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ABSTRACT 

An hiaorical oveMew of the developments of heat and moisture flow analyses in 

unsaturated media is compiled with specific reference to works by Philip and devries, Miiiy, 

and Thomas and King. The potential / temperature based governing equations are developed 

independently and compared with those by other researchers. A numerical solution, 

TRUC-, based on the integrated finite difference method, was developed to solve the 

equations for coupled heat and moisture flow problems. The mode1 is verified by comparing 

its results against those established by other researchers. Excellent correlation is achieved for 

the base case defined by a set of boundary conditions and matenal parameters established for 

Leighton Buuard medium sand. Sensitivity analyses are conducted on eight material 

parameten established in the governing equations and t heir results correlated with the base 

case at plus/rninus twenty percent changes. This work serves as essential information for 

preliminary design of nuclear waste repositories. 
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NOMENCLATURE 
The following notation is used in this paper: 

intnnsic property 
volumetric heat capacity, cal/cm3. OC 
volumetric heat capacity of the porous medium when dry, cal/cm3. O C  
specific heat of liquid water, cdcm3. O C  
speciiïc heat of water vapour at constant pressure, ca/cm3. OC 
(al/*) l r 
(%lm 1. 
speci£ic heat capacity of soi1 water, ca/cm3. OC 
specific heat capacity of soi1 solid panicles, cal/cm3. O C  
specific heat capacity of soil vapour, cai/cm3. OC 
heat equation coefficient of rate of change of temperature 
heat equation coefficient of rate of change of capillaiy potentiai 
material pararneter for vapour flow for isothermal conditions 
material pararneter for vapour fiow 
moisture equation coefficient of rate of change of temperature 
moisture equation coefficient of rate of change of capillary potential 
effective molecular difisivity, m2/s 
molecular difisivity of water vapour in air, m2/s 
isothermal liquid difisivity, cm2/s 
isothemal vapour diffusivity, cm2/s 
isothermal moisture difisivity, cm2/s 
rate of evaporation term, or moisture transfer between liquid and vapour 
phases, kg/s 
vapour flow area factor 
used in definition of temperature gradient 
acceleration due to gravity. m/s2 
volumetric heat capacity of unsaturated soil, ~ / m ~ .  O C  

relative humidity, % 
unit normal vector in z (vertical) direction 
conversion factor relating mechanicd work to thennal energy 
unsaturated hydraulic conductivity, cmk 
K, cm/s 
material parameter for vapour migration due to capillary potential gradient 
material parameter for vapour transfer driven by temperature gradient 
materiai pararneter for kat  transfer due to temperature gradient 
materiai parameter for heat transfer due to capillary potential gradient 
K v 2  

Ki1 + Kv1 

latent heat of vapourization of water, Jlkg 
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value of latent heat of vapourization at temperature T, Jkg 
total length of column of sand, m 
unit normal away fiom the comrol surface 
total gas pressure, kPa 
partial pressure of vapour in pore spaces in soil, kPa 
heat flux per unit area, w/m2 

liquid-flux density, g/cm2.s 
flux of moisture, &m2.s 
vapour flux, w/m2 
specific gas constant for water vapour, k ~ a .  m3/mol. K 
extrinsic propercy 
temperature, Kaivin 
ratio of microscopie temperature gradient in pore space to macroscopic 
temperature gradient 
time, seconds or hour 
liquid velocity, c d s  
vapour velocity, cm/s 
differentiai heat of wetting (anount of heat releasedlunit mass of added 
water when an infinitesimal quantity of free liquid water is added to the soil 
distance along the length of column, m 
elevation, m 
tonuosity factor 
ratio of change in density of saturated water vapour with temperature 
timestep size, s 
porosity 
volumetric air content, kgkg 
volumetnc liquid content, kgkg 
volumetric vapour content of precipitable water, kgkg 
coefficient of thermal conductivity of unsaturated soil, caVcm.s."C 
pore air thermal conductivity, ca.ücm.s."C 
liquid water thermal conductivity, caVcm.s."C 
vapour thermal conductivity, cal/crn. S. OC 
dynamic viscosity of water, Ns/rn2 
mass flow factor 
density of saturated water vapour, kg/m3 
density of liquid water, kg/m3 
density of the solid particles, kgh? 
density of water vapour, kg/m3 
surface energy of soil water, ~ / m ~  
capillary potentiai, m of water 
volume of representative elementary volume, m3 
del operator 
total potential for flow (capillary plus gravity potentiai), m 
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CHAPTER 1: 

INTRODUCTION 

Geotechnical problerns typically involve soil / rock deformation and stability, volume 

stability, the flow of fluids, chemicals, and energy in various forms. These flows in turn cause 

deformation, volume change and stability behaviour itself The flows have been studied in 

isolation extensively; it is the combination of two or more types of flows that presents greater 

challenges to the geotechnical engineer. This analysis of coupled flows presents a more 

comprehensive study of the phenornena occurring in unsaturated media. 

In literature, special attention has been given to flows of water because of their 

interactive role in problems of seepage, consolidation, and stability, which fonn an integral 

part of soiVrock engineering and design. Similarly, flows of heat present challenges in the 

areas of constmction in permafrost areas, building insulation, underground storage, thermal 

pollution, temporary ground stabilization by freezing, permanent ground stabilization by 

heating, underground transmission of electricity, and other problems. Although chernical 

transport and decay are also important when studying the behaviour of soil around nuclear 

waste disposal site, it will not be discussed in this paper. 
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Coupled flows result when one type of flow is dnven by the potential gradient of 

another type. For exarnple, rnoisture transport as a result of temperature gradient. This 

coupied flow of moisture and heat is further complicated when studied under unsaturated soil 

conditions similar to that around buried nuclear waste because of introduction of moisture 

flow in vapour form. 

The scope of this paper is to review the physics of direct and coupled transport of heat 

and moisture in the vadose zone of the soil under nonisothermal conditions. In addition, this 

analysis will allow further discussion and evaluation of relevant parameters of the soil and 

their effect on thermal and moisture transfer. It is anticipated that dunng the life of a nuclear 

waste repository, unsaturated soil conditions will persist in the near-field, short-term period, 

which will eventually lead to saturated conditions (Cheung and Gray, 1990; Onofiei and Gray, 

1996). Hence, a mode1 is required that is capable of analyzing the flow processes in both 

partially and fùlly saturated soils. It must be noted that a complete solution to the problem of 

burying nuclear waste would involve not ody heat and moisture flow, but also the inclusion of 

stresdstrain effects on the soil. However, limited research seems to have been done on the 

hydro/thermomechanica1 behaviour of unsaturated soils. 

Scenarios of coupled heat and moisture transport range over a large spectmm of 

possible applications. The flows can be modified in certain instances, such as landfills, to 

include heat and contaminant transport in groundwater in the fonn of leachate (Rowe, 1996; 

Sawidou, and Hensley, 1993; Sawidou, 1996). Other prospective applications are apparent 



in the concrete, environmental, geotechnicd and building science industries, some of which 

are outlined below: 

dissipation of heat and thermal runaway of insulation encasing buried electric cables; 

high-temperature discharges from power plants and industrial processing plants; 

heat and contaminant transport via leachate in landfills; 

curing of concrete; 

soi1 remediation; 

heat and waste dissipation from underground pipelines; and 

transport processes occumng in geothennal reservoirs and thermal storage aquifers. 

Observations are required both to aid in our understanding of coupled processes and 

to evaluate current predictive rnethods for such phenornena. For example, physical data cm 

be obtained for pollutant transport from either field expenments or laboratory column tests. 
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Field experirnents can model total complexity of full-scale problem. They tend to be more 

costly, comparatively difficult to perform, and offer little control over boundary conditions 

when cornpared to the laboratory column tests. However, laboratory column tests, although 

inexpensive and easier to perform, are also a poor representative to model realistic boundary 

conditions. In order to analyze the flows and physical data associated with heat and moisture 

flow, we must define the problem clearly and thoroughiy. 

