echo t ime ( TE,.,) siricc th<.  

signal intensity fraction of the  R-ARE-mode acquisition is different than tliat of the 

convent ional SE acquisition. 

For the PR-AIRI analysis. this consideration was taken care of h>- assuniing a cir- 

cularly sj-mmetric object whose radial k,-lines were identical. Suhsequent application 

of the  T2-weighting modified t h e  amplitude of each k,-line bu a scalar. In C'CI- .\[RI. 

however. the T2-weight ing occurs nlong the k, direct ion. Conseq~ient 1 ~ - .  t h e  signal 

intensity fraction is more difficult to  calciilate. 

Let 11s consider a uniform. circularly synmetric disk of firiite radius c.  centred 

wit  hin the FOV. Because of circular symmetry. one can calciilate the  k, signal prof le 
, .Jl(2nkrc.f 

using the Hankel transform: from Bracewell [4. p.2-!9]. one obtains lac- . ,xkrc 
wliere J I  is the first-order Bessel function of the first kind. 

The CC-MRI signal intensity fraction Sc, from a RARE-mode accliiisition I-c lnt irf  

to  a conventional SE acquisition is given by the ratio of their respectil.<. iritegratetl 

k-space signals. narnely 

-ESPo/T2 JI (%h,c) 
e - " ~ ~  h, dk,dke 

2 i ~ k , c  SCS = 
& -ESPo/T1 i2i lx --&2 Jl(2nirc) k,  dk,dkd 

'2nk,c 

where we have ~ e r f o r m e d  t h e  integral 

have eliminated cornmon terms. Bot h 

over the ke variable (which yieltls 27) .  and 

of these definite integrals can be found from 



C;ratlshteyn [6. p.665 (6.51 1 ) ]  and [6. p.707 (6.61 1)]. from 

- I / 2  - L/1 

- - [l + ( % c ~ 2 k ~ a z ) 2 ]  ESPsETL 
ZESPsETL 

- 

ESPsETL 
where ive ha\-e used a ,  = . hloreover. we assume t hat k,maZ= .\; /Z  so t hat 

T2 k?sZ 
t h e  FOV in image space is unity. Consequently. the  disk diameter dp=2c is espressecl 

as a percentage of the FOIv. 

.Just like in the  PR-SIR1 analusis. the CC-URI signal intemit'. fraction is iricle- 

pendent of ESPo since it is irlatice to  that echo time. But. an important differrnce is 

that  S+., depends not only on ESP. ETL. and T2. but also on the cliametrr d,, of the  

tlisk and on the  number .\; of radial points. Typical C'C'-SIR1 Sc- curves are plot tei l  

in Figure 4.2-4 for various .I;. ETL. and d, values assiiming EÇP=I.inis for T2 \aliic': 

within the  range L-SOOms. 

T h e  dependences on T2. the echo spacing ESP. the  echo train lengt h ETL. and  t lie 

disk size (1, are expected. The .Vr dependence may seem somewhat surprisin;. But.  

a little thought and the  use of Figure 4.25 help to elocidate this dependence. Recall 

t hat the  FOV is normalized to unity. ancl tha t  d, is the  disk dianieter relnt ive t.o t he 

FOLv. Thus. for fixed FOV and d,. the non T2-weighted k-space signal is the same 

for al1 +\; values escept that one samples out  farther in k-space for larger .\', values. 

This is shown schematically as the dotted portion of the  signal in Figure 4-23. For a 

given ESP/ETL combination. then. the T 2 - d e c -  occurs over a snialler extent for Sr 

being small: therefore. more signal is apodized for smail .V, compared to large .V,. al1 

else being equal. 

It may be instructive to consider a Eew limiting cases. First. if a,=O. then  the  

square-root term tends to infinity. and S,, is unity. This is as expected since the  a,=O 

condition is met  if  ( 1) there is no T2-weighting ( the  conventional SE acquisition). or 

(2 )  T2 -t xj which also rneans that  the  object is not influenced by anj- T2-rveighting. 



Figure 4.24: CC-MRI signal intensity fraction citrïes 
The CC'-.\IR[ signal intensity fraction cumes are plotted assurning an echo spncing 

ESP= 1.jrns. .4t the top. the Sc, curces are for d,=lU% and ETL=à whote nt 
cnrious .Y, ralues (64.128.192.256). The bottom lqH Sc, curees are /or d,=IO% and  
.Vr=l.28 radial points at carious ETL ~yalues (2.4.8.16). Finally. the bottorn right S.:, 

curccs are for .V, =128 radial points and ETL=d echoes for r:arious cl, rnlues 
(5%. 1 O~.J5%.00%). 



Figure 4.25: CC-SIR1 signal intensi ty fraction .Vr depenclence 
The .\IR k-space signal is shown schemntically for a dish O/ dinnlcte r ci, trithin t h 6  

FOI: Sinct the  F o i >  are the snme for small/largr .Li calues. o n c  must .snriiplc th€  
.\IR signal o u f  farthcr for  large .V, (depicteci by the dotted portion of the .\IR r ignnl) .  

O 1 1  - -  ralues. the T2-weighting function (solid) ia of shorte i  ~ r t ç i t t  I h u n  / o r -  
lnigc .\', ra1uc.s (dot tcd) .  so that n larger fraction of signal ts npodired for .<nirrll .\', . 

Second. in the  lirnit of zero diameter disk. i . ~ .  d, + O .  then the terni witiiin tlic 

round brackets brackets is zero so that Sc, tends to  zero. This is also as ~ s p e r t e d  

since ttiere is e fk t i ve ly  no object to be imaged. 

Thircl. in the Iimit of Ti -0. the term within the round brackets is zero and  S.-:. 

again tends to  zero. This makes int~iitive sense since the CC-AIRI signai i r i te i i s i t~-  

fraction is defined over a t  least one echo spacing. and a short T2 ~vi th  respect to 

ES PxETL represents a significant signal loss: in t his case. a complete signal loss. 

Fourth. in the  limit of S, +.x. the square-root term tends to infinity ancl Sc, is 
ESPsETL 

unit?. This is as erpected since this corresponds to  a,- tO: recall that a,= T ,  - ~ T C L X  

ancl kyaZ-+  x as -Vr -, x. 

Numerical verification of Eq.(-l.-O) was carried out in the following rnanner. Ci'-e 

generated a synthetic phantom consisting of a disk of diameter d, wit h respect to  the 

FOV and a large concentric ring. as shown on the  left of Figure 4.26. The k-space data  
;TT 

(.Yr radial points per projection by _iV, projections within O-ir) were synthesized for > - 
the disk and ring, and the  appropriate smooth. monotonically decaying CC-MRI TL- 



weighting was determined for the  disk. The outer ring was chosen to have an infinite 

& (JO that its Sc, is unity for al1 ESP/ETL/-\;,Id, combinations). 

Two composite images were lormed. namely the convent ional SE C'C'-IL RI  image 

and the RARE-mode image mhich are depicted on the left and right of Figure 4.26. 

respect ively. The composite k-space data sets were reconst ructed using the coril-O- 

lut ion backprojection algorit hm. Since the outer ring had an infinite T2.  its S... \vas 

iinity. Thus. al1 images were normalized to unity with respect to  the  outer ring. 

n:. 

Figure 4.26: CC-MRI signal intensity fraction synt het ic phantom images 
The synthetie phantorn consists of a disk of diameter cl, percent of the FOIv ( h f i 7  

d,=;'S% and T2=35ms) and centred within the FOK and a concentric ring with a n  
infinite &. The image on the lefi is the conuentional SE CC-3fRI i r n n g ~  

(TE=l.jms). w h e r ~ a s  the image on  the right is the RA RE-mode CC-MRI image aith 
E TL=.?? eehoes. and ESPo =ESP=ljms. Both images have .Va =192 projections. 

utid .\;,=128 points per projection. These images are at the same u7indoming l e c f l .  

The C'C'-hl RI signal intensity fraction was calculated from the  ratio (nt the centre 

of the disk) of the RARE image to that of the conventional SE image. The signal 

intensi ty fractions were found t o  agree wit h the t heoretical expectat ions of Eq. ( - l .?O) 

wit hin f 2% for various ESP ( 15ms.25ms.4Oms). ETL (-L.S.l6.:3-). (1, ( 10%.2.j% ..JO% ). 

and .b7,. (64.96.12s) combinat ions for T2 values within 1-500ms. 

