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Abstract 

This thesis reports results obtained in an effort to understand why the essentially 

inviscid atmospheric flow a t  the largest scales stays very nearly balanced, or in other 

words, is dominated by the vortical component of the dynamics. Many of these results 

have been made possible by the Hamiltonian structure present in most descriptions of 

inviscid fluid and by the associated conservation laws. 

In the £kst part of this work, it is shown in simple dynamical systems with separation 

of timescale how balanced behaviour can be explained by the slow drift of the fast action 

variable. This drift is likely the generic property of any model with more than two degrees of 

keedom, and the exponential scaling of the drift rate predicted by Nekhoroshev's theorern 

is c o h m e d  numerically even for modest values of the timescale separation parameter. 

We also obtained numerical evidence for similar scaling (i) in the drift of the system from 

elliptic equilibria (of the f a t  variables) in cases where no fast action can be constructed due 

to resonances in the fast frequencies, and (ii) in the magnitudes of the smaller Lyapunov 

exponents which are subsequently identified with the weak chaos arising from the fast-slow 

coupling (the largest Lyapunov exponent, which is 0(1), is associated with the chaos in 

the slow dynamics) . 
The second part of this work seeks to find how this behaviour generalises to fluid 

models with a large (typically idhi te)  number of degrees of freedom; this is done in the 

context of a weak-wave model and its Hamiltonian truncation. The exponential scaling 

was found to deteriorate quickly with increasing system size for arbitrary initial condi- 

tions. The infinite number of Casimir invariants in this system are generally ineffective 

to prevent thermalisation, and thus the breakdown of balance, with a notable exception 

being nonlinearly stable flows and those nearby. The identification of stable flow promes 

is therefore important in the process of finding long-time balance; to this end, we report 

two theorems on nonlinear stability of non-divergent fiows and discuss their consequences 

for the weak-wave model- 





Acknowledgement s 

The following people have contributed in many ways during the course of this work: 

Prof'. T. G. Shepherd; Prof. T. Warn; O. Bokhove, K. Ngan, K. Semeniuk, J. Vanneste; 

Profs. H.-R. Cho, G- W. K. Moore, P. J. Morrison. Thank you. 

1 wouid also iike to  acknowledge the hospitality of the Department of Physics, Uni- 

versity of Toronto and of the Isaac Newton Institute, where most of this work is done, as 

well as the discussions 1 have had with many visitors at both institutions. 

Financial support for this work has been generously provided through Ontario Gradu- 

ate Scholarship, University of Toronto Open Fellowship, Atmospheric Environment Service 

Fellowship, as well as research grants from the Natural Sciences and Engineering Research 

Council and from the Atmospheric Environment Service. 

iii 





Contents 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Abstract i 
... . . . . . . . . . . . . . . . . . . . . . . . . . .  Acknowledgements 111 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Contents v 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  List of Figures viii 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 Introduction 1 

. . . . . . . . . .  1.0.1 The Problem of Balance: Lower-Order Models 2 

. . . . . . . . . . . . . . . . . . . .  1.0.2 Harniltonian Structure 5 

. . . . . . . . . . . . . . . . . . . .  1.0.3 Balance in Fluid Models 6 

1.0.4 The Roles of Dissipation and of Open Boundaries . . . . . . . . .  7 

. . . . . . . . . . . . . . . . . . . . . .  1.1 Organisation of the Thesis 8 

2 Lower-Order Models. Adiabatic Invariants and Balance Dynamics . . 9 

2.1 The Initialkation Problem and the Shallow-Water Equations . . . . . .  10 

. . . . . . . . . . . . . .  2.2 Invariant Manifolds and Balance Dynamics 14 

. . . . . . . . .  2.3 The Lorenz Model: Recapitulations of Previous Results 16 

. . . . . . . . . . . . . . . . . .  2.3.1 Early Works: Analysis Situ 16 

2.3.2 Recent Works: Analysis in Phase Space . . . . . . . . . . . . .  17 

. . . . . . . . . . . . . . . . . . . . . .  2.3.3 A Final Resolution? 21 

. . .  2.4 Chaotic Slow Mode: Loss of Exact Balance and Nekhoroshev's Result 23 

. . . . . . . . . . . . . . . . . . .  2.4.1 The Method of Averaging 24 

. . . . . . . . . . . . .  2.4.2 Drift of Action: Nekhoroshev's Theorem 26 

. . . . . . . . . . . . . . . . . . . .  2 .4.3 Numerical Experiments 27 

. . . . . . . . . . . .  2.5 Multiple Fast Modes: The Effect of Resonances 37 

. . . . . . . . . . . . . . . . . . . . . . . .  2.6 Lyapunov Exponents 42 

. . . . . . .  2.7 Balance in Lower-Order Models: Conclusions and Prospects 46 

3 A Weak-Wave Model. Nonlinear Stability 

. . . . . . . . . . . . . . . .  and Gravity-Wave Generation 49 

. . . . . . . . . . . . . . . . . . . . . . .  3.1 The Weak-Wave Mode1 51 



. . . . . . . . . . . . . . . . . .  3.2 A Discrete Hamihonian Truncation 53 

. . . . . . . . . . . . . . . . . . . . . . . . . .  3.3 Slaving Relations 56 

. . . . . . . . . . . . . .  3.4 Statistical Equilibria and Nonlinear Stability 60 

. . . . . . . . . . . . . . . . . . . . .  3.4.1 StatisticalMechanics 60 

3.4.2 Non-role of Higher-Order Invariants, and Nonlinear Stability Theories 63 

. . . . . . . . . . . . . . . . . . . . .  3.4.3 Concluding Remarks 67 

. . . . . . . . . . . . . . . . . . . . . . .  3.5 Numerical Experiments 68 

. . . . . . . . . . . . . . . .  3.5.1 Lowest-order Truncations: N = 3 69 

. . . . . . . . .  3.5.2 The Behaviour of Truncation Levels and Scherues 72 

. . . . . . .  3.5.3 Statistical Equilibration and Gravity-Wave Saturation 74 

. . . . . . . . . . . . . . .  3.5.4 Nearly Balanced and Stable Flows 79 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.6 Discussion 82 

. . . . . . . . . . . . . . . . . . .  3.6.1 Retrospect and Prospect 82 

. . . . . . . . . . . . .  3.6.2 Other Studies on Higher-Order Balance 84 

. . . . . . . . . . . .  4 Nonlinear Stability of Two-dimensional Flows 87 

Part A . On the Existence of Arno17d-Stable Flows 

. . . . . . . . . . .  in Compact Manifolds and Bounded Domains 88 

. . . . . . . . . . . . .  4A.1 Notation: The Euler Equations on 2-Manifolds 89 

. . . . . . . . . . . . . . .  4A.2 Integral Invariants of the Euler Equations 92 

. . . . . . . . . . . . . . . . . . . . .  4A.2.1 Dynamical Invariant 92 

. . . . . . . . . . . . . . . . . . . . .  4A.2.2 Topological Invariants 95 

. . . . . . . . . . . . . . . . . . . .  4A.2.3 Geometrical Invaxiants 95 

. . . . . . . . . . . . . . . . . . .  4.4.3 Implications for Arnol'd Stability 98 

. . . . . . . . . . . . . . . . . .  4A.3.1 The Energy-Casimir Method 98 

. . . . . . . . . . .  4A.3.2 The Energy-Casimir-Momentum Method 100 

. . . . . . . . . . . . .  4A.3.3 Bounded Regions and the Two-Torus 101 

. . . . . . . . .  4A.3.4 Stability Theorems for the Weak-Wave Mode1 103 

Part B . Nonlinear Stability of the Gravest Modes on the Torus and the Sphere 104 

. . . . . . . . . . . . . . . . . . . . . .  4B.1 Preliminary: Notation 106 

. . . . . . . . . . . . . . .  4B.2 The Square Torus: Nonlinear Stability 108 

. . . . . . . . . . . . . . . . .  4B.3 The Long Torus: Saturation Bound 112 



. . . . . . . . . . . . . . . .  4B.4 Stability of Wave Two on the Sphere 114 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  4B.5 Discussion 119 

. . . . . . . . . -  . . . . . . . . .  5 Conclusions and Prospects .. 121 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  5.1 Summary 121 

. . . . . . . . . .  5.2 Outstanding Problems: Directions for Future Work 123 

. . . . . . . . . . . . . . . . . .  A Canonical Averaging and Slaving 125 

. . . . . . . . . . . . . . . .  A.1 Canonical Averaging: The Basic Idea 126 

. . .  A.2 Removai of the Angles: Application to the Extended Lorenz Mode1 128 

. . . . . . . . . . . . . . . . . . . . .  A.3 Connection with SIaving 130 

. . . . . . . . . . . . . . . . .  A.4 Prospects and Outstanding Issues 132 

B Overview of Explicit Symplectic and Lie-Poisson Integrators . . . .  133 

. . . . . . . . . . . . . . . . . . . . . .  B.l Symplectic Integrators 134 

. . . . . . . . . . . . . .  B.2 Splitting Lie-Poisson Integrator for WWM 136 

. . . . . . .  B.3 On the Symplectic Computationof Lyapunov Exponents 137 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  References 139 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Epilogue 149 

vii 



List of Figures 

. . . . . . . . . . . . .  Surface pressure variations: modei and observation 11 

. . . . . . . . . . . . . . . . . . .  Poincaré sections of Lorenz 86 mode1 20 

. . . . . . . . . . . . . . . . .  Poincaré sections of the chaotic pendulurn 24 

. . . . . . . . . . . . . . . . . .  Fast action for the Lorenz 1986 mode1 29 

. . . . . . . . . . . .  Afcn) as a function of E and order of approximation 31 

. . . . . . . . . . . . . . . . .  Fast action for the modified Lorenz mode1 33 

. . . . . . . . . . . . . . . . . . . . . . .  Ensemble average of a Ï ( t )  35 

. . . . . . . . . . . . . . . .  Drift rate of (A?@)*) as a function of f(0) 36 

Tirneseries of Ï i  in the two-frequency case . . . . . . . . . . . . . . . . .  38 

. . . . . . . . . . . . . . .  Lyapunov exponents in the two-frequency case 44 

. . . . . . . . . . . . . . . .  3.1 Power spectra at x = (0. 0) in pu(29) mode1 59 

. . . . . . . . .  3.2 Partitioning of energy into the vortical and divergent modes 62  

3.3 Timeser ie~ofq(~.  a n d ~ f A ( ~ . ~ )  . . . . . . . . . . . . . . . . . . . . .  70 

. . . . . . . . . . . . . . . . . . .  3.4 Imb in su(N) and pu(N) truncations 73 

3.5 Wavenumber spectra for the su(31) model . . . . . . . . . . . . . . . .  75 

. . . . . . . . . . . . . . . . . . . .  3.6 Power spectra of q(8. $) and 77 

. . . . . . . . . . . . . . . . . . .  3.7 Growth rate of Imb(t) vs . E in pu(29) 78 

. . . . . . . . .  3.8 Imbalance and vortical energy spectrum for a vortex patch 80 

viii 



Chapter One 

Introduction 

To a very good approximation, the general circulation of the earthTs atmosphere and 

oceans is governed by the Navier-Stokes equations on a thin spherical shell. This set of 

partial differential equations is however too cornplex and the range of its solution too 

broad to be a useful conceptual and cornputational tool for rneteorologists and oceanog- 

raphers, so various approximate systems valid for different regimes in geophysical fluid 

dynamics have been developed. 

Among t hese models are, in approximate order of restrictiveness, the anelastic and 

Boussinesq approximations, followed by the primitive equations (PE) of meteorology, and 

various balance models such as the semi- and quasi-geostrophic (QG) approximations. 

In going h m  the Navier-Stokes equations to the fust two, certain assumptions involving 

the density and compressibility are imposed, effectively filtering out acoustic waves while 

allowing convective processes. In the PE, a further restriction is added by slaving the 

vertical velocity to the remaining variables through the so-called w-equations, imposing 

hydrostatic balance and thus ruling out convection. In the hst two models, interna1 

gravity waves are in turn fltered out by, roughly speaking, slaving the divergent part of 

the motion to the vortical part by imposing geostrophic balance. 

Each time a new mode1 in the above paragraph is obtained-by a process that we 

shall call reduction-certain restrictions need to be imposed, almost invariably vers- 

able only a posteriori and often ad hoc. The degrees of freedom suppressed in this way 

are by no means absent: it is known that acoustic waves can be generated spontaneously 

fi-om initially 'quiet ' flows [Lighthill, 19521; similarly, convective and vortical-gravitational 

instabilities may spontaneously arise from flows that are initially stably stratified or com- 

pletely 'vortical'. Suppressing the acoustic waves from our fluid mode1 is usually justified 
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by the ernpirical fact that they carry very Little energy-at least in geophysical fluid dy- 

namics. Convective instabilities, on the other hand. are known to be non-negliligibie and 

must be parameterised. with various degrees of success. in many numerical models. 

Interna1 gravity waves lie somewhere between these two extrernes in that. although 

their energy is considerably greater than that of acoustic waves, their influence on the 

large-scale dynamics is believed to be relatively s m d  in most cases (except when they 

break and dissipate their energy in the upper atmosphere). At the same time. these grav- 

ity waves tend to grow to unreaiistic amplitudes in numerical models, which necessitates 

the use of unrealistically large damping to keep the integration stable. This provides the 

main physical motivation for this thesis: how. and under what conditions. can one filter 

out gravity waves £rom fluid models while retaining their accuracy? 

1.0.1 The Problem of Balance: Lower-Order Models 

Up to this point, we have been speaking of acoustic waves, interna1 gravity waves and 

vortical motion as if t hey were distinct, well-identifiable entities. In reality. however, 

each of these modes is at best a leading-order, often linearised approximation to differ- 

ent regimes of the full nonlinear solution of the equations of motion. Their important 

conceptual utility cornes from the as-yet largely empirical fact that in most situations 

of interest one of these types of motion dominates, or else when they do CO-exist, their 

mutual interactions tend to be weak [Daley, 1991, chap. 11. This regime is the "corner of 

the phase space" that will be explored in this thesis, leaving for others the much more 

difficult regimes of, Say, three-dimensional turbulence where no part of the dynamics is 

either approximately linear or separable even a t  leading order. 

While this gross distinction between the different types of motion is sufficient for 

many cases of interest, a 'cleaner' mathematical separation is needed if we are to effect 

an accurate reduction, where certain degrees of freedorn are eliminated not by imposition 

but because they play no role in the full dynamics- In fact, the 'spontaneous generation' 

of previously absent types of motion we alluded to earlier can be seen as a manifestation 
, . 

of a slight but non-empty overlap in our definitions of 'acoustic waves', -interna1 gravity 

waves' and 'vortical motion'. The problem of obtaining an accurate reduction is then seen 

to be equivalent to that of separation of motion, with the main question being whether 
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we can define different types of motion ('modes') with no (or if impossible. minimum) 

overlap. 

At leading order? dBerent dynamics tend to stand out as certain parameters take 

extreme values. In these limits, the different types of motion decouple. and certain dis- 

sipative processes may cause one type of motion to be preferred over the others. A n  

example of this is the fact that under normal conditions acoustic waves carry very little 

energy in atmospheric dynamics, hence their relative unimportance, which can be at- 

tributed to the smallness of the Mach number Ma := U/c,, the ratio of the Buid% speed 

to the speed of sound and to the weakness of energy sources at the acoustical fkequencies. 

Similarlyy the dominance of vortical motion over gravity waves is made possible 

partly by the timescale separation between the two types of motion, which suppresses 

the interactions between the two. For rotating shallow-water motion of lengthscale L 

with depth H.  this timescale separation, denoted E ,  is roughly proportional to the Rossby 

number Ro := U / f L o  which measaes the importance of the Bow's vorticity relative to  

background rotation rate f 12:  and to the rotational Froude number B := f L / m ,  

which measures the relative importance of rotation to the gravit ational restoring force. 

More precisely. and in analogy with the Mach number above, we have E := U/ciW 

where ciw = d m '  is the phase speed of inertia-gravity waves of lengthscale L. 

We then have E = Ro - l? /JIfB2 = ~ r / d m  where Fr := U / m  is the usual 

Froude number. In atmospheric circulation at the synoptic scale and larger, the Rossby 

number is usuaLly small, while the rotational Froude number may be of order unity; a t  

the mesoscale, the opposite is true. We shall often consider the limits of either or both 

of these parameters going to zero, where the separation of motion (at leading order) is 

clearest. This restriction can then be relaxed once a certain phenornenon is understood 

in these limits. 

A convenient st arting point for our investigation is in the field of dynamical systems- 

the study of simple ordinary ditferential equations which share some of the properties of 

the f d l  partial differential equations describing the fluid's motion. This line of approach 

has proved to be a rewarding collaboration between the theory of dynamical systems and 

geophysical fluid dynamics: Much of what we know today about dissipative dynamical 

systems has corne from the flurry of research triggered by the celebrated work of Lorenz 
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[1963] on a simple model of fluid convection. In return. and as we shall see shortly. much 

can be and has been drawn from relatively recent results in dynamical systems to enhance 

our understanding of various geophysical interactions. 

Returning to the problem of balance-whose definition will be given very shortly- 

in inviscid fluid dynamics, much of the recent work has centred around another model 

introduced by Lorenz [1986] which describes a gravity wave interacting with a vorticity 

triad. After sorne earlier confusion over definitions, it was pointed out [Bokhove and 

Shepherd, 19961 that for certain values of the parameters the two degrees of freedom in 

the system are effectively decoupled into a vortical-like part and a divergent-like part 

(by these we mean parts which at leading order resemble vortical motion and gravity 

waves as they are usually understood). When this decoupLing is exact, we Say that 

the system supports (exact) balance dynamicsi. The usual geostrophic balance, and 

the potential-vorticity inversion relation in quasi-geostrophic, semi-geostrophic and other 

balance rnodels are then seen as ap~roximations to this exact relation, if the latter exists. 

As feiind by Bokhove and Shepherd [1996] kom numerical evidence and using a gen- 

eral argument involving the Kolmogorov-Axnol'd-Moser theory, and proved rigorously by 

Camassa [1995], even in this simple model it may be impossible to completely separate 

the two degrees of freedoms-they are inherently coupled. In certain limits which cor- 

respond to the vanishing of the Rossby and/or the rotational Froude number, however, 

this residual coupling becomes exponentially small and for most practical purposes the 

modes can then be regarded as essentially decoupled. 

These results are possible largely due to the simplicity of the model-more precisely, 

to the fact that it only has two degrees of fkeedom. In the first part of this thesis, 

we investigate the consequences of relaxing this constraint by adding extra degrees of 

freedom. We shall do this mainly through numerical simulations and comparison with 

knowu mathematical results £rom dynamical systems. 

As we s h d  see in chapter 2, the separation of motion picture does cany over in some 

sense to more complex rnodels, but only for a finite length of tirne. Fortunately, for models 

with few degrees of Ereedom, this timescale grows exponentially long as the timescale 

Our scope here is Rossby-number-based geos trophic-like dynamic balance; what is under- 
stood by balance in meteorology also includes, e-g., (axially) symmetric balance and balance in 
hurricanes, which are due to other mechanisms. 
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separation parameter, which is roughly proportional to the Rossby and rotational Froude 

numbers, tends to zero. The result is, again. that one has essentially balanced behaviour 

for most initial conditions for sficiently small values of certain parameters. 

1-0-2 Hamiltonian Structure 

We owe most of our understanding of the dynamics of the Lorenz [1986] model, and thus 

its balance properties, to the fact that it is a special type of dynamical system, namely. it is 

a Hamiltonian system. There is a well-developed body of theory on Hamiltonian systems, 

and much of it pertains to integrability (i-e., 'solvability' of differential equations), which 

is directly related to separation of diEerent types of motion and. in turn, to balance 

dynamics as defined above. 

Hamiltonian systems will play a central role in this thesis, not only because of their 

nice properties, but also because of the curious fact that all energy-conserving physical 

systems we know of are Hamiltoniali even though there is no a priori reason for them to be 

sot. This is also true for fluid systems: the compressible and incompressible fluid in two 

and three dimensions all have Hamiltonian descriptions in their natural (Le., Eulerian) 

variables, as do many approximate models used in geophysical fluid dynamics [Salmon, 

1988; Shepherd, 1990; Morrison, 19981- 

The flow of a Hamiltonian system conserves certain volume elements in phase space, 

a property known as Liouville's theorem. This property plays a n  important role when 

one seeks to obtain a statistical closure of a given system, since it allows one to replace 

an average over different realisations with a simpler average over phase space, subject to 

some constraints [cf. section 3-41. 

One feature of Hanziltonian systems that is arguably the most important is not un- 

related to the conservation of phase volume above, and it concernç the role of symmetries 

and conservation laws. There is an intirnate connection between conservation laws and 

symmetries, as discovered by E. Noether over a century ago. Although this connection has 

been much utilised in physics and mechanics, the full implications of these far-reaching 

results, especially her less well-known second theorem [see Olver, 19931, have yet to be 
- - 

It can even be argued that the non-Hamihonian nature of dissipative systems arises fiom 
imperfect statistical closures of Hamiltonian parent systems. 
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realised in the context of continuous media. For Hamiltonian systerns, syrnmetries take 

on an added sigmficance. as each of them (with some caveats) allows the reduction of the 

systern by two degrees of h-eedom. In addition, when the symrnetry is ody approximate. 

as often is the case in many applications, it gives rise to adiabatic invariants whose accu- 

racy sometimes goes beyond al1 orders (again: with more caveats). This fact will prove to 

be important in chapter 2 when we examine the balance behaviour in lower-order models. 

In infinite-dimensional (continuum) fluid models? one. but by no rneans the only. 

manifestation of the Hamiltonian property is the important role played by the vorticity. 

For three-dimensional incompressible perfect fluid, one has Kelvin's theorem, which tells 

us that vortex tubes are advected by the flow, a fact which expiains their importance 

in three-dimensional turbulence. The topological constraints of two-dimensional space 

furt her strengt hen this conservation property? where now the (scalar) vorticity itself is 

advected by the flow. A direct result of this is an infinite set of integral invariants 

involving functions of the vorticity. These invairiants turn out to be crucial in deterrnining 

the nonlinear stability properties of certain flows [cf. chapter 41. and we shall argue that 

they may also be important in the balance behaviour of flows for which nonlinear stability 

cannot be established [sections 3.4-3.61. 

1.0.3 Balance in Fluid Models 

In light of the encouraging results of chapter 2- we seek to find ways in which they may 

be generalised to more realistic %uid models. This task, however, is considerably more 

difûcult than the first since we are now dealing with partial differential equations with 

al1 their potentially pathological behaviour. In the second part of this thesis: we report 

various results obtained in our attempt to construct a mathematical theory of balance in 

fluids. 

A natural starting point is to investigate how the behaviour of the lower-order models 

generalises to discrete models with more degrees of beedom. This we shall do using the 

slaving approach on a discrete Hamiltonian truncation of the weak-wave model of Nore 

and Shepherd [I997] [sections 3.1-3.31. First, a discrete Hamiltonian truncation of the 

weak-wave model is described dong with how the slaving approach may be used to 

define a subspace of balanced flows [sections 3.1-3.31. We then present the conclusions 
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obtained using this model; this includes a theoretical argument on the possible role of 

higher-order invariants in turbulence [subsection 3-4-21 and some numerical results on 

flows where weak gravity-wave emission for small E is observed in the continuous fluid 

model. 

These 'special' flows are those with small mean wavenumber (in a bounded domain) 

and those consisting of coherent (vortical) structures, which means that only a small 

number of degrees of keedom are 'active'. In seeking to generahse the results of the lower- 

order models, a good place to start is therefore to find basic Bows that are nonlinearly 

stable (for all time) in the Euler equations. FoIlowing this program, we obtained two 

analytical results [chapter 41: the first on the limitation of the workhorse of nonlinear 

stability, the Arno17d stability method: the second using a new method which is applicable 

when Arnol'd's method fails. None of these results provides a direct answer to our original 

problem concerning balance, but we believe that they need to be addressed in order to 

resolve the full problem. 