1.1 NUCLEAR WASTE MANAGEMENT 

Nuclear energy is utilized for electricity production by many countnes and even more 

are opting for it in the near future. The nuclear reactors produce nuclear fuel wastes O\TFW) 

as a by-product of energy production, which requires proper disposa1 permanently. Much 

research is being carried out to analyze the prospective solutions of safely disposing off this 

waste in geological media such as granite, salt, sand, or clay. 

In Canada, AECL is reviewing a proposal for NFW disposa1 in granites of the 

Canadian Shield at depths of 500-1000 metres (Onofiei and Gray, 1996). These granitic rock 

formations are approximately 500 million to 2.5 billion yean old; however they have remained 

monly stable for the last hundreds of millions of years under varying geological processes. 

The waste would be encased in corrosion resistant containers which in tum will be emplaced 

in the boreholes drilled dong the length of each room. The space between the containers and 

the boreholes would be filled with a mixture of Sand and bentonite. Finally each disposal 
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room would be filled with a mixture of clay and crushed granite. Over a period of time, the 

containers would decay and groundwater would seep in and transport the contaminants to the 

surface. However, this process of migration is harnpered by many obstacles. Firstly, the rates 

of dissolution of the waste are very low. Secondly, the waste containers would corrode very 

slowly. Thirdly, the hydraulic conductivities of the buffer and backfill would be very low and 

would possess high sorption potentiais, hence restricting / delaying the migration of 

contaminants to the ground surface. The outcome of these multi barriers is such that by the 

time the contaminants made their way to the ground surface, radioactive decay would have 

reduced their concentrations to levels considered permissible to human and environmental 

exposures. 

1.2 UNDERGROUND POWER CABLES 

One of the limiting factors in the allowable current loading of buned electrical 

transmission cables is the temperature of the surrounding soil. As the current passing through 

the cables is increased, the probability of cable insulation breakdown and thermal runaway 

also increases. The reasoning behind this phenornenon is the fact that the heat generated by 

the cables increases as the current increases, hence driving the moisture away fiom near the 

cables, thus resulting in overheating of the cables. 

Research is needed in the field of heat and moisture flow around buned cables to 

optimize the insulation and cable loading for any given backfill type. This offers numerous 



benefits to the wntractor, the power supplier, and the consumer in terms of economics and 

reduced maintenance. This problem, in principle, is essentially similar to that of nuclear waste 

burial as it concerns heat and moisture flow in unsaturateci mil. 

Various authors have discussed the issue of heat generation around power cables and 

much research is undenvay for developing better insulation and backfilling techniques for 

controlling the overheating effect. The Electric Power Research Institute has published 

numerous reports addressing backfilling additives. trenching techniques and soil thermal 

stability (EPRI Project # RP 784 1-1, 1986; EPRI EL-506, 1977). They have also developed 

various methods in placing bacffill around underground power cable systems to reduce the 

thermal resistivity and increase the thermal stability of the backfill materials. 

A research project camed out in 1977 focused on the thermal resistivity measurement 

methods, backfill treatments, and heat an3 moisture flow analysis (Abdel-Hadi, 1978; Nitao 

and Bear, 1996). It amved at certain findings which served as pioneer work for further 

research into the field of heat and moisture flow analysis. The finite element cornputer 

program HEAT was used to obtain both transient and steady-state temperature distributions 

in the cable trench backfill. The theory of Philip and deVries was used in the analysis of 

various components of soil water movement and the laws goveming them for transient water 

flow induced by thermal gradient. It was noted that in order to predict the moisture transfer, 

the variation of four soil properties were needed as a fùnction of water content (or the degree 

of saturation). These parameters were hydraulic conductivity, isothermal water diffisivity, 

thermal water difisivity, and thermal diffusivity. The values of these parameters are fùnctions 
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of the soil type; so identifyuig the type of soil for backfilling is essential when analyzing the 

heat generation and propagation around buned ables. 

1.3 CURING OF CONCRETE 

Similar phenomena of heat and moisture flow is applicable to the process of cunng of 

concrete. It is recommended to keep concrete moist during its curing. As concrete cures, 

heat of hydration is released, and the moisture helps in stabilizing its temperature. In other 

words, moisture is absorbed by concrete for the process of cooling the concrete during the 

release of heat of hydration. So moisture causes similar effect on concrete during cunng as 

sweat does on the skin during perspiration or transpiration does on the plants. 

Cracks are produced in concrete due to differential cooling and when little or no 

allowance is provided for expansion. In order to limit the formation of cracks in concrete the 

processes of hydro-thermo-mechanical curing should be studied thoroughly. Since the 

strength of concrete is directly proportional to the number and size of cracks, it is imperative 

to lirnit their growth and propagation by providing conditions most favourable for cunng. 

1.4 OTHER APPLICATIONS 

Thermal insulation and moisture / vapour barriers placed within the building envelopes 

help maintain a cornfortable climate indoors. Heat and moisture is Iost through the windows 



and w d s  of buildings. Research is undenvay in determining state-of-the-art technology to 

entrap heat by increasing the "R-value" of windows. Similarly, vapour can be enclosed within 

the buildings to maintain a comfortable humidity of approximately 70 percent. Humidifiers 

and tainted windows are developed with the same principle in mlnd and are used by the public 

at large. 

The desiccation of fiuits and other edibles follows the same principles. This rnethod is 

used extensiveiy in tropical climates in order to preserve the food when they are harveaed in 

abundance in one season and are stored for future. The hunters and gatherers have relied on 

this phenomenon for preserving their game over long penods of time. 

Within the realm of the building science industry, windows and doors can be great 

heat-losers or an energy asset depending on their design and installation. With research 

underway in the construction of better homes, windows are being designed with various 

glazing options for the home-buyers in order to make the homes more comfortable with 

substantial reduction in heating costs (Ministry of Energy, 1989). Sirnilarly, insulation can be 

installed in buildings whenever outside wails of the house are exposed to protect it from 

moisture. Seaied polyethylene sheets or a combination of sealed drywall and vapour barrier 

paint can be used to achieve this end (Ministry of Energy, 1989). 

When studying the thermo-mechanical-hydraulic behaviour of unsaturated soils it is 

essential to consider both the short and long term effects on the surrounding media. Whether 

considering heat released from nuclear waste, or buned ables, in the shon term analysis, the 
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heat will cause temperatures in the close vicinity of the heat source to nse and cause possible 

dryhg and shrinkage of soil. In the long term, however, as the groundwater table stabilizes, 

the soil will become saturated and tend to expand. 

In this paper, the coupling effect of moisture and temperature will be studied in the 

light of two different approaches: that based on volumetric moisture content, and that 

developed From flow potentials. An oveMew of development of the traditional approach of 

volumetric moisture contenthemperature formulation (Philip and deVries, 1957), and that 

employing flow potentials (Milly, 1982), (Thomas and King, 1991) will be given for the 

analysis of coupled heat and moisture transfer in unsaturated soil. The latter approach is 

considered more robust compared to the former due to the following observations about the 

potential flow approach: 

it is compatible with approaches involving stress-strain behaviour of unsaturated soil; 

it is capable of analyzing both saturated and unsaturated conditions; 

it allows a continuous potential across soil boundaries, at equilibrium, which is a better 

representative of boundary conditions at soil interphases in heterogeneous soil conditions 

as opposed to continuous moisture contents at boundaries; 

it enables use of the heat-rnoisture-air transfer occurring simultaneously within the soil 

which is a better representative of the actual conditions in the soi1 around a nuclear waste 
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repositoxy which becomes re-sahirateci with air entrapment and air dissolution in the pore 

water. 