The CC-MRI effective echo t ime TE,, is given by the expected T2-meightiii:, at 



t irne ESPo mult iplied by Sc,. narnely e-TEcc/T2 = SS,e - E S P o / T 2  . from which 

TE,, = ES Po - T2 log Sc, 

This is plot ted in Figure 4.27 for t he  various signal intensity fraction air\-es of Fij- 

ure 4-24 ( E S P = l 5 m s )  and  sett ing ESPo=ESP. Note t he  increase in effectiveecho t i n i ~  

ancl t h e  -htimp' region for short T2 species. This  is expected since the  -& log S.-.. t e rn i  

invol\-es t h e  function 7'2. which ranges from [ O . = ) .  rn~~ltipliecl ivith the logarithmic 

fiinction. which ranges from ( - x . O ]  as  Tl goes from zero t o  infinity. These cornpet ing 

effects result in a -hump.-like region. Also note  t he  .Ratg region (greater t han ES Po) 

a t  large T2 values. The  curves tend towards t h e  a s imp to t i c  TE, lirnit for a g i w n  

ESPo. ESP. ETL. and d, combination. as shown below. 

Again. let us consider a few limiting cases. First. for ao=O ive pre\-ioiis1~- toiintl 

that Sc, tends to unity. C'onsequently. logSi, tends t o  zero ancl TE,,=ESPo for ail 

& values since TE,, is independent of T2 in t his case. This  is as expected since t lie 

a,=O echo case represents t he  convent ional SE acquisition. 

Second. in t he  lirnit of & -, 0. t h e  Taylor series expansion of t he  logarit hniir terni  

times T2 recluces t o  -2T2 log{3T2}. where 3 includes ESP. ETL. .Y,. and cl , .  In t l i r  

liniit of T, tending t o  zero. one can show using I'Hospital's rule  that  this tends to zero 

and TE,,=ESPo. Thus. al1 curves in Figure 4.27 star t  a t  TEw=ESPo and increase as 

a fiinction of 2n2. 

ï h i r d .  in t he  limit of 4; -. x. ae  previously found that  Sc, tencleci to unity. 

C'onsequently. TEcc tends t o  ESPo for .Vr becorning large. as depictecl in Figure -1 -27. 

Fourth. in t he  lirnit of d p  +O. S,, tends t o  zero so tha t  t h e  -T2 log{} te rm tends  

t o  infinity. Consequently. TE,, tends to infinity for d,  tending t o  zero. This makes  

intuitive sense since for dp=O. we expect no signal. and e-TEcc/T2 indeed tends t o  zero 

as TE,, tends t o  infinity. 

Fift h. in t h e  limit of [iVrdpT2] > ESPxETL. the  Taylor series expansion of t h e  
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Figure 4.27: CC-MRI effective TE curves 
Thc  C'Cl-.\[RI e f i c t i c e  echo t i m e  curces are plotted assuming  ESPo =ESP= 1 -5ni.s. -41 

the top.  the TE,, curres  are /or  d,=lO% and ETL=8 ~ c h o t s  a t  r a n o u s  .\-, calues 
{@. l?8.lgJ.?.j6). The  bo t tom left TEcc c u n w  arc for  d p = I O R  a n d  .\i =128 radin1 
poinh nt carious ETL calues (2.4.8.16).  Finally. the bot tom right TE,, cnrre.5 nrr 

/or. .\-,=lJt? radial points and ETL=8 echoes for oarious d, calues 
(-5%. 108.2.T%.50%). The convent ional  SE CC-.\IR1 r t s u l f s  arc rrpresented by  th€  

dashed lin E. 



2ESPsETL 
logarithmic term in Eq.(-L.21) reduces t o  - . so  tha t  TE-, tends to  

T; -\-rdp T2 

This  is the  asymptot ic  limit seen in Figure 4.27. O n e  can clearlj- observe t ha t  for l a r ~ r  

.\-, ( a n d  large d p ) .  t h e  CC-MRI effective echo t ime approaches ESPU. as esper ted .  

T h e  ETL dependence is also clearly obvious. Note t h e  resemblance of the as'-niptotir 
I 

echo t ime limits of PR-.\IR1 and  CC'-SIRI. which a re  TEp ,=ESPo+r ;ESP~ETL and  - -> - 
TE,.==ESP0+- ESPxETL. respectively. 

ïT dp  
Finallj-. hy knowing the effective echo t ime TE,-,-. one can calcolate t he  effefecti\-e 

signal intensity from E -TE"'T2. This is plotted in Figure 4.2s for the various effec- 

tive echo t ime ciirves of Figure 4.27 with ESPo=ESP=1.5ms. S o t e  t he  sriiall signal 

intensity for short T2 species. as expected. T h e  SE CC-MRI (dashed)  ci1ri.e is t h e  

conventional SE case and represents the  T2 contrast ciirve E -  E"0/T2. --\ISO note t lie 

clustering of t he  curves near the  conventional SE CC-SIR1 case. This is sortien-hat 

rlifferent than the  PR-hLR1 case of Figure 4-13. 

The signal intensitj* fraction and  effective echo t ime  analysis for C'C'-SIR[ is siniilar 

t o  that  for C'artesian R-ARE-mode acquisitions (see Appentlis on page 1-16) in t hat 

t h e  centre of k-space is acquired at  t ime EsPo. Recall t ha t  for PR-UR[. t hough. t tir 

centre of k-space kvas acquired a t  various times throughout t h e  echo train. 

Sloreover. our CC-MRI signal intensity expectat ions a r e  consistent wit h \le1 ki's 

observation [il (which pertained to  a Cartesian acquisition) t hat  i f  the  object is large 

wit h respect t o  i ts Tz impulse response function. namely dpTr BESPXETL. t hen t h e  

k-space signal intensity loss is minimal. i.e. Sc, is close to unit>- and TE,,zESPo. In 

t his case. the  effective echo t ime is governed solely by t h e  acquisition of t he  central 

k-space data .  namely EsPo. 

To substantiate t h e  theoretical analysis set forth in t h e  Theory section for bot h 

PR-'If RI and  CC-SIRI, rve confirmed our  expectations via esperimental verificat ion. 

This  is described in  the next section. 
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Figure 4.28: CC-SIR1 effective signal intensity cun-es 
The CT-.\(RI e ffectice signal intensity eurces are plottrd aseuni  ing  

ESPo=ESP=i.jms. .4t the top. the ~flectire signal intensity curres arc /or- d, =LOT 
and ETL=LI echoes at cnrious .V, cnlues (64,228,192.2.56). The bottom ltf t  rflctftctire 

. + m l  intensity cumrs  are for dp=lO% and .V,=228 radial points n t  rar-ious ETL 
d u c s  (2.d.8.16). Finally. the  bottom right eflectice signal intensity curce.s arc for 

Sr=128 radial points and ETL=8 echoes /or rarious d, calues (.j%.lOZ.2-5%.3UX). 
The con rentional SE CC-.URI resaltû art represented b y the dash td  line. 



4.3 Results 

In t he  Theory section. ive characterized the  T2-weighting functions ancl t heir Fourier 

conjugates. t he  T2 impulse response functions. for both PR-SIRI and  C'C'-SIR1 rniilt i -  
. . .  

echo acquisitions. \il-e also demonstrated some of the  pitfalls of certain 1; approactirs 

and  analyzed the  effective echo times TE,, a n d  TEcc. These a re  important  parariiet ers 

since t he  effectii-e echo t ime is a global measure of t he  T2 contrast between different 

T2 species within the  object. 

T h e  theoret ical expectations were verified experimentally on  a O.5T G E  Sisna 

scanner ( Ckneral Elect ric hledical S ~ s t e m s .  Milwaukee. MT). T h e  p hantoni consist ecl 

of 9 S S I R  glass tubes ( 1 .O c m  diarneter. 15 c m  lengt h )  closely packed wit hin a 4x4 cm' 

region. Each tube  was filled wit h various concentrations of agarose dopecl wit h nickel 

chloride (SiC112) t o  generate Tl values within t he  range 25Oms-l'L5Oms and  T2 values 

froni 25rns--400ms as shown in Table 9.3 of t he  Reconstruction Effects chapter.  