1.0.4 The Roles of Dissipation and of Open Boundaries 

In this thesis, wc shall deliberately ignore an important aspect of the dynamics that is 

ultimately responsible for the maintenance of balance in the real atmosphere: in\-iscid 

mechanisms described in chapters 2 and 3 may be very effective in keeping the systern 

near a balanced state for a long time, but it is non-conservative processes that presumably 

bring the system close to the balanced state to begin wit h and keep it there over timescales 

longer than may be attributed to conservative processes. The reason for this omission is 

twofold. 

First, we do not know how to parameterise non-conservative processes, which can 

happen through local dissipation or grâvity-wave radiation. Local energy dissipation 

occurs at the Kolmogorov scale, which is far smaller than the resolution of any present- 

day atmospheric numerical model. Various theories of turbulence have been proposed to 

model this energy cascade since Kolmogorov [1941a, b], but this formidable problem is 

by no means solved and we simply have no satisfactory means to include the effects of 

small-scale dissipation in our under-resolved discrete models. With these considerations 

in mind, one should regard the results of a direct application of the centre manifold-type 
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theory [Carr: 1981] to lower-order models [eg . .  Kreiss and Lorenz. 19941 with caution 

since this effectively means dissipation a t  the largest scale; ideas such as inertial manifold 

[cf. e-g., Ternarn, 19971, however, may be more promising. 

Another mechaoism that may be important in the maintenance of balance in the 

atmosphere is radiation of gravity waves to --space" (in practice, they break in the meso- 

sphere with little direct effect on what happens far below). As with local dissipation, the 

parameterisation of this non-local process is another important unsolved problem, which 

we shall leave for future work. 

The second reason is that the fact that a conservative system can stay balanced 

over long times means that only weak dissipation is needed in a "realistic7' rnodel of the 

atmosphere, in line with the obsewed values. Xlthough very little is currently known 

about the behaviour of Hamiltonian (conservative) systems under dissipative perturba- 

tions, heuristically we can expect that much of what we find in chapters 2 and 3 will 

survive when dissipation is added, due to the fact that the elliptic equilibria correspond- 

ing to low gravity-wave activity (the "cores:') are energy minima. It is for this reason 

that the conservative dynamics is worthy of study in its own right. 

1.1 Organisation of the Thesis 

The rest of this thesis is arranged as follows. In chapter 2 we introduce the problem of 

balance in the context of the Lorenz model, review the previous works, and study the 

behaviour of more complex lower-order models. A discrete Hamiltonian truncation of the 

weak-wave mode1 of Nore and Shepherd [1997] is introduced in chapter 3 and its balance 

behaviour investigated numerically. In the same chapter, we also consider the prediction 

of equilibrium statistical mechanics for the model and discuss its relation to nonlinear 

stability theory. In chapter 4 we report results on nonlinear stability of two-dimensional 

perfect fluid (Euler) fiow. This chapter consists of two essentially independent parts, 

which in this thesis will often be referred to as chapter 4A and chapter 4B for short. A 

concluding chapter with suggestions as to where one rnay proceed fiom this work ends 

the main body of the thesis. 

Appendix A contains the more technical aspects of chapters 2 and 3, and should be 

regarded as an essential part of the latter. Details of the numerical schemes used in this 

thesis are given in appendix B. 



Chapter Two 

Lower-Order Models, 

Adiabatic Invariants and 

Balance Dynamics 

In 1986, E. Lorenz introduced yet another set of simple-looking ordinary differential equa- 

tions, this one having five variables instead of the three in his celebrated 1963 model. The 

mode1 was a simplified version of one in an earlier work [Lorenz: 19801, which describes 

the interaction of a vorticity triad m d  an inertia-gravity wave. Unlïke the case of the 1963 

model, which sparked considerable interest and subsequent development of the theory of 

forced-dissipative dynamical systerns, enough had been learned about simple Hamilto- 

nian systems at the time the latter model was introduced that it is possible to Say that 

we understand this mode1 more or less completely. This model was the mathematical 

starting point for the work in this chapter and will be the topic of o w  discussion in 

section 2.3. 

The limitation of Lorenz's mode1 in our attempt to understand balance dynamics 

is next discussed in section 2.4, where we shall see how the addition of periodic time- 

dependence in a parameter destroys the invariant manifolds of the simple model. A11 is 

not lost, however, since if one only Looks at the system for a finite length of time, one 

still gets the same result in the limit of small Rossby number. 

In the following section, we consider the effect of having more than one linear mode 

on the balance behaviour. Here the situation is made considerably more cornplicated by 

the appearance of resonant properties of the linear fiequency ratio. How this effect cornes 

in for more complex models is still unclear to us at this point, and it is perhaps best to 

regard the results of this section as a 'preview' of what may happen in models with more 

degrees of freedom. 
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In section 2.6, we compute the Lyapunov exponents for our models and use them to 

predict the integrability property of the systems. The result of this sornewhat heuristic 

approach. which for Harniltonian systems does not seem to have been used in this fash- 

ion before. is consistent with that  obtained using the averaging approach in the earlier 

sections. A concluding section finishes the chapter. 

The motivation of Lorenzk study came hom the question of the existence of a 'slow 

manifold' proposed by Leith [1980]. This latter was in turn motivated by the practical and 

long-standing problem of eliminating bothersome gravity-wave oscillations from numerical 

models. To these issues we wiU Erst turn. 

2.1 The Initialisation Problem and the Shallow-Wat er Equations 

Virtually al1 models used in numerical weather forecasting today are based on the meteo- 

rological primitive equations (PE). However, as Richardson il9221 first f o n d ,  this set of 

equations supports high-Erequency gravity waves which tend to amplify and render the 

time integration of the model useless after some time. This can be seen in fiowe 2.1: 

straightforward model integration gives rise to high-kequency pressure oscillations (solid 

line in top panel), while initialisation [see below] produces smoother output (dashed line 

in top panel) in closer agreement with observation (dots in middle panels). 

There are at least two reasons for this unphysical behaviour [see Daley, 1991, chaps. 1 

and 6 for more details]. First, the sparseness in space and time of the meteorological 

observing network and the limited accuracy of the instruments inevitably lead to errors 

when the observation is interpolated over the globe. Second and more importantly, for 

reasons that still elude us, the real atmosphere seems to prefer states where gravity-wave 

activity is low [Charney, 1947, as quoted in Daley's book], as seen in fig. 2.1 (middle 

panels). 

There have been several approaches proposed to remedy this situation in the hope of 

obtaining better models and better forecasts. In the eariy days, people tried to use models 

that  filter the gravity-wave motion, such as the quasi-geostrophic equations. Due to the 

unsatisfactory forecasts produced using this met hod, it was soon abandoned. Another 

approach is to damp gravity-wave oscillations in numerical PE models and/or parame- 

terise them in some ad hoc way, using such concepts as eddy viscosity. Despite being 
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almost universaily used-mainly out of practical necessity: damping improves numerical 

stability-t he method lacks intuitive appeal and rigorous physical foudation since the 

viscosity used is typically many orders of magnitude greater than molecular viscosity and 

the turbulence closure schemes used to justIfy introducing eddy viscosity are still prob- 

lematic a t  best. The last approach, which is also used dmost universally in conjunction 

with the previous one, is to periodically 'initiaLise' the model to a nearby state with little 

gravity-wave activity, and to 'assimilate' observations to fit the model. We shall now 

discuss t his approach in greater det ail. 

We start with the PE on the sphere. which in locally Cartesian pressure coordinates 

takes the form [Daley, 1991, chap. 91 

where î is the local normal' (V, a / a p )  is the gradient operator. (v, w )  the velocity, Q the 

geopotential; f (x) is the local Coriolis parameter, l? the static stability; a tilde denotes 

the horizontal average and prime deviation fiom this average. 

With zero mechanical and thermal forcing, F = Q = O, a linearised version is 

obtained simply by dropping the r.h.s. in the above equations. With the appropriate 

vertical boundary conditions' it is possible to separate the vertical dependence, resultinp 

in the linearised shallow-water equations for the horizontal components, 

Here 6 = gl? is the parameter which aises f?om the separation of variables. Its largest 

value corresponds to the external gravity mode of the original PE, and the smaller values 

to the interna1 modes. 

Upon solving for the normal modes of the linear system (2.2)-which is also known 

as Laplace's tidal equations-one finds that there are two main types of modes: the 



2.1 InitialisationProblem 13 

lower-frequency Rossby modes. which arise fkom the advection of the planetary potential 

vort ici ty. and the higher- frequency gravity ones, which are largely divergent and arise 

from the restoring force of gravity. For a given scale depth H ,  there is a clear scale 

separation. by a factor of 30 or so for the case of the earth, between the frequencies of the 

two main types of wavesi. This frequency separation: or in other words the stifEness of 

the governing equations, is the source of instabilities in numerical simulations: so much 

effort has gone into using it to filter out the faster modes. 

For this purpose, it will be convenient to  adopt the full nonlinear rotating shailow- 

water equations in 

of al1 other models 

place of the PE as our 'parent' model, or as a context for the results 

in this thesis. In locally Cartesian coordinates, the SWE is given by 

where u is the two-dimensional velocity, h the hee-surface height which has average 

H > O over the domain, and g the acceleration of gravity. Incidentally, when we replace 

h by pressure p, this system is equivalent to a two-dimensional compressible gaç with 

specific heat ratio y = c,/c, = 2. There is a quantity, the potential vorticity q, which is 

conserved following the fluid motion. viz., 

This system also conserves the energy: 

and the enstrophy: 

t It should be mentioned that on the sphere (2.2) also support two equatorially-trapped 
modes known as the rnixed Rossby-gravity and Kelvin waves. The fkequencies of these modes 
overlap those of the fast and slow modes, thus violating the eequency separation. This is an 
interesting but more dificult problem; here we focus in the extratropics, where these modes do 
not exist, by taking f = constant. 
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The Hamiltonian structure of this system and its associated special properties wiU be 

discussed in chapter 3. 

In this thesis. we will often be working with doubly-periodic boundary conditions 

(in other words. on the flat two-torus) with constant f instead of on the sphere. In 

this (admittedIy unphysical!) geometry. the Kelvin and mixed modes disappear. while 

the frequency of the Rossby modes vanishes. ne ver the les^^ the essence of the original 

problem remains. We shall be rnaking rernarks about the effect of domain geometry in 

the course of this work and discuss it at some length in chapter 4A. 

2 -2 Invariant Manifolds and Balance Dynamics 

Like with the PE. spurious gravity-wave oscillations rapidly develop when one integrates 

the SWE using arbitrary initial conditions. Since these oscillations mainly consist of 

divergent motions. an easy remedy would be to set A := V - u = O at the initial time. 

One of course could do better by setting At = O as weU. These two conditions define 

a submanifold in the space of all initial conditions (uo, ho) which is known as Charney 

[1955], or nonlinear, balance. Following this procedure results in an evolution which is 

smooth for some time, but eventually the gravity waves appear and the noise grows. 

In an effort to improve this, Machenhauer [1977] and Baer and Tribbia [1977] gener- 

alised this approach to bound the higher derivatives as well, resulting in a highly successful 

technique known as nonlinear normal-mode initialisation (NNMI). I t  was soon realised, 

however, that one can only carry out this procedure to a finite order before the answer 

diverges-the procedure is asymptotic rather than convergent. Nevertheless, its success 

raised the question of whether it is possible in principle t o  construct a convergent approx- 

imation which can elirninate all gravity-wave oscillations fkom the system. This leads to 

the concept of slow manifold, introduced by Leith [1980] as the subrnanifold where no 

gravity-wave oscillations are present . 
Attractive though this idea may appear, it does not corne without its problems. In 

NNMI-type procedures, the slow manifold S is d e k e d  by a somewhat arbitrary (usuall~ 

linear) notion of slowness, and it rnay not be invariant, that is, trajectories may not 

stay on it. In fact, much confusion later ensued due to  different authors using different 

definitions for S: Lorenz and Krishnamurthy [1987] sought a manifold that is both slow 
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and invariant. while Jacobs [1991; see also Lorenz. 19921 only required local slowness; 

Boyd [1994] looked for periodic solutions. We shall see below how the theory of two- 

degree-of-freedom Hamiltonian systems gives us a global picture of the dynamics and 

makes possible a reconciliation of these discordant views for the Lorenz model. 

The classical balance models in GFD, such as the quasi- or semi-geostrophic theories, 

can be regarded as a reduction of the phase space of the system. In the PE the three 

field variables ( u ( x )  , v(x) ; Q (x) ) are reduced to a single field (q(x) ) , while in the SWE 

( u ( x ) ,  v(x) ,  h ( x ) )  are also replaced by q(x ) .  In both cases the remaining. or master', 

variable is chosen to be the material invariant of the system-this is a convenient choice, 

but it is not necessary. The original, or 'slaved', variables are then recovered from the 

master variable by an approximate balance relation, which is an ansatz imposed on the 

system. 

We see that the specification of an approximate balance relation is equivalent to the 

definition of our manifold S (which is slow by definition since we have in effect defined that 

anything on S cannot be 'gravity waves'). The problem is, of course, that this definition 

says nothing about the invariance of S: so we shall instead define balance dynamics as the 

dynamics on an (exactly) invariant manifold that approaches S in some limit. We note 

that  the dynamics on S is not in general equivalent to the full dynamics projected onto 

it. In summary, the notions of the existence of (i) balance dynamics, (ii) an invariant 

'slow' manifold, and (iii) a PV-invertibility principle, are equivalent. 

Ln this chapter, we shall mainly be concerned with the existence of balance dynam- 

ics: or, equivalently, of invariant manifolds, and with their stability , deferring to  h ture  

work the more difncult question of why %ows found in nature seem to prefer such bal- 

anced states. Although it may a priori be possible to  answer this question within the 

dornain of Hamiltonian systems, the full answer rnay involve the role played by the tur- 

bulent cascades of gravity-wave energy to small scales! and hence by the small amount 

of dissipation present in real flows. 

For reasons that will become clear in the next two sections, we wiU only succeed 

to find balance relations that  are approximate both in the state variables and in time. 

Since on most occasions we will be talking about approximate balance relations and 

approximately invariant manifolds, we shall hencefort h drop the qualifier 'approximate' 
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and instead refer to the true balance and truly invariant manifolds (hypothetical or real) 

by the 'exact' thing. 

Both the PE and SWE are complex systems that are full of functional analytic 

pathologies. so instead of trying to attack the full problem of proving the existence of 

invariant manifolds for t hese nonlinear partial different ial equations (the existence and 

uniqueness of whose solutions are not even known in general), we shall consider simple 

ordinary differential equations which. we hope: share some of the properties of the full 

systems. We begin with very simple ones. 

2.3 The Lorenz Model: Recapitulations of Previous Results 

The model introduced in [Lorenz, 1986; henceforth the Lorenz model, or L5], which 

describes the interaction of a gravity wave with a vorticity triad, is given by 

Buv . 

Here U ,  v and w are the amplitudes of the vorticity triad, and x and z correspond to the 

divergence and ageostrophic height fields of the gravity wave with the same wavevector 

as wt .  We have also scaled the equations following Bokhove and Shepherd [1996] to brinp 

out the timescale separation: when the variables are of order one. E = Ro . B/J- 
. . 

where Ro is the Rossby number and B the rotational Froude number. It is easily verified 

that the quantities C := u2 + v 2  and 2 E  := v2 + w 2  + x2 + z2 are invariant. Lorenz also 

pointed out that this system possesses several discrete syrnmetries, which he used to find 

periodic (thus invariant) orbits. 

2.3.1 Early Works: Analysis Situ 

It was rnentioned earlier that several different successive-approximation methods had 

been proposed to 'initialise' a particular dynamical system to rid it of the fast gravity 

t We note that our u, v, ... correspond t o  U, V, ... in Lorenz's paper. 
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waves. In addition to the works of Machenhauer [197'i] and Baer and Tribbia [1977] 

cited above. Kopell [1985] and Vautard and Legras [1986] also considered the initidi- 

sation problem and proposed conditions for which a particular approsimation scheme 

may converge. The conditions for convergence given the last two works unfortunately 

require normal hyperbolicity, which is never satisfied for gravity waves in Hamiltonian 

Buid models (including L5) where the invariant manifold is generically elliptic rather than 

hyperbolic. 

Al1 these methods are local in character: since they only depend on the value of 

functions and their derivatives at a particular point. Lorenz made a cornparison of these 

earLier methods for L5 and found al1 of them to be asymptotic instead of convergent. He 

also went further and introduced a new method-which can be regarded as a special case 

of the global methods discussed in the next subsection-to find invariant manifolds of the 

model. It was found that a small amount of gravity waves typically rernains uneliminated, 

and that the manifolds found in this way are not srnooth, but instead are punctuated by 

discontinuities and singularities. Both these of course point to the non-integrability of 

the model, which will be clear below. 

An argument against the global existence of invariant manifolds not support ing 

gravity-wave motions had also been made in 1983 for a slightly different rnodel by Warn 

[1997], who suggested that a bequency cut-off for the 'slow' motion is necessary for con- 

vergence of initialkation procedures. In Warn and Ménard (19861, it was shown for a 

forced-dissipative rnodel that gravity-wave oscillations inevitably develop in time even 

wheo one initialises to a very high order. It was in these two works. along with Lorenz 

[1986], that the concept of 'fuzzy' slow manifolds h s t  emerged. 

2.3.2 Recent Works: Analysis in Phase Space 

Up to this point, theoretical investigations into the existence of invariant manifolds have 

been carried out using the tools from the classical theory of differential equations, namely, 

local analysis. As we have seen, this involves looking a t  the convergence properties of 

asymptotic series and at the results of short-time numerical runs. 

For Hamiltonian dynamical systems such as the one in question, however, much has 

been learned about their global properties. The true pioneer in this line of research is 
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probably Poincaré, who at the turn of the cent- realised that it may not be possible to 

construct convergent approximation for certain dynarnical problems, and who introduced 

the section that bears his name. Although there were considerable advances on the 

mathematical aspects of this problem in the first half of this century, notably through 

the work of G. D. Birkhoff [1927], most of the progress in this direction has corne fkom 

the decades following the discovery of the Kolmogorov-Arnol'd-Moser (KAM) theory 

[Kolmogorov, 1954; Arnol'd, 1963a, 1963b; Moser, 1973; see also Benettin et al., 1984 for 

a readable prooflj-. The better-known of these results mostly concern the structure of the 

phase space, which would imply results valid for al1 time for the problems amenable to 

them. As we shall see below, sometimes it  is also possible to obtain rigorous estimates of 

the timescale when the methods of this section do aot appiy. 

Most of the results in the rest of this chapter have been obtained using the Hamil- 

tonian structure of L5, which was f i s t  discovered by Camassa [1995] and Bokhove and 

Shepherd [1996]. There are-many difTerent ways to mite the system (2.7) in Hamiltonian 

form, as the Hamiltonian nature of a given system is independent of coordinates, so we 

shall choose a form that will prove convenient later. To this end, we use the constancy 

of C = u2 + u2 to mi te  

îL = f i  COS $0' 

which effectively reduces u and v to a single variable pl. If we now m i t e  cp := p' - EBX, 

we get the Hamiltonian system, 

where the other Poisson brackets vanish. The canonical form of the bracket can be 

obtained by 

( I ;  O ) ,  which 

a simple rescaling of (x7 z).  Next, we write (x, r )  in terms of a new pair 

becomes action-angle variables in the limit B + 0, 

-f Following common (ab)usage, we will be referring to any one resdt in this body of theory 
as the KAM theorem. Properly speaking, there is no one theorem known as the KAM theorern 
[V. 1. Arnol'd, in a lecture during Arno17dfest, Toronto, July 19971. Similady, later on we will 
often refer to various Nekhoroshev-type results as the Nekhoroshev theorem. 
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This transforms (2.9) to 

H ( p ?  W. O. I )  = $ [C sin'(v + E ~ B  COS O) + w2] + I 
{P: w} = -{Y, P} = 1 { e -  1} = - { 1 : 8 }  = E - l .  

Even though we started fiom a vorticity triad and a gravity wave, this system is perhaps 

best interpreted physically as a penduium (q, w) coupled to a harmonic oscillator (0' I ) .  

A usefid tool in the study of two-degree-of-freedom Hamiltonian system when one of 

the variables, Say 4. is angular is the Poincaré section which is obtained as foUows. We 

first restrict ourselves to a three-dimensional constant energy surface by picking a value 

for the Hamiltonian, H = Eo. Then, if we choose any two variâbIes and plot their values 

each time $ = where is another constant, we obtain what is in effect a section of 

the phase space. 

In the Lorenz model, we of course have two angle-like variables, p and O, so several 

different ways to take the section are possible. In figure 2.2 we show two süch Poincaré 

sections. In one we plot (p' w) at constant O = O? and in the other we plot (x. z )  at  

constant cp = 0. 

The first plot strongly resembles the phase space portrait of a physical pendulum. 

with the main merence being that the separatrix-the trajectory through the hyperbolic 

fixed point (&?r/2,0)-has been broken up into a thin chaotic region. A closer examina- 

tion will show that some of the orbits also meet the same fate, although for the parameter 

values we used, the majority of the orbits, or tori, are left intact. There is a good body 

of knowledge about this break-up process [see, e.g., Lichtenberg and Lieberman, 19921, 

which even tells us the order of the break-up and the size of the chaotic regions: tori with 

rational kequencies tend to break up earlier, with the separatrix being the 'weakest' one: 

while tori with 'noble' frequencies [see section 2-51 are the most robust. Furthermore: 

it is possible to  compte  the deformations of the sunriving tori using the Lie transform 

technique described in section 2.4 below. 

In the second plot, we have deliberately chosen the initial conditions t o  be near 

the (late) separatrk, since in the more re-dar regions the x-z section will predictably 

consist of concentric rings. Apart from the outer chaotic regions and imer  periodic orbits; 

one finds that some tori have been broken up to form a crescent-shaped 'island'. This 
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Fig. 2.2 Poincaré sections of L5, with C = 1: Ro = 0.2 and B = 0.1. a. The 
p-w plane, with E = 0.55. b. The x-z plane, with E = 0.7. The outermost ring 
corresponds to the sepcrratrix in a, and the imer  rings correspond to increasing 
w(t = O) with p(t = 0) = 7r/2. 
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phenomenon is also present in the p-w plane. although none is shown here. More sections 

and their descriptions can be found in Bokhove and Shepherd [1996]. 

The existence of chaotic dynamics (whose precise definition we shall not give here) 

for this system has been proved by Camassa [1995]' who developed a Melnikov technique 

adapted to this type of problem. He considered the separatrix in the case E = 1 and 

B + 0, and proved the transverse intersections of the stable and unstable manifolds 

and, thus, chaos. This fact shows that, at least near the separatrix, it is impossible 

even in principle to h d  balance dynamics: a trajectory in the chaotic region explores a 

volume with non-zero measure (that is, its open cover has a finite measure) ; making the 

separation between the 'vertical' and 'gravity' motions impossible. In other words, t his 

result rigorously proved that in some regions of the phase space no invariant manifolds 

(apart from isolated periodic orbits) exist: regardless of the algorithm one may use to 

look for it. 

For smaU values of the parameters, here E or B or both, however, the phase space 

is dominated by invariant tori and the width of the chaot.ic regions is exponentially 

srnall in the perturbation parameter. These tori would in general be deformed from 

their unperturbed positions and shapes, but without topological changes. Moreover, in 

two-degree-of-freedom systerns like the one in question, these surviving invariant tori 

trap the chaotic trajectories sandwiched between thern, a feature which does not hold in 

higher dimensions. In this limit, one can define balance to very high accuracy, although 

careful studies [e-g., Lorenz's paper and Warn and Ménard, 19861 have shown that the 

asympto tic approximations used to define balance eventually diverge. Further discussion 

on the connection of these results with slaving and balance dynamics is given in Bokhove 

and Shepherd [1996]. 