It is evident that rnuch work has been done in this field since the pioneering work by 

Philip and deVries in 1957. However, very little is still known about the matenai parameters 

that govem the constitutive relations for heat and moisture flow in unsaturated soil. Much 

work needs to be done on measunng appropriate matenal properties. This paper will 

surnmarize the basic theories behind the approaches mentioned above based on the models of 

Philip and deVries, and those of Milly, and Thomas and King. In addition, heat and moisture 

equations are developed independently and are cornpared to those developed by Thomas and 

King. Integrated Finite Difference (IFD) method is utilized in solving these equations by first 

independently ariving at the uncoupled equations. Furthemore, the material properties that 

govem the basic partial differential equations defining the relationship between heat and 

moisture exchange are analyzed for their response on the overall spatial solution. Both the 

temporal and spatial solutions of the problem are obtained and cornpared with those of 

Thomas and King's solution for validation of the prograrn TRUCHAMP. Prior to conducting 

a sensitivity analysis on the relevant parameters involved in their denvation, it is imperative 

that the governing equations are developed and the problem is defined with appropriate 

assumptions and boundary conditions. Two different approaches of arriving at the governing 

equations for heat and moisture flow are outlined followed by an independent derivation of 

the same using Reynold's Transport Theorem in the next chapter. 



CHAPTER 2: 

DERIVATION OF EQUATIONS 

Moisture flow in porous media driven by temperature gradients has been studied by 

many researchers over the past few decades. The intent of their studies has been to better 

analyze the effects of moisture and heat flows in unsaturated soils. Research in this field is 

required due to the increasing applications of coupled heat and moisture flow phenomena in 

the design of building materials, apparel, concrete, buried cables, and nuclear waste 

repositories. 

In order to gain a better understanding of the phenomena of coupled heat and moisture 

flow in unsaturated media, theoreticai models should be developed and studied. Many 

engineers (Philip and deVries, 195 7; Milly, 1982; Thomas and King, 199 1 ; Kanno, e: al. 1996; 

Onofrei and Gray, 1996; Lau and Radhakrishna, 1983) have addressed these phenomena 

based on varying parameters. This chapter outlines sorne of the approaches adopted and the 

resulting equations developed by Philip and devries, Milly, and Thomas and King. An 

independent approach to obtaining the goveming equations is also illustrated which leads to 

the sarne results as those obtained by Thomas and King. In addition, the equations developed 

by Thomas and King are aiso obtained fiom independent work based on Reynold's Transport 
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Theorem. The differences in approaches of the various methods is outlined and the 

advantages of using the potentid based mode1 are appreciated. 

2.1 PHILIP AM) DEVRIES 

2.1.1 Vapour Transfer: 

Philip and DeVries describe the vapour transfer phenomenon in terms of molecular 

difisivity of water vapour in air, mass-flow factor, tonuosity factor, volumetnc air content of 

medium, and density of water vapour: 

For vapour flow, the density of water vapour can be described in terms of the thermodynarnic 

relationship between the density of water vapour and the relative humidity: 

A common way of measuring and describing partial saturation is relative vapour 

pressure, p/po. This ratio of actual partial pressure of the water vapour to saturation pressure 

at the sarne temperature, expressed in percentage is referred to as the "relative humidity". 
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- 

By using the chah rule, the equation for density can be used to obtain the change of density 

with depth: 

But po is a finction of T oniy and h was erroneously assumed by Philip and deVries to be a 

funaion of 9 oniy, which will be discussed later. Therefore, the above equation becornes: 

Solving for dhId0 in the above equation using the defirition of the density as given by 

equation (2-2), we get: 

% ! P o  d~ V* Vp, = h-VT+-- 
dT RT dû 

Substituting equation (2-5) into equation (2-1) gives: 

where 
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and D,, = D , , ~ Q , ~ P ,  - dv 
p,RT d e  

The main materiai parameten in the vapour transfer througb unsaturated soils, based 

on the moisture-content approach, are the thermal and isothermal vapour diffisivities, Daqp, 

and D T ~ ~ ,  respecrively. ft must be noted that the isothermal vapour difisivity is a function of 

the retention curve; whereas, the thermai vapour difisivity is a function of the tortuosity 

factor, relative humidity, volumetnc air content, liquid density, and the specific gas constant 

for water vapour. 

2.1.2 Liquid Transfer: 

Liquid transfer in porous media is defined by Darcy's Law which relates the total 

potential for liquid flow to vector Iiquid-flux density: 

where qliq is the vector liquid-flux density; K is the unsaturated hydraulic conductivity; and $ is 

the total potential to flow compnsing of water pressure, W, and elevation potential, z: 
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In the range of moisture content where liquid transfer occurs @>O), capillary potential 

depends on surface energy of soi1 water, o, and is determined by the following equation: 

Substituting equations (2- 12) and (2- 1 1 ) into (2- 1 O), we get : 

Hence, the liquid flux has been separated into three parts: due to temperature gradient, due to 

moisture gradient, and due to gravity effects. 

2.1.3 Heat Equation: 

The heat flux equation is developed by a combination of the heat flux by distillation 

and air pressure on apparent vapour transfer 
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The vapour flux density due to temperature gradient in a single air filled pore is: 

where (VT), is the temperature gradient in the pore. This produces an apparent increase of 

the thermal conductivity in these pores by an amount defined by L,: 

XVW = LD,,uhP 

2.1.4 Moisture Movement under Combined Moisture and Temperature Gradients: 

The general differential equation describing moisture movement in porous materials 

under combined temperature and moisture gradients is given by: 

where 4 is the sum of hiq and Dr,,; and De is the sum of DO,, anci Dh,. 

Sirnilarly, the heat conduction equation can be expressed as: 
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where the last term on the right hand side of the above equation refers to the distillation 

effects induced by moisture gradient; C is the volumetnc heat capacity; and h is the thermal 

conductivity . 

These equations describing moisture and heat transfer in porous materials under 

combined moisture and temperature gradients are the goveming equations based on the 

volurnetric moisture contedternperature formulation. Other authors have adopted differing 

approaches for modelling the same problem. The following approach by Milly develops a 

mode1 of coupled heat and moisture flow in unsaturated soils in tenns of potentials for flow. 

2.2 MILLY 

The coupling ef5ect of heat and moisture flow anses fiom the induction of moisture 

transport due to thermal gradients and the corresponding heat flow caused by these moisture 

distributions. Within the partially saturated zone of soil the incoming solar and atmospheric 

radiation is converted into sensible, latent, and radiant heat losses. These phenornena cause 

the moisture to be redistributed within the soil. The same redistribution can be initiated by 

buried cables, nuclear waste or other sources / sinks which are emitting / absorbing heat. 
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Research by scientists such as Philip and deVries was limiteci in scope to special case 

of the more generd scenario addressed by Milly (1982). Milly's derivation is based on the 

theories of Philip and deVries (1957) and deVries (1958) and serves as a more generd 

mathematical mode1 of the problem of heat and moisture flow in porous media. Concepts of 

hysteresis and inhomogeneity are accomrnodated in the theory developed by Milly which were 

previously ignored in the equations deriveci by Philip and deVries. Hysteresis can be defined 

as the difference between wetting and drying curves, and it arises from differences in the ease 

with which water can enter and Ieave the medium as a consequence of pnor moisture 

condition. In addition, the dependent variables in Milly's derivation are capillary potential, W. 

ana temperature, T, as compared to moisture content, 8, and temperature, T, in Philip's 

denvation. This change in dependent variable aliows the incorporation of rnoisture retention 

hysteresis, soi1 inhomogeneities dong with stresdstrain analysis into the theory. 

Milly considers a control volume of a porous medium in which the total water mass is 

described as: 

P$ + PA (2-20) 

Applying conservation of mass ont0 this control volume yields: 
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The vapour density can be described for a system where a local equilibrium exists between the 

liquid and vapour phases: 

where po is density of saturated water vapour, h is relative humidity, g is the acceleration of 

gravity, R is the gas constant for water vapour, and T is absolute temperature. 

According to Nakano and Miyazaki (1979)- Philip and de Vries (1957) erroneous:y ignored 

the dependence of relative humidity, h, on temperature in the expansion of the gradient of pv. 