4.3.1 Projection Reconstruction 

For projection reconstruction R-A RE-mode acquisitions. the  one-sidecl i nterleai-~c1 ap- 

proach was deemed to  be a good compromise in mininiizing smearing ancl star-likc 

a r t  ifacts. Therefore. a11 P R-SIRI experimental d a t a  usecl t his approach. 

T h e  PR-hIRI signal intensity fraction curves were verified irsing t lie t iihe ptian- 

toms  with t he  following M R  parameters: a n  echo spacing ESP of l h s .  ESPU=lr>rns. 

a repetition t ime  TR of 4000ms. a 5 m m  slice thickness. a n  acquisition m a t r i s  of 

l28x2SS (namely 1% points per projection with 2% projections within O - r ) .  one 

excitation per image ( 1  NES) ,  a field of view FOV of 9cm. a n d  a receive hanclwidth 

R B  W of f l6kHz. The  k-space values were acquired for ETL values of { 1 .-!.S. l6.:l?} 

echoes using the  GE extrernity coil. Al1 images were reconstructed (using convolut ion 

backprojection) ont0 a 256x256 image grid and  normalized t o  unit- a t  t h e  hrightest 

pixel. T h e  ETL={l.4.S} echoes reconstructed PR-'iIRI phantom images a r e  shown 

in Figure 4.29. 



CVe measured the  average signal ( plus one standard deï ia t  ion) n-it h in  varioiis 

regions of interest ( ROI) of the phantoms. Since ail the images were nornial izd 

to unit>-. we then  renormalized each ETL image by the expected signal intensity 

fraction of t h e  4OSms T2 tube by calctilating S,, from Eq.(4.9) wit h ESP=13ms at 

the appropriate ETL values. The experimental signal intensi ty tract ions irere t lien 

calcrilated hl* dividing the average ROI signal intensity in the  ETL> L echo images 

b>- the average ROI signal intensity in the ETL=L echo image (which rrpresents the 

con\-ent ional SE  PR-JIRI acquisition). 

I r i  Tables 4.1-4.3. the experimental PR-AIRI signal intensity fractioris ( plus or 

minus one standard deviat ion) are given. along wi t h t he  t hroret ical expert at ions 

calciilated from Eq.(4.9) with ESP= l5ms at the  appropriate ETL and Tl vallies. Iri 

general. t h e  experimental values agree to  within f5% of the theoretical predictions 

in the PR-hTRI Theory section. 



Figure 4.29: PR-MRI Tz tube phantom images for ETL={l.-LoS} echoes 

Thhe tube phantoms (1-9) have various Ti and Tz ualues, as g i r en  in Tabie .LI. T f 2 ~  
.UR parameters appear in the text. O n  the top is the ETL=I echo image 

(TE=l.jms) whereas on the bottom lefl and right appear the ETL=I echoc.5 and  
E TL =8 echoes images. r~spectively, for ESPo =ESP= 15rns. .V, = 128 points pe r 

projection and :V,=288 projections. Al1 images are at the same eindou~ing i cce l .  



Table 4.1: PR-MRI signal in tens i t~ .  fraction verification (Tubes 1-3) 
- - - -  - - 

MeasuredS,, [ Theoret ical S,, II 

Table 4.2: PR-.LIRI signal intensity fraction verificat ion (Tubes 4-6 1 1 Echo Train  en@ hpr 
2ïms 

ETL=4 96ms 
'184ms 



Table 4.9: PR-SIR1 signal intensity fract ion verification (Tubes 7-9) 

Echo Train Lengt h 

ETL=4 

ETL=S 

2Sms 
lOGms 
408ms 
%ms 

10ïms 
40Sms 

SIeasure; S,, 
O..5.5 k 0.04 
0.S3 k 0.04 
0.94 k 0.04 
0.:31 k 0.0:3 
0.6.5 k 0.04 
0.86 k 0.03 



4.3.2 Concentric Circles 

For concent rie circles acquisitions. the  smooth monotonically decrcasing approach was 

deemed necessary in rninirnizing ring-like ar t  ifacts and edge enhancement ar t  i tacts in 

t he reconst ructed image. 

The C'C'-SIR1 Tl impulse response function is sensitive to  junctions ancl non- 

monotonie T2-weightings. In fact. ive discovered that experimentally. for eqtial phase- 

encode locations. the first echo was at a lower signal intensity t han the  serorirl echo. 

This effcct is due  to the stimulated echo present in the second (ancl siibseqiient ) eclioes 

hut not in the first echo. This has the  effect of violating the deeaj-ing monotoiiicit>- 

requirenient of t h e  Tl-iveighting. and leads to  some pecuIiar reconstructiori a r t  ifacts. 

as shown in Figure 4-30. C'onsequently. in C'C'-SIR1 the  first pcho was not i i s 4  For 

ETLZ2. therehy increasing t h e  minimum effective echo time to 2 ESP. 

I 

.85 1. 
Normalized Signal 

Figure -4.30: Stimulated echo artifact of CC-SIRI acquisition 
The erpectcd uniform sphere phantom apptars non-uniform /or ETL= 16 eclioee i/ 

t h e  firat echo in  the echo train is used (lefl). On the right. n rerticnl profile depicta 
t he  cflcct more clearly. The dotted light gray profile reprwents Ihe conrcntional S E  
CC'-.\IR[ u-hereas the darker dashed curue is the profile o j  the disk on the 1eft. .\-otc 

the uni/ormity change near the centre and cdges. 

The CC-blRI signal intensity fraction curves were verified using t h e  tube  phan- 

toms with the following 51R parameters: an echo spacing ESP of '20ms. ESPo=40ms. 



a repetition time TR of 4000ms. a .5mm slice thickness. an acqiiisition niatris of 

2 . 5 6 ~  12s (namely 2.56 projections within O-ir with 128 points prr projectiori). one  

escitat ion per image ( 1 SEX) .  a field of view FOV of 9cm. and a receive bantlwiclt h 

RB\\' of k16kHz. The k-space values were acquired for ETL values of { 1. L.S. i fi.:K!} 

eclioes t i s in~  the CiE ext remity coil. A11 images were reconst ructed ( risin: con\-oliit ion 

hackprojection) onto a 256~2.56 image grid and normalized to unity nt  th^ h r igh t~s t  

pixel. The ETL={L.-L.S} echoes reconstructed CC-SIRI phantom imazes arp i t i o r în  

in Figure 4.31. 

\l-e measured t lie average signal ( plus one standard deviation ) wit hin variotis 

regions of interest of the phantoms. Since al1 t h e  images were normaliz~cl to tinity. 

ive tlien renormalized each ETL image by the expected signal intensity fraction of 

the 4OC-ms tube by calculating S,, lrom Eq.(-L.ZO) with .Vr=12d. dp=11.1<7;. and 

ESP=L'Oms at the various ETL values. The experiniental signal intensity fractions 

lrere then calculated by dividing the average ROI signal intensity in the ETL> 1 eclio 

images bu the average ROI signal intensity in the ETL=l echo image (which is the 

convent ional S E CC-hl RI acquisition ). 

In Tables 4.4-4.6. the experimental CC-SIR1 signal intensity fractions ( plus or 

minus one standard deviat ion) are given. aiong wit h the  t heoret ical espect at ions cal- 

culated from Eq.(-4.20) with ESP=2Oms. .Vr=12Y. points. dp=l  1% at the appropriate 

ETL and values. In general. the experimental values agree to trithin esperiniriital 

error of the theoretical predictions in the CC-.\IR1 Theory section. 

Horvever. the experimental results for ETL=32 echoes and T2 on tlie order of 

Xms-30ms overestimate the  t heoretical signal intensity fraction by as rnucti as 50%. 

This is postulated to be an effect due to stimulated echoes being present in the 

later echoes which produces a net signal increase. Note that the CC-.LIRI signal 

intensity fraction analysis of section 4.2.2 did not incorporate the effects of stimulatecl 

echoes. Therefore. the experimental results are expected to be slightly greater t han 

the t heoret ical expectations: t his is an observable trend in Tables 4.4-4.6. 



Figure 4.:31: CC-4IRI Tz tube phantom images for ETL={1.4.8} echoes 
The tube phantoms (1-9) have various Ti and T2 values. as giuen in Table 3.J. The 

.\IR parameters nppear in  the text. On the top is the ETL=l echo irnnge 
(TE=dOrnsJ whereas on the boltom lefi and right appear the ETL=4 echoes a n d  

ETL=8 ~choes  images. respectiaely, for ESPo=40ms, ESP=?Oms. .Vr=12P p o i n t s  
p e r  projection and %=256 projections. -411 images are ut the same icindowing l f re l .  