2.3.3 A Final Resolution? 

Gathering the above results, we have the following facts. Firçt, Camassa [1995] showed 

that for non-zero E and B, there exist chaotic regions in the dynamics of L5, thus ruling 

out the possibility of finding balance dynamics in these regions. Second, Bokhove and 

Shepherd [1996] applied the KAM theorem to this system and concluded that the widths 
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of these chaotic regions scale as exp(-k/e) for some constant kt. This shows that for 

small Rossby number it is possible to define balance-as the x-z torus with zero radius, 

or 'the core7-to within exponential accuracy. This is obviously sf ic ient  for almost any 

practical concerns, but it is important to note that one cannot do bettes. 

We note that the presence of isolating invariant structures in the x-z plane makes it 

possible to define the gravity-wave amplitude as some sort of distance from the core of 

these tori. When we start in a chaotic layer. this ampIitude can change by the width of 

the layer. but we still have, so to speak, an exponentially precise definition of gravity-wave 

activity. As we will see later, this wiil cease to hold even for slightly more cornplicated 

sys t ems . 

It was mentioned above that an alternative criterion, that of periodicity, was used by 

Boyd [1994] for the 'slow' manifold; he also suggested an algorithm to find such periodic 

manifolds. Now it is well-known that, for two-degree-of-keedom Hamiltonian systems 

such as L5, there is an infinite number of periodic orbits buried in the chaotic regions 

[Lichtenberg and Lieberman, 1992, 5 3-21. The usefuhess of Boyd's definition is not clear 

even if his algorithm converges, however. as these periodic orbits-which typically also 

include fast motion-only constitute isolated points in a 'ses' of chaotic trajectories. 

An interesting albeit academic question raised in Bokhove and Shepherd [1996] was 

whether exact balance, or in their terminology, core solutions, can exist. Phrased dif- 

ferently: we would like to know if there is a set that is devoid of chaotic motion which 

contains 'the core'. Provided that E is sufficiently small, an a e m a t i v e  answer cornes 

from the work of Poschel [1989], in which it is also stated that the set containing the 

core is likely to be a Cantor set. Translated to the language of GFD this means: Exact 

balance exists in the Lorenz [1986] mode1 for sufnciently small Rossby number, but one 

needs a super-convergent approximation scheme (such as that used in the proof of the 

KAM theorem) to h d  it.$ 

t The approach they used wcrs to apply the KAM theorem to a replar perturbation of a 
Hamiltonian with the gravity-wave energy as the leading order term; this is possible due to the 
isoenergetic nondegeneracy of this system. It is also possible to obtain the same result more 
directly by applying the result of Neishtadt [1984] to a singularly perturbed Hamiltonian. 

$: Strictly speaking, one needs a superconvergent scheme only to prove convergmce. Conven- 
tional schemes may still converge in a Cantor-type set, although one would not be able to 'see' 
this. 
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Just as exponential accuracy is good enough for practical applications, t his latter 

result is not likely to be of much practical importarice. since in Poschel's (non-optimal) 

estimate, one needs E - 2-37 or less to have exact balance. For larger Rossby numbers. 

we are back to the inçightfd observation of Lorenz [1986]. -'The definition of the slow 

manifold may therefore be fuzzy because the definition of gravity-wave activity is fuzzy". 

2.4 Chaotic Slow Mode: Loss of Exact Balance and Nekhoroshev's Result 

As far as their implications to balance dynamics are concerned. all the above results hinge 

on an important property of L5: its near-integrability. This is obviously not generic of 

fluid systems, which typically exhibit chaotic behaviour at leading order, so a natural 

question to ask is whether and which of these results carry over to more complex models- 

We consider one particular generalisation of L5 in this section, and another one in the 

ne,* section. 

To see what happens when the near-integrability of L5 is removed, we take the 

simplest way to make the system chaotic? by letting the constant C Vary periodicaily 

in time: C + C( t ) .  Physically. this modification may be viewed as a crude attempt to 

simulate the effect of several additional vortical modes. We shall refer to this model as 

the modïfied Lorenz model, or for brevity, simply LC. 

With the slow dynamics being chaotic, the argument of Warn [1997] leads us to 

expect that balance will break down, since the full spectrum of the slow variables now 

overlaps that of the fast variables, so exchange of energy can take place- To obtain a more 

definite result: we need to show that the presence of spectral overlap is independent of the 

set of variables we happen to be using. As we shall see shortly, with an O(&) change of 

variables, i t  is possible to reduce this overlap to an exponentially small amount, although 

it is not possible to remove it completely. 

We take the time-dependent 'Casimir' in (2.9) or (2.11) to be 

C(t) = ko + kl cos yt (2.12) 

where the constants ko , kl and y are chosen such that when B = 0, the vortical dynamics 

is chaotic by itself. In this B = O case, the system is equivalent to  a physical pendulurn 
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Fig. 2.3 Poincaré sections of the chaotic pendulum with ko = 1, ki = 0.8, 
y = 0.93. The chaotic region in the centre was produced by a single initial 
condition, as was each regular orbit. 

in a periodicaily-varying gravitational field, which has 1$ degrees of freedom. By some 

trial-and-error, we found that ko = 1, k1 = 0.8 and y = 0.93 produces a broad, almost 

uniform chaotic region which can be seen in the Poincaré section [fig. 2.31- When B # 0, 

we expect this picture to be rnodified somewhat, but the argument presented below [see 

section 2.61 strongly suggests that the general features persist for reasonably small values 

of B and E .  

The Poincaré section and the KAM theorem have proved to be useful tools in the 

study of L5, as they make it possible to visualise and ascertain the invariant structures 

that are central to the regular behaviour of the model. Neither of these tools work for 

our extended model: there is no known practical way to take a two-dimensional section 

when the =ber of degrees of freedom is greater than two, and KAM theory does not 

apply when the system is not nez-integrable. We therefore need a new tool to help us 

gain a better understanding of the extended Lorenz model. 

2.4.1 The Method of Averaging 

We do this by exploiting the timescale separation as E + O. This singular lirnit can 
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be reached by taking B + O while fixing Ro, or by letting Ro + O while holding B 

constant. Note that the limit E = 1 and B + O is unphysical, since it corresponds to 

taking Ro + m. In the rest of this chapter we will be working with the Hamiltonian 

system (2.1 1) in 'action-angle' coordinates. 

We begin by noting that on the fast timescale r = we have a linear fast  oscillator 

while the slow degrees of fkeedom are fiozen, 

The fact that the leading order dynamics is trivially integrable can now be used to 

remove it perturbatively to aU orders. Appendix A describes how this can be done using 

Lie series; we shall be using results obtained there in the rest of this chapter. [Note: the 

reader is encouraged to read appendix A at this point if s/he has not already done so.] 

As mentioned above, for small E the majority of the fast tori in L5 are preserved 

but slightly deformed [fig. 2.2b]. This deformation can be computed using the result in 

appendk A: the tori are given by the level sets f = const. of the transformed action 

f (A.17) which here simply reads, with Cr = 0: 

C i =  I + E - B I S ~ ~ ~ ~ + E ~  
C2B2 C' - cos4cp) - -Bzsin2q 

2 2 (2.15) 
B~ + C cos 4q  (- (z2 - z2) - B W Z ) ]  + o ( E ~ )  - 
4 

It  can be shown [Lochak and Meunier, 1988, pp. 159-1601 that when a given invariant 

torus exists (for a particular value of Ï), this approximation actually converges to  it. 

In the opposite case, the no-longer-invariant tori Ï = const. still define, in a sense, 

the remnant of the integrable structure, which we will find useful below in numerical 

experiments. Although f will only be a true fast action variable when invariant tori 

exist, in the remainder of this chapter we will be speaking of f loosely as the fast action, 

keeping in mind that it is only an approximate quantity (to something which may not 

exist!) defined by an asymptotic procedure (which is the averaging method). 
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In two-degree-of-freedom systems such as L5, these invariant tori are isolating, that 

is, a trajectory starting in an inter-tori chaotic gap is confmed to it for all time. With 

more than two degrees of beedom, the tori are no longer isolating even when they exist, 

and chaotic trajectories may wander over a great region of phase space. In fact: it has 

been shown for a particular example [Arnol'd. 19641 that the chaotic gaps fora  a single 

web that is dense in the phase space, so a trajectory in it will in general be dense in the 

phase space (sub ject to constraints arising from conserved quantities) . 
Therefore, as far as all-time balance is concerned, the existence of invariant tori is 

largely irrelevant for systems such as LC, so the question now is how well one can do. 

2.4.2 Drift of Action: Nekhoroshev's Theorern 

The answer, provided 

version [Nekhoroshev, 

by Nekhoroshev's theorem, is: quite well. In its most well-known 

1971; 19771, it States that for a Hamiltonian system of the form 

where here I := {Ii) E Rn. one can find a change of variable I .-t f such that the time 

variation of Ï is exponentially small, 

for O 5 t 5 T and E 5 €0 provided that H o ( I )  is convex. Here T, €0, and d are 

constants, and d tends to scale as l/n where n is the number of fast degrees of freedom 

in the system. We note that the theorems available in the literature usually state that 

the bound on I ( t )  - I(0)  can o d y  grow to order unity over an exponentially long time, 

where here 1 is the zeroth-order fast action. To obtain this: one h s t  proves bounds of 

the form (2.17) on the time derivative of the nth order approximation, and then shows 

that one can take n - &, which gives the exponential bound on Ï. 

AB important-and fortunate-difference between Nekhoroshev-type and KAM-type 

resdts is that the former allows the presence of extra degrees of freedom, or 'parameters' 

to use Nekhoroshev's original term, in NI. This greatly extends the range of applica- 

bility of Nekhoroshev-type theorems as compared to  the KAM theory, which requires 
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the non-generic hypothesis of near-integrability. As such [cf. Lochak and Meunier, 19881, 

the theorem assumes nothing about the existence of invariant tori. since with the extra 

dimensions present in Hi the tori cannot impede the drift of actions even if they exist. 

This runs counter to the popular perception of Nekhoroshev-type results. i.e., that they 

give a time estimate of Arno17d diEusion; this is certainly true, but the resdts actually 

tell us considerably more. Moreover, qualitatively the exact existence of invariant tori 

is largely irrelevant for most trajectories (and thus for most practical concerns) anyway, 

while numerical bounds on the drift rate can be more useful. When invariant tori do exist, 

however, the actual diffusion speed is further constrained by the result of Morbidelli and 

Giorgilli [l995], which states that for trajectories starting at distance p from an invariant 

toms, it takes thern a superexponentially long time, of the order exp[exp(l/p)], to move 

away- This is especially relevant to near-integrable systems, where this superexponen- 

tially slow drift can be completely masked by, Say, numerical round-off, thus possibly 

giving a false appearance of exact balance. 

Our model (2.11). or (2.21) below, does not sa t i se  the hypotheses of the theorem, 

as its leading-order term Ho is not convex. However, it was pointed out by Benettin and 

Gallavotti [1986] that the theorem also applies under some conditions when Ho is linear 

(this follows from a close reading of the proof of the theorem). For our purpose, we shall 

consider Hamiltonian systems of the form 

where s denote the extra variables whose Poisson bracket is decoupled from that of the 

canonical pairs (0, I ) .  Provided the constant frequency vector {ai) satisfies a certain 

non-resonance condition [see section 2.5 below] the theorem also applies to this systemt. 

2.4.3 Numerical Experiments 

We int egrated numerically the modified Lorenz model using a fourth-order symplectic 

integrator [McLachlan, 1995; see alço appendix BI. In the numerical integration, the fast 

variables have been re-expressed in terms of (x, r )  coordinates which are more convenient 

t The author thanks P. Lochak for clariS.ing this point. 
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numerically. The timestep At was chosen such that there are a t  least - 200n steps in 

each fast period. As with any long-tirne integration of chaotic systems. difTerent choices 

of timestep size result in trajectories which are different in their details. However. the 

qualitative conclusion presented below does not depend on the timestep size. or even on 

the integation scheme (no qualitative clifference was observed when several r u s  were 

repeated using a fourth-order Runge-Kutta scheme). 

In this section and the next, our main tool of analysis will be the transformed fast 

action Î' given in (2.13) with Cf = dC/dto but computed to one order higher. For 

convenience, we introduce the fouowing notation: 

11 AI(T) 11 := O ~ S T  max i ( t )  - O ~ ~ S T  min Ï ( t  ) . 

We use 1l~Ïll to denote I ~ A ~ ( T ) I I  as T -+ M. 

As a test case, we 6rst consider L5. En figure 2.4, we show f computed to zeroth 

(that is. simply I )  through third orders in E .  It can be seen clearly that  AI(^) becomes 

smaller as we go to higher order, although the asymptotic nature of the procedure may 

be apparent for our values of B and E.  

For an orbit not at the separatrix, or for sufliciently small E and B, effectively a 

"regular" orbit [fig. 2.4a]. the approximation is still improving at  third order (the highest 

order we cornputed f to). We fincl that the maximum value of I ~ A Ï ( T )  II is reached quickly, 

and no secular growth of this quantity is observed, even in much longer runs (with T up 

to - 10"). This means that we can take T sufiiciently large in place of T + w to 

cornpute [l~fll.  AS E + O, we find that 1 1  ~Ïll scales as Pf ', where n is the order of the 

approximation, thus suggesting that for the optimal n, we have a superalgebraic decay 

of ll~Ïjl as E + 0. A11 this is of course to be expected from the existence of KAM tori in 

the system and the fact that the widths of the chaotic gaps decay exponentially as E + 0. 

When we start at the separatrix [fig. 2.4b], we find that the improvement at each 

order is smaller, and for the parameter values we used, there is no improvement beyond 

second order. This is consistent with the above-mentioned fact that the chaotic gap at 

the separatrix, which is the largest of all, has a finite width for non-zero E .  Incidentally, 

one can also see the evidence for multiple-pulse homoclinic orbits [Camassa, 1995; Tin, 
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Fig. 2.4 The fast action Ï ( t )  - Ï(0) for the Lorenz mode1 cornputed to zeroth 
(bottom curve of each panel), firstf second, and third (top curve of each panel) 
order in E .  The curves have been shifted vertically to improve visibility, thus only 
their variation is significant. The parameters were: C = 1, B = 0.1 and e = 0.2. 
a. Top panel: a "regular" orbit, with p(0) = 0.23: w(0) = 0.56 and I(0) = 0.1. 
b. Bottom panel: an orbit at the separatrix, with p(0) = 1.57, w(0) = O and 
I (0 )  = 0.01. 
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19951 in this plot: the fast action i stays constant most of the tirne, and it changes 

in relatively sudden 'jumps', each of which can be seen to exhibit a certain number of 

'pulses'. At the optimum order noPt of approximation. l l ~ Î l l  is bounded by the width 

of the separatrix layer. The parameter values used here have of course been chosen to 

exhibit this behaviour clearly; as E or B becomes smaller? we find the same scaling as in 

the above paragraph. 

In figure 2.5 we plot the absolute variation AÏ(~)  at different approximation order n 

over O 5 t 2 500 for both the original Lorenz 1986 rnodel and the rnodified model. It is 

clear that the accuracy of the approximation is still Mproving at  (the bending of 

the cuves for E 5 0.03 is likely due to numerical causes). 

With the modified model? the situation changes considerably. First, while higher- 

order approximations still tend to rnake f ( t )  flatter. for given E and B the improvement 

a t  each order is worse than that in the case of L5. More significantly, after the high- 

frequency spikes are removed from f ( t ) ;  there remains a secular variation which cannot 

be removed by better approximations [see fig. 2.61; in fact, integrations over much longer 

times (T IV 105) showed that its amplitude can be of order unity. This long-term drift 

appears for all values of parameters used in our rus-as long as the system does not 

become near-integrable-although for small values of e and B it becomes so slow [see 

below] that our numerical accuracy needs to be taken into account. 

Such drift of action is generically known as Arnol'd [1964] diffusion, although it must 

be noted here that the mechanism of the action drift in our system can be very different 

from that suggested by hrnol'd in his near-integrable system. However, as we mentioned 

above, Nekhoroshev's bounds apply regardless of the mechanism of the action drift. 

The speed of the drift of Ï ( t )  is found to depend very sensitively on the parameter 

values, dropping very rapidly as E -t O or B + O. To quantie this seemingly random 

drift of Ï, we take a number Ne,, of trajectories with slightly di£Ferent initial values of 

p and w, and cornpute the average over this ensemble. The result [fig. 2.7a] 

shows what we would expect if the drift were a random walk, with (ai@)*) growing 

linearly in time-the average (al@)) fluctuates around zero as long as l ~ Ï ( t ) l  « Ï(t). 
This linear trend is apparent even with Ne,, as low as l o t  and the curve becomes more 

straight with greater Ne,,. When t 5 10, one can see the effect of early-time correlation 
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Fig. 2.5 The variation in action ai(*) as a function of E and order of approxima- 
tion (top cuive: 0(1), bottom cuve: 0 ( c 3 )  in both panels) for a the Lorenz 1986 
model with C=l and, b the modified model LC, with C(t)=l.O + 0.8 cos(0.93 t), 
both computed over O 5 t 5 500. The initial conditions were (po=0.12, w0=0.88, 
I0=O.2. 
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of the trajectories [this is more clearly seen in fig. 2.7b], which however rapidly become 

decorrelated. Over longer times7 the linear growth observed here may cease when factors 

such as the finite size of the accessible phase space become important: this is however 

of no concern for al1 the ensembles reported here. Of more practical importance, for a 

given iV,,,: the growth of ( ~ f ( t ) ~ )  rnay become less Linear over a certain timescale. This 

timescale can be extended and the straightness of the line improved by taking larger Ne,,. 

Frorn fig. 2.7b. we see that the linear growth rate of (aÏ(t)*) appears to have 

an exponential dependence on E- ' .  To check this we cornputed D := ln ( A Ï ( T ) ~ )  a t  

T = 120. and found that D ( r l  = 7.63)/0(8.63) = 1.9. 0(8.63)/0(9.63) = 2.0 and 

0(9.63)/0(10.63) 2.2; the same ratios were obtained for T = 500 T = 80. and T = 100 

to within the statistical fluctuations (about 0.05). We can therefore conclude that for this 

range of parameters the speed of the action drift scales as e x p ( - Q / E )  ? where K;> = 2.0A~0.2 

is nearly constant. A more precise determination of the behaviour wodd cal1 for many 

more runs-which are computationally expensive-with larger ensembles. We did not 

attempt to do such extensive numerical study since its benefits are not clear. Our range 

of E is also somewhat limited by the fact that for larger E no meanin@ drift 

be defined, while srnaller values of E require us to compute i to higher orders 

difficult to do due to the amount of algebra involved. 

Our numerical observation can be regarded as evidence that the action 

rate can 

which is 

ac t ually 

drifts a t  a rate that qualitatively agrees with Nekhoroshev's bound (2.17)t. It has been 

suggested [Lochak, 19901 that the action drift rate is qualitatively equal to Nekhoroshev~s 

bound; however, the argument made there seems to depend on certain mechanisms that  

assume near-integrability of the system, which does not hold in our case. As with KAM- 

type bounds, the rigorous bounds available typically require E to be so small as to be 

completely irrelevant for any physical system [Giorgilli, 19951: and they tend to grossly 

over-estimate the drift rate. Computer-assisted proofs tailored to particular problems 

have yielded much improved analytical estimates, but even the best of these lesg., Lochak 

and Porzio, 19911 still fall somewhat short of giving realistic estimates. Direct numerical 

investigations are then necessary to  determine the actual behaviour of the system of 

We note that with one fast mode as we have here, the same bound also follows from 
Neishtadt [1984] 



2.4 Loss of Exact Balance 33 

Fig. 2.6 The fast action for the modifkd Lorenz model, with C(t) = 1.0 + 
0.8 cos 0.93t. Initial condition and parameters are: cp = 0.23, w = 0.56, 1 = 0.1: 
E-l = 10: B = 0.2. a. Top panel: Ï ( t )  - Ï(0) as in fig. 2.4. b. Bottom panel: Ï ( t)  
at second (shifted down) and third (in place) order approximations. 
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interest. Our numerical results therefore co&m t hat the exponentially slow drift persists 

up to values of E which are of relevance to our physical system. 

We note that the analytical estirnates give an upper bound on ~dÏ /d t l  while our 

numerical results give an average rneasure of l ~ Ï ( t ) l -  While it is clear that the former 

implies the latter, we need an exponential bound on ~hÏ(t)l as t + O to bound ~dÏ/dtl .  

The correlation among nearby trajectories makes it difficult to obtain an estimate on 

l ~ Ï ( t ) l  as t + O numerically, however for rnost practical purposes an average such as 

(hf(t)*) computed here is the more physically rneaningful quantity. 

An interesthg behaviour is observed when f iç vaxied: its drift rate scales roughly as 

f [fig. 2-81. Note that the overall drift of f over the time shown is much s m d e r  than the 

value of Ï; we expect the scaliug to hold over longer tirne. but there seems to be no easy 

way to check this numerically, as the values of f in the ensemble drift far away from each 

other. This suggests that it may be possible to obtain a qualitatively better bound on 

the drift rate when one starts with smaller Ï' presumably up to a lower limit depending 

on E and the other properties of the system. 

But rninimizing f is precisely what one seeks to do in the slaving approach, which 

gives a set of slaving relations f = U ( s )  [see section A.31. As with averaging. the sub- 

manifold defined by these relations mây or may not be invariant under the dynamics, so 

to rneasure how far the actual solution is £iom the slaving manifold, we choose the norm 

It is clear fÎom the definition that Imb = 2 1  for small values of f. 
InitiaIising the mode1 using the slaving relations (A.24) and computing (Imb) nu- 

merically, we Bnd that  this quantity also grows almost linearly in time, with the smaller 

E resulting in more Linear growth. Its plot is very similar to fig. 2.7a, but with more 

high-fiequency 'noise' as for the smaller Ï in fig. 2.8. Plotting a set of ensembles with the 

same parameters and initial conditions as in fig. 2.7b (except with Ï (0)  - O to our order of 

approximation) ; we find that the slope is proportional to e x p ( - ~ ~ / e ) ,  with RS = 4.1 *O. 1 - 

We did not make a direct cornparison of the growth rates since it is (Imb) cc (f(t)) that 

is growing linearly in time here, while for larger f, it was (nP(t)z) that  exhibited linear 
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Fig. 2.7 Ensemble average of A Ï ( ~ ) ~  over 441 realisations with nearby initial 
conditions. Parameter and IC: B = 0.71, Ï(0) = 0.1. a. One ensemble. with 
E-' = 7.63. b. Four ensembles, with Ë' = ?.63(top), 8.63, 9.63, lO.ôd(bottom); 
note the log-linear scale. 
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Fig. 2.8 Drift rate of ( ~ i ( t ) ' )  as a function of i(0). The parameters are: Ë' = 
8.63, B = 0.71, Ne,, = 441. The initial conditions are: Ï(0) = 0.01, 0.03, 0.1, 0.3. 

growth. Computing the latter quantity near the 'core', Ï = O, we found that its growth 

rate is closer to being quadratic in time than linear. 

There is an interesthg similarity between this numerical resdt and the theorem of 

Delshams and Gutiérrez [1996]? which states that for a near-integrable system the relative 

measure of the chaotic region with Ï s-Ïo < 1 is exponentially small in &. Both results 

imply that the drift rate of action is not uniform in phase space: but rather it varies as 

some function J ( x ) .  In the near-integrable case' the sunriving tori can be used to  define 

f unambiguously with J ( x )  scaling exponentially with Ï. In o u  model, our numerical 

results show that J(x) again depends on Ï although, as one would expect, J ( x )  only 

scales algebraicauy with f. We stress that in both cases the action f (however it may 

be defined) drifts in time-only here one can use its drift rate to d e h e  its value. The 

author is not aware of any Nekhoroshev-type analogue to the above analytical result; our 

numerical observation may therefore serve as a usefiil conjecture for a rigorous proof. 