Vapour will be in equilibrium with the liquid except for artificially high infiltration 

rates into coarse soils. The gradient of p, may be expanded in terms of y and T as: 

Where Philip and deVries expressed the flux of moisture in a porous medium as 

Kay and Groenevelt (1974) expressed the sarne by accounting for the heat of wetting on the 

pressure field and their resulting flow: 
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where is a transport coefficient for absorbed liquid flow due to thermal gradients, and D is 

effective molecular difhsivity. If the medium were anisotropic, a more general formulation of 

the above equation would have to include second rank tensors for K and D. However, the 

work presented by Milly deals only with isotropie media. 

In addition, Philip and deVries (1957) expand Vv and Vp, in terms of V0 and VT. 

However, since the properties of the medium as well as the wetting history define the 

properties of the relation among v, 8, and T, these expansions are valid only for 

homogeneous soils with no variations in wetting history. In the present formulation this is 

avoided since it is an extreme restriction for natural systems. Hence, the following equation 

results for moisture flow in porous unsaturated media for heterogeneous media with hysteresis 

effect s: 

In the above equation, the expansion to include the many extra terms resulting from 

hysteresis and from gradients of soi1 properties are outlined by Childs, 1964, and Milly and 

Eagleson, 1 980. 
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2.2.1 Heat Equation: 

The heat equation is developed by considering total tlux of sensible and latent heat in a 

porous medium as given by de Vries (1 958): 

where h accounts for the combined effect of simple Fourier heat diffusion and latent transport 

by temperature-induced vapour difision. Along with the transport of adsorbed liquid due to 

temperature gradients, there is aiso advection of the heat of wetting due to pressure head 

gradients, so the total heat flux is given by: 

The bulk volumetric heat content of the porous medium. Sh, is defined by: 

where Cd is the volumetric heat capacity of the porous medium when dry, Ci is the specific 

heat of liquid water, C, is the specific heat of water vapour at constant pressure, T. is an 

arbitrary reference temperature, and L, is value of latent heat of vapourization at reference 

temperature, T,. 
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The above equation holds under the basic assumption that local thermal equilibrium 

exkts arnong the soi1 particles, the water, and the air. Hence, the theory breaks down at 

relatively high infiltration rates in coarse soils. 

A source term is also introduced in the heat balance equation which is associated with 

the exothermic process of wetting of the porous media. The differential heat of wetting, W, is 

defined by (Edlefson and Anderson, 1943; deVries, 19%) as: 

where j is a conversion factor relating mechanical work to thermal energy, W is the amount of 

heat released per unit mass of added water upon addition of an infinitesimal quantity of fiee 

liquid water to the medium. 

The change in stored energy can be equated to the sum of the convergence of the heat 

flux and the production of heat by wetting to give the following equation 
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The coupled solution of the moisture and heat equations requires that values of w or  q,,, and 

values of T or q h  be known on the b o u n d q  of the solution domain. 

Milly's equations serve as a general form of the Thomas and King's equations because 

in the latter case the hysteresis effeas are ignored. This greatly simplifies the solution 

procedure as knowledge of many of the materiai parameters is no longer required. 

Furthermore, although Thomas and King's mode1 is developed to solve three-dimensionai 

problerns, ody a one-dimensional approach is documented for simplicity. 

2.3 THOMAS AND KING 

The paper by Thomas and King examines the heat and mass transfer in unsaturated 

media through a one-dimensional approach. Relationships are developed for a capillary 

potentiailtemperature formulation of the heat and moisture flow rather than the traditional 

approach of defining the problem in terms of temperature and volumetric moisture content as 

asserted by Philip and deVries. One of the major advantages of this approach over the 

conventional one is the fact that the new approach is more compatible with methods of 



Chapter 2: Derivation of Eqmiions 2-14 

analyzing stresdstrain relationships. In addition, continuity of potential at the soil boundaries 

can be achieved, which was not possible when moisture content was the dependent variable in 

the equations. 

The flow of liquid through unsaturated soi1 is govemed by the Darcy's law which 

defines the velocity of liquid flow in tems of the gravitational and capillary potentials. Hence, 

applying equation (2-1 1) into the general equation of Darcy's law, we get: 

The hydraulic conductivity for unsaturated flow depends on temperature as well as on 

the volumetnc liquid content of the soil. 

where is volumetnc liquid content. Similarly, the capillary potential also depends on the 

temperature and the volumetnc liquid content of the medium. It is defined by: 



This capiliary potentiai for flow is aiso referred to as negative pore water pressure head in 

many geotechnical and environmental engineering applications. Alternatively, it is also 

referred to as soil suction, but as a positive value. Hence, the greater the suction, the more 

negative the capillary potential will be. 

2.3.1 Liquid Flow: 

Conservation of Mass 

Based on the law of conservation of mas, the process of liquid flow can be described 

as the rate of change of rnoisture content equaling the difference between idow and outfiow 

(Kamey, and Adams, 1993): 

The rate of change of mass = inflow - outflow 

In order to apply the basic physical laws to a unit cube of the unsaturated soil, the 

control volume approach is adopted which can easily be related to changes within a control 

mass by applying the Reynold's Transport Theorem (RTT). Control volume is defined as a 

region which is fixed in an inertial fhme of reference and is enclosed 5y a control surface 

through which matter may fieely pass. Whereas, a control mass is a collection of matter which 

is fixed in space and is enclosed by a control surface through which matter may not p a s .  
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The above equation can be translated as the following statement: 

The time rate of increase of an intrinsic property, S (e-g. moisture content), 

within a control mass is equal to the rate of increase of rnoisture content within 

the associated control volume plus the net efflux of the moisture content 

through the control surface. 

Figure 2.1 : Definition of Reynold's Transport Theorem 

The connections between a control volume and a control mass through this theorem 

allow fundamental physical laws to be applied to the system. The following example of the 

RTT illustrates its application in mass conservation. 

In this approach, the extrinsic property, S, is volumetnc rnoisture content, and the 

intrinsic property, a, is 1. The volume change is ignored, and the heat transfer by radiation is 



neglected. When a control volume is anaiyzed, the rate of change of control volume is zero 

since the enclosed volume does not change with tirne. Hence, the first term on the right hand 

side is zero and the resulting equation can be written as: 

Expanding the right hand side, we get: 

Substituting for the two terms on the right hand side of the above equation, we get the 

following equation where the efflux is the net rate of evaporation from liquid to vapour: 

However, the rate of change of moistuie content can aiso be described in terms of the 

capillary potential and the temperature: 
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Darcy's equation of liquid flow in porous media, driven by only capillary potentials for a 

horizontal co1urn.n is adopted for obtaining the flow velocity through the control volume. 

When the flow is not driven by gravity, the velocity is a fùnction of potential only: 

where the az/& term is obviously equd to zero. Substituting equation (2-41) and (2-42) into 

(2-40), and ignoring the evaporation term, we get: 

The goveming partial differential equation for liquid flow can now be defined in tems of 

material parameters as: 

The above equation cm be combined with the vapour flow equation to yield the total moisture 

flow equation for the control volume. 
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2.3.2 Vipour Flow: 

In the m e  unit volume of unsaturated soil, the vapour flow is driven by a vapour 

pressure gradient. According to the simple theory of Philip and de Vries for vapour flow, the 

vapour flux is given by: 

qv, = - D , m u a e , b  (2- 1) 

The vapour flux is driven by molecular difisivity of water vapour in air, path of 

vapour flow around soi1 grains, mass flow factor, volumetric air content and the change of 

water vapour density with depth. The mass flow factor can be estimated from the expression: 

where p is total gas pressure, p, is partial pressure of vapour in the pore spaces. 