Table -1.4: C'C'-SIR1 signal intensity fraction verification (Tubes 1-13 ) 

Table 4.5: CC-hLRI signal intensity fraction verificat ion (Tubes -4 -6)  

C 

Echo Train Length 

ETL=4 

ETL=S 

ETL=16 

ETL=:3'1 

Echo Train Length 

T2 

25ms 
79ms 

119ms 
2.5ms 
79ms 

i79ms 
25ms 
Zlms 

119ms 
25ms 
79ms 

1C9ms 

MeasirredS,, 

0.87 k O. 12 
0.97 0.0.5 
0.99 k 0.04 
O.iS*O.l'L 
0.93 & 0.05 
0.96 f: 0.04 
0.58 * 0.1 1 
0.85 I 0.0.5 
0.9:3 f: 0.04 
0.41 k 0.09 
0.73 * 0.05 
0.8'7 f: 0.04 

TheoreticalS,,, 

O. S.5d 
0.9.5.5 
0 .!MO 
O. 12.5 
0.9 10 
0.960 
0..70:3 
O. $22 
O. 920 
0.247 
0-6.59 
0.S42 



Table 4.6: CC-SIR1 signal intensit- fraction verification (Tubes 7-9) 

Echo Train Length 
2Sms 

ETL=4 lOlms 
40Sms Î-t 



4.3.3 In Vivo Cornparison 

Final l -  we show an  in riro erample of PR-URI rs. CC-SI RI R.-\RE-mode iniages of 

an asial slice t hrough the tiead. and include the Cartesian acyuisit ion for coniparisori. 

The following 1IR parameters were used for both the  PR-SIRI ancl C C ' - h i R I  a(-- 

quisit ions: an echo spacing ESP of 2Orns. an ESPo of 4Oms. a repet i t  ion t inie 'l R of 

2000ms. a .?mm siice t hickness. an acquisition matris of 320 projections withiri (1 -;; 

rvit h 192 points per projection. one excitation per image ( 1 S E S ) .  a field of v i rw  FOI- 

of 24cm. and a receive bandwidth RBCV of k16kHz. The first echo in the echo train 

was not used in the  ETL>l  CC'-XIRI acquisitions to elirninate the artifact arisirig 

froni the stimulated echo. The Cartesian acquisition had the same parametrrs escrpt 

that the acquisition matri'c consisted in 256 frequency encodes h>- 192 phase rncodes. 

The k-space values were acquired for ETL values of {l.-I.S.16.:32} eclioes iisine; 

the G E  head coil. Al1 PR-)IR1 and CC-MRi images rvere reconstructecl ~ising convo- 

lut ion backproject ion and normalized to unit- at the brightest pisel. The C'artesiari 

iniages werr reconstructed using the fast Fourier t ransform ( FFT) algorit hm. The 

ETL= { 1 .S } echoes reconst ructed images are shown in Figure 4-32. 

Sote tha t  for ETL=I echo. the PR-SIRI and CC-AIRI appear very similar. as 

espectecl. However. for ETL=8 echoes. one can observe the  significant signal intensi t>* 

tlecrease in the gray matter (whose Tl-100ms at O..iT [SI) and white niatter ( t w o  

coniponents with Tr-20ms and T2-70ms at 0.5T [Y])  for the PR-SIR1 acq~iisition. In 

CC-hI RI. t hough. the image appears more blurry. alt hough the white mat ter and gray 

niat ter are stiil at the same relative brightness level. In al1 cases. t lie cerebrospinal 

fluid is at maximum intensity since it is a long T2 species (on the order of 2-3 seconds). 



F igi 

Cartesian 

PR-MRI 

CC-MRI 

: Carte sian. PR-MRI. and CC-MRI head images for ETL={ 1.d) eclioes 

.-lriul hend images cornparison /or Cartesian. PR-MRI. and CC-MRI acqui-$ilions. 
Thhe .\IR paramcters appear  in the text. ( a )  Cartesian conr~tntional SE  intngc with 

ESPo=dOrns. ( b )  Cartesian RA RE-mode image /or ETL=8 rchoes. ESP=dOma. and 
ESPo=(Oms. ( c )  PR-.\RI conoentional SE image mith ESPo=(Oms. ( d l  PR--LIRI 

RA RElmodc image for ETL=8 echoes. ESP=.'Oms. and ESPo=40ms. ( e )  C'C-JIRI 
conrvntional SE image with ESPo=40ms. (f) CC-MRI RARE-mode image for. 

E TL=8 cchoes. ESP=JOms, and ESPo=40ms. d l 1  images are normalixd to uiiity at 
the brightest pixel, and appear at the same windoming l ~ c e l .  



4.4 Discussion 

In .\IR imaging. the tissue characterization and contrast using Tl-rveightecl images is 

of great clinical importance. Hoivever. proper Tl-iveighted 11  R images require Ion: 

acquisition t irnes. Thiis. RARE-mode sequences are clinically iisefui sincr t lie!. speecl 

up chta acquisition. Projection reconstruction and concent ric circles 11 R 1 arp casil!- 

niocli fiable k-space t rajectories t hat lend t hernselves to  RARE- mode acqiiisi t ions. 

Herein. we anal>-zed the ensuing ramifications of such schemes. 

For projection reconstruction RARE-mode acquisitions. we showed that a good 

compromise in suppressing smearing and star-like artifacts is to use t h e  one-sicld 

interleaved Ti-weighted approach. This has the effect of maximizing the  aniplitutlc 

and numher of junctions between different echoes. Moreover. no advantage iras seen 

for a smoot hly varying weight ing. For concentric circles RARE-mode acq~iisitions. t lie 

snioot h monotonically dec-ing approach was essent ial for minimizing bot h ring-like 

and edge enhancement art ifacts in the reconstructed image. 

The  effective echo tirnes u-ere also analyzed. CVe showed t hat the  signal intensity 

fraction (and the effective T E )  of RARE-mode PR-.LIRI is highly Tl-dependent for 

different ESP/ETL combinations. By cornparison. the effective TE of R-ARE-niotie 

CC-11 RI  is not nearly as sensitive to various ESP/ETL combinat ions. especiallj- for 

large objects mit hin the field of view. However. in general. the  efTect ive echo t ime in 

CC'-.\[ RI  depends on the echo spacing. the echo train lengt h. t h e  T2 value. the size of 

the object. and the size of t h e  acquisition matri'i. 

Alt hough the theoretical analysis assumed ideal noiseless data.  perfect recoost ruc- 

t ion. and no stimulateci echoes. t h e  experimental projection reconstruction and con- 

centric circles RARE-mode signal intensity fractions agreed quite well mit h theoretical 

expectations. alt hough the effect of the stimulated echoes led to  slight overest imates. 

S t imulated echoes are generated for t hree or more successive radiofrequency ( RF) 

pulses. Thus. the first echo in t h e  spin echo train consists of the  spin echo (akn  

Hahn echo) only. whereas subsequent echoes contain the Hahn echo plus stimulateci 



echoes. Since RARE-mode CC-MRI acquisitions are sensitive to non-rnonotonir T2- 

weightings. it is best not to use the first echo in the train. unless one can slippress 

the st imiilated echoes or design refocussing RF pulses for a smoot h monotonic k a ? . .  

Still. it may be advantageous to use this first echo as a navijator echo t o  correct for 

motion artifacts [9. 10). 

In vi\-O head images showed t hat the T2-weighted projection reconst ruct ion and 

concentric circles SIRI images have different T2 contrasts for equal ESP/ETL pararne- 

ters. Therefore. cont rast characteristics can differ considerably for R-4 R E-motle polar 

acquisitions depending on the k-space trajectory taken. 

;\lt hough not s h o w  herein. the motion ar t  ifacts using projection reconst riict ion 

are greatly reduced in comparison to concentric circles acquisitions. This can be 

esplainecl by the fact t hat in PR-MRI. one samples the centre of k-space for rach 

readoiit whereby phase discontinuities due to motion are averaged. Bot. in ('('-1 IR I 

one samples the centre of k-space only once. analogous to Cartesian acqiiisit ions. so 

t hat phase ciiscont inuities cliie to motion are not averaged. C'onseq~ient 1'-. concent ric 

circles (and Cartesian) R-ARE-mode acquisitions are more sensitive to motion zffects 

in corn parison to  projection reconstruction RX RE-mode acquisitions. 