We have not been able to find a conclusive result concerning the dependence of the 

drift rate on the coupling parameter B. Our numerical results indicate that the drift 
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rate varies linearly with B for most values of the parameters and initial conditions, but 

is rnuch more sensitive to B when Ï is small. 

Finally, we remark that the use of power spectra, which had an important part in 

some previous studies of L5 [Lorenz, 1986: Bokhove and Shepherd, 19961, is problematic 

here: to obtain a sharp peak in fkequency, one has to take the Fourier transform of many 

cycles, but the drift of fast action causes the frequency peak to broaden as tirneseries 

becomes longer. This is the reason why we have used the (approximate) transformed fast 

action Ï in place of power spectra in this study. 

2.5 Multiple Fast Modes: The Effect of Resonances 

Another limitation of L5 that we would Iike to address here is the fact that it only 

has one gravity wave, while it is generally believed that the interaction of motions having 

different spatial scales plays an  important part in transferring energy between the vortical 

and divergent dynamics. These interactions are usually studied by considering wavevector 

triads, which is the minimum set of modes where such interactions may occur. 

These considerations point to  the nine-component model of Lorenz [1980], kom which 

L5 was in fact derived. This model is a triad truncation of the shallow-water equations, 

with a vorticity amplitude and a gravity wave a t  each wavenumber. While the 'natural' 

way in which this rnodel was derived is certainly appealing, we will not use this model 

for two reasons. First, although it has two conserved quantities corresponding to energy 

and enstrophy, and although the system it was derived fkom is Hamiltonian, we have not 

been able to find a Hamiltonian structure for tk-s model, and thus we cannot use the 

averaging method developed above to study this rnodel. Second and more seriously, the - 

constants of motion and the linearity of the gravity waves in this rnodel would make it 

near-integrable in the asymptotically tractable b i t s  of E + O or B -t O, which would 

result in ccuninteresting" behaviour. This is the same problem that we had with L5: it is 

':t oo simple" . 

So instead of using this model, we will continue our previous line of approach and 

ad hoc add another 'gravity wave' to the modified Lorenz model (2.11). This gives us 

the Hamiltonian system 
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Fig. 2.9 In both panels: Tirneseries of (&om the top) Îl $(fi f Ï 2 ) ,  Ï2? and 
W .  The common parameters and initial conditions were: E-' = 6.73, Bi = 0.71, 
B2 = 0.51; cp = 0.23, w = 0.54. The curve for w has been scaled by 0.02 in a, 
and by 0.025 in b, where il and Ï2 have been shifted down and up by 0.01, 
respectively- a. With R = fi Il (O) = 0.08, I2(0) = 0.618 - 11. b. With R = 3/2; 
I ~ ( o )  = 0.1, r2(0) = 0.618 - L. 
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where i = 1.2 and all the other brackets are zero. The the-dependent Casimir is set 

as before, C ( t )  = ko + kl cos yt .  Without loss of generality. we take RI = 1 and write 

Q 3 = O > l .  

Here we encounter the resonant denominator probIem for the first time: when we 

attempt to find 'invariant tori' for this system, we find that the expression (A.17) diverges 

when C l  takes on certain rational values. This problem, which was realised as far back 

as Poincaré, in fact also appears when one tries to prove the convergence of perturbation 

series in simpler systems such as L5' but there it is 'hidden' in the nonlùiearity (on a 

given isoenergetic surface); it is only with linear fast fkequencies as we have here that it 

appears in the plain. 

Precisely what frequencies R are 'forbidden' depends on the particular problem at  

hand, although in general rational values of the form p l q  where p or q are small integers 

tend to appear at lower orders in the perturbation expansion than those with higher p 

or p. It should be pointed out that the problem we have here is not merely an artefact 

of the particular perturbation scheme we happen to use: but has a very real physical 

significance: when one increases B from zero in L5 with E fixed, it can be seen that 

the chaotic paps first appear where tori with certain rational frequency ratios have been 

destroyed, and that the widths of these gaps depend on how 'rational' the Erequency of 

the tori were [see section -4.2 for further discussion on resonant frequencies]. 

The appearance of resonant frequencies makes our problem highly irregular, as the 

highly non-analytic number-theoretic properties of R need to be taken into consideration 

[but see the remarks at the end of this section]. In this section we shall not therefore 

attempt to give a complete picture of the dynamics, but will instead be content with a 

few observations. 

In figure 2.9 we plot the two fast actions Ïl and f2, t heir average It := $ (fi + Ï2) : and 

the slow variable W. We use an 0 ( c 2 )  approximation to the fast actions in this section. 

For the top panel we chose a non-resonant kequency 0 = fi, which means that Ï. can 

in principle be computed to all orders. For the bottom panel we used the £ifth-order 

resonant frequency = 312, which means that our perturbation calculation will diverge 

at O ( E ~ )  for any values of the other parameters and initial conditions. A word of warning: 

our choices of here were made for the sake of 'diversity' and fur illustrative purposes 
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only; except when noted, they are not intended to imply any si,rrILificance of the particular 

resonance properties. 

In both cases we note an interesting feature: the drifts of il and Ï2 tend to cancel each 

other7s, with the drift of It being somewhat smaller. This 'energy cxchange' phenornenon 

seems to be generic. as it appears in al1 our runs with 1 5 0 5 312. The drift rates of 

the individual actions do not show a strong dependence on the frequency, as would be 

expected if the resonance poperties of il were important, but they do depend sensitively 

on E (in fact , for the figure, the frequencies have been chosen for t heir numerical closeness) . 

The dependence of the drift rates on the parameters seems to be more complicated than in 

the one-kequency case, however. and we have not been able to identi& a clear functional 

form for i t . 

Another identifiable feature is how the drift of the 'average action' It depends on 

whether the system is in a quasi-periodic or in a generally chaotic state. As seen in both 

cases, It shows no perceptible drift when the slow variable w appears quasi-periodic, and 

starts to drift when ,w exhibits chaotic behaviour. This supports our heuristic view that 

at leading order the fast-slow 'chaos' (as manifested in the drift of I,) is ~driven' by the 

slow 'chaos' (represented by the time-dependence of w). At higher orders: or equivalently, 

over longer times! the full dynamics is inextricably linked, resulting in a single chaotic 

From the figure, we also notice that there is more high-hequency noise in the slower 

action, which is Ïl in both cases. This is not unexpected, since for R > 1' & will 

have a greater timescale separation fiom the vortical dynamics? so at a given order of 

perturbation we will have a better approximation. For larger values of R, the drift of f2 

(the faster mode) becomes smaller rapidly and it loses correlation with that of Ï17 and for 

0 > 3, Ï2 is approximately constant. This should not surprise us since a large value of 

effectively introduces another scale separation, which may require some rearrangement of 

the perturbation parameters. Of course with smaller E we may be able to observe these 

effects better, but for this we would have to do higher-order calculations to distinguish 
- -  - - 

t In fact, it is strictly speaking meaningless to talk about finite-time 'chaos' since chaotic 
behaviour can only be defined with the full, infinitetirne trajectory (hence the quotes in the 
above). However, heuristic interpretations such as ours can often be useful tools in practical 
cornputations as well as in the process of obtaining more rigorous results. 
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the drift from the noise. These calculations are very cumbersome, and we did not attempt 

to do this. 

Computing ( ~ f ~ ( t ) ~ )  as we did earlier. we found that it shows an irregular behaviour 

before starting to grow linearly after some time to which varies from ensemble to ensemble. 

In the long-time limit. we again found that the average drift rate drops very rapidly as E 

is decreased, but the drift rate does not appear to be a simple function of the parameters. 

As in the one-bequency case: here we End that as an action tends to zero: its drift rate also 

tends to zero (up to the order of our approximation. or the asymptotic order, whichever 

is greater). When we started with Ï2 = O ,  we found that (ail@)) decreases linearly 

in time while (ni2 (t)) grows Linearly-note that these are averages of the actions. not 

their squares-with both growth rates falLing rapidly as E + O. The €-dependence of 

these quantities is again rather d S c u l t  to characterise? but the sensitive dependence on 

E over longer time is obvious. Unlike in the general case with non-zero actions where we 

found ~4 = 1: here we found that both (L&(t)*) -and ( ~ & ( t ) ~ )  scale as exp(-ils/~) with 

4 = 2: as in the single-fi-equency case. 

In neither case did we observe any sensitive dependence on R, as long as its value 

allows the computation of fi to our order of approximation: for instance, C? = 2 which is 

resonant at shows little difference in behaviour from, Say, = 1.92 which is 

resonant. As we noted above, the magnitude of R does matter, since large or small L2 

rnay effect a timescale separation. We have not found an explanation for this observation: 

although it may be possible that on average the drift rate is independent of the resonant 

properties of il and that Nekhoroshev's bound (which is argued to be optimal by Lochak 

and Neishtadt [1994]) only applies to a small subset of trajectories, so far we have no 

ground to expect this behaviour. 

To investigate the behaviour of the system near the core, fi = 0, the slaving so- 

lution (A.24), was used to compute the imbalance which is defined here as Imb := 

xi (xi  - Uzi) + (zi - Uzi) - As in previous cases, we found that (Imb) grows linearly in 

time, and that its growth rate scales as exp(-K&) with KG = 2.2 31 0.1. Although we 

did find that the growth rate decreases with larger 0, no evidence of a dependence on its 

resonant properties were found in both the absolute growth rate and the escaling above, 

which seems to be robust. 
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Very recently. ând after this work had been cornpleted. Fassb et al. [1998] proved a 

conjecture of Nekhoroshev [1977] which partially explains the non-importance of detailed 

resonant properties of R when the actions are nearly zero. More preciseb their result 

implies that near the fast cores. fi = O, an  exponential çtability estirnate ob tains when Cl is 

not resonant at order 4 or lower. The requirement that one is close to the core is crucial for 

their proof, which is consistent with our numerical observation that the cores are indeed 

more robust than the outlying action surfaces. It is however not clear if the minimum 

order of resonance can be improved to bring it closer to our numerical observation- 

the method of the proof does not lend itself to this possibility, so one would have to use 

another method. Moreovero unlike the version we presented above. neither Wekhoroshev's 

conjecture [op. cit., theorern in section 2.2.B] nor the recent proof is directly applicable 

to Hamiltonian systems with extra slow variables, so our numerical results indicate that 

it may be possible to prove an improved version of the theorem, at Ieast for a certain 

class of Hamiltonian systems. A similar result on Nekhoroshev's conjecture has also been 

proved by Niederman [1998] using a different approach. 

2.6 Lyapunov Exponents 

A measure of the complexity of a system is given by its Lyapunov exponents, whose 

magnitude and distribution are closely related to various measures of the dimension of 

the system [Eckmam and Ruelle, 19851. Almost al1 of the known results are applicable 

o d y  to invariant sets, or lack thereof, in dissipative systems, with very little rigorous 

results on the significance of the exponents for Hamiltonian systems. Our discussion in 

this section will necessarily be somewhat heuristic, but nevertheless we believe that it is 

still useful to improve our understanding of the systems studied in this chapter. 

For our practical purposes, these exponents can be defined as follows [op. cit.]. Let 

v be the coordinates in our system, and let zi(t) =: Gi(z(0) ,  t ) .  Defining the matrix 

Tij (2, t )  := aQi(z,  t ) / a z j 7  it can be shown that the limit 

exists for all z except possibly in a set of measure zero. The Lyapunov exponents are 

defined as the (natural) logarithm of the eigenvalues of A, ( z ) ,  and are denoted by X i -  
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For a Sn-dimensional Hamiltonian system, the time-t rnap O(z. t )  conserves a set of 

volume forms wk for k = 1. - - -. n. where w := C i p i d q i  [cf. eg., Arnol'd, 19891. AS a 

consequence, its Lyapunov exponents occur in pairs: if X is an exponent for this system. 

then so is -A. We will use this fact to ignore the smaller half of the exponents in what 

f0lows. 

Of particular interest to us is the number of positive Lyapunov exponents in our 

system. Since the Lyapunov exponents rneasure the rate of divergence of nearby trajec- 

tories, it is clear that when the accessible phase space is bounded (e.g., when the energy 

surface is). the existence of a set of m < n integral invmiants in involution implies the 

vanishing of at least m exponents. In other words, the number of rnissing integral in- 

variants is at least equal t o  the number of positive Lyapunov exponents. (Recall that 

in a 2n-dimensional Hamiltonian system, there can be a t  most n independent integral 

invariants in involution.) On the other hand: it seems highly Likely that the converse is 

not true [J. D. Meiss, 1997, persona1  communication]^ so a zero exponent tells us much 

less: there is no exponential divergence in a particular direction, but this does not rule 

out slow algebraic drifts. 

We computed the Lyapunov exponents for our two-fast-fiequency modified Lorenz 

mode1 (2.21), using a discrete QR algorithm [Dieci et al., 19971. As described in sec- 

tion B.3, the use of a symplectic splitting algorithm for the numerical computation en- 

sures the pairing of the exponents for Hamiltonian systems. We note that while the 

computation of the largest Lyapunov exponent is routinely done, it is more difficult to 

compte  all the exponents as we do heresince the smaller exponents are much more 

prone to numerical inaccuracies. 

We did the computation for a finite time T and estimated their values as T -+ m. A 

sample tirneseries for X(T) is shown in fig. 2.10. Of particular interest to us is how this 

rnethod converges as T + m. Goldhirsch et al. [1987] argued that &(T) approaches its 

infinite-time value with an error term that decays as 1/T, while Tang and Boozer [1996] 

showed that the error term decays as 1/n in an advection-diffusion equation. 

In our computation, we found that X(T) ofken decays as 1/T before converging a t  

some small values [bottom curve in fig. 2.10; fragments of 1/T curves can also be seen 

at  early times for = 0-25) and X3]. There are also instances where the 1/T decay 
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Fig. 2.10 Computation of the Lyapunov exponents for the two-fast-wave exten- 
sion of the Lorenz model. The parameters and IC are: BI = 0.71, Ba = 0.51, 
Q = 3/2; p = 0.23, ui = 0.56. The top three cuves (seen a t  T = 20 103) are 
XI, A:, and Ag, respectively, for e = 0.25. The bottom decaying curve is A:! for 
E = 0.15. 

persists until the end of our simulation even after we extend its duration, in which case we 

assume that the actual value of the exponent is smaller than what our numerical scheme 

is able to determine. 

Due to the slow rate of convergence-and the high cost of the numerical computation- 

we shall not present any numerical values for the smaller exponents here other than order- 

of-magnitude estimates. Our results can presumably be improved by making longer runs 

(in which case round-off errors of the procedure may need to be taken into account) or 

by averaging over an ensemble of trajectories with nearby initial conditions. In a test 

run we found that both of these approaches converged very slowly, so most of our results 

here are based on single runs, with a few checks. 

In our model, there can be at most three positive Lyapunov exponents when Bi # 0, 

which we shall denote XI, X2, X3. VVhen B1 = Ba = O, that is, the case of a pendulum 

with time-varying gravity, we found Al = 0.15 f: 0.01. This value of the exponent c m  be 

regarded as a rneasure of the chaotic stretching in the slow dynamics. In the case of L5, 
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we found XI = O, which can be seen as a consequence of the integrability of the pendulum, 

but Xz is either zero (in regular regions) or -- 0.1 (in chaotic regions, cf- Bokhove and 

Shepherd [1996]); moreover. this latter value does not seem to depend on E. 

With only one fast mode, B2 = 0: there are two positive Lyapunov exponents: Xi 

whose value is essentially unchanged from the uncoupled pendulum case, and a smaller 

exponent X2 which decays at fhst slowly with E for E > 0.25: and then quickly (possibly 

exponentially, but our numerics are insufhcient to conhm this) as E + O. Unlike in 

the L5 case, the value of X2, which is about an order of magnitude smaller than XI at 

,c = 0.5, seems insensitive to the location of the initial conditions in phase space, but 

this could be due to the dficulty of locating thin regions having 'more chaotic' dynamics 

in the five-dimensional phase space. In contrast to the drift rate, which decays as one 

approaches the core. the value of the fast action Î has no discernible effect on either 

Lyapunov exponent . 

A heuristic interpretation of this observation is as follows. The exponent XI arises 

from the chaotic dynamics of the pendulum, which is decoupled to some extent from the 

fast mode: in other words, this is "the sarne exponent" as LC's with B = O. The smaller 

exponent X2 provides a measure of the chaotic drift of the fast action, with the timescale 

becoming longer very rapidly as E + O. The behaviour of these exponents are therefore 

consistent with the picture of the dynamics inferred from the results of section 2.4: there 

are two chaotic 'degrees of freedom7 in the system, with the one corresponding to the 

slow dynamics surviving for al1 E and the other one, which is due to the fast-slow cou- 

pling, being suppressed exponentially as E + O. The non-dependence on Ï is also not 

surprising if the action can drift, even over very long timescales, from near the core to 

outer regions where its drift becomes faster: since chaotic regions near and away kom the 

core are comected by trajectories, the regions should have the same set of (infinite-tirne) 

Lyapunov exponents. 

When neither Bi is zero: we found three nonzero exponents: XI, whose value again 

is about 0.14 f 0.01, and two smaller exponents. The £kt, X2, is again about an order of 

magnitude smaller than XI for e - 0(1) and drops rapidly as E + O. For the same value 

of E :  this exponent is about two or three times larger than X2 in the one-fequency case, 

but the two become similar in magnitude for smaller a. The second exponent, X3, is about 
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an order of magnitude smaller than X2 and it follows the same behaviour: dropping at 

first slowly with E? and becoming faster as E -t O. To within our rat her coarse numerical 

accuracy. we found that the exponents are insensitive to O (with the same caveat as 

that of the drift rate: if Q is too large. it will introduce another timescale and affect the 

smaller exponents the way a does). 

The Iargest exponent XI can reasonably be interpreted as in the one-frequency case 

above as characterizing the chaotic slow dynamics, as it is independent OEE. However. it 

may not be possible to assign particular signifîcance to the smaller exponents. shce they 

may not measure easily identifiable properties. A more accurate determination of how 

they scale with E and Bi should shed more light on their roles: unfortunately. this cannot 

be eaçily done at present due to the low accuracy in our numerical computation of their 

values. 

2.7 Balance in Lower-Order Models: Conclusions and Prospects 

Over the course of this chapter, we still have not provided a definitive answer to the 

classical question, does a balance manifold exist? What we have learned, however, is 

that the answer is immaterial, excepting the highly non-generic case where the system 

is integrable which then impLies the existence of a family of these manifolds covering the 

entire phase space. 

Part of our conclusion was furnished by the modern qualitative theory of Hamiltonian 

dynamical systems: Even when a system is near-integrable, the invariant tori which were 

essential to produce almost-balanced behaviour in L5 are no longer isolating when we 

have more than two degrees of freedom. It is also widely believed, although it has only 

been rigorously proved for a few systems, that the chaotic gaps between the surviving tori 

form a single connected web that is dense in phase space. The situation is presumably 

much worse when the system is far Erom being near-integrable, although one might ask the 

academic question of whether a family of the so-called lower-dimensionaï invariant tori 

exists for a system which is strongly chaotic "in one direction" such as L C  in section 2.4 

above [the existence of isolated lower-dimensional tori has been conjectured to be generic 

by Sevryuk, 1991]. 
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The other part of our conclusion came, of course, from the results of our numerical 

experiments: The observation that the fast actions can exhibit order-one drift showed 

the non-existence of isolating structures in our phase space. We note that, since the drift 

is of order one. it is not caused by our approximation scheme not being good enough 

(unless the scheme is wrong a t  leading order!). Another compelling piece of evidence 

[section 2-61 is the presence of as many positive Lyapunov exponents as the number of 

degrees of freedom in our system (two in LC, and three in L2). Interpreted loosely, 

this means that the chaotic regions have a 'finite volume" on energy hypersurfaces, thus 

showing that there is no invariant structure to be found and that it is not simply because 

"one is not smart enough to  End it? 

In a sense, we have corne full circle to where the early workers started: since no 

invariant manifoid that would guarantee balance behaviour exists, one may as well use 

some arbitrarily chosen asymptotic procedure for a "practical" definition of balance. 

(Note the somewhat fine point in the last statement: invariant manifolds satisfjhg certain 

criteria may well exist, but unless one starts right on one of them, which is of almost zero 

probability for a 'generic' system, one is b o u d  to drift all over phase space in time.) In 

this sense, we have progressed a Little since now we also consider the stability of balance 

solutions, and have found that although balance dynamics is (still!) equivalent to the 

existence of an invariant manifold, for stability one needs an entire family of isolating 

manifolds, which does not exist in general. 

The good news is, of course, that if we are only concerned about the behaviour for 

a finite time, the adiabatic invariance 'beyond all orders' of the fast actions guarantees 

effectively balanced behaviour for small enough Rossby number. Moreover: we have seen 

in our lower-order models that the timescale of validity for this latter approximation 

scales exponentially with e even for realistic values of the physical parameters. In the 

Light of our results, the question posed by Lorenz [1986] of finding ;the slowest invariant 

manifold' should properly be re-phrased to finding the family of manifolds across which 

the drift is slowest. 

In the single-fast-mode case, and when the fast frequencies are non-resonant in the 

more general case, isosurfaces of fi, which are approximations to the fast actions, provide 

us with a direction of slow drift. Two numerical observations made in this chapter, that 
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the drift rates of Ï' scale as ~ X ~ ( - K ~ / E ~ ) ,  and the way the srnaller Lyapunov exponents 

seem GO scale with E ,  suggest that these isosurfaces are in fact the manifolds of slowest 

drift. 

While the non-existence of balance dynamics is to be expected for more compler 

models, how the latter conclusion will carry over to them, which have many more degrees 

of freedorn, and for which resonant fast frequencies are almost inevitable, is not clear 

to us a t  present. A straightforward extension of our method, by blindly adding more 

Fourier modes, is not very useful for anything with more than a few fast modes since 

the exponent d in Nekhoroshev's bound (2.17) typically scales as 1/2iVfat,, in the 

avaîlable proofs and it is suspected [Lochak and Neishtadt, 19941 that this estimate is 

optimal. In the next chapter we investigate numerically the balance behaviour of a higher- 

order Hamiltonian fluid mode1 and suggest how the extension of the techniques of this 

chapter may be possible. 

As far as the general theory of dynamical systems is concerned, the numerical exper- 

iments presented here give us a number of observations which we have not seen discussed 

in the literature. First iç the way the action drift rate scales as Ï -t O in LC. This 

suggests that it may be possible to improve the available bounds on the drift rate 'near 

the core'. A related observation is the fact that the drift rates h-om the slaving manifold 

[section 2-51 seem to be independent of the fast frequency ratio 0. t\gain, this suggests 

the possibility of constructing a resonance-free bound near fi = O. We have tried to use 

partial averaging [see end of section A.21 to explain this behaviour, but so far we have not 

been successful. Last is the observation that al1 the Lyapunov exponents in our models 

are non-zero, so we have exponential stretching, and thus chaos, in all available directions 

(that is, N/2  directions for an N-degree-of-freedom canonical Hamiltonian system). As 

the timescale separation parameter E + 0, the smaller exponents (the ones corresponding 

to 'the fast-slow coupling') may also obey an exponential scaling similar to that of the 

drift rate. As we mentioned before, these observations may serve as usehl conjectures 

for more rigorous results. 



Chapter Three 

- 

A Weak-Wave Model, 

Nonlinear Stability, and 

Gravity-Wave Generation 

With the lower-order models in the previous chapter. we have defined balance dynamics 

as that where the degrees of fi-eedom that are gravity-wave-like a t  leading order are slaved 

to the vortical ones. In that case. we have seen that the dynamics is balanced to a very 

good approximation in the limit of small timescale separation parameter E.  Eveo there 

we have seen that in general the timescales of the solution are not completely separated: 

the vortical degrees of fkeedorn have small but non-zero fast components in their power 

spectrum, and the divergent ones have nonzero slow components. 