Since the density of vapour is defined in terms of the relative humidity, h, which is a function 

of temperature, T, and the capillary potential, y, the vapour density c m  be written as: 

The change of water vapour density with respect to depth can be approxirnated by applying 

the chah nile to the above equation: 

Vpv = poVh + hVpo 

But p~ is a function of temperature only, and h is a function of 8 only. Hence, 
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dpo dh Vp, = h-VT+p,-VB 
dT de 

Also, 

But, 

and 

The change of density with distance can be written as: 

Substituting for q.  into the above equation and sirnplifjmg results in the following equation 

for vapour flow: 

Hence, the vapour flow is driven by gradients in capillary potential as well as those in 

temperature. 
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Conservation of Mass 

Applying the same principle of conservation of mass as for liquid flow, we get: 

Now, the volumetric vapour content cm be defined as: 

Hence, volumetric vapour content, 8, , is a function of volumetric liquid content. 81, relative 

hurnidity, h, and density of saturated water vapour, po. 

0. = f(e,,h,p,) 

Differentiating the volumetnc vapour content equation with respect to the capillas, potential, 

and with respect to temperature results in the following equations: 
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The rate of change of the volumetric vapour content can now be expressed as: 

Substituthg the above equations into the equation for the rate of change of the \olumetric 

vapour content gives: 
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The foUowing coefficients can be isolated fkom the above equation to result in a compact fom 

of the goveming equation for vapour flow through unsaturated media: 

Hence, ignoring the condensation term, the vapour flow equation can be sumrnarized as: 

2.3.3 Combined Liquid & Vapour Fiow Equation: 

Combining equations (2-44) and (2-64) results in the equation for coupled liquid and 

vapour flow in unsaturated media using a one-dimensional temperature/capillary potential 

approach : 
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The above equation sums up the interactions of liquid and vapour transpon within 

unsaturated soil with the conditions discussed earlier. In the more general case of flow 

through a vertical column with gravity effects prevalent, the above equation will be modified 

to include the term uW&, and the partial derivatives will be in terms of the direction of flow 

of the fluid in the z-direction. It can be seen that knowing the material properties of the soil 

are an essential component for obtaining accurate results. The two unknowns in the above 

equation are the temperature, T, and the capillary potential, y. Another equation in terms of 

the same variables is required in order to solve for the unknowns. This is accomplished by 

formulating an equation for the heat transfer taking place within the same unit control volume. 

2.3.4 Heat Flux Equation: 

The heat equation is developed with considerations for conduction and latent heat of 

vapourkation as the primary mechanisms for heat transfer. Mathematically, the heat flux per 

unit area can be written as: 
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where qh is the heat flux per unit arw )c is the coefficient of thermal conductivity of 

unsaturated soil, and it is a function of the moisture content; V is the velocity of water vapour; 

and L is the latent heat of vapourization. 

Heat Conservation 

Using the Fourier Law of heat transfer and indicating the heat flow as q, we get: 

where c is the specific heat capacity, and f is the capacity of intemal heat source (Sarnarskii, 

A.A., and Vabishchevich, P.N., 1995). 

But, heat flow for conduction and latent heat transfer is described by equation (2-66). 

Hence, substituting equation (2-66) into the above equation and disregarding the intemal heat 

source term yields: 

For one-dimensional flow of heat and noting that the dependence of vapour flow velocity on 

distance, the above equation can be simplified as: 
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Let H define the volurnetnc heat capacity for unsaturated soil, 

where T, is the reference temperature (e.g. 20°C). 

Now, recdl the definition of vapour flow from equation (2-50): 

Dividing by pl throughout and expanding the time derivative in equation (2-70) yields: 

R e d  the following relationships for vapour rnoisture content, and coefficients in the vapour 

flow equation: 



a v  C,' =- a- 

Using the above relations, the LHS of  equation (2-71) c m  be written as: 

Hence, applying the product rule to expand the LHS in equation (2-7 1 )  yields: 



Or, more simply stated: 

Applying the chah rule on the RHS of equation (2-71), we get: 

Again applying the chah mle to the above equation yields: 

Hence, the above equations (2-75) and (2-73b) can be combined and the following four 

matend parameters applied to give a concise equation for heat flow in porous media: 
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where: 

The goveming diferential equations for heat flow is in the same form as that obtained for 

moisture flow in porous media. The dependent variables are the capillary potentiai and the 

temperature. In the Philip and deVries formulation of equations, the dependent variables of 

moisture content and temperature lead to enoneous results in heterogeneous media where the 

theory would breakdown as continuity of moisture is not maintained at soi1 boundaries. 

However, Milly proposed a solution to this problem by proposing a set of governing equations 

with capillary potentid and temperature as the dependent variables to be solved for. however, 

this scenario was further complicated by inclusion of hysteresis effects into the model. Finally, 

Thomas and King have developed a set of equations for coupled heat and moisture flow in 

unsaturated media that are representative of the near-field transient conditions around nuclear 

repositories without being too ovenwhelrning to solve by simple computer programs. Thus, a 
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- -- - 

balance is achieved in studying a complex phenornena by sirnplïfjhg it enough to enable its 

modeling without jeopardizing its applicability to realistic situations. 



Chopter 3: Eqrrations for Integrated Fînite D~flerence Method 3-1 

CHAPTER 3: 

INTEGRATED FINITE DIFFERENCE 

METHOD AND TRUCHAMP 

In the previous chapter, various methods were adopted to develop the prevalent 

governing equations for coupled heat and moisture flow in the vadose zone of partially 

saturated media. The coupling effect of the equations and the highly non-linear material 

properties embedded in the equations poses great challenges in their solutions. Therefore no 

exact solution can be obtained for them; instead, a numerical technique is sought for their 

solution. A significant number of papers have cited various methods for their solutions 

(Geraminegad and Saxena, 1986; Pollock, 1986; Ewen and Thomas, 1989; Thomas and King, 

1991; Thomas and Li, 1991; Lau and Radhakrishna, 1983). Their proposals Vary in the 

numerical technique adopted for the solution of the coupled partial differential equations. 

Four of the most popular methods are the boundary element, the finite element, the 

finite difference, and the integrated finite difference method. In the boundary element method, 

discretization is performed oniy on the boundaries of the flow domain. Hence, this reduces 

the spatial domain of the problem by one degree. However, it is not very efficient for solving 

transient problems due to the increase in the sue of the influence coefficient matrix. The finite 
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element method is quite cumbersome in the-diensional problems where care must be taken 

in defining the nodal points of elements in order to keep the band width of the resulting 

stiflhess matnx to a manageable size. The main drawback of this method in three-dimensional 

problems is that it requires enormous storage capabilities. The finite difference method is an 

excellent tool for solving one-dimensionai transient flow problems. However, for two- and 

the-dimensional problems, the efficiency of the method is hampered with increase in degree 

of complexity of boundary shape and heterogeneous matenals. The integrated finite 

difference method is adopted for use in the program TRUCHAMP and its assets and 

limitations realized in the following section. 

FORMULATION OF EQUATIONS FOR IFD METHOD 

The integrated finite difference (IFD) method is capable of solving one-, two-, or 

three-dimensional problems by evaluating fluxes with a one-dimensional process. Since the 

complexity of the problem is reduced to that of a one-dimensional Ievel, it is quite flexible for 

use with multi-dimensional analyses. It is aiso capable of handling heterogeneous material 

properties. With each time step, equations can be set up explicitly or implicitly for each nodal 

point. If the chosen tirne step exceeds the stability limits of ody some of the subregions (e.g. 

in a large flow region , where the size of subregions may Vary and where significant changes 

of potential are restricted to certain parts), the 1R) method handles the problem economically 

by treating implicitly the subregions whose stability limits are exceeded, while treating the next 



ones explicitly. For a more detailed analysis of the IFD method the reader is referred to the 

masters thesis of Li, 1997. 

In Iight of the above discussion, the IFD method was chosen as the basic tool for 

analysis in the present study. 

Recall the governing equations developed in the previous chapter. They are reiterated for a 

generai case with gravity effects. However, in our analysis of a specific sand column placed 

horizontally (as indicated in chapter 4)- the term with variation of hydraulic conductivity with 

depth can be ignored. 

Moisture flow equation with gravity effects: 

Heat flow equation: 

The above equations can be uncoupled to solve for the unknown variables y and T. 