Our analysis and resiilts indicate t hat R.A RE-mode projection recorist riict ion is a 

viable rnettiod of acquiring fast T2-weighted images. Although the Tl contrast is coni- 

proniised somemhat . and especially so at larger ESPIETL values. the R A  RE-niode 

projection reconstruction sequence appears t o  be more rohust t han concent ric circles 

RARE-mode acquisitions in suppressing motion artifacts and minimizing blurring 

effects in the reconstructed image. 



4.5 Appendix 

4.5.1 Effective TE for Cartesian RARE-Mode 

In t his appendix. me derive the  analytic expressions of the signal intensity fraction. t h e  

effect i\*e echo t ime. and the  effective signal intensity for t h e  C'artesiari Ra-\ RE-niocle 

acquisition. It can be directly compared wit h the concent ric circles RA R E-niorlc 

effect i\-e TE analysis. 

It is t h e  tirne of acquisition of the centre of k-space tha t  determiiies t h e  ovrrall 

contrast. In C'artesian spin-warp (SW-SIRI). this is representecl hy the acqiiisit ion 

of the  first erho a t  t ime ESPo. Hoivever. short T2 species a re  apodized niorr  hea\+ily 

than long T2 species. which may well affect the  effective echo t ime (TE,,,. sirice t tir 

signal intensity fraction of the RARE-mode acquisition is different than that O F  the 

convent ional SE acquisition. 

Let  us consider a uniform rectangular phantorn of size u-, by tu, in t h e  . r  ancl 

!/-directions. respectively. and centred within the field of view so that the  k-space 
L 

signal is ni\-en by - sin(alc,X.,) s i n ( ~ t r ~ k ~ ) .  The  T2-weighting is a s s i i n i d  to he "' X; k, 
srnoothly tlecaying and symmetric in the  k,-direction. in analogy to the stiioottily 

decaying approach in CC'-SIRI. The  SW-1IRI signal intensity fraction Ss,,. froni a 

R-ARE-mode acquisition relatire to a conventional SE acquisition is given hj- t h e  

ratio of t heir respect ive integrated k-space signals. namely 

e - E S P ~ / T 2  s i n ( ~ u ~ , k , )  ~ i n ( i i ~ ~ k ,  ) E - n o l k y I  dk, db, 
n2k, k,. 

dk, 

where the  integration over the  12, variable cancels out. and we have eliminatetl corn- 

mon terms. Both of these definite integrals are  tabulated and  can he  foiincl froni 



Figure 4.33: S W-.LIRI signal intensity fraction ctir\-es 
The SC[--.\IR1 signal in tensi ty  fraction cumes  are plotted assiirning a n  ccho spncirig 

ESP=f.iins. .4t the t o p .  the S,, curres arc for u-,=f O% and ETL=d echocs nt  
cnrious .Yy calues (64.128.1.192.356). The bottom left S,. curces arc for i r ,= fO% 

a n d  .\,=lJLI phase encodes nt carious ETL calues (2.4.8.16). Finnlly. the bottom 
right S,, curres are for .\;=128 phase encodes and ETL=t? ~ c h o e s  for rnrious ir, 

calues (5%. 1 O%,J%,O%). 



Gradshteyn i6. p.405 (3.7-l)] and [6. p.4Y9 (S.S-Ll)]. from which 

ESPsETL 
wIiere tve have iised a, = . Moreover. ive assume t hat 1(-8'1r=-\-v/2 JO t-hat T ,  ,pllr - Y 
the  FOL* in image space is unity. Consequently. tr, is expressecl as a percentage of 

the  fi elcl of view. 

Just like in the  CC-bIRi analysis. the SW--SIRI signal intensity fraction is iritle- 

pendent of ESPo since it is relatire to that echo time. An important consecluence is 

that  S,,. depends not only on ESP. ETL. and T2. but also o n  t h e  tvicltti ir, of the 

rectangle and on the number .\y of phase encodes. Typical SLV-.\IR1 S,,,. clin-es are 

plottecl in Figure 4.33 for various .V,. ETL. and (L., values assuniing ESP= ir>nis for 

T2 va-alues wit hin the range 1-500ms. 

It m q  be instructive t o  consider a lew lirniting cases. First. if n,=O. then the 

arctan term tends to r / 2  and S,, is uni ty  This is as expectecl since the n,=O condition 

is met if  ( 1 ) t here is no fi-weighting ( t h e  convent ional SE acq~iisi t  ion). or ( 2 )  TL - x 
which also means that the  object is not influencecl by an? Tl-weightinp. 

Second. in the limit of zero width. i - e .  u*, -+ O. then the  arctan terni tencls t o  zero 

so  that S,,, tends to zero. This  is also as  expected since there is effectively no object 

to be imaged. 

Third. in the limit of T2 + 0. the  arctan term tends to zero and S,, again tencls to 

zero. This makes intuitive sense since the SW-41RI signal intensity fraction is clef necl 

over at least one echo spacing. and a short T2 with respect t o  ESPsETL represents a 

significant signal loss: in this case. a complete signal loss. 

Fourth. in the limit of .Yg + S.  the  arctan term tends to r / 2  and S,,. is unity. 
ESPsETL 

This is as expected since this corresponds t o  a ,  -9 0: recall tha t  a ,  = . and 
T2 kyur 

kmar+ x as -Yg 433. 
Y 

The S\V-LIRI effective echo t ime TEsw is given by the  expectecl Ti-weighting at 



t ime ESPo multiplied by S,,.. narnely E - ~ ~ + ~ / ~ ~  = s ~ ~ ~ - ~ ~ ~ " ' ~ ~ .  from wfiich 

n .Y, u*, T2 
= ESPo - T2 log 

2ESPsETL 

This is plotted in Figure 4.34 for the various signal intensity Fraction corl-es of Fig- 

rire 4.313 ( ESP= l.Jms) and set ting ESPo=ESP. Note t he  increase in effect ive eclio t iriir 

ancl t h e  *hunip' region for short T2 species. This is espected since the  -fi log S,,,. 

term involves t h e  fiinction Tr.  ivhich ranges from [ O . x ) .  multipliecl rvith the loga- 

rithmic ftinction. which ranges [rom ( -x .01  as goes from zero to infinit!.. These 

competing effects result in a -hump.-like region. .ils0 note the 'Rat' region ( yreater 

than ESPo) a t  large T2 values. The curves tend towards the  asymptotic TE,,  limit 

for a given ESPo. ESP. ETL. .Vg. and w, combination. as shorvn belon-. 

Again. let us consider a few limiting cases. First. for ao=O we previously foonrl 

that S,, tends t o  unity. Consequently. log S,, tends to  zero and TE,,,.=ESPo t'or al1 

Tl values since TE,, is independent of T2 in t his case. This is as espectecl si rice t hr 

u,=O echo case represents the convent ional SE acq~iisit  ion. 

Second. in t h e  limit of T2 + 0. the Taylor series expansion of the logarit hniic terrii 

times T2 reduces to  -T2 log{3T2}. rvhere .3 includes ESP. ETL. .\,. ancl tr,. In t lie 

limit of Tl tending to zero. one can show using l'Hospital's rule that  this tends to zero 

and TE,,,=ESPo. Thus. al1 curves in Figure 4.34 start  a t  TE,,.=ESPo and increase 

as a function of TL. 

Third. in t h e  liniit of -1; -. n. ive  previously found t hat S,, tencletl to  unit' 

C'onsequently. TE,, tends to ESPo for .\;, becoming large. as clepicted in Figure 4-34. 

Fourth. in the limit of w, + O. S,, tends to  zero so that  the -- log{} term tends 

to infinity. C'onsequently. TE,, tends to infinitv for w, tending to  zero. This makes 

intuitive sense since for wy=O. ive expect no signal. and e-TEjw'T2 indeed tends to 

zero as TEsw tends to infinity. 