The situation becomes much more complicated for continuous systems, where the 

variables have different timescales at different spatial scales: so now E will depend on the 

spatial scale one is looking at, with the possibility that it will be large at  some (usually 

small) scales. One could still of course demand that the full dynamics be describable 

by the vorticity variable alone, but unless some extra conditions are imposed on the 

vorticity field this will almost surely not be satisfied in general, even to any reasonable, 

approximate sense. An important aim of this chapter is to identie these conditions. 

To begin with, it is reasonable to look for good balance in smooth flows instead 

of irregular ones. The smoothness of the flow is related to the decay of its spectrum, 

with steeper spectral shapes generally corresponding to smoother flows. This leads us 

in section 3.4 to consider the long-the tendency of the spectrum using a statistical 

mechanical argument, and argue how in certain cases the steepness of the spectrum may 

be maintained. 



Very few analytical tools are available to t ake us beyond t hese general con~iderations~ 

so in most of the rernainder of this chapter we will rely on numerical simulations. In 

section 3.2 we introduce a scalable discrete Hamiltonian model which can be used as a 

bridge between the lower-order models of chapter 2 and full numerical models with a 

'realistic' number of degrees of freedom. In section 3.3 we present results fiom numerical 

experiments with this model, first with a few modes in an effort to obtain a connection 

with the results of the previous chapter. then with more modes and special flow profiles 

which may give rise to well-balanced flows. 

The simplest fluid model that supports both vortical and divergent motion is the 

shallow-water equat ions, which is equivalent to a compressible two-dimensional fiuid wit h 

ratio of specific heat ni = 2. It is however known that discontinuous solutions may develop 

from smooth flows in finite time with this system. Indeed we found it impossible to 

perform long-time inviscid integrations wit h this system since some amount of (hyper-) 

viscosity needs to be introduced to ensure the stability of the numerical solution. At 

the same tirne: there is evidence that the balanced and unbalanced parts of the flow are 

affected differently by numerical viscosity. so for our purpose it is important to have a 

model that allows an essentially inviscid numerical integration. 

These reasons lead us to consider an alternate model which is introduced by Nore 

and Shepherd (19971. This weak-wave model, although an approximation to the shallow- 

water equations, appears to possess more regular sohtions for which it  is possible to 

construct a numerical integration scheme that is stable and preserves its Hamiltonian 

structure. Moreover, the model by construction is algebraically simpler in the natural 

slaving variables while retaining the essential features of the shallow-water equations. 

In keeping with the spirit of this thesis, where a less realistic system wiU be preferred 

over a more realistic system if the former is more mathematically tractable, we choose 

this model over the shallow-water equations in the belief that progress in understanding 

balance dynamics is more likely to be made in the simpler model. We describe the model 

in the next section. 
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3.1 The Weak-wave Model 

In this section we introduce the weak-wave model of Nore and Shepherd [1997, henceforth 

NS97]. We will not pay too much attention to the accuracy and physical validity of 

the mode1 [this is discussed in the reference], but instead will focus on its properties 

which rnay help us clarie certain issues concerning balance dynamics in (a model of) the 

shallow-water equations. 

We begin with the Hamiltonian structure of the shallow-water equations (2 -3) which 

wilI be scaled as follows. Res tricting ourselves to mid-latituàes, where the timescale 

separation is clearest, we take f = const., H as the average depth of the fluid, with L 

and V as length and velocity scales. Next, we define the Rossby number Ro := V/fL, 

the rotational Froude number B := f L / m  and the non-dimensional parameters b := 

BI and E := Ro : b (this latter is the timescale separation parameter). Last, we 

scale the kee-surface height perturbation q := (h - H ) / H  by EH: where here, and only 

here, h is the full dimensional free-surface height . 

In the resulting non-dimensional variables, the Hamiltonian is given by 

The potential vorticity, which is materially conserved, is q = (curl u + RO-')/ (1 + EV) . 

The form the Poisson bracket takes depends on the (dependent) variables we choose. If 

we use the 'natural' set of variables (q, A := div u, v), we have. for two functionals 3 and 

Ç [Shepherd, 1990, p. 3301, 

To Save space, we have denoted the fidl height by h, := 1 + .q. Since q is advected by 

the flow, its depth-weighted distribution is an invariant; this implies that  

for any hinction C(.) is a constant of motion-a fact which c m  be obtained directly fiom 

the bracket (3.2). 
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Nore and Shepherd [1997] chose inçtead to use the linearised potential vorticity 

4 := curl u - bq in place of p. and dropped al1 terms of O(€) except the one corresponding 

to the advection of ij in the bracket, to obtain the weak-wave model, which has the 

Hamiltonian 

and the Poisson bracket 

Here the streamfunction has been defined by v'+ := curl u, and the velocity potential 

by v*% := div u. In these variables. the equations of motion are 

It can be verified that the Casimir invariants in this system are 

As far as our program of searching for a connection between the results in chapter 2 

and continuous systems is concerned, this model has several advantages over the full 

shallow-water equations. First, the simple form of the Poisson bracket (3.5) makes it 

possible to construct a discrete version which is Hamiltonian [to be discussed in the next 

section]. By increasing the truncation level, this model can therefore serve as a 'bridge7 

between the lower-order models in the last chapter and a continuous fluid model. Second, 

as mentioned in NS97, the quadratic form of the energy and enstrophy invariants enables 

us to separate the energy into different scales in the wavenumber k and, at leading order: 

into balanced and unbalanced cornponents. This will prove useful in sections 3.4 and 3.3. 
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3 -2 A Discrete Hamiltonian Truncation 

The first discrete Hamiltonian model of a continuous Auid system was obtained by Zeitlin 

[1991; see also Dowker and Wolski, 19921 for the two-dimensional Euler equations. This 

discovery followed the observation of Pope and Stelle [1989] that the group of volume- 

preserving diffeomorphisms (or, sirnply smooth flows) on the sphere s2 and the torus T2 

are two distinct limits of the SU(N) Lie group as N + CO [cf. .4rnol'd, 1989, app. 2; and 

Arnol'd. 1966b: for more details on groups of diffeomorphisms]. 

Since otrr model has been derived under the assurription of constant f ,  we will be 

working on the Bat torus T~ as  is often done in numerical simulations. We obtain the 

Fourier representation of this mode1 by writing 

and sirnilady for A(x) and ~ ( x ) ,  where the domain is x E [O, 27r)' and the wavenumber 

k := (kl, k2) E z2. In this discrete representation, the Poisson bracket takes the form 

where m m  := mln2 -manl, bk = 1 if k = (0,O) and is zero otherwise, and k2 := kf +kg. 

Note that this bracket is essentially a direct sum of the 2D Euler bracket and a constant 

(N canonical) one, with the coupling between the vortical and divergent parts of the 

dynamics being present only in the Hamiltonian. This is not the case with the fidl shallow- 

water equations, which have a semidirect s u m  structure in their Poisson bracket [cf. 

Marsden et al., 1984; and Guillemin and Sternberg, 1984, for background on semidirect 

sum algebras] as well as coupling in the Hamiltonian. 

However, when we take a finite truncation of this system, namely by taking k E 

{-fil, . . . , M l 2  with or without aliasing, the bracket (3.9a) no longer satisfies Jacobi's 

identity. Thus a non-canonical Hamiltonian structure is lost in a typicaI truncation. As 

shown by Zeitlin [1991], one can recover the Poisson structure for odd N = 2M + 1 
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by taking an aliased tnincation (so sums of wavenumbers are wrapped back onto the 

domain) with k E - - - , M l 2  and modifying (3.9a) to 

This constitutes quite a severe modification to the dynamics, as the interactions between 

vortical modes are only accurate up to k - fi compared to k  - N in a non-Hamiltonian 

truncationj. However, as this seems to be the only way to obtain a finite-dimensional 

spectral-type$ Hamiltonian truncation of the 2D Euler equationsq, we will use it to 

constnict our higher-order Hamiltonian rnodels. The effects of the 'sine bracket' (3.10) 

on the accuracy will be noted where relevant as we proceed. 

Gathering things together, we now have a finite-dimensional-with 3(IV2 -1) degrees 

of fkeedom, to be exact-Hamiltonian truncation of the weak-wave model. The Poisson 

where rn * n is defined in (3.10). The Hamiltonian is simply a Fourier truncation of the 

continuous Hamiltonian U, 

where Clk := ( B 2 f k 2 ) / ( ~ 2 + l )  twns  out to be E' times the square of the fkequency of the 

divergent motion, and where the s u m  is taken over k E {-MY . . . , M l 2 .  The equations 

- - - 

t A slight abuse of notation: k denotes both the wavevector and its magnitude, but the 
intended meaning will always be clear from the context. 

Another Hamiltonian 'truncation' is the point-vortex approximation of Onsager [1949], 
which is even more singular. 

Based on the consideration that there are no more than eight families of 'extensible' Lie 
algebras, and that only su(N) fits the fluid model [private discussion with D. D. Holm, R. 1. 
McLachlan, T. S. Ratiu, 1. Szunyogh, and V. Zeitiin, l996]. 
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The discrete model has N - l Casimir invariants, which correspond to the continuous 

Casimirs C,, with n = 2, - - - R-, where 

c, := J y(,)n d2z.  

We shall label the discrete Casimirs by Cn. Their general form is given in Zeitlin's paper 

[p. 3561, and some have been explicitly computed by Szunyogh and Kadar [1996]. In this 

chapter, we shall only be concerned with 

which is the discrete form of the enstrophy +c?. 

A note: The semidirect s u m  structure of the Poisson bracket (and this is independent 

of the variables used, as long as the system does not possess a multi-Hamiltonian struc- 

ture) of the shallow-water equations makes it considerably more difficuit to construct 

a discrete truncation. Ge and Scovel [1994] however have shown how to obtain such a 

truncation, which unfortunately is so unwieldy that its practical use does not seem to 

be forthcoming. Rouhi and Abarbanel [1993] have also constructed a Hamiltonian trun- 

cation of the shallow-water equations in the Lagrangian variables (which are canonical) 

and computed the generators of the discrete particle-relabelling syrnmetry group. I t  is 

however not clear how one can use these generators to  perform the reduction which is 

necessary to obtain the Eulerian representation [T. S. Ratiu, 1996, personal commULLica- 

tion] . 

Another note: The effect of linear variation of the Coriolis parameter f can be 

included in our model by rnodi&ing the Poisson bracket (3.5) to 

Here the nondimensional parameter ,O has been scaled as the other variables in NS97, 

viz., ,Bdim := E f / b L - P  = v/L2 -P. A straightforward computation shows that this bracket 

indeed satisfies Jacobi's identity. We note that non-zero P breaks the degeneracy of the 

vorticity bracket , so the new bracket (3.16) no longer has non-trivial Casimir invariants. 

The su(N) truncation of this bracket is obtained by rnodiSing (3.10) to 

By writing ,û = q0P', this bracket can be shown to  form a Lie algebra [Zeitlin and 

Pasmanter, l994]. 
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3.3 Slaving Relations 

It is apparent from the equations of motion (3.6) that the variable q(x) is not entirely fast 

at leading order. We can obtain a set of variables with separated timescale by replacing 

Here h(x) is the ageostrophic height (disturbance) while ~ ( x )  is the full one. With this 

substitution, the equations of motion become 

where now qb is to be computed hom @ and h. 

We find that in these variables the Poisson bracket no longer takes the simple form 

of (3.5): but 'cross-terms' appear in it. This rneans that we cannot apply the extended 

canonical averaging technique of appendix A, which requires the Poisson bracket to have 

no cross-terms [cf. (A-lb)]. Since these cross-terms are of O(1); they cannot be removed 

pert urbat ively while keeping the separated timescales. Similarly, it appears impossible to 

find a set of variables with timescale separation without introducing cross-terms in the 

Poisson bracket. The extension of the results of chapter 2 to this model (and to more 

complex fluid models in general) is therefore not straightforward, and it seems to lie in 

finding the sigdicance, if any, of noncanonical Hamiltonian structure on higher-order 

adiabatic invariants. 

If we now define @ =: v2q5 - ~ * q 5  and h =: v28, we can separate the energy into its 

geostrophic and ageostrophic parts: E = Eg + Eag , with 

h2 
Eg = 11 1v#12 + d2x and E., = $ / l ~ ~ l ~  + + B, + b2[v~12 d2z. (3.20) 

As will be shown shortly, the ageostrophic components are zero a t  leading order in the 

slaving solution, so it is clear that our model reduces to quasi-geostrophy at this order: 
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$ and E, are just the quasi-geostrophic streamfunction and energy. respectively. It is 

readily verified t hat 

The integrand BQI may be useful in diagnosing how leading-order unbalanced motion is 

generated. 

In the rest of this chapter, we will be working with fininite truncations of the model, so 

we will give the slaving relations in terms of the discrete variables (which are also more 

convenient since; as is apparent below. the slaving relations we obtain are non-local). 

Taking (Ak, hk) as the fast variables and qk as the slow one, we have the equations of 

mot ion 

where yk := (B2 + k 2 ) - 1  is minus the (spectral) inverse of the operator v2 - B~ used to 

d e h e  4 above. Following Warn et al. [1995; see also section A.31, we assume a dependence 

of the form 

ak = Uk(4) hk = V~(Q) , (3 -23) 

and obtain at zeroth order, 

which implies the slaving relation qk = -bi2klqk. The higher-order relations follow hom 

straightforward computation, 

and so on. 
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As we shall see later in this chapter. these slaving relations can be very effective. In 

figure 3.1 we show power spectra at a fixed spatial point z = (0; O)  kom a 2g2 pseudospec- 

tral truncation of the weak-wave mode1 [see section 3-51. It can be seen that the vorticity 

[top curve in top panel] has a decaying spectrum. This reduces its interaction with the 

free (Le._ residual) gravity waves, whose lower-order harmonics (the lowest fiequency be- 

ing E-l = 10.2) can be seen in the power spectrum of h - ur) [bottom c u v e  in top 

panel], and whose higher-order harmonics are visible in the spectrum of the divergence 

field [top two curves in bottom panel]. The benefit of higher-order slaving initiakation is 

also clear £rom the figure: going fiom O(1) to  initialkation suppresses the higher- 

frequency kee gravity waves [bottom panel], while the dominant lower-frequency hump 

is actually slaved-compare power spectra of A [bottom curve in bottom panel] and that 

of a - up.  
To measure 

use the quantity 

how far our solution is Ekom the slaving manifold defined in this way, we 

as a norm at order n. Note that, unlike in (2.20): we have normalised Imb with the 

energy in our present definition. 

The problem of obtaining analytical estimates on how long and under what condi- 

tions Imb will remain srnaIl is considerably more challenging than that for the lower-order 

models of chapter 2. For this: there are a t  least two main difficulties that will need to be 

addressed. The first: and more serious, problem has been mentioned above and it stems 

from the non-canonical structure in the Poisson bracket . 

The second concerns the infinitely large number of degrees of fkeedom: the bound 

given by Nekhoroshev's theorem becomes useless in this limit. Recently: however, there 

has been some progress in this area in that it has been recognised that resonances can 

exhibit much better stability properties than individual modes [cf. Lochak, 1993, for a 

review]. Exploiting this idea, Bambusi and Giorgilli [1993] have shown that for a large 

system with well-separated timescales, energy exchange between the two distinct types 

of modes can only happen over an exponentially long time. hterestingly, their result 
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Fig. 3.1 Power spectra a t  x=(0 ,0)  in pu(29) model, with Ro=0.5, B=0.2, with 
randorn IC (ko=3, m=8),  taken over O 5 t 5 38.8. a of q and A - ~ f )  (both in 
place), with third-order slaving initialisation. b of A: without initialisation, i.e., 
only with geostrophic balance (top curve, shifted up by lo3), with O(€) slaving 
initialisation (middle cuve, in place), and with 0 ( e 3 )  initialisation (bottom cuve ,  
shifted down by 10-~). 
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stipulates that one start with little energy in the fast modes, or, in our terms, we need 

to take Eag + O? which is precisely what the (leading-order) slaving solution is. Very 

recently, Bambusi and Nekhoroshev [1998] showed exponential stability for the gravest 

fast mode of a nonlinear wave equations. Even though this last result has little to do with 

our problem? it shows that it may be possible to obtain long-time stability for solutions 

of partial differential equations. 

We note one case where balance dynamics is unambiguous for this model: when the 

potential vorticity Q is constant over the domain. As is clear from an inspection of the 

equations of motion (3.6) - the model is completely integrable in this case, with the solution 

consisting solely of gravity-wave oscillations. When one starts with h(x) = A(x)  = 0, 

this wiU persist for al1 tirne, so the dynamics remains purely vortical. 

The situation is more complicated for the shallow-water equations: slaving the diver- 

gence and ageostrophic height to a uniform potential vorticity, we find that suppressing 

the fast variables at  the initial time does not mean that they will remain zerot. It may 

be possible that under suitable conditions the fast variables will remain srnall or at least 

grow slowly in time. Whether it is possible to obtain rigorous bounds (and thus nonlinear 

stability) for this special case remains an open question. 

3 -4 St atistical Equilibria and Nonlinear Stability 

Before we begin a numerical investigation of our model, it is useful to consider what 

we can learn about its behaviour using the invariants alone. There are a t  least two 

approaches along this line. In the f i s t  part of this section, we will discuss the prediction 

of equilibrium statistical rnechanics for our problem. In the second part, we will briefly 

discuss nonlinear stability theory, its possible relation to the statistical equilibria, and its 

possible extension using dynamical ~ ~ e n t s .  

3.4.1 Statistical Mechanics 

Kraichnan [1967] used an argument bom statistical mechanics to show that, in the 

infinite-time limit, the distribution of amplitude in each mode of a (traditional) finite 

The only exception is when the potential vorticity is identically zero, but then the dynamics 
is trivial since we are dealing with a state a t  rest or in uniform translation. 
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truncation of the 2D Euler equation is determined only by the ratio of the enstrophy 

and energy Z/E.  For sufficiently small values of Z / E  [see the reference for the precise 

criterion], the system lies in a 'negative-temperature' state. where most of the total en- 

ergy tends to be contained in the gravest mode. A similar situation arises for sufkiently 

large values of Z / E ,  where now the truncation-level modes will tend to collect most of 

the enstrophy. Both these limits arise from the limited range of available wavenumbers: 

the h s t  case is possible only when the domain is bounded (and thus possesses a gravest 

mode), and the second case is an unphysical artefact of the fact that the discrete system 

is truncated at some k = km,. (In our square lattice with N odd, km, = (N - 1)/* 

and Ndof = iV2 - 1-) 

Warn [1986] applied the same argument to the shallow-water equations, but w a ~  

forced to make an assumption of weak flow since the invariants are not quadratic. In the 

following we repeat his calculation for the weak-wave model. followed in the second part 

of this section by a discussion on how the statistical equilibrium may-or may not-be 

reached by the system. 

It can be verified directly from the equations of motion (3.22) that the Liouville 

property (conservation of volume in phase space) holds with a set of variables consisting 

of the real and imaginary parts of (qk, Ak, h k ) ;  that is, writing qk  =: qk + iqL, we have 

and similarly for Ak and hk. Due to the reality condition, q-k = qk etc., so only half the 

wavenumbers k are to be used in the computations; in the following, this is understood 

implicitly. We use the canonical distribution 

where z := ( q ,  . . . , h i ) ,  C is a normalisation constant (here equal to 1/2: where 2 

is the partition fmction) , and a and B are Lagrange multipliers (inverse temperatures) 

corresponding to E and 2. As Basdevant and Sadourny [1975] have shown, the canonical 

distribution employed here is a good approximation to the more accurate microcanonical 

distribution for N > 16. 
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Fig- 3.2 Fraction of eüergy in the vortical (E,/E. positive slope) and ageostrophic 
height (Eh/E)  fields as functions of Z / E  for km, = 15, B = 0.5. The curves 
cross where the energy is equipartitioned: E, = Eh = EA = E / 3 .  

For notational brevity, let x := q i .  We compute 

We obviously have ( lqk 1 2, = ( l q ;  1') - Simiiarly, we get 

( l ~ i l ' )  = k2/a  and ( l h k 1 2 ) = k 2 / a ~ k .  (3.30) 

The constants <y and f l  are determined by requiring that the expected values of enstrophy, 

and energy, 

be equaI to the actual values of Z and E. The surns are to be taken over the k-lattice of 

our truncation. 
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Unlike in the non-divergent case' we no longer have negative temperature in the limit 

of small Z / E  since now Z can tend to zero for fixed E when al1 the energy goes into 

the gravity-wave modes. The qualitative behaviour of the system then depends on the 

parameter P / a ,  which is determined only by Z/E .  A plot of the vortical and divergent 

parts of the energy as functions of Z / E  is shown in figure 3.2. 

The muge of p is seen to be -a(km, f B~)-' 5 p 5 ml and from figure 3.2 

and (3.29-3-32): we make the following conclusions. Negative values of ,6 correspond to 

Z / E  large where most of the energy is trapped in the small-scale vortical modes. At 

f l  = O the equilibrium energy is equipartitioned among al1 the modes; for large km,, this 

happens when Z / E  = 2k&,/3. For positive ,6 (small values of Z / E ) ,  the energy tends 

to pile up in the divergent modes, where it is nearly in equipartition. 

It should be pointed out that these statistical, infinite-tirne limits have been obtained 

for a finite number of degrees of freedom IVdof: which we can then let grow to idnity- We 

know of no statistical mechanical technique capable of treating systerns with an infinite 

number of degees of Ereedorn, much less continuous systems such as a fluid. The t + CG 

and N d o f  + 00 lirnits need not (and likely do not) cornmute, so the conclusions of this 

subsection should not be blindly extrapolated to the continuous mode1 [see Warn, 1986, 

for further discussion on this] . 

With this caveat in mind, it is still useful to consider what happens as we take 

Ndof + X. First, notice that both curves in figure 3.2 (suitably extrapolated to the 

lek) will simply be translated uniformly to the right; so for fixed E and Z, we have 

Eh f EA = E,, -t E as NdoP + w- It is ô1s0 apparent from (3.29) and (3.30) that the 

gravity-wave energy tends to be equipartitioned among the degrees of freedom, while the 

vortical energy tends to pile up at the truncation wavenumber km,. These are obviously 

unphysical spectra for a real perfect fluid: and possible mechanisms to prevent this fkom 

happening in the t -t ca limit will be discussed after the next subsection. 

3.4.2 Non-role of Higher-Order Invariants, and Nonlinear Stability Theories 

The reader may have noticed that the above argument only makes use of the quadratic 

invariants instead of the full range of Casimirs that is available in our discrete truncation. 



64 A Weak-Wave Mode1 Chap. 3 
- - 

One reason for this is simple: we do not know how to incorporate the higher-order invari- 

ants into the statistical theory. The problem with these invariants is that they are not 

sign-defmite-f , so an attempt to include them in the canonical distribution (3.28) leads to 

divergent integrals in (3.29). One could in principle use the invariants in a microcanon- 

ical ensemble to compute the new equilibrium. but the calculation that this entails is 

alrnost impossible to perform except for very low truncation level N [cf. Basdevant and 

Sadourny, 19751. 

The important question is of course' Do the higher-order invariants actually mat- 

ter? Kraichnan [1975] argued that for the continuous incompressible fluid, the material 

conservation of vorticity only leads to the fine-graining of the vorticity field whose effects 

disappear when one averages over the he-scale structures. leaving only the energy and 

enstrophy to determine the statistical steady state. Furthermore, it was noted that only 

the two quadratic invariants survive a typical traditional truncation, so they are the only 

ones that 'matter', 

There are at least two objections that can be raised to the above argument. First, 

it assumes a particular property of finite-dimensionai truncations of the continuous fluid. 

namely that only two invariants are preserved. The su(N) truncation with its N - 2 

higher-order Casimirs, coupled with a temporal discretisation that also preserves these 

invariants [see section 3.5 below], therefore provides us with a means to test Kraichnan7s 

conjecture, by comparing the statistical behaviour of this model with that of the tra- 

ditional truncations. At this level of argument. the Hamiltonian discrete model is as 

realistic as any other, since the statistical mechanical predictions are based on the con- 

servation laws alone without regard to the precise details of the interaction coefficients, 

which is where one might object to the su(N) truncation. 