The integrated finite difference method will be employed for this purpose because it has the 

advantage of handling multi-dimensionai flow problems with heterogeneous material 
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properiies, which is tnie of the most soils around nuclear waste repositories. The following 

mathematical manipulation of the above equations is wnducted in order to arrive at a set of 

equations for temperature and capil lq potential. 

Multiplying equation (2-65) by C.rr/Cw~, we get: 

Subtracting equation (2-76) from equation (3- 1 ): 

(3-2) 

Multiplying equation (2-76) by C,, /CT, : 

Subtracting the above equation from equation (2-65), we get: 



Assuming the volume Venclosing the sarnple space for one node is sufficiently small; 

hence, writing the two equations (3-2) and (3-4) into integral fonn, we get: 

Applying the Divergence theorem to the right-hand-side (RHS) .  and noting that t/ is 

sufficiently small and hence treating the tem dw/dt as the mean value over the volume V, 

equation (3-5) is written as: 

Similady, equation (3-4) can be wrîtten in integral form as: 
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Applying the Divergence theorem to the RHS and treating aT/at as the mean value 

over volume V on LHS, equation becomes: 

where r is the surface area of the volume b' 

n is the unit normal of the surface 

n, is the unit vector in the vertical (z) direction. 

Considering a srnall sub-region of the flow region over which pressure head varies 

gradually, and the average properties of this elemental volume are associated with a 

representative nodal point 1. Also, choose the elemental volume such that the lines joining the 

nodal point 1 to its neighbours are normal to the interface between the respective elements as 

s h o w  in the Figure 3.1 below: 
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Figure 3 . 1  : Schematic diagram of  a representative node. 

Assuming that the average properties between adjacent nodal points can be 

represented by a single linear relation which is independent of time, equation 8 can be written 

as: 
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where Kw = 

- 
K, = 

dl, is the perpendicular distance from nodal point 1 to the interface between elements 1 

and rn as shown in Figure 3.1 ; 

is the pressure head of element 1; 

Tm is the temperature of element m. 
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The surnmation signs in equation (3-9) represent the flux of moisture flow across the 

interface between elements 1 and m divided by the 

corresponding nodes. 

Let 

and substituting them into equation (3-9) gives: 

perpendicular distance separating the 

With the consideration of boundary conditions, equation (3- 19) can be generalized as: 



Chapter 3: Eqrcations for Integrafed finite Digerence Mefhod 3-10 

Similarly, equation (3-8) can be written as: 

Generalizing for boundary conditions yields the following equation for temperature change: 
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Lau and Radhakrishna, (1 983) (Report 83- l 1 1 -K) have developed the equations based 

on temperature and moisture content for use in the integrated finite difference method. 

However, due to the advantages of the capillary potential / temperature based approach over 

that of moisture content content 1 temperature formulation, as discussed in the previous 

chapter, the former formulation is adopted here. The base equations used in this chapter are 

the same as those developed by Thomas and King (1991) and independently denved in the 

previous chapter. Although equations ( 2 6 5 )  and (2-76) are valid for a horizontal column of 

porous media, the equations employed here are more general since they incorporate effects 

due to gravity as well. 

Equations (3-20) and (3-22) have also been developed independently by Li, (1997) 

and the sarne solutions have been obtained. This serves as an independent check for the work 

presented here. The main approach adopted here focuses on uncoupling the heat and 

moisture equations (based on capillary potential and temperature) first, followed by their 

subsequent integration over the sample domain. 

In carying out the calculations, the following needs to be addressed for each time 

step : 

1. reclassification of the elements; 

2. controI of time step; 

3. estimation of time derivations; 
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4. estimation of interpolation factor, 

5. estimation of temperature and capillary potential-dependent coefficients. 

A more detailed account of the above steps and the formulation of equations for the integrated 

f i t e  dserence method are cited by Narasimhan, 1975. 
Li 



CHAPTER 4: 

MATERIAL PARAMETERS & 

VERIPICATION OF TRUCHAMP 

T R U C W  is the computer algorithrn developed by Li, (1997) to solve the coupled 

equations of moisture and heat flow as developed in chapter 2 using the solution method 

discussed in chapter 3. TRUCHAMP is the acronyrn for Bansient unsaturated oupled 

Heat &d Moisture flow prograrn for mssure based problems. It can be considered as an - 

extension of the TRUCHAM prograrn developed by Lau, and Radhakrishna, 1983. But 

TRUCHAM is moisture content and temperature based program with al1 the shortcomings of 

such a model. However, TRUCHAM was also the outcome of developments of computer 

programs TRUMP and TRUST by Edwards, 1969 and Narasimhan, 1975 respectively. The 

cornmon denominator with al1 of the above-mentioned programs is that they utilize the 

integrated finite difference method for obtaining the solutions. Once the method of solution 

has been decided, it is irnperative to decide on the matenal properties used in the goveniing 

equations. 

Propenies such as hydraulic conductivity, soi1 density, porosity and thermal 

conductivity help characterize a material as a poor or good candidate for various engineering 
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uses. These properties help assess the suitability of certain materials over othen for a specific 

fùnction. hiring the process of identif$ng the ideal material for a given task, tests are 

conducted to analyze the behaviour of the systern under varying conditions. In addition, some 

of the matenal parameters are difficult to determine or the tests for their accurate 

detennination requires time and monetary considerations. Nevertheless, the tests may only 

serve to outline the potential drawbacks of using a rnaterial in a given application. As a result, 

the search for the ided material for a specific function ofken ends in finding a material with 

most desirable qualities rather than satisfjmg every possible condition suitable for the material. 

When selecting materials for a specific engineering application, tests should be 

conduaed to predict the behaviour of the systern. For example, when choosing the most 

suitable buffer material of geologic disposal for hi&-level radioactive waste, tests should be 

conduaed to estimate the most sensitive property. Since limited data exists on these material 

parameters, there is a demand to find out whether or not the values of the rnaterial parameters 

need to be known with any greater accuracy than the nom. 

The following exarnples analyze the sensitivity of the governing equations to some of 

the rnaterial parameten. This exercise enables us to concentrate efforts on those properties 

that cause the most change to the overall results rather than conducting an al1 inclusive and 

exhaustive approach in search of the weak link. Hence, the parameter that has the most 

noticeable effect on the results can be labeled as the weak link. The next step would include 

studying it in more deiail in order to determine the matenal properties whose value must be 
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known with greater accuracy for the results to be valid. Based on this analysis, expenments 

uin be performed and further modifieci for the most cntical properties. 

The problem described in the next section is adopted fiom Ewen and Thomas, 1989 

and serves as a base case against which the test cases of varying the material parameters by 

twenty percent are considered. 

4.1 DEFINITION OF PROBLEM 

The problem analyzed is based on a colurnn of sand, 100 mm in length, placed 

horizontally in space, and subjected to  a temperature gradient as time starts (Ewen and 

Thomas, 1989). The initial temperature, T, of the column is 20" Celcius and the initial 

capillary potential, y, throughout the length of the colurnn is fixed at -0.2842 metres. In 

order to study the effect of sensitivity of the parameters on the base case, gravitational effects 

are excluded. In numencal format, the problem geometry and initial conditions can be stated 

as: 

O r x < -1; where 1 = 100 mm (length of column) 

The boundary conditions imposed on the problem are the "Dirichlet" type with a 

constant temperature of 60" Celcius applied at one of the no flow boundaries. The other no- 
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flow boundary is held constant at 20" Celcius. The temperature profile as well as those of the 

rnoisture content and capillary potential are observed for each of  the ten nodes as we rnarch in 

time. The Dirichlet type boundary conditions are stated mathematically as: 

no fiow no flow 
boundary boundary 

x=-l x=o 

Figure 4.1: Initial and Boundaxy Conditions for the ten nodes of the column. 
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where U is the liquid flow velocity, and V is the vapour flow velocity. 