Fifth. in the  limit of [L\;y(üyT2] » ESPxETL. the -Tr log .Ys, term can be solved 



Figure 4.3-L: SLV-'IR1 effective TE ciirves 

Thhe SII--.URI eflectire echo lime curres are plotted assuming ESPo =ESP=i-5m.s. .-II 
the top. thc TEs,  c u r w s  are jor w,=10% and ETL=à echoes nt cririous .\, ralacs 
G . i . 9 . ) .  The bottom lefi TEsw cur-res are /or uv,=IOZ and .\i=l>$ phnsc 

cncodca at rarious ETL ralues (2.4.8.16). Finally. the bottorn i-ighl TE,,,. curres arc 

for- .\;=lB phase encodes and ETL=8 ~choes  /or rai-ioua cc, raluc.5 
(5%. 10%.2.5%.30%). The conwntional SE  SIIF-JIRI results are representtd 69 the 

dashed fine. 



4ESPsETL 
usinp l'Hospital's rule whereby in the limit it tends to . so that TE,,,. is 

7 -Yg Ir 

TE,,, for [.V+$-'2] » ESPsETL 

This is the asyrnptot ic limit seen in Figure 4-34. One can clear1~- observe t hat for larse 

.\, (and large w , ) .  the SW-SIRI effective echo time approaches EsPo. as espected. 

The ETL dependence is also clearly obvious. Note the resemhlance of t iie as>-niptot ic 

echo time lirnits of both SI$:-SIR1 and CC1-SIRI. which are respec t iv~ l -  ai\-en hj- 
4 .> 

TES,,.=ESP0+ ESPsETL. and TE-,=EsPo+- 
7' .\y WI 

- ESPxETL. 
n .\; d, 

Finally. bu knowing the effective echo time TE,,,. one can calculate t lie eRect ii-e 

signal intensity from e-TE3w'T2. This is plotted in Figure 4.35 for the various etkc- 

tii-e echo tinie curves of Figure 4.34 with ESPo=ESP= L5ms. So te  the srnall sigma1 

intensitj- for short T? species. as expected. The SE SLV-.\IR1 (dashecl) curve is the 

conventional SE case and represents the contrast curve e -ESPo/T2 . .4ko note t he  

clustering of the  curves near the  conventional SE S W-SIRI case. This is reniiniscmt 

of the C'C'-.\.[RI analysis. 

The signal intensity fraction and effective echo time analysis for SLi- SI RI is sirii- 

ilar to that for CC-MRI RARE-mode acqitisitions in that the centre of k-spacp ir 

accluired at t ime EsPo. hloreover. our S W-.\.IR1 signal intensity exprct at ions are 

consistent with Slelki's observation [Il  (which pertained to a C'artesian acquisition) 

that i f  the object is large with respect to its 7 ' 2  impulse response fiinctiori. rianiel'. 

w,T2 BESPXETL. then the k-space signal intensit- loss is niinirnal. i.e. S,, is close 

to unitu and TEs,LvzESPo- In this case. the effective echo time is governed solely bj- 

the acquisition of the  central k-space data. namely EsPo. 



T2 values (msecs) 

1, vaiues (msecs) 

Figure 4.i3.5: SU*.-.LIRI effective signal intensity curl-es 
Th6 SIC-.\IR I e ffectire signal intensity curreî are plotted assuming 

ESPo=ESP=1.5ms. .4t the top. the e ffectiae signal intensity curces ore jor. tr, =IO% 
a n d  ETL=X rchoçs at rarious .V, calues (64.128.192.256). The bottorri lejt effectiir 
signal intcnsity curres are for wy=lO% and .\;,=128 phase e n c o d ~ s  at rwiioi~s ETL 
rnlues (1.4.8.16). Finally. the bottom right eflectice signal irttensity curces nrr /or  

.\,-g=1.'8 phase encodes and ETL=8 echoes for r*an'ous u*, ralucs 
(5%.10%.25%.50%). The concentional SE Sb--.CIRI rcsults art repirafrlted b y  the 

dashed line. 
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Chapter 5 

Conclusions and Discussion 

Shgnetic resonance imaging is a pon-erful iniaging modality in that the tissiir cari hr 

cliaracterizecl according to various cont rast mechanisms. most not ahly ri- weig l i t  ed 

contrast. The 7'2-tveighted images are ver- useful clinically. but t lie major rlisadvan- 

tage is that these high-qualit? images often require long imaging tinies. 

The C'artesiari R.-\RE-mode acqiiisit iori seqtience proposecl by Henni: [ 11 rct ai ris 

the soft -t issue cont rast and signal- to-noise ratio ( S S R )  of T2-weighted iniages. h i i t  

at a recluced acquisition time in comparison to  conventional fi-weigliterl iniag~s.  

.\loreover. rion-Cartesian sampling schemes otfer further aclvantages in motion and 

How art i fact suppression. and efficient lise of gradients. 

In t liis treatise. the viability of fast T2-weighted polar k-space samplirig acquisi- 

t ions was assessed and compared for projection reconstruction ( P R- Si RI ) and con- 

cerit ric circles ( CC-.\IR[). Bot h of t hese sequences are easilj- moclifiahle k-space t ra- 

jectories t hat lend t hemselves to  R-ARE-mode acquisitions. \k t herefore analyzecl 

the fundamental aspects of polar k-space acquisitions. including sanipling aricl image 

reconstruction effects such as aliasing. image resolution and SNR. ancl investigatecl 

the T2-weighted contrast effects when imaging in RARE-mode. 

Herein. a sumrnary of the  salient conclusions of chapters 2-4. namely the Sampling 

Effects. Reconstruction Effects. and Tz Modulation Effects chapters is given. Possible 

future directions of rapid T2-weighted SIR imaging are also presented. 



5.1 Sampling Effects 

In the Sanipling Effects chapter. the Fourier aliasing effects of ~iniform polar sa~iipling 

( i. c. equally-spaced radial and azimut ha1 samples ) were analyzetl and es plai riecl. T tic 

priniary focus rested on the radial effects of polar k-space sampling whicti a.ç.re treatrri 

from a two-dimensional (-2D ) formalism. 

The principal point spread function (PSF) of polar k-spare sampling sc-hrnirï 

[vas analyzed bj- assuming equally-spaced ring samples. \+é foliowecl Brarervell a n d  

Thompson's [2 ]  formalism ancl decomposed the PSF into its main lobe ( d i o s e  hr- 

haviour is jinc-like). and a series of asymrnetric ringlobes peakecl near j / l k ,  ( whose 

amplit iicles d e c c  as j increases). where j is the ringlobe number and LX., is t h e  radial 

sample spacing in k-space. 

Siiice the first ringlohe occors a t  a r a d i ~ ~ s  of 1 /AL,. the ohject's estent  mtist be 

space-lirnited to mithin a d i a m c t e i  of l/A/r,. in analogy to the C'artesian SJ-qiiist 

sariipling criterion. Howet-er. due to sampling on a finite polar grid. the  ringlobes 

are asunimet ric. osciliatory. non-periodic. and extend to the origin. Tliiis. R- hen ire 

consitler t hc full 2D sampling effects. aliasing artifacts occiir even i f  the radial Syquist 

criterion is sat isfied. This aliasing leads to  a small non-zero backgroond sigrial wit hin 

tlie baseband and affects the overall intensity pattern of the ohject. Ttir clel-iation 

from the t rue intensity increases as the object size increases relat it.e to t lie FOL'. 

The full two-dimensional PSF includes the main lobe and the ringlobes. the latter 

leading to  aliasing effects. However. unlike C'artesian sampling. t lie aliasing is not 

merely just a fold-over at the edges of the image. but a fold-over at tlie FOY radius. 

which represents a continuous folding. Moreover. unlike Cartesian sampling. tlie 

ringlobes are asymmetric and not purely periodic. which leads to a more complicated 

C;i bb's-like ringing art ifact and perturbs the espected signal intensi ty pattern. 

The concepts of aliasing and l e abge  are well understood for Cartesian sampling. 

However. for polar sampling (and perhaps most if  not al1 non-Cartesian sampling 

acquisitions). this distinction is no longer clearly obvious. Even if we sample with 



b-rings out to infinity. it is not apparent that its 2D PSF is itself a series of concmtric 

O-rings. Recall that in Cartesian sampling. the concept of aliasing is properly defineci 

hecaiise the FT of an infinite series of d-functions is itself a çeries of h-fiinctions. 

Leakage effects are easily e'tplained and are due to truncation effects. i - c .  chie to the 

fact t hat we're sampled only over a finite extent. For polar sampling. hoive\-er. t hese 

two concepts are not readily separable. Consequent lu. the  2D PSF of polar sampling 

encompasses a -mixing- of bot h aliasing and leakage effects. as definecl for C'artrsian 

accluisit ions. Here. we've opted to cal1 t his simply aliasing. 