The second issue concerns the fundamental assumption made in deriving the sta- 

tistical equilibria: that of ergodicity. Here (more precisely, when using a microcanonical 

ensemble) one assumes that a typical trajectory explores the entire accessible phase space, 

so the temporal average dong a trajectory can be replaced by a spatial average over the 

phase space sub ject to the imposed constraints. The presence of unincluded independent 

t This is aIso true for the even-ordered Casimirs: they are sign-definite in physical space, but 
not in spectral space. 
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integral constraints wiil certainly violate this assumption. as each integral reduces the 

dimension of the phase space by one. Shus-at least when one works in finite dimensions, 

which is implicit in any statistical mechanics argument -higher-order invariants destroy 

ergodicity. so in principle one could construct st atistical measures which could detect 

their presence. It has been suggested that higher-order correlations can serve the latter 

purpose [e-g., Fal'kovich, 19941, while playing no role in deterrnining the spectra, except 

possibly in cases where the flow is nonlinearly stable [see below]. 

From this perspective, the question now is not whether al1 the invariants play a role 

(they certainly do), but whether they afFect the statistical quantities we are presentLy 

interested in, namely the spectra (of IqJ, lAtl and Ih,[) and energy partitioning (that 

is, the &actions of the energy in the vortical and divergent parts of the Bow). Having 

thus nmowed our interest, and in anticipation of our numerical resdts, we can replace 

Kraichnan's [1975] argument with the following (an equally heuristic one, as is the re- 

mainder of this section), which is based on the fact that the quadratic invariants are 

sign-definite and the others are not. 

A 2D Euler mode1 can only evolve in the intersection of the constant enstrophy 

surface, which (in q, coordinates) is a hypersphere, and the constant energy surface, 

which is a hyperellipsoid. Now Eom the expression of the energy in qk-space, it can be 

seen that in the generic case the energy ellipsoid will be a highly elongated one, so its 

intersection with the enstrophy surface will be contained in a bal1 whose radius is small 

compared to that of the hypersphere or to the 'semi-major axis' of the ellipsoid; in other 

words, the trajectory becomes highly localised-this is the basis of the approximation of 

Basdevant and Sadourny [1975, app. A]. This localisation becomes important when one 

computes the expected values of essentially local integral quantities such as the spectra 

and energy partitioning. On the other hand, the higher-order invariants are not sign- 

definite, so their intersection with the energy-enstrophy isosurface will in general have a 

'radius' which is of the same order as that of the latter even though it is of one fewer 

dimensions, thus having Little effect on the above expected values. When one looks a t  

two-point (or higher) correlations, however, the dimensionality of the available phase 

space becomes important, which is why these quantities may be sensitive to the possible 

presence of higher-order invariants. 
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The same situation holds in the full weak-wave model, with the sign-indefinite higher- 

order invariants 'unable' to influence the spectral shape and energy partitioning. Here, 

as we have found above. in the large truncation Iimit, most the energy will end up in the 

gravity-wave modes, except in the nonlinearly stable cases discussed below. 

In what foUows, we shall limit our numerical investigation to the spectra and energy 

partitioning. This is no t t o  discount the higher-order correlations-t hey are certainly 

important in various theories of turbulence-but their relevance to our discussicn of 

balance is not yet clear, and moreover. for the relatively small truncation levels N used 

in this chapter, their su(N) spectral analogues will have little resemblance to the physical 

quantities they are supposed to represent. 

One case where the higher-order Casimirs do play an important role in determining 

spectra and energy partitioning is when the flow is nonlinearly stable [Shepherd, 19871. 

.Assum.ing a decaying spectrum, the fact that a given flow is stable means that the lower- 

wavenumber part of the spectrum, where most of the energy is, is fixed up to a small noise, 

as is the energy partitioning. As discussed in chapter 4, all known proofs of nonlinear 

stability hinge on the use of the continuum of Casimir invariants. 

The curious fact that al1 known provably stable flows are 'close' to the gravest mode 

(all flows with rnonotonic vorticity distribution are in this class) also follows fiom our 

heuristic argument above. The reader may recall that the rotations of a rigid body about 

the a i s  of the smallest and largest moment of inertia are stable, while a rotation about 

the intermediate axis is unstable. In our finite fluid model, the axis of the smallest 

moment of inertia corresponds to the truncation E t ,  which we shall ignore, while the 

axis with largest moment of inertia is the gravest mode (all the intermediate axes are 

unstable hyperbolic points). For finite N ,  the stability of the gravest mode follows from 

this argument, while the stability of the flow profiies close to it is presurnably ensured 

by the higher-order Casimirs, which can be usehl to 'trap' the flow near the stable fixed 

point in this case. 

Even in cases where a flow is linearly unstable, one can often put a rigorous bound, 

again, using the Casimirs, on the growth of the disturbance, which goes to zero as certain 

parameters tend to zero [cf. e-g., Shepherd, 1988; and section 4B.31. The resulting flow 
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will then be able to explore only a srnall regiont of phase space. the effects of which will 

be visible in the energy partitioning and the spectra. 

Apart from these 'obvious' examples where a given spectral shape in the large scales 

is equivalent to  stability in some sense. we know of no cases where invariants other than 

energy and enstrophy also determine the shape of the spectrum. Unfortunately, none of 

these stability results apply to our discrete truncation on the torus: Arnol'd's method 

does not yield a useful result for this geometry [see the discussion in section 4A.31, and so 

far we have been unable to extend the result of chapter 4B to the full weak-wave model. 

It should be noted that the results obtained in this section are valid for spectral-type 

fluid models only. There are a t  least two other ways to obtain a discrete model f?om 

the 2D Euler system. One, already mentioned above, is the point-vortex approximation 

of Onsager [1949], who found a negative-temperature regime where the like-signed vor- 

tices organise themselves into coherent structures. Another approach is to consider a 

discrete number of vorticity levels [cf. the contour dynamics numerical method described 

in Dritschel, 19891. 

Unlike the spectral approaches, the statistical mechanics of t his truncation includes 

the higher-order vorticity invariants by construction, alt hough here one is forced to make 

explicit assumptions on coarse grainhg which are not necessary (or rather, are implicit) 

in spectral truncations. Miller et al. [1992, which also contains a good review of previous 

works] and Robert and Sommeria [1991] used this method to show that in the long-time 

lirait, coherent structures tend to emerge and dominate the 0ow. This conciusion has 

also been obtained using an entropy-maximisation approach [Young, 19871, to which the 

former is related. 

All of the works mentioned in the above two paragraphs concern incompressible 

Euler flow, with compressible flows still to be investigated. This seems to be a worthwhile 

area to pursue, especially since no nonlinear stability result exists for the shallow-water 

t The definition of a 'srnaLi region' becomes problematic with increasing N-this problem is 
related to the non-equivalence of norms in infinite-dimensional spaces. Here we shall assume 
that a reasonable metric, possibly weighted as the energy or the enstrophy, in the phase space 
has been chosen. 
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equations, and for our weak-wave model the known results are fewer than those for 2D 

Euler flows [see (sub)sections 4A.3.4 and 4B.5 further discussion on this]. 

-4s Onsager already realised, ail these statistical mechanics results should be taken 

with a ga in  of salt. since here the infinite-time limit is taken before the small-scale 

limit, so the conclusions of the diEerent models are not necessarily comparable or. worse, 

they may even be contradictory. Nevertheless. these results could be useful in helping 

us understand issues such as fluid stability and turbulence which would otherwise be 

inaccessible. 

3.5 Numerical Experiments 

We carried out numerical studies of the weak-wave model (3.6) using three different 

spatial truncations. The f i s t  is the su(N) truncation of Zeitlin [1991] using the Lie- 

Poisson integration scheme of McLachlan [1996: the Brst two sections of appendix B can 

profitably be consulted at this point]. With this discrete Hamiltonian model. we hope to  

learn about the 'transition' between the lower-order models of the previous chapter and 

a full-fledged continuous model. 

To identi@ properly the effects of the sine bracket (3.11) on the behaviour of the 

solution, we have also performed runs using standard spectral truncations of this model 

with and without aliasing. In the aliased model, the nonlinear term in the vorticity 

equation is computed using the Arakawa Jacobian, so the energy E and enstrophy Z 

(these two quantities take the same form as in the Hamiltonian truncation (3.12)-(3.15)) 

are conserved up to the timestepping scheme. The de-aliased model, which is obtained 

using the standard 213-rule [Canuto et al., 19881 also conserves energy and enstrophy. 

For both models, the timestepping is done using a tbird-order Adams-Bashforth scheme, 

which introduces a slight O(At)  dissipatioa and thus destroys the conservation laws, but 

we find it  necessary for numerical stability. In al1 the runs reported here, the errors in E 

and Z are at most on the order of a few percent at  the end of the simulations. 

In computing the slaving relations (3.25) beyond the leading order, we find it neces- 

sary to substitute the same numerical operator used in the timestepping into the slaving 
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relations. (This agrees with the experience wit h ini t ialisation procedures in numeri- 

cal weather prediction models.) For the two non-Hamiltonian truncations, this is quite 

straightforward although it tends to result in buky codes. 

In the Hamiltonian model, however, it is not possible to separate advancing the slow 

and slaved variables in a timestep: they need to be staggered for the scheme to be Lie- 

Poisson. This makes it impossible to find numerical operators corresponding to the time 

derivatives Gk and (hk: ak) which are necessary for accurate computation of the (higher- 

order) slaving relations. In the work described here, the slaving relations are computed 

using the fact that for sufiiciently srnall timestep size At, the timestepping scheme (if it 

is any good) becomes irrelevant, so we keep decreasing At  until the imbalance does not 

get any smaller. This obvious drawback and the higher cost per timestep seem to be the 

price one needs to pay for the H d t o n i a n  nature of the discrete model. 

A reminder: It  is not the intention of this thesis to present meteorologically ac- 

curate simulations-these are better done by larger models with various parameterised 

processes. Our main objective is to study energy exchange between dxerent types of 

motion in geophysical-like systems with the hope of obtaining a (comection with) rigor- 

ous mathematical theory, and this is best done by starting with simple and idealised, if 

somewhat unrealisticl models such as ours. The numerical results of this and the next 

section should be regarded with this objective in mind. 

3.5.1 Lowest-order Truncations: Ar = 3 

We begin with the simplest nontrivial truncation: N = 3. With b = O: this system 

possesses eight vorticity variables, since the k = (0: O) mode is decoupled from the rest and 

is always zero. The two Casimir invariants C2 and C3 reduce the number of independent 

variables to six, so this system is equivalent to a 3-d.0.f. canonical Hamiltonian system; 

the canonical variables are given in Zeitlin [1991]. .4 non-zero b simply couples eight 

linear oscillat ors t O the vorticity dynamics. 

An inspection of the timeseries of the 2D Euler model, with 6 = O [not shown here, 

but it is similar to the top c u v e  i n  figure 3.3a, without the fast oscillations] suggests that 

the evolution of the vorticity dynamics is chaotic. In fact, we also find that qk exhibits 

a full power spectrum, which is characteristic of a chaotic system. This 2D Euler model, 
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Fig. 3.3 a Timeseries of q(l,ol (top) and of h(l,o) (bottom) of the su(3) weak-wave 
model. The parameters were Ro = 0.8 and B = 0.8, so e = 0.5 and b = 0.625. 
The initial values of the vorticity modes were chosen at randorn, and A = 7 = O 
(no initialisation). The top curve has been shifted up by 0.25 for visual clarity. 
b Imb for the same model, calculated to  orders zero (top), one, and two (bottom). 
The parameters were Ro = 0.5 and B = 0.5, and the initialisation was done to 
third order. See text for more details. 
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therefore, makes a good 'base dynarnics' onto which linear gravity modes can be added. 

as with the chaotic pendulum in chapter 2. 

A timeseries of the full weak-wave model is s h o w  in figure 3.3a. The initial values 

for the divergent variables were A = 17 = O: so the gravity waves actually have finite 

amplitudes as is apparent from the bottom curve. Qualitatively, both plots are very 

sirnilar to what we found with the extended Lorenz modei. 

We then proceed to initialise (A. 7) by the slaving relations and compute the im- 

balance. which is plotted in figure 3.3b. It was found, for this particular choice of the 

parameters, that even though the initiaikation was done to third order, : the second- 

order Imb practically overIaps with the third-order one [only the former is shown in the 

plot]. The behaviour of the slaving solution is otherwise what one would expect, with 

smaller E resulting in better accuracy up to O($). There is however no evidence of ac- 

tion drift, that is, of secular growth of h b  in this model, regardless of the values of the 

parameters. 

The absence of any perceptible drift of Imb is more likely due to the drift time being 

much longer than the duration of our simulation than to the inherent absence of such 

drift in the dynamics. If this is indeed the case, the long timescale is probably due to the 

chaotic dynamics of the vortical modes being 'weaker' than that in the extended Lorenz 

mode1 of the previous chapter. To confirm this we would have to carefully compute the 

Lyapunov exponents. This we have not done for this model due to the large number 

of degrees of fieedom involved, and also to the fact [see below] that the drift quickly 

re-appears as the truncation level N is increased. 

A few words on the non-Hamiltonian truncations: It can be easily verified that for 

N = 3 and b = O the aliased spectral truncation, which we shali call ps(3), i s  identical to 

the su(3) model, up to a rescaling of time by a factor ( 3 1 2 ~ )  sin(2n/3) = 3t/a/47r, when 

the 'standard' spectral scheme 

4t =Dq@DzCl (3.33) 

is used to compute the term a(+, Q) instead of the Arakawa Jacobian 
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Here D is the spectral difFerentiation operator and @ is the spectral (skew-) multiplication- 

The higher-order aliased truncations: ps(N) with N > 3, however, do not seem to have 

t his (particular) Hamiltonian structure. 

When the Arakawa form of the Jacobian is used. ps(3) is equivalent to the de-aliased 

model, labelled pu(3), with 

qt = =D[q 63 WI - (3.35) 

This model is unfortunately trivial, since when b = O the 'corner' vorticity modes, qk 

with k = (f 17&1), are decoupled from the others which in turn form a linear system. 

Consequently, the entire system is integrable. For b # 0, our numerical evidence suggests 

that this is also the case, although we have not confirmed this directly from the discrete 

equations of motion. 

The numerical schernes (3.34) and (3.35) have been chosen by some trial-and-error 

to give the most stable integration for large truncations without explicit numerical dis- 

sipation (apart from that inherent in the timestepping scheme). Note that for N > 3, 

although the Arakawa Jacobian in (3.34) conserves energy and enstrophy, it does not 

guarantee a Hamiltonian truncation. 

3.5.2 The Behaviour of Truncation Levels and Schemes 

To obtain a meaningful comparison between the model at different truncation levels, we 

take as initial conditions 

lqkl a kme-mk/ko (3 -36) 

where rn and ko are constant and the phases of (the complex variables) qk are chosen 

a t  random. It is easy to verify that this distribution has a peak at k = ko and a width 

which is determined by m. Except when ko is comparable to km,, this gives a vorticity 

distribution which is uniforrn at  different N.  A third-order slaving initialisation is used 

to compute the initial values of A and 71 fkom the value of 9. 
Here and for the remainder of this section, we shall normalise the energy to be 

E = 2n2, which translates to l ~ , , , 1 ~  = 1 when the dynamics is close to being balanced 

and the baction of the potential energy is small (which is the case for all flows considered 

here). This normalisation implies that the vortical and divergent tirnescales are separated 
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Fig. 3.4 Imb(t) for difFerent su(N) and pu(N) truncations- The parameters are 
Ro = 1, B = 0.5 (so E EZ 0.45). The vorticity was initiaiised according to (3.36),  
with m = 8, ko = 2, and the divergent modes were computed using a third-order 
slaving relation. At t = 0.1 the order is, fkom bottorn to top, su(7), su(ll) ,  su(l'ï'), 
su(31), pu(23), pu(29), pu(l5), pu(9). For t > 100, the lower four c w e s  are the 
su(N) truncations, and the top  curve is pu(9). 

by (at least) E at the largest scale. This separation of timescales does not hold for modes 

with difFerent spatial scales-this may contribute to the failure of balance in models with 

large 1V. 

In figure 3.4 we plot h b ( t )  for several difFerent truncations: su(7), su( l l ) ,  su(17) , 

su(31) and pu(9), pu(15), pu(23), pu(29). The initial parameters in (3.36) were taken to 

be m = 8 and ko = 2; with these values i2 := Z / E g  varies very little between the trun- 

cations considered here. It is important to hold k fixed when comparing the truncation 

levels, since we also found that  the imbalance is smaller for smaller k. 
From the figure it is clear that  the degree of balance is better (and the drift of action 

slower) in the lower-order Hamiltonian models-and this is independent of the timestep- 

but as the truncation level is increased, Imb(t) also increases before apparently converging 

in the limit of large N .  The non-Hamiltonian model, on the other hand, appears to be 

more stable with respect to the change of resolution, with all the pu(N) rnodels shown 

here giving qualitatively the same Imb(t). Contrary to the behaviour of the su(N) model, 
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the imbalance in this model tends to converge 'from above', with the lower truncations 

being less balanced than higher-order ones (this can be seen more clearly in other runs 

not shown here)- 

The discrepancy in the amount of unbalanced motion generated as N is varied was 

also observed in higher truncation levels, say. between N = 30, 60 or 100: although the 

differences between truncation levels become srnaller for larger N. As we have mentioned, 

increasing N tends to increase Imb for the su(M) model and to  decrease Imb in the pu(N) 

model. This problem underlines the known ditnculty of identiSring precisely the degree of 

balance in (nearly) inviscid flows [cf. Polvani et al., 19941, especially in the weil-balanced 

regîme, where it is often found to  depend on the details of the numerical used. For the 

remainder of this section, it is to be nnderstood that the numerical values of Imb are not 

comparable over different truncation schemes and levels; nevertheless we believe that the 

qualitative conclusions are independent of these computational factors. 

With the present initial conditions, it can be seen clearly that Imb asymptotes to 1 

as t + CQ, in line with the statistical mechanical prediction. With smaller E and/or 

[see below] Imb stays small for (much) longer time, but of course this does not rule out 

a slow drift to statistical equilibrium. 

3.5.3 Statistical Equilibration and Gravity-Wave Saturation 

Warn [1986] proposed a mechanism by which the spectra, and thus Imb, may evolve 

towards statistical equilibrium. I t  was argued that for a time short compared to Ë', the 

vorticity spectrum will be close to  the quasi-geostrophic prediction 

while eventuaily the full statistical equilibrium (3.29)-(3.30) will be approached. This 

latter process is predicted to take place over a long time, with the intermediate-time 

spectra still given by (3.29) and (3.30), but where the temperature a for each spectrum 

is to be calculated separately fkom E, and E,, [cf. (3.20)], which are held fixed for this 

purpose. This theory, however, does not provide a time estimate for this slow approach 

to the full equilibrium. 
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Fig. 3.5 Wavenumber spectra of a the vorticity qk and b the third-order unbal- 
anced divergence Ar - uL3). The bottom curves are taken at t = 0.67, just after 
the truncation effect is felt, and the top curves are taken at t = 325, towards 
the end of the simulation. In both panels the top cuves have been shifted up by 
100 to improve clarity. The spatial truncation was su(31), the parameters were 
Ro = 1.2 and B = 0.5: and the initialisation was done to third order. The spectra 
have been obtained by taking a simple average of lqk 1 2 ,  etc.: for the same value 
of 1-1. 
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Our numerical data agree quite well with the first part of the theory, namely that Iq, 1' 
quicldy approaches the quasi-geostrophic equilibriurn. This can be seen in figure 3.5a: 

very shortly into the integration, the initial profile (3.36) relaxes to become nearly inde- 

pendent of k in the tail region, thereby giving an approximately lc -2  slope for E,. Later 

on-and t his happens fairly quickly-t he full weak-wave spectrum (3 -29) is reached, wit h 

some evidence that the temperature cr is in fact increasing slowly with time, as predicted. 

The spectrum of the divergence Ak for intermediate tirnes, which is not specified 

in Warn's theory. starts with a siope that is close to k-3 and then relaxes to be more 

equipartitioned. It appears that the equipartitioning of divergent energy happeris, if a t  

all, over a timescale that is mÿch longer than the relaxation of vortical energy: Ihk12 

(which for large Imb is very similar to the plot of lak - u:' l 2  shown in figure 3.5b) is 

still far kom being equipartitioned a t  t = 325, when Imb has already reached 0.6. At this 

point, the Battening of the lak l 2  spectrum takes place very slowly, although the process 

is still perceptible at t = 650. In summary, we have not been able t o  f X y  simulate the 

infinite-time behaviour of the numerical model, and thus no confirmation of the statistical 

prediction has been obtained. 

The spectrum of the unbalanced energy in the early times can be understood using 

the following heuristic argument, which is essentially separation of timescales. First, we 

mite  (3.21) in spectral form, with G := E,, 

where ~k = (B2 + k 2 ) - l .  Initially, the irnbalance 

b 
(Tnqn + -hn) n2 7 (3 -38) 

is small, so we can ignore the h, term 

in comparison with the q, terrn. The growth of imbalance at scale k is then determined 

by terms containing an average over the slow timescale T := Et 

Now as can be seen in figure 3.6, the 'free' gravity-wave component is dominated by 

hamonic oscillations of a h e d  frequency &/E (the noisy part below w = 8 is the slaved 

part). The vortical components, on the other hand, execute what appear to be chaotic 

oscillations which decay beyond a certain fiequency; this cut-off hequency is higher for 
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Fig. 3.6 Power spectra of q(* ,) (solid line) and ~ ( ~ , ~ ~ / l k 1 ~  (dashed line) for the 
su(3 1) weak-wave mode1 over '0 5 t 5 120. Randorn initial conditions have been 
used with m = 8 and ko = 5; while the parameters were Ro = 0.6 and B = 0.5, 
giving E E 0.27. The run was initiabsed with finite gravity waves, q(t = 0) = 0: 
whose peak is apparent for this wavenumber at w = 14.6. 

higher k. When the integral in (3.39) is taken over a fked length of tirne: higher-kequency 

gravity waves should therefore have smaller averages than lower-frequency ones. When 

this holds, it is further reinforced by the fact that the system is very nearly balanced 

at early times and that the leading-order slaving relations [cf. (3.25)] give an imbalance 

spectrum that is decaying in K. 

This early-tirne picture based on 'direct transfer' hom the vortical motion is essen- 

tially a separation of timescale argument [see the next subsection], and when the vortical 

dynamics is made faster by increasing the vorticity, the timescale separation becomes 

worse and the decay of the unbalanced energy density [see figure 3.5b] starts a t  larger k. 

As we mentioned earlier, this energy transfer process takes place slowly, and only after a 

long period of time does the thermalisation of the divergent motion start to take over. 

One fact we have not mentioned above is that the transfer of energy hom the vortical 

to the divergent modes can take place over extremely long times, or in other words, the 
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Fig. 3.7 Growth rate of Imb(t) as a function of E for the pu(29) weak-wave model, 
with balanced random initial condition (ko = 2: m = 8: right curve; and ko = 5, 
left curve). B is fixed at 0.5 and Ro is varied. For E > 0.2, there is Iittle difference 
with the pu(53) truncation. 

system can be very well balanced for a long time. This can happen in at least two limiting 

cases. 

First, for sufficiently srnall E ,  there will be Little overlap between the timescales of 

the vortical modes and of the free gravity waves; this means a weak interaction and Little 

energy exchange between the vortical and unbalanced motions. Starting fkorn a 

balanced random initial conditions, Imb(t) was found to grow more or less linearly. with 

the growth rate depending very sensitively on E.  As shown in figure 3.7, for ko = 2 the 

linear growth rate scales a t  least as E~ over the range considered if not exponentially. but 

the gowth rate is less steep in E for ko = 5. 