The temperature gradient is applied dong the length of the sample and its effects on 

temperature, capillary potential and volumetric moisture content are studied when steady state 

is reached. In addition, graphs are produced for the temporal and spatial variation of these 

parameters and their behaviour is analyzed. For a more detailed explanation of the problem, 

refer to Ewen and Thomas, (1989). 

The base case made reference to in al1 of the other cases serves as a benchmark. Ewen 

and Thomas chose a Leighton Buuard medium sand, sold under the trade n a m  of Garside 

Grade 21. Expenmental work carried out by them determined the full range of the soil's 

thermophysicai properiies which are listed in Appendix A and utilized in al1 the cases 

considered in TRUCHAMP. A slight modification has been made to the retention curve (the 

curve describing the relation between the volumetric moisture content and the capillary 

potential) as compared to that descnbed by Ewen and Thomas (1 989). 

4.2 RETENTION CURVE: 

The retention curve is another name given to the relationship between the volumetric 

moisture content and the capillary potedial of a specific s o i  It is the same curve that defines 

hysteresis, a phenornenon that occurs in porous media and is related to the wetting and drying 

cycles of the media's history. The retention curve used by Thomas and King, (1991) is 

different from that used in the prograrn TRUCHAMP. The latter has been modified by Li, 
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(1997) to account for stability of the goveming equations in the near saturated zone of the 

porous media. The two curves are shown in the graph below: 

Graph of Volurnetric Liquid Content vs. Capillary Potential 

-... . . . . . . . . . .  -... ..... 

Modiaeâ Water Retention Cum 

1 
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Figure 4.2: Modified Retention Curve. 
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4.3 SENSITIVITY TO Kw: 

GY> is the sum of two parameters: KiI and Kvl, and it represents the unsaturated 

hydraulic conductivity of the liquid and the conductivity of water vapour flow in the media 

respectively. It is also referred to as the coefficient of difisive flux. 

Hence, any marked change in the results arising fiom changes in C,, can be easily traced to 

the basic material properties of the medium based on the above equation. 

Profiles of capillary potential, volumetnc moisture content and temperature are plotted 

at steady-state for the base case dong with the cases for an increase and decrease in the value 

of Kw by twenty percent. 

This case shows significant variation in results as the value of K,, is increased and / or 

decreased by 20 percent. In the profile of capillary potential, as the value of K,, is increased, 

so does the value of capillarj potential at depths of more than approximately 60 mm. The 

most significant difference occun closer to the depth of 0.1 m where the value of capillary 

potential is alrnost doubled fiom a 20 percent decrease to a 20 percent increase in the value of 

K,, when compared to the base case. 
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An unusual phenornenon occurs in the profile of the volumetric moisture content. In 

the top half of the sarnple, an increase in the value of K,, results in a decrease in volumetric 

moisture content; however, in the bonom half of the çample, an increase in the value of K,, 

results in an increase in volumetxic moisture content with the maximum difference occumng 

midway in the lower haif of the sarnple. However, mass balance is achieved as the moisture 

content lost in the colder region (near node 1) is gained in the hotter region (near node 10) 

when the value of K,, is increased by twenty percent. When compared to the base case, the 

gradient of K,, increases and decreases by approximately thirty percent for a decrease and an 

increase in the values of K,, respectively by twenty percent. This can be summarized in the 

table below: 

The changes in the gradients of the moisture content must be studied along with those 

in the gradients of the capillary potential. As K,, is decreased, the volumetric moisture 

content is decreased in the warmer zone, and increased in the colder region. This occurs 

because decreasing the conductivity produces more hindrance to the flow of liquid fiom the 

colder to the hoaer region. Hence, less of the moisture travels back to the hotter zone. In 

addition, in the colder zone, the hindrance to the flow of liquid causes the moisture to 

accumulate there, which explains the increase in moisture content in the colder region when 

Kw is decreased. This can be related to the increase in suction (or more negative values of 

+20% 

2.5 

-3 0% 

Kw 

W h  

% change 

Base Case 

3 -5 

- 

7 -20% 

4.5 

+30% 
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capillary potential) in the warmer zone. When the moisture content is decreased, the soi1 

becomes less saturated and hence the capillary potential decreases. The reverse process 

occurs when the value of K,, is increased; increasing its value by twenty percent promotes 

the movement of liquid from the colder region and thus resulting in a loss of moisture in the 

colder region and a gain in the warmer zone. As more moisture is retained in the w m e r  

zone, this reduces the suction (or increases the capillary potential) in that zone. It must be 

noted that the values of capillary potential reach aeady aate near the warmer zone and the 

soi1 becomes vev close to saturated near the colder region. 

However, the temperature profile shows slight deviation from the base case at 

approximately rnid-depth of the sarnple. As the value of K,, increases so does the 

temperature. This indicates that temperature is not af3ected significantly by changes in 

hydraulic or vapour conductivity. 



(ri 
O 
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4.4 TEMPORAL VARIATIONS: 

The temporal variations of the volumetric moisture content, capillary potential, and 

temperature are also shown in the following graphs. It can be seen that steady state is 

achieved within fi@ hours of conducting the test; while the test was run for one hundred 

hours. The case shown is that for reducing the term K,, by a value of twenty percent. It is 

obvious that the values shown in the spatial graphs are the steady state values obtained for 

each node. For example, at steady state, the value of volumetric moisture content for the 

hottest node (node 10) is approximately 0.005 (near 100 hours) and the sarne value is shown 

by the spatial graph (near x=-0.1 rnetres). Similady, the value at the colder end (node 1) is 

0.85 from both spatial and temporal graphs. The same is true of the other paramters as well. 

The graphs are also physically realistic which can be explained by the following 

reasonings. As the temperature is increased (near node IO), there is a sudden decrease in 

volumetric moisture content before steady state is reached at a very low moisture content of 

approximately of 0.005. This cm be visualized physically: as the temperature increases, the 

moisture is vapourized and it starts rnigrating towards the colder zone with a drop in moisture 

content in the hotter zone. However, in the colder region (node l), the moisture migrating 

fiom the hotter zone starts accumulating which is indicated by the nse in moisture content 

there until steady state is reached around a value of 0.85. 

Similady, the graph of capillary potential versus time indicates the transient behaviour 

of suction in the soi1 column. The initial conditions specified a constant suction of 0.2842 
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metres throughout the soi1 sample. However, as tirne increases and the Dirichlet boundaq 

condition is applied at one of the no-flow-boundaries, the moisture starts migrating from the 

hotter end, thus increasing its suction in that region (as shown by the line for node 10) before 

it reaches steady state after approxirnately fi@ hours. The d u e s  of suction decrease as we 

move closer to the colder region, and become veiy close to the initial value of 0.2842 near the 

dry cold region (node 1). 

The temporal variation of temperature aiso makes physical sense. There is a sharp rise 

in temperature at the hotter end (node 10) and the temperature is kept constant by imposing 

the Dirichlet boundary condition. For the rest of the nodes, the temperature increases initially 

before settling down to a steady state slightly lower than the initial value. Another check is 

that at the colder end of the column the temperature should be close to the initial value of 20" 

Celsius, (293K), which is s h o w  in the temperature versus time graph as well as the spatial 

graph of temperature versus distance for sensitivity to K,, for the minus twenty percent case. 
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4.5 SENSITIVITY TO IÇYT: 

fCyT is also termed as the coefficient of convective flux and is mathernaticaily defined 

by IG2: 

The resulting profiles of temperature, capillaxy potential and volumetric moisture 

content are similar but opposite in sense to those for the previous case of Kvv. In particular, 

considering the profile of capillary potential, as the value of KvT is increased, the value of 

capillary potential decreases for depths greater than approximately 60mm. Similarly, in the 

profile of volumetric moisture content, an increase in the value of KyrT results in a similar 

increase in volumetric moisture content within the top half of the sarnple and a corresponding 

decrease in K V ~  within the bottom half Again, mass balance is achieved for rnoisture flow. 