Biit . t h e  reader is caut ioned t hat . herein. the term aliasing is usetl in t he hroatlest 

sense of the  word: any high frecluency (or spatial) component going iiricler an assiinirrl 

low frequency (or spatial) component. In C'artesian sampling. leak+ge ( and r i n ~ i n s  ) 

effects are remedied via the application of suitable filters ( ~ . g .  t h e  Harnrning winclow ) 

prior to IFT. However. for polar sampling. these same filters tlid not correct ttia 

obsen-ed non-uniform intensity pattern of t lie reconst ructed disk objects. Therdore. 

we attribute the effect as an  aliasing phenornenon. where aliasing is now usecl i r i  its 

most general and all-encom passing meaning. 

In Cartesian sampling. the effective FOV is a square region of full-width 1 / U s r  

for a sample spacing of l k ,  in bot h the kr- and k,-directions. In polar sanipling. 

though. it is a circufar region of diameter l / l P , .  This means that the  polar FOL- 

area is about ïS..i% that of the  Cartesian FOL for cornmensurate sample spacing and 

image pixel size. For comparable fields of view. the  number of polar saniples ma? 

ha1.e to be increased. On the other hand. certain polar sampling schernes ( E - g .  spiral 

acquisitions) allow more efficient coverage of k-space for a fixed gradient capability 

which may offset the increase in samples required. 

;\lthough the 2D polar sampling PSF leads to some subtle aliasing effects and/or 

artifacts. t hese effects can be suppressed depending on the choice of reconstruction 

algorithm one uses. This Ras the  subject of the  subsequent chapter in t his treatise. 



5.2 Reconstruction Effects 

in the Reconstruction Effects chapter. t he  resoliition. signal-to-noise ratio ancl aliasing 

characteristics of the gridding (GRD)  and convoliition backproject ion ( C B  P ) recori- 

st riict ion algorit hms were comparecl and cont rasted for polar k-space sanipling. 

Gridding is primarily a Fourier domain algorit hm while CBP is an ima;e doniain 

technique. Still. both of these algorit hms perform identically in ternis of iniaqe SS R 

and resolut ion provided t hat t hese two image characterist ics are consiclrr~d togrt hrr. 

In t heir most basic implementations. where the sampling densit?. correct ion is haseri on 

ramp filters. GRD maximizes resoliition at the espense of SXR. while C'BP sacrifi ces 

rcsoltition to increase the  SXR. 

Nore generally. for a giïen choice of k-space trajectory and sample locations. the 

S S R  and resolution are intimately related: the increase of one of t hese characteris- 

tics engenders a cornmensurate decrease in the ot her. The choice of reconst riict ion 

algorit hm merely opts for a different balance between these tivo effects. 

The G R D  algorithm offers the adtantage of direct manipiilation of the k-space 

data via miiltiplication. This gives the user Flesibility in trading off resolution for 

S S R  (and vice versa) for a given acquisition. !vloreover. due to its generality. G R D  

allows for the possibility of non-equidistant azimii t ha1 polar sampli ng u- tirreb>* one 

can masimize resolution and SNR . i imul tan~ously .  This is acliievecl i f  t hc sarnplirig 

clensity in k-space is uniform. 

One important difference between GRD and CBP is their different PÇFs ivliich 

lead to different aliasing behaviour. The polar PSF using G R D  inclucies the main 

lobe and the ringlobes. as given in the Sampling Effects chapter. where the main lobe 

describes the blurring effect of finite sampling. and the ringlobes are a measure of 

the expected aliasing. The gridding PSF retains t h e  inherent 2D polar PSF char- 

acteristics. In fact. the gridding algorithm is not hing more t han a computat ionally 

efficient discrete Fourier transform for non-Cartesian data. Consequently. the full 2D 

sampling effects are not altered by gridding. 



By cornparison. t he  convolution backprojection PSF eliminates the  ringlobes al- 

toget her since the  radial effects of t he  PSF are  calculated from a 1D Fourier inversion 

instead of a 2 D  Fourier inversion. The 1 D projections are t hen coni-oli-cc1 \vi t  h t h e  

C'BP convolution function to compensate for the variable sampling densith- in k-space. 

Since t his process is applied t o  the  baseband projections onlj-. t hcre are  no ringlohrs 

arising [rom the replicates. Thus. provided that the radial sampling satisfies t h e  

1'-cl~iist criterion. i . ~ .  that  the  objectas radial extent is within a circular FOL- of 

dianieter 1 /LX., . the aliasing using C'BP will be minimal. 

Hal-ing characterized t h e  fiindament al sampling and reconstruction etfect s of polar 

sampling. we t hen analyzed the  7'? modulation and resultant TL-weight et1 cont rast o f  

polar k-space sampling schemes acquired in R.4RE-mode. 



5.3 T-2 - Modulation Effects 

In the T2 .\lodulation Effects chapter. the amplitude modulation effrcts of RARE- 

niode polar sampling were analyzed and compared for projection reconst riirt ion and 

concentric circles acquisitions. The G-weighting and Tl impulse response fiinct. ion 

formalism iras presented. More importantly. the effective echo t imes of eacti srqiiencr 

were deriveci. allowing one to  characterize the effective &-iveightetl corit rast r u  r\-es. 

For projection reconstruction RARE-mode MRI acquisitions. a good coniproriiisr 

in suppressing bot h smearing and star-Iike art ifacts is to  use the one-siclecl iritrrlra~-cd 

Tl-weighted approach. Conversel-. for concentric circles R-\RE-niode acqiiisi t ions. 

the smooth monotonically decaving approach was deemed t o  be essential in rnininiiz- 

ing bot h ring-like and eclge enhancement artifacts in the  reconst ructed iriiage. 

The signal intensity fraction and the effective echo time of R.\RE-mode PR-SIR1 

were found to be highly T2-dependent for different echo spacing (ESP) antl echo train 

lengt h (ETL)  combinations. By comparison. the effective echo time of RARE-mode 

C'('-.\[RI was found not to  be nearly as sensitive t o  various ESP/ETL combinations. 

especially for large objects wit hin the field of view. In general. the effective echo t inie 

in R-\RE-mode PR-SIRI depends on ESP. ETL. and TL. while in C'c'-.\IR1 it tleperids 

on ESP. ETL. Ti. the object size. and the acquisition matrix size. 

in vivo head images showed that the RARE-mode projection reconst riict ion and 

concentric circles SIR1 images ha\-e different T2 contrasts for eqiial ESP antl ETL 

parameters. Therefore. contrast characteristics can differ considerably t'or R-ARE- 

mode polar acquisitions depending on the k-space trajectory taken. 

lforeover. motion a r t  ifacts using projection reconstruction are great iy reciuceci in 

coniparison to  concentric circles acquisitions since in PR-LIRI one samples the  centre 

of k-space repeatedly. Bq. comparison. in CC-MRI one samples the centre of k-space 

only a t  the beginning of t h e  acquisition. The PR-SIR1 sequence has the advaiitage 

of averaging out the effects of motion near the centre of k-space. Since it is t h e  low 

spatial lrequencies which define the overall characteristics of the image. the mot ion 



averaging leads to  slight image blurring but minimal ghost ing a r t  ifacts. In C'Cq-1[ R l -  

thougb. motion effects lead t o  significant smearing. blurring. a n d  ghosting artifacts 

in the reconst ructed image. 

Oiir analysis and results indicate that R-ARE-mode PR-SlRI is a viable method 

of acqiiiring fast T2-weighted images. Although the  TL contrast is compromised o n i r -  

u-hat. and especially so at larger ESP/ETL values. t he  R-ARE-mode projection re- 

const riict ion .\IR1 sequence appears to  be more robust t han concent ric circles R.4 RE- 

niode acquisitions in minimizing blurring and/or smearing effects in the  reconst r w t d  

.\IR image. 1Ioreover. PR-11 RI  acquisition schemes are less sensitive t o  mot ion and 

flow effects and artifacts. 



5.4 Future Perspectives 

Our hypot hesis was t hat polar sampling schemes. and more specifically R.4 R E-niocle 

polar sampling. are a viable alternative to acquiring high cont rast. high SS R. proper 

T2-weighted .\IR images. Indeed. we demonstrated t his t heoret ically ancl siibstarit i -  

atetl the aiialyt ical claims wit h experimental verificat ion. 