Second and more interestingly is the role of k: it is also clear from the figure that 

flows with small k2 = Z/Eg (which is essentially equal to ko here) are better balanced, 

both in absolute t e r m  and in its behaviour as E + O. The reason here, again, is timescale 

separation: when k is large, the power spectrum decays more slowly in w than when 

is small, so the fkequency overlap with the hee gravity waves is also greater. We note 

that, even though can increase, this can happen only by the transfer of energy to 
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the unbalanced motion (Le.. by decreasing E,): so this mechanism c a ~ o t  increase the 

t imescale of the (quadraticaily nonlinex) vortical mot ion. 

It should be stressed that the arguments in the Iast two paragraphs are a posteriori 

explanations that do not enjoy the same level of rigour as the averaging theorems used in 

chapter 2. Even though the decoupled vortical and divergent dynamics have separated 

timescales: we have not offered a proof of any mechanism that would keep this separation 

of timescale in the coupled system. In the next subsection we consider a potentially useful 

starting point to start developing a more precise theory of balance in this model. 

Turning our attention to the possible role of the higher-order invariants in deter- 

mining the spectra [see subsection 3.4.2 above], we compared the numericaI behaviour 

of three different truncations su(31), ps(31) and pu(29). In the 2D Euler case- b = 0, 

no dserence was observed between the three truncations: they all converge towards the 

statistical equilibrium given by (3.29), although this is approached more quickly by the 

non-Hamiltonian truncations. This confhms the long-held conjecture presented earlier 

that only the quadratic invariants affect the (point) spectrum of a discrete model, al- 

though as opposed to previous numerical works, the model used here actually possesses 

a series of higher-order invariants. 

3.5.4 Nearly Balanced and Stable Flows 

No flow profile has been proved to be (nonlinearly) stable for the present case of the weak- 

wave rnodel on the torus. We argue in section 4A.3 that the energy-Casimir-momentuni 

method is not applicable in this case, and we have not been able to extend the method of 

chapter 4B beyond the 2D Euler equations. However, numerical evidence suggests that 

several profiles are stable over timescales longer than our numerical integration allows 

us to determine, if not over infinite time. Two examples of such profiles are the gravest 

modes on the torus (as in chapter 4B) and the case of circular vortex patches. 

For the gravest modes (i.e., [kl = 1), our numericd result is consistent with what 

one would expect from a nonlinearly stable system: the noise in the system, and thus the 

imbalance, is bounded for al1 times (to within our numerical limits) by a quantity that 

scales as the initial disturbance enstrophy 2;. (Here the initial noise has the form (3.36) 
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Fig. 3.8 A circular vortex patch in the weak-wave model. The parameters were 
Ro = 0.08 and B = 0.5: and the initialisation was done to third order. 
a Imbalance for the su(31) truncation (solid line), the ps(31) truncation (long 
dashes) and the pu(29) truncation (short dashes) . 
b The vorticity spectrum a t  t = 50 for the su(31) truncation (top). the ps(31) 
truncation (rniddle) , and the pu(29) truncation (bottom) - Note that the curves 
are shifted relative to each other. 
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with kg = 4.) This numerical bound compares weil with the numerical bound for distur- 

bance vorticity in the b = O case, which we also find to scale as Zo rather than the fl 
dependence of the rigorous analytic bound obtained in chapter QB. 

This does not necessarily mean that our analytical result (for b = 0) can be improved, 

however, since the theoretical bound is valid for any arbitrazy disturbance (as long as 

its L6 norm is bounded) while in our numerical runs the initial vorticity disturbance is 

'regular' with a prescribed spectral shape. It does however raise a hope that nonlinear 

stability c m  be proved (for b # O) in this case (it may also be possible that the flow emits 

gravity-waves secularly-see below-but this emission rnust be very weak as we found no 

numerical evidence for it for all values of parameters in our simulations). 

Another two profiles which we h d  to be stable are the circular vortex patch, which 

remains stationary in our domain, and an oppositely-signed pair of such patches, which 

with our periodic boundary conditions translates with a speed and in a direction de- 

pending on the patches' separation (using the language of chapter 4B, the patches are 

structuraZ~y stable). In addition. a like-signed pair of vortex patches is often found to be 

robust provided that their separation is at least three times as large their radii-the 

most cornmon behaviour of this configuration is a rotation about the vortices7 mid-point, 

although this can be complicated by the periodic boundary conditions. 

In figure 3.8: we show the imbalance and spectra fkom simulations of a vortex patch 

using the three dxerent truncations. The patch is initially circular in shape, and the 

vorticity varies as exp(-r8/a8) where r is the distance hom the centre of the patch; 

in our r u s :  we take a to be 0.1 times the domain size. In the two non-Hamiltonian 

truncations, the vortex maintains its coherence over the duration of the simulation at  the 

relatively modest resolutions (typically less than 1002) used in this study. except when E 

is close to unity, in which case the vortex 'bleeds' and loses its coherence. 

Due to the unphysical interaction coefficients of the su(N) truncation, the Hamil- 

tonian model produces less realistic results than the non-Hamiltonian truncations: espe- 

cially in physical space: The circular shape of the patches and the vorticity step tend 

to suffer much more severe distortion in the Hamiltonian mode1 than in the other mod- 

els for a given resolution. As the resolution improves, the Hamiltonian model becomes 
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more redistic, but only slowly-consistent with the spectral accuracy of the su(N) 

truncation, 

Despite the robustness of the structures, we find the amount of unbalanced motion 

generated by the vortices to be comparable-that is? to within an order of magnitude in 

either direction-to that generated by a random vorticity field having the same value of 

k. Generally, Imb(t) of a single vortex and an oppositely-signed pair is smaller by a factor 

of two or so than that of a like-signed pair below. although there are cases where the 

imbalance Erom aU three cases are comparable-so far we have no satisfactory explanation 

for this. 

3.6 Discussion 

Ln this final section we first discuss our numerical results in the context of the axailable 

theoretical predictions, and then speculate o n  how one may proceed from this point 

[3.6.1]. Next, we suggest how our results relate to the work of other authors [3.6.2]. 

3.6.1 Retrospect and Prospect 

As we have seen in the previous sections, the balance behaviour of a full inviscid fluid 

model is considerably more complex than that of the lower-order models studied in chap- 

ter 2. From the numerical evidence we have gathered, two limiting regimes are apparent. 

The first is the 'turbulence' regime, where the vorticity field thermalises quickly and much 

of the energy is transferred to the divergent motion, followed by a much slower thermal- 

isation of the divergent modes and their saturation (by an  almost complete transfer of 

energy to thern). The other limit consists of nonlinearly stable flows, where the satura- 

tion limit of the imbalance vanishes as the initial noise tends to zero in some norm. As 

discussed in chapter 4, no stability result has been proved for our weak-wave model on 

the torus: but there are examples of such stable fiows in other geometries such as the 

sphere and bounded regions. 

Albeit mathematically interesting, the turbulence limit in nnite models is of some- 

what Lirnited relevance to real fluid flows, due to the non-commutation of the limiting 

processes mentioned eârlier. In real perfect fluid flows! the iafinity of degrees of heedorn 

at the small scales makes it possible that energy not be equipartitioned among the fkee 
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modes. When viscosity is introduced into a 2D fluid flow, Kolmogorov's [1941a, b: see 

Kraichnan and Montgomery. 1980, for a review] theory predicts the celebrated k-3 spec- 

trum in the inertial range between the forcing and dissipation length scales. How this 

result translates to 2D perfect Ezid flows (which is a mathematicaily well-posed problem) 

remains an open question, as does its possible implication to our weak-wave model (whose 

well-posedness is yet to be established) . 

Our numerical experiments with this type of flow clearly showed that there is balance 

behaviour in the lower-order discrete models, but it deteriorates quickly as the truncation 

level is increased and higher mean wavenumbers are allowed. This suggests that unless 

some constraints are imposed on the available degrees of freedom, one can only expect 

balance to hold for a short time in an arbitrary flow, before thermalisation begins to 

take effect. Again, how this behaviour is modified when an infinite number of degrees of 

freedom is present is still very much an open problem. 

Near the stable flow limit are flows for which only a few degrees of freedom are 

'active', at least over a finite but long period of time. Flows with small k fall into this 

category as long as the spectral decay (in k) is steep enough; the same is true with the 

circular vortex patches mentioned above as long as they retain their sharp gradients and 

their coherence. 

This is an area where an infinite-dimensional generalisation of the Nekhoroshev-type 

results of chapter 2 may be possible: Flows with few active degrees of freedom tend to be 

more balanced than those where the ener,v is distributed over many degrees of keedom. 

There are many difTerent ways to count the (approximate) dimensionality of a given Bow; 

for the coherent vortices, a different basis may give us 'more mileage' than Fourier modes. 

Long-time balance, which often also means higher-order balance, can be proved if 

one can show that (i) these flows leak out gravity waves only slowlyj and (ii) their spectral 

decay (or coherence) is maintained over the timescale of interest. In a model that supports 

both vortical and divergent motions: these two conditions may be interrelated, although 

there are examples where each case appears apart fkom the other: In an infinite domain, 

the work of Ford [see below] showed that the amplitude of gravity waves radiated to 

infinity bom an arbitrary vorticity distribution is small in the limit of small Froude 

number. This result is possible since the feedback of the gravity waves on the vortical 
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Bow can be ignored, so it needs to be modified when one works in a bounded domain 

such as ours. As for the other case. we have provably stable 2D flows and also certain 

configurations of coherent vortex patches which have been observed numerically to be 

stable over long periods of time. 

The outstanding problem is therefore to prove the long-time stability (in the sense 

that the number of active degrees of freedom remains small) of these metastable struc- 

tures. A possible avenue is to combine the averaging technique of chapter 2 and the 

technique of chapter 4B to take care of the infinite number of modes (most which have 

very little energy). In time, these structures will presumably leak gravity waves slowly 

and eventually lose their spectral steepness and/or coherence, a t  which point balance will 

break down completely. 

3.6.2 Other Studies on Higher-Order Balance 

-4 considerable number of studies have been done on the range of validity of various 

balance models, many of which have not even been mentioned in this work. Among those 

which we have omitted are studies using specific balance models tuned for particular 

meteorological or oceanographic processes, such as the semi-geostrophic mode1 for frontal 

dynamics, various axisymmet ric balance models for cyclones, and many ot hers. These 

types of studies are obviously important, not least because of their practical value, but 

as the prospect of obtaining first-principle mathematical theory for the long-time validity 

of these more specialised models is even more remote than what we have considered in 

this chapter, we shall not discuss them further here. 

In thiç subsection we shall limit our discussion to  those models most directly relevant 

to our work, discussing in turn the spectral shape of the unbalanced flow, the performance 

of higher-order balance relations, weak radiation of gravity waves from vortical flows, as 

well as some numerical issues. 

The conclusions that (i) the energy transfer between vortical modes and inertia- 

gravity waves is weak and (ii) the weak gravity waves generated from vortical motion 

remain a t  large scale, both obtaining under strong rotation which implies small Ro and/or 

B, have been obtained by Farge and Sadourny [1989] in numerical simulations of the 
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shallow-water equations. This of course is consistent with the gravity-wave spectrum in 

fig. 3.5b. which is decaying in k. 

Allen and Newberger [1993] numerically tested the performance of a number of bal- 

ance models reviewed by McWilliams and Gent [1980, 19831 using an unstable jet as 

the initial condition. It was found that balance models with higher-order forma1 accu- 

racy (based either on a power series expansion of some parameter or on an iteration 

scheme) generally produce considerably smaller pointwise errors-this being defined as 

the difference of the solution with that of the parent model (which here is the PE). 

A sirnilar conclusion has been obtained by Mclntyre and Norton [1999], who studied 

topographically-generated Rossby waves on a hemisphere using up to third order balance 

models. These studies are in a sense complementary to ours in that they showed how bal- 

ance rnodels can accurately simulate a given flow for a finite time while we addressed the 

long-time behaviour of such models. The two aspects are of course not unrelated, since 

as we have seen with the lower-order models in chapter 2 and with the vortex patches 

in the weak-wave model [subsection 3-5-41, the possibility of higher-order approximations 

and the long-time validity of balance relations are intimately connected. 

Of more direct comection to the results of this chapter is the work of Ford [1994a, 

1994bI. In the first of these papers, it was shown that a shallow-water vortex patch in 

an infinite domain is unstable with respect to gravity-wave radiation although the flow 

is initially balanced and the vortex is stable to purely vortical disturbances. However, it  

was found that the linear growth rate of this instability. cornputed using WKB analysis, 

is very srnall. This work was extended in the second paper by applying Lighthill:~ [1952] 

theory of aerodynamic generation of sound to the generation of gravity waves by vortical 

flows. With radiation boundary conditions, the theory successfully predicts the gravity- 

wave field away from the unstable vortex train that produces it: with its amplitude scaling 

as the fourth power of the Froude number when this parameter is small. This result is 

made possible by the absence of feedback of the radiated gravity waves on the generating 

vortical dynamics. Our results, on the other hand, cannot predict the unbalanced part 

of the flow, which is trapped by the boundedness of the domain. Taken together, both 

results show that gravity waves are spontaneously and inevitably 'generated' by vortical 

flow in a quantifiable marner; however, their amplitude is small in the limit of small 
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Froude number and, rnoreover, certain coherent vortical flows only interact very weakly 

with the gravity waves so generated. 

Also relevant is the work of Polvani et al. [1994], which studies the formation of 

coherent structures in decaying shallow-water turbulence. S tart ing from random initial 

conditions and subject to hyperviscosity. the flow settles into a few coherent vortices after 

some 'adjustment ' tirne. in qualitative agreement with our essentially inviscid results, 

it was found that in this long-time limit the amplitude of the gravity waves is small 

compared to that of the vortical modes when either the Rossby number or the Froude 

number is small. Using the Lighthill theory [Ford. op. cit.], coherent structures were 

identified as the generator of gravity waves, which have a dipolar structures at  the vortices- 

This is consistent with what we found in our numerical simulations7 where the higher- 

order imbalance fields (i.e., the 'residual' imbalance) consist mainly of dipolar structures 

coinciding wit h the generat ing vort ices. 

Contrary to our experience where the effects truncation level are felt more for smaU 

E ,  however, they found that their results (which presumably include the amount of gravity 

waves generated) are more or less independent of the truncation level except for large 

values of B (note that their B is 1/B2 in o u .  notation). The source of this discrepancy is 

not clear, but it may be due to the fact that hyperviscosity has been used in their study- 

Although widely used, the hyperviscosity coefficient is almost invariably determined by 

numerical considerations rather than by physical argument (such as turbulence closure, 

of which a satisfactory theory has yet to be developed): so their results and ours can in a 

sense be regarded as complementary. On a more physical note' they found that there is 

a considerable cyclone-anticyclone asymmetry in the shallow-water equations, with the 

cyclones generating more gravity waves and thus being less robust. Even though the 

roles of positive and negative vorticity (relative to f) are not the same in the weak-wave 

model, we did not find any significant asymmetry in our numerical runs. This may be 

one aspect where the weak-wave model is 'simpler' vis-a-vis the shallow-water model. 



Chapter Four 

Nonlinear Stability 

of Two-dimensional Flows 

-4s rnentioned in section 3.4, an extreme case of balanced flow is obtained when a fluid is 

nodinearly stable. In one dimension, where any non-trivial flow is divergent, nonlinear 

stability results have been obtained for certain flows related to solitary waves. On the 

other hand, we know of no positive result on the stability of inviscid three-dimensionai 

flows; indeed several impossibility theorems have been obtained for incompressible flows 

[e.g., Abarbanel and Holm, 1987; Sadun and Vishik, 19931. 

The two-dimensional case is something of a middle ground in this respect: For 

(quasi-) non-divergent flows, such as 2D Euler and various balanced models, the conserved 

integral quantities in the system can often be used to establish stability with respect 

to finite disturbances. This approach does not extend to divergent flows such as the 

shallow-water equations, for which only formal stability results have been obtained [Ripa, 

19831. Even though it possesses divergent modes? the weak-wave mode1 (WWM) is not 

fully divergent: as the quadratic form of the energy and the absence of the divergent 

cornponent from the advecting velocity make clear. This makes it possible to obtain 

nonlinear stability results, with the divergent motion entering the problem o d y  as an 

extra constraint [Nore and Shepherd, 19971. 

Vorticity profles that are stable in the WWM lie in a subset of those profiles that 

are stable for the 2D Euler equations. In the two independent parts of this chapter, which 

in this thesis will be referred to as chapters 4A and 4B for convenience, we report two 

new results on the nonlinear stability in this system. The first describes the limitation of 

the energy-Casimir-momentum (Arnol'd) method, and can be regarded as an extension 

of Andrews' [1984] theorem. In part B we present results for flows whose stability cannot 

be established by the standard Arnol'd method. 
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Part A. On the Existence of Arnol'd-Stable Flows 

in Compact Manifolds and Bounded Domains 

Nearly d l  proofs of nonlinear stability for fluid systems have been based on the method 

first introduced by Arnol'd [1965, 19661 and later extended by various people [see Holm 

e t  al., 1985; and Shepherd, 1992, for reviews]. The only exceptions known to the author 

are the stability of solitary waves in one spatial dimension-the so-called 1 + 1 theory 

[Benjamin. 19721, and a method originally due to Fjortoft [1953], an extension of which 

is presented in part B. 

This approach. which is also widely known as the energy-Casimir-momentum method, 

makes use of conserved quantities in the system to construct a bound that is quadratic 

in the disturbance when the latter is small. The success of the method therefore depends 

on the existence of the appropriate conserved quantities. For three-dimensional incom- 

pressible flows, one has the energy, helicity, and sometimes [see below] momenta. It  turns 

out that it is impossible to prove stability using these invariants alone [Abarbanel and 

Holm, 1987; Sadun and Vishik, 19931, although other methods may be applicable [cf. 

e-g., Arnol'd and Khesin, 19981. For the two-dimensional Euler equations, as well as for 

certain quasi-2D flows such as the 3D quasi-geostrophic model, however, one has an infi- 

nite set of Casimir invariants which are the integrated functions of vorticity. This makes 

it possible, in certain cases, to construct a conserved functional whose second variation 

,with respect to dis turbance quantities is sign-definit e, whence follows nonlinear stability. 

As discussed by Shepherd [1992], however, the success of this seemingly promising 

method has been somewhat limited. One such limitation was discovered by Andrews 

[1984; see also Carnevale and Shepherd, 19901, who showed that when the dornain sup- 

ports a certain symmetry, only flows that respect that symmetry can be proved to be 

stable using this method. For brevity, we shall henceforth cal1 flows whose stability can 

be established by the energy-Casimir-momentum method to be Arnol 'd-stable. 

It turns out that this restriction is more severe than it may appear at first. Here we 

shall show that if a compact two-dimensional smooth boundariless Riemannian manifold 

does not support symmetries [in a sense to be made clear below], which is the generic 
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situation, no flow on it can be Arnol'd-stable. Put differentiy, our result shows that 

most known nonlinear stability results hinge on the nice properties of the domain. As 

an example, the result of Capriuo and Marchioro [1988] on the nonlinear stability of 

monotonic vorticity profiles on the sphere depends on the axial symmetry: when this 

is violated (for example, if one includes the higher-harmonic components of the geoid 

shape) the result ceases to be valid and, worse, no analogous stability result has been 

discovered for this case. 

Towards the end of this part' we shall also consider briefly the role of boundaries 

in .4rnol7ci stability. A direct application of our results to this case shows that the only 

Arno17d-stable flows with zero net vorticity in a simply-connected bounded flat region are 

those with axial symmetry (wit h the obvious implication on the domain shape) . 

Our demonstration relies mostly on well-known mathematical facts, and thus the 

resuit rnay be known to those who are farniliar with both aspects of the problem: geometry 

and stability. However, the result does not appear to have been put down explicitly before. 

We record i t  here since it sheds some light into the Arno17d stability methodl where our 

result can be regarded as a generalisation of Andrews' theorem, and it helps clarify 

what the momentum of a fluid is and under what conditions it is conserved. Moreover, 

'impossibility theorems' such as the one presented here are often useful to reduce needless 

efforts spent on trying to prove the impossible and, occasionally, to spot erroneous results 

[e-g., Dauxois? 1994, 19961. 

A warning: we shall suspend all our usual notation in part A of this chapter, so we 

begin with some definitions. The reader who is interested only in the results may wish 

to skip this material and proceed immediately to section 4A.3. 

4A. 1 Notation: The Euler Equations on ZManifolds 

We shall be interested in the stability of perfect fluid flows on a two-dimensional Rieman- 

nian manifold &1 with metric g. For clarity and simplicity of treatment, our manifold 

M is assumed to be smooth, have no boundary bM = 0, and be topologically equiva- 

lent (here also diffeomorphic) to the sphere. From time to time, we will also be making 

comments about the roles of boundaries and the case where M is diffeomorphic to the 

torus. 
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As will be apparent below. the mathematics is cleanest (and clearest) when one 

works with the coordinate-free notation of modern differential geometry [cf. e-g.. Bishop 

and Goldberg, 1968: or Abraham et al.. 19881, so this notation will be used throughout 

this part. For accessibility, however, we shaiI ais0 give the key fomulae in coordinates 

(tensor notation), and when relevant-and wheri possible-point to the analogue on the 

plane or the sphere. 

Let (x'; x2) be local coordinates on M .  For a velocity vector u E TM, the 2D Euler 

equations can be written as 
ut + Vau = -gradp 

where p := ,/ijdxl A dx' := , / q : d x '  A dx2 is the volume form on Ml and V.y is 

the covariant derivative of y f TM in the direction of x E TM. We take the Levi- 

Cività connection to defhe Vzy. The pressure p is to be determined as usual boom the 

non-divergence condition (4A.lb). In coordinates, this reads 

where it is understood that indices are to be raised and lowered by the metric tensors gij 

and gij, and that summation over repeated indices is implied. The Christoffel symbols 

rik are a measure of the curvedness of the coordinate system (as readers familiar with? 

Say. the primitive equations on the sphere will recognise), and they vanish when we use 

Cartesian coordinat es-when the equations reduce to their farniliar form. 

Now in (4A.l), we have used grad p := (dp)l where d is the exterior derivative, and 

the and operators take a one-form into a vector and vice-versa (i-e., they raise and 

lower the index of a 1-tensor) . To remove the pressure, we fmt note that (4A.la) can be 

written as [Arno17d and Khesin. 1998, pp. 202-41 

where Lu is the Lie derivative along the vector u- Defining the vorticity 2-form as 
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and taking d (4A.2). the last two terms drop out to give us 

This last equation simply states t hat the 2-form w is advected by the velocity u. 

In the following, we shall make much use of the Hodge star operator *. which on 

our %manifold has the following propertiest. It takes a 2-form cu to a scalar *a by the 

relation 

a =  * a p :  (4A.5) 

and in this case it is its own inverse. **a. = a (this defines its action on scalars). For a 

vector uo it acts on the corresponding 1-form ub by 

where i, is the contraction of a dserential form with the vector u. For a 1-form 0: we 

have **O = -B. In coordinates. this reads 

where €17 = = 1 and = €22 = O. Up to a geometric factor, therefore, * rotates 

a vector by 7r/2 in the positive direction: on the plane ernbedded in R ~ ,  we have in the 

usual vector notation, *u = n x u, where n is the unit normal. 

The * operator is heavily used in vector calculus-implicitly and quietly. In R3, it 

allows one to write the cross product of two vectors (which is a 2-form) as a vector (a 

- 1-form), and to write the divergence of a vector field (a 3-form) as a scalar. In R2, it 

is used to write the vorticity (a 2-form) as a scalar. The action of * is almost trivial in 

these cases, but when the space is not flat: one needs to take into account geometrical 

factors that arise frorn the metric. 