Following the same pattern, increasing the value of KvT results in a decrease in the 

temperature with the most significant change O C C U ~ ~ ~  at approximately mid-depth. Since it 

is ody based on the conductivity of moisture (in the form of vapour), as the conductivity of 

vapour transfer is decreased by twenty percent, there is a nse in the moisture content near the 

heated end of the column. This occun because the vapour produced near the hot zone is 

hampered from convecting to the colder region. As a result, the suction in the heated zone 

(node 10) is reduced, or in other words the capillary potential increases. Temperature has 

very insignificant effect on the performance. 
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4.6 SENSITIVITY TO OTHER PARAMETERS: 

The other pararneters were also tested for their performance with variations in their 

value by twenty percent. However, their values did not change significantly from the base 

case. Hence, it can be assumed tnat the hydraulic and vapour conductivities are the moa 

sensitive of al1 material pararneters and must be known with greater accuracy. Although the 

same tests were performed on ail eight material parameters, their results are not show here. 

Their vaiues deviated insignificantly from the base case and hence were considered redundant 

for illustration purposes. 

This chapter focussed on defining a base case for spatial and temporal variations in the 

values of capillary potential, moisture content, and temperature. Their values are realized 

physically and sensitivity analysis is performed on dl material parameters in order to enable 

one to isolate and nudy in-depth only those pararneters that require greater accuracy. This 

has potential extensive savings in testing tirne, effon, and funding. 
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CHAPTER 5: DISCUSSION AND 

CONCLUSIONS 

This paper has entailed the development of a thorough understanding of the works by 

a few milestone researchers in the field of heat and moisture transport in unsaturated media. 

The coupled governing equations thus developed are uncoupled and solved by ernploying the 

Integrated Finite Difference method (Narasimhan 1975, and Li 1997). An independent 

verifkation of the equations for ïFD method are also provided and have h v e d  at the same 

results as those established by Li, (1997). Finally, various cases are studied by utilizing a 

potential-based computer program TRUCHAMP, developed by Li, (1 997) for the solution of 

coupled heat and moisture fiow equations. In particular, sensitivity analyses are conducted to 

determine the response of the overall system from small changes in the material parameters. 

As a result, the most critical parameters are determined which would require special attention 

as their values have greater effect on the overall performance of the program. In the end, it 

ailows one to focus efforts and resources on obtaining more accurate results for some of the 

critical parameters in particular rather than expending resources in pin-point accuracy for ail 

parameters dike. 

Chapter 2 sets the stage for the need for development of a potential based algonthrn 

for solving the heat and moisture flow equations. A brief review of previous works by 
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researchers nich as Philip and deVries, Milly, and Thomas and King shed some light on the 

direction of progress thus far. The potential based approach introduced by Milly, and further 

developed by Thomas and King was reiterated. The main benefits of  employing a potential 

based solution as opposed to  the moisture based approach (introduced by Philip and deVnes) 

were identified. These include cornpatibility with approaches involving stressktrain behaviour 

of unsaturated media, flexibility to  perforrn analyses on both saturated and unsaturated soi1 

conditions, and ability to analyze non-homogeneous soi1 conditions where continuity of 

potential is required across soil boundanes. at equilibrium. 

Although numerous methods are available for the solution of coupled, highly non- 

linear, heat and moisture equations, the method utilized in this paper was based on integrated 

finite difference. The cornputer prograrn, TRUCHAMP, was developed to handle potential- 

based mode1 for simulating heat and moisture flow in the repository soil surrounding nuclear 

waste. The integrated finite difference method is utilized because of its advantages over other 

methods available for solving the non-linear equations. 

In chapter 4, TRUCHAMP is validated by conducting a sensitivity analysis on ail the 

material parameters and it s performance checked by physical redization. The most critical 

parameters were Kw and Kwr (those dealing with the unsaturated hydraulic conductivities and 

vapour flow velocity) which caused the most pronounced change in profiles of temperature, 

volumetnc moisture content, and capillary potential results. Hence, the vdidity of 

TRUCHAMP together with its numerical solution procedure, were explored by cornparison 

with the base case by Thomas and King. Excellent correlation was achieved, lending 
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confidence in the ability of the program to simulate the important physical processes under 

review, 

Further work should incorporate the deformation and swelling characteristics of clay, 

extension of TRUCHAMP to handle the stress-strain behaviour of the matenals, as well as 

conducting experimental work on non-homogeneous soil to veri@ continuity of potential at 

soil interfaces. For the application of TRUCHAMP to realistic problem in the field of nuclear 

fuel waste repository, work needs to be done on prescnbing realistic initiai and boundary 

conditions that Vary with time rather than the Dirichlet type considered in this paper. In 

addition, laboratory scaie experiments should be performed to independently check the 

numencal solutions proposed here. 

In conclusion, it can be stated that much work has been done in the field of heat and 

moisture flow in unsaturated soii; however, more work is needed before the idea of a nuclear 

waste repository cm be reaiized fûlly. Once experimental work begins, the resulting efFects 

can be monitored and used in verifying the computer models available to simulate the moisture 

and heat flows. Since public safety is of paramount importance in any engineering feat. much 

research is required before finally launching the idea of underground bunal of nuclear waste. 

However, with every new approach in the field, we come yet one step closer to meeting the 

proposed challenge. 
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APPENDIX A: PHYSICAL PROPERTIES OF 
LEIGHTON BUZZARD MEDIUM SAND 

Absolute reference temperature, Tr (K) 293 
CapiUary potential at absolute reference Wr=(-2. 4 1 -0.0020-'-'~)1~ 
temperature, w, (m) 
Thermal conductivity of rnoist sand, kT h@.337+2.079 (1-exp(-21.718,) 

*-1 K" 
Unsaturated hydraulic conductivity at 1.91*10-'~ exp (76.5659Jn) 0,s  0.05174 
absolute reference temperature, Kr ( d s )  1.5 * 1 O-'' exp (28.06 1 8,ln- 12.23 5(&/n)' ) 

for 0.05174 < 8, < n 

i 

Soil Liquid Water 
density, pl (kg/m3) 
specific heat capacity, C,, (J/kg/K) 
thermal conductivity, hi (W m-' R') 
latent heat of vapourization, L (J/kg) 
dynamic viscosity, p (N dm2) 
surface energy, a ( ~ l r n ~ )  

Soil Solids 
density, p. (kejm3) 
specific heat capacity, C, (J/kg/K) 
porosity, n 

998 
4,180 
0.6 
2.4* 1 o6 
66 1.2* 10"(~-229)-'+'~* 
0.1 171-0.0001516T 

Soil Water Vapour 
density of saturated water vapour, p. 
(kp/m3) 
specific heat capacity, C, (J/kg/K) 

1 Soi1 Air 1 1 

2,700 
800 
0.4 15 

1/(194.4exp(-0.06374(T-273)+0.1634* 1 0'3 
*(T-273 )* 
1,870 i 

specific Ras constant (J/kpjK) 
molecular difision of water vapour in air, 

461 -5 
5.893 * 1 O ~ ( T ~ ~ / U . )  
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APPENDIX B: MATERIAL PARAMETERS 
OF GOVERNING EOUATIONS 

The Moisture and Heat Flow Equation, dong with their corresponding materiai 
parameters are Iisted below: 

av ar a c,-cc,-=-(K, at at ô% Z )  NI a + 5 rn Moisture Equation 

coefficient of rate of change of capiliary potential 

coefficient of rate of change of temperature 

- D, Kw-%w=K+ pOgh : coefficient of difisive flux; isotherrnai conductivity 
Pi RT 

D ,,W(VT)I a 

K w =  ~,(VT) 
(h p - s) :coefficient of convective flux; non-isot hermal 

conductivity 

C,, = L.Cv, = L. .$l : 
T 

H H av c,, =-+L.Cv2 =-+L.- 
Pl Pl dT 

Heat Equation 

coefficient of rate of change of capillary potential 

coefficient of rate of change of temperature 

coefficient of difisive flux 

thermal conductivity 
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