The tinie savings of acquiring T2-iveighted images can he  increasetl fiirther 1 , ~ -  

using longer echo train lengths. However. one can appreciate t ha t  for large E T L  tlw 

image hlurring and/or smearing may become severe. or the  T2-weighted contrast nia? 

be significantly comprornised. But. what if one were somehow ahle to -decon\-olve" 

the  effect of the various Tr impulse response functions froni the resiiltant iniagr 'l 

In peneral. deconvolut ion is a difficult process. But. recall t hat the Tl-iveight ing 

is miiltiplicative in k-space. This suggests that the solution to this problem m v  be 

more easily manageable in k-space ( i.e. a demodulation) t han i n  image space. 

-4s in the T Slodulation Effects chapter. we assume that the object is coniposecl 

of .Vs different fi species. Therefore. the T2-weighted R-ARE-mode image. ivhicli m q -  

be collectecl wit h a n  y desired k-space trajectory. is given by 

where .Ili(k) and T l ,  are the spin-density k-space magnetization and TL \-al Lie. re- 

spectively. of the j th Tz species. and t (k)  reflects the acquisition trajector! 

Since there are .Ys different Tr species to he demodulated. ive assume that .Ys 

ent R.\RE-mode data sets are acquired at the same spatial frequency locations. but 

\rit h diferent T2-weighting funct ions: 



This can be written in matrix notation. namely 

where the definition of the 
ru 

i j f h  term of E ( k )  is given 

k + 
C O ~ L L M ~  vectors M,,,,(k) and M,(k) are obvious. ancl the 

by E - ~ ~ ( ~ ) / ~ ~ J .  The inversion of Eq.(3.:1) leacls to 

k hr 

where E - ' (k )  is the matris inverse of E (k) .  Sote that t his inversion proress niiist 

be carriecl out for each acquired k-space sample location. 

Also note ttiat ive have effectively isolated the .\; different spin-clensity k-spaw 

niagnetization Ti species. .llo(k). Their inverse Fourier transforni yields S5 tliffer~nt 

I:(r) images. i . c  the images of each Tr species without anp TL-weigtit ing. Tho rrsiiltarit 

SIR iniage is simply the superposition of t hese individuai T2 species images. 

In theory. the resultant image is free from an- T2 modulation effects. I t  is scirniised 

t hat the signal- to-noise ratio i d  be different (most probablu lower) iri comparisori to a 

convent ional SE acquisition. This is because the T2-weight ing correct ion is calculateci 

Froni lower SXR k-data tliat are apoclized by the T2-weighting. But. some of the Ioss 

in SSR  may be replenishecl bj- the fact that one uses .\; niciltiple sets of accluisitions. 
'C, 

The difficiilty lies in determining the terms of the E ( k )  matrix. The t (k)  is easily 

characterized from the trajectory of acquisition. but one also needs to cletermine the 

.\; different T2 values. One could assume tvpical T2 values for. sa!*. short. medium. 

and long Ti species. Otherwise. it ma? be advantageous to acquire a rapid. loir.- 

resoliition multi-echo scout image to approximately determine the .!; different Tl 

values in the imaged object. 
ru 

1Iore generally. it might be possible to solve for M, (k)  using a minimizecl least- 

squares type of solution: since there are P sample locations and .\L different data 



Figure 5.1 : Synt het ic conventional SE and RARE-mode SL1'- SIRI images 
Tht  t ulo d i s b  o f  d i a m e t e r  25% and 40% o f  t he  FOV mith T2 ~ w l u e s  o j  ./Unis a n d  

I2Oms. reapecticely. are s h o m  at  the t o p  /or a conren t iona l  C'nrtcsinn S E  
acquisition. On t h e  b o t t o m  are the two di f lerent  R A R E - m o d e  images  for  ESP=tOrris 

a n d  ETL=4 echoes (see tez t  for  d e t a i b )  wi th  s y m m e t r i c  Tz-weighting a l  
ESPo=lOms a p p e a n n g  o n  the  fejl and s y m m e t r i c  T2-weight ing  a t  ES&=jOms 

appearing o n  t h e  r ight .  The images are n o m a l i z e d  to u n i t y  a t  the  brightest pixel. 
a n d  al1 images  are at the  s a m e  w indowing  i ~ c e l .  



+ - 
acquisition sets. one ma'- be able to determine E ( k )  and M,(k)  b ~ -  solt*ins for al1 the 

k-locations simultaneously. Only further work in this area will claritj- t hese issues. 

Ué present a proof by concept of Eq.(5.4) with a simple simulation carried o u t  

in the following manner. CVe generated a synthetic phantom consisting of two disks 

ivith ciiarneters of 23% and 40% of the FOÇ'. with T2 values of 4Onis ancl l2Oms. 

respectivel-. as shown on the top of Figure 5.1. The Cartesian k-space da ta  ( L-lSsl'LS) 

were synt hesized for each disk. and t wo R-A RE-mode acqiiisit ions were synt hesized 

ivit h ESP= LOms and ETL=-i echoes. The k-space data  included additive. zero-mean. 

Ciaussian noise yielding an SXR of about 200 in the  conventional SE image. and 

commensiirately lower in the R.'\RE-mode images. 

The first RARE-mode acquisition had a symmetric Tl-iveighting ivit h ESPo set 

at LOrns. while the  second acquisition also had a symmetric &-iveighting but \vit li 

ESPo=50ms. The respective RARE-mode images are shown in Figure 5 .  L. 

Figure 5.2: Isolated T2 species from t wo RARE-mode acquisitions 
Thc image on the lefi i s  the isolated T2=40ms disk phantom of diameter 25% of the 

FOk: and that on the right is the T2=120ms disk phantom. The images nrr 
normalized t o  un i ty  at the brightest pixel, and both images are at the samc 

windowing level. 

In Figure 5.2 .  we show the normalized images of the two isolated Tr species when 

dernodulating the T2-weighting using the proposed correction scheme. Note that ive 



- 
used the  proper fi values. namely 4Oms and 12Oms. in evaluat ing the  E mat ris. .4ko 

note tha t  the disks appear  sornewhat noisier than the  respective conventional S E  o r  

R;\ R E- mode images. 

C'learly. there are man- issues to  be resolved: a noise propagation anal?-sis. a 
* 

sensit ivity analysis of t h e  E matrix. the accuracy requirements of the & valit~s.  t h e  

recluired nuniber -\tes to properiy characterize the different f i  species. and t h e  opt inial 

k-space R.ARE-mode trajectories. t o  name but a few. Still. these preliminar~. results 

a re  very promising. In fact. simulations wit h an infinite SN R ( i. F .  no noise) allow o n r  

to  perfectly extract the .V, different T2 species for T2 as low as  .jms or so. and for t h e  

T2 species separated by n o  more than  Ims [rom one another. 

In peneral. .CIR k-space da ta  contain bot h spatial and temporal informat ion t liat 

are collapsed ont0 each ot her. Consequently. there is a tradeoff t o  be matle. Fur- 

t herrnore. t h e  spatial information alone arising from a part icular choice of sarnpling 

trajectory offers a number of tradeoffs (resolution. SXR. aliasing. C'SR. for esample)  

which m a -  affect the  reconstructed image. 

To optimize the image qualit! and minimize an- image artifacts. orle must iin- 

tlerstand bot h the fundamental aspects of the  da ta  acquisition process. and t hc  )IR 

physics associated with it. This  is why we so painstakingly establislied firm theoret- 

ira1 foiindat ions to  analyze t h e  sampling. reconstruction. and  Tr modulation effects. 

;\lthoiigh ive dealt only with polar k-space acquisitions. the  intention is that  t hr 

concepts herein be applied to  other MRI acqiiisition schemes to find an optimal coni- 

promise betiveen spatial a n d  temporal effects in the  image. 

In clinical applications. polar sampling and other non-rectilinear sampling schemes 

offer significant advantages in motion art ifac t and Aow suppression. The image reso- 

Iution. signal-to-noise ratio. aliasing. and amplitude modulation effects are al1 irnpor- 

tant  considerations. T h e  MR scientist is often t rading off t h e  spatial and temporal 

effects. kVi t h the T2-weighting -demodulation" scheme proposed herein. it may he  

possible to  separate these effects and better optimize t h e  reconstructed 41R images. 
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