Defining the (scalar) streamfunction $ byt 

t There appear to be dif5erent sign conventions in the definition of * in the fiterature. The 
next two relations provide an unambiguous definition for our purposes here. 

f Note -chat this is not possible for the torus or any multiply-connected 2-manifold-see our 
comments near the end of this part. 



92 On Bounded Stable E'iows Chap. 4A 

and applying the homotopy formula, Lu = di, + i,d, on (4A.4) we get 

ut + di,w = 0.  (4A .8) 

Using the definition of $ and upon some manipulation, we get 

( * w ) ~ P  - d*w A d @  = 0.  

In coordinates, and writing w := *w for convenience: this is equivalent to 

Even though this equation Iooks familiar, it is not trivial: there are metric tensors hidden 

in the definitions of I, and @ (whose coordinate expressions will be given below after we 

introduce the Laplace-Beltrami operator A). 

For a steady flow, we obviously have drw A dQ = O or a(@; W) = O: where a(-; -) is 
the usual Jacobian. Tt then follows that the streamfunction can be written as a function 

a(-) of the scalar vorticity, viz., 

$ = @(G) - 

This relation wil be important in section 4A.3 below. 

4A.2 

For our 

put into 

rigorous 

it usefid 

4A.2.1 

Integral Invariants of the Euler Equations 

purpose here, all known integral invariants of the 2D Euler equations can be 

three categories according to their "origin" . This classification is by no means 

and it is not meant to be useN for any other purposei, however, we shall find 

in what follows. We now discuss them in turn. 

D ynamical Invariant 

First is the energy E, which has dynamical origin through its role as the Hamiltonian of 

the system. It is the only invariant in this class. It has the form 

Another oft-used classification is based on how weU the invariants survive under weak 
dissipation [cf. e.g., Robert and Sommeria, 1991, p. 3071. According to this, the vorticity integrals 
are dissipa ted away whiie the energy, momentum and circulation integrals are rugged. 
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where (., -) is the inner product induced by the metric g. In coordinates, this expression 

reads 

where drl := Jgdxl dx2 is the area element on h.1. The energy is a robust invariant, in 

the sense that it survives when perturbations are made to the domain. 

We will find it useful later to express E in terms of the vorticity and streamfunction, 

which can be done as follows. First: (4A.11) is equivalent to 

with the appropriate inner product (-, -). Using the identity, a A *B = (a. f i )  p, for a pair 

of 1-forms a, p, we find 

Integrating this by parts: we obtain the desired expression, 

When the manifold fi1 has no boundary, as in the case considered here, the second term 

drops out, leaving us with  the first. 

Frorn the definitions of the vorticity (4A.3) and streamfunction (4A.7): we find that 

the scalars r3 and are related by 

Defining the codifferential operator 6 := *d*, and the Laplace-Beltrami operator A := 

bd + db (this defines the action of A on any difFerentia1 form, not just on functions), we 

have the familiar expression 

G=Aq!J. (4A.16) 

Note: If the dserential operator d acts as curl on vectors, the codifferential 6 acts as 

divergence: divv = 6vb for a vector v. The general definition of A given above can 
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be appreciated by noting that it reduces to the usual Laplacian for scalars. and to the 

standard identity 

v2v = grad div v - curl curl v 

for a vector v in Cartesian coordinates. 

Shere is a rich theory on the properties of A on Riemannian manifolds [cf. e-g., 

Aubin, 19821, but here we shall be interested only in its action on scalars, particularly in 

the eigenvalue problem 

Ap+Xcp=O. (4-4.18) 

The reader may notice that these eigenfunctions supply us with stationary solutions of 

the Euler equations (their Linear combinations, however, are not steady solutions)-we 

will diçcuss the stability of some of these eigenhctions in part 4B. Here, however, we 

shall only mention two properties which will be needed later. First, the eigenvalues are 

aU positive, 

O < Xo <XI  < - - - <  +X (4A. 19) 

(A = O is also an eigenvalue for <p = const.). Second, the normalised eigenfunctions 

corresponding to different eigenvalues are p-orthogonal, 

i f ;=  j L. ' = {O otherwise. 

For functions (or vectors), the operator A is of course just the Laplacian v2: whose 

e'cpressions in different coordinate systems are given in many mathematical physics texts. 

As prornised earlier, we now give coordinate versions of the important relations: 

The reader can check that these reduce to the usual definitions when one takes Cartesian 

coordinates on the plane, where g i j  = g" is the identity matrix. For integrals of scalars 

over M, one can simply replace the area form p by the area element dA. 
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4A.2 -2 Topological Invariants 

Next we have what we shall term topological invariants, which arise from the topology of 

the domain as well as of the governing equations. One subset of this class are the Casimir 

invariants which, in analogy with (3.7): are given here by 

where C(-) is an arbitrary function of its argument. There are several other invariants 

in this category. When the domain is not simply-connectedo one has the integrals of the 

velocity over irreducible loops in it. In addition, one also has non-integal invariants, 

such as vorticity extrema, the area bounded by isovortical lines and so on. The use of 

these invariants can yield very powerful results? such as the demonstration of nonlinear 

instability. We shall not dwell on these issues here? but interested readers can consdt 

the book by Arnol'd and Khesin [1998] and the references therein. 

The Casimirs are also robust, since they survive perturbations to M, as long as the 

perturbations do not change the topology of the domain. 

4A.2.3 Geometrical Invariants 

Third and finally we have geometric invariants: which arise fkom the variational synime- 

tries in the geometry of the domain. We shail restrict ourselves here and consider only 

integral invariants that are Linear functionals of the velocity u. To our knowledge, only 

such linear geometric invariants are known for the 2D Euler equation. Following common 

usage in physics, these linear invariants are called momenta. 

But when does a given domain support these variational symrnetries? It has been 

known for some time that the isometry group on M generates the mornenta, and more 

recently it has been shown by Minea [1980] that al1 Linear invariants of the Euler equations 

are generated in this way. So we shall begin by describing the isometry group Iso(lM, g ) .  

A Killing vector fieldt w on M is a vector field that satisfies the condition 

-f Another example where Killing vector fields play an important role in a geophysical problem 
can be found in van der Toorn [1997] 
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or in other words' its flow, which is an element of the isometry group Iso (M, g): preserves 

the metric. When the manifold has a boundary. one has the added requirement that w 

be tangent to BPl. In coordinates. condition (-1A.22) is equivalent to [Yano, 19701 

where O. denotes the covariant derivative in the direction x z .  Note that the requirement 

that the flow be non-divergent is hplicit in this condition. 

It  should be noted that this is a very restrictive condition: With Cartesian coordi- 

nates on the plane, the last equation translates to 

awi - aw2 --- 
awi dut2 

= O and - 
8x2 + dzl = O ,  d x l  a x 2  

which can be satisfied only by three independent vector fields, w, = (1, O),  w ,  = ( 0 , l )  

and w+ = ( x 2 :  -d); corresponding to translations about the x- and y-directions and a 

rotation. It follows that a region with boundary on the plane has to be  translationally 

or rotationally symmetric, in the usual sense, in order to 'inherit' these Killing fields. 

It can be shown [Yano, 1970; or Weinberg, 1972, chap. 13, for a physicist's flavour] 

that for a two-manifold, one can have a t  most three independent KiIlïng vector fields. 

On the flat torus (the doubiy-periodic boundary conditions oRen used in numerical sim- 

ulations), we only have two: w, and w, as defined above: rotation is not allowed since 

T' is not isotropic. On the sphere, we have the rotations about the three axes in R3, 

which gives w, = (O0 sine) in the usual spherical coordinates (8: &), and the correspond- 

ing vector fields for w, and w,. A manifold which supports the maximum number of 

independent Killing fields is said to be maximally symmetric, and it can be shown that 

such a manifold must be of constant curvature [Yano? 19701. It is also clear that if a 

manifold is rotationally symmetric about an axis? Say z: in R ~ ,  the rotation about this 

axis is an isometryt. 

In general, however, there are no non-trivial Killing fields. In fact, for a generic 

Riemannian manifold M :  Iso(M, g) typically consists solely of the identity, with w = O 

t It should be kept in mind, however, that not al1 2-manifolds can be embedded in R ~ .  
This may be due to topological reasons, such as for the Klein bottle, or to geometrical reasons, 
such as for the flat torus and a surface patch with constant negative curvature. The general 
definition (4A.22) is independent of embedding. 
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[Bishop and Goldberg, 1968. p. 259; or Klingenberg, 1982. pp. 87-88, for a more precise 

statement]. A consequence of this is an intuitively obvious but often neglected fact: when 

one takes the sphere and alters its shape by a small and smooth but random perturbation 

(to give. Say. the shape of the geoid). the resulting manifold is almost sure to lose all its 

Killing fields, with the implication that the flow of an inviscid fluid on it will have no 

momentum invariant. A similar but somewhat stronger resuIt holds for the geodesic 

motion of a particle on M: the existence of h s t  integrals in this problem is again closely 

related to the existence of KiLling vectors on M [Sarlet et al.. 19981- 

Given a Killing field w and velocity u on M, the associated momentum invariant is 

For the purpose of proving stability, we need to express MW in terrns of the vorticity *w, 

In order to do this: we need to integrate (4A.24) by parts, and this is only possible when 

we can mite *wb = dW for some scalar hinction W in the support of u. Assuming that 

this can be done, let M' := supp(u) n supp(w) . By hypothesis aM' # 0. Then we have 

On the plane, one needs to assume that u -t O at infinity [Batchelor, 1967, pp. 518- 

5 191 t O O bt ain KelvinYs linear impulse 

where n is the unit normal. One also has the angular impulse, which is the integral of 

G r2. On the sphere, the Killing field w must vanish somewhere, as any vector field must 

(this is a topological property), and as a result the integration by parts in (4A.25) is 

always possible without any assumption on supp(u). This gives us the three cornponents 

of the fluid's angular momentum, as in 

Mz = JM G COS 9 sin 0 dB d4 

with the usual spherical coordinates, and similarly for the other two cornponents. On the 

torus, however, it is not possible to mite  the Linear impulse as a functional of *w (again, 

this is due to the topology) and, as we shall see below, this has an important consequence 

for Arnol'd st ability. 
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4A.3 Implications for Arnol'd Stability 

The roles of the different types of invariants corne out most clearly in the case where 

M is topologically equivalent to the sphere, so we shall work with this type of manifold 

to illustrate Arnol'd stability method in the next two subsections. In the first, it is 

shown how the energy-Casimir method is insac ien t  to prove stability in the general 

(and generic) case. Next, we show how the existence of momentum invariants may Save 

the day and give stability. In the last two subsections, we discuss the cases of the plane 

and the torus, the roles of boundaries, as well as the weak-wave equivalent of the non- 

divergent results. 

4A.3.1 The Energy-Casimir Method 

We shall consider the stability of the time-independent basic fiow U. with vorticity 0 and 

streamfunction Q. Since the basic flow is stationary, by (4A.9) we have a(@, fi) = O? so 

we can define the function @(-) by ik =: @(fi) and the function G(-) by 

G ( x )  := @(s) d s .  1' 
Consider the perturbation zl to the basic flow, so that the total velocity is U + u; the 

total vorticity and streamfunction are then L? + w and 9 + +. 
We construct the invariant functional 

Since A is the sum of energy and Casimir invariants, it is conserved by the dynamics. 

Following the manipulations that led to (4A.14) and (4A.25), we can write A in the form 

A[u; U] = JM { f (11, U) + G(R + I )  - ~ ( n )  - GG' (fi)} p 

where G' (-) = a(-). In order to prove the stability of the basic state U 7  we need to show 

that this quantity is sign-definite for suEciently small u. Consider the terms involving 

G(-) in the above integral. We can mite  them as 



L - 2  1 - so for small0: the above expression is approximately given by ?w Q> (O). 

From (4A.14) we have 
P 

and since $1 is diffeomorphic to the sphere Stokes' theorem requires that 

This means that Q is determined only up to an additive constanto so we set B = O when 

fi = 0: or in other words. @(O) O. 

Now the term 4 - (IL, IL) in (-1A.30) is obviously positive definite, so for the entire 

integral to be positive definite. the remaining terrns have to be so also. But this is 

impossibleo as can be seen from the following: Since E [ U ]  2 0, fiKP = n@(n) must be 

negative for some value of B. but this is precluded by our hypothesis that @(O) = O and 

@'(fi) > O for al1 relevant fi. Thus, the method of Arnol'd's first theorem does not apply 

to flows on a compact manifold without boundary. 

The other possibility is for the entire integral to be negative definite. This may be 

possible if the last three terms in (4-4.30) are less than - 3 (u, u) , which for an idnitesimal 

disturbance translates to the condition 

But this is also impossible, as the following makes clear: since 0 = A*, expanding S. in 

the eigenfunctions of A gives us the estimate 

where Xo > O is the smallest non-zero eigenvalue, which implies that somewhere in the 

domain we must have A& 2 -a. But this last requirement means that @'(fi) 2 -A{' 

for some relevant fi, which in turn means that the condition (4A.34) c a n o t  be satisfied 

for a n  arbitrary disturbance. Thus, we also find that Arnol'd's second theorem fails to 

apply to this problem. 
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4A.3.2 The Energy-Casimir-Momentum Method 

Suppose now that we have a Killing field u1 on il1 such that the associated momentum 

invariant can be written as an integ~al of a scalar function W times the scalar vorticity 

fi + W, as in (4-4.25)- Suppose furthermore that the scalars 0 and W are hct ional ly  

dependent (thus they are 

rnakes sense-Le., it gives 

ant to A[u: U] in (4A.30): 

also functionally dependent on Q), so the definition 

a single-valued function Qw (-) . Adding the momentum invari- 

we get after some algebra 

Now it rnay be possible for certain flows U to find a suitable W such that the J-integral 

in this expression is positive deh i te ,  whence nonlinear stability obtains. Similarly, for 

some flows it rnay be possible to find a W so that A[u; U ]  is negative definite, so the 

analogue of Arnol'd's second theorem may apply to this problem. 

When M is the sphere S2: criteria for stability have been obtained by Shepherd 

[1987] and by Caprino and Marchioro [1988]-the latter d so  treated the case where U 

is non-analytic. A similar result obtains on the plane, where to prove the stability of a 

circular vortex one needs to use the angular impulse [see below]. In both these cases, and 

all others where the fidl energy-Casimir-momentum method is used, (4A.36) is usually 

written in terrns of some coordinate x: 

for some arbitrary constant a, and a fked function f (x) which is cos 0 on the sphere and 

r' on the plane. 

This more 'traditional' approach rnay give the false impression that the method is 

somehow coordinate-dependent. From the argument leading to the derivation of the 

scalar function W in (4A.25)-(4A.27), however, it is clear that the function f (x) above 

actually arises fiom the underlying symmetry of the Riemannian manifold M and its 

associated scalar field W. 
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In this particular case' the assertion of Andrews? [1984] theorern that to be provably 

stable a %ow must have the same symmetry as the domain (that is, the isolines of !P 

must coiocide with those of W) is ako apparent. Of course when one has more than one 

independent symmetry. one has more fieedom in choosing u and thus more possibilities 

of Arnol'd-stable flows. 

Finally, it is clear that in the geophysically interesting case when M is an oblate 

ellipsoid, we have the result that a flow can be nonlinearIy stable when it respects the 

axial symmetry and when its scalar vorticity distribution is monotonic. Such flows are 

called zonal-see section 4B.4 for a result on the stability of a non-zona1 flow. When 

one breaks this symmetry, for example, by deforming the surface with some randorn 

but smooth and small perturbation, no non-trivial Killing field remains and the method 

ceases to apply. This shows that the energy-Casimir-momentm method is in a sense 

fragile because momentum invariants are. 

4A.3.3 Bounded Regions and the Two-Torus 

The above results carry over directly to a simply-connected bounded region N C M 

(proper subset) when the integral of vorticity is zero over N. This means, of course, that 

unless the metric and the boundary of N support a useful symmetry, which for a bounded 

flat region can only mean rotational symmetry, there is no Arnol'd-stable flow with zero 

net vorticity on it. Put  differently, this last observation implies that any Arno17d-stable 

Bow on a simply-connected and bounded flat region must be rotationally symmetric. 

This result does not hold when the net vorticity is nonzero since for a counterexample 

one can take a single cell inside the separatrix of the Kelvin-Stuart cat's eye flow with the 

isovortical line as the boundary-the vorticity is everywhere positive for this problem, 

and its nonlinear stability follows fkom Holm et al. [1986]. Similady, o u  conclusion is 

not valid when the region is unbounded or when it  is multiply-connected, as one can find 

flows with zero net vorticity on the infinite channel and the annulus which are provably 

stable by Arnol'd's second theorem. 

This does not mean that there are no stable flows when the flow has zero net vorticity: 

the gravest mode of the Laplacian on N always gives the strearnfunction of a stable flow 
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when it is non-degenerate [cf. part BI, which is the case when N is irregular (Le., has no 

symmetry). However. such flows are not Arnol'd-stable. 

An apparent contradiction to our result is the demonstration by Dauxois [1994; 19961 

of the nonlinear stability of a counter-rotating vortex street. Upon closer inspection of the 

derivation, however, it becomes apparent that incorrect boundary conditions have been 

used. The vorticity-streambction profile of Mallier and Maslowe [1993] whose nonlinear 

stability was supposedly demonstrated cannot be codined to a finite box without violating 

the no-normal flow borindary condition. In a finite box the vorticity distribution 

coshy+cosx 
- COS x ) 

does not give rise to a steady, let alone stable, flow. The effect of the boundaries in fact 

appears in their stability result: as the y boundaries are moved farther away (giving a 

more consistent boundary conditions), their stability becomes weaker. 

To treat the case where M is diffeomorphic to the toms T*, we fh t  invoke the Hodge 

decomposition theorem, which states that for any velocity field u E TM, one c m  write 

where the three components are rnutually p-orthogonal and bu; = du;'= 0. Here uh is a 

harrnonic velocity vector field on M or, in mathematicians' terrn, an element of the h s t  

cohomology group of M. This decomposition is just the generalisation of the familiar 

h c t  that any velocity field u on the plane can be written as u = VX - V x (q!m). On 

the flat torus, i t  is also well-known that this is not true, and as we shall see shortly, one 

needs to add uniforrn translational components 

and defining u; = *d@, we End that the energy 

to u. For a non-divergent flow, dx = 0, 

can be written as 

Now when the toms is flat, the two Killing vector fields on it are harmonic, so using 

the orthogonality of the components of u, the consewation of momentum can be written 
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which tells us that the f i s t  term in (4A.41) is constant. Replacing the energy in our 
1 discussion on stability above with E' := -- 2 @ u i t  the argument goes as before, which 

leads us to conclude that there is no -4rnol'd-stable flow on the flat torust. In the 

physicist's laquage, what we have done here is just 'going to a steadily translating 

fkame' (which is useful only when the momentum is conserved) and doing the stability 

analysis there. Of course this point of view is somewhat unphysical, since it cannot be 

done in R3. 

The case of a 'bumpy' torus is more dif£icult: since u h  is not constant now, our 

previous impossibility argument does not apply, but it seems unlikely that one can prove 

stability using the energy-Casimir-momentum method as it stands here. One possibly 

useful avenue is to first investigate if one can find momentum-like quantities whose vari- 

ations are bounded for all time with bounds that vanish as the symmetry is recovered- 

We believe this is still an open question. 

4A.3.4 Stability Theorems for the Weak-Wave Model 

As discussed in Nore and Shepherd [1997, henceforth NS97, section 51, for the weak-wave 

model one needs to include the divergent contribution to the momentum invariant. This 

puts an extra condition for stability and may make uç unable to establish stability for 

a basic flow that is Arnol'd-stable in the non-divergent case. An example of this is the 

axisyrnmetric vortex in R ~ ,  which is not Arnol'd-stable in the weak-wave model [op. cit -1 
but is in the 2D Euler case [Carnevale and Shepherd, 19901 (although a stability result 

is possible in a bounded circular region). 

On the sphere with the usual spherical coordinates ( O ,  4) : and taking w = (O, CI sin 8) 

for some constant cu as the Killing vector, the rnomentum invariant is given by [cf. (48.25) 

and (4.4)-(4.5) in NS97] 

Here the second term in the bracket arises from the contribution of the divergent motion. 

Substituting this into (4A.37) and carrying out the algebra, we find that for a zona1 

There is a po tentially subtle point here: in the stability argument, the coaserved rnomentum 
cannot play a role, since it has been used to 'factor out' the uniform translation. 
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basic flow in geostrophic balance given by ~ ! J ~ ( B )  and (go = v%,bo - ~ ~ é ~ :  A. = 0. = 

b ( l  + B2)qo) the condition for stability is [cf. (5.4) in NS97] 

where Uo := dllio/dO. It is clear that there exist zona1 flows that satisfy these conditions. 

A qualitatively identical conclusion obtains for an ellipsoid with axial symmetry. 

In general, a geometric factor may appear on the second condition (4A.44b): which 

is the only place where the divergent part of the dynamics enters into the problem. 

For flows in finite domains treated so far. we therefore expect that in the generic case 

Arnol'd stability is applicable t o  the weak-wave mode1 when it is applicable to the non- 

divergent flow' although the range of provably stable flows will be more limited. When the 

domain is not simply-connected, it rnay be possible for Arnol'd7s first theorem (Le., a = O 

in (4A.44)) to apply, in which case the nonlinear stability of geostrophîcally balanced flow 

will be determined by the potential vorticity profile alone. 

Part B. Nonlinear Stability of the Gravest Modes 
on the Torus and the Sphere 

Nearly alI proofs of nonlinear stability of inviscid fluid flows in two dimensions employ 

the method first discovered by Arno17d [1965, 19661 and its later extensions [see Holm 

et al., 1985; and Shepherd, 1992, for reviews]. Variants of this approach are collectively 

known as the energy-Casimir-momentum method. As pointed out by Andrews [1984] 

and discussed further in part A, a flow that is to be provably stable by A.rnol'd7s method 

muçt possess the symmetries of the physical problem, including those of the boundary 

conditions. A direct consequence of this [sec. 4A.31 is the absence of Arnol'd-stable flows 

on the flat torus and of Arno17d-stable non-zona1 flows on the sphere. 

This point can be better appreciated by noting that Arnol'd stability concerns point- 

by-point departures £rom a given basic state. The restriction this places is often too 
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severe, since in many cases one is interested in the stability of solutions up to certain 

symmetries. Following common usage, we shall cal1 stability modulo continuous sym- 

metries structural stability . Benjamin's [1972] proof of soliton stability is an example 

of such structural stability. Whenever the physical problem possesses continuous sym- 

metries: Andrews' theorem [1984] precludes -4rnolTd stability of basic states that do not 

p ossess t hose symmetries, but structural stability may nevertheless be possible [Chern 

and Marsden, 19901. 

In this chapter, we present a couple of examples where (nonLinear) structural stability 

c m  be established for certain, admittedly rather special, flows which violate the symmetry 

conditions of the domain. The method has a distant resemblance to hnol'd's approach 

in that it relies on the existence of Casimirs and sometimes also momenta, but it is not a 

point stability result in that the provably-stable profile is ikee to wander over the domain 

without changing shape as the symmetries of the domain allow. 

The flows that shaU concern us in this part have vorticity profiles that are eigenfunc- 

tions of the Laplacian operator on the torus and the sphere. It was known to F j~r tof t  

[1953] that the eigenspace correspondhg to the lowest positive eigenfunction is nonlinearly 

stable, but individual flows in the eigenspace may not be when the latter is degenerate. 

Here we show how higher-order Casimirs and a dynamical argument can be used to break 

the degeneracy and thus prove the structurai stability of such special flows. 

On a square two-torus, with aspect ratio L = 1: the gravest eigenstate of the Lapla- 

cian is four-fold degenerate, so any eigenstate can be written as A sin(x + a) + B sin(y +P)  
with four free parameters A, 8, a! and B. Al1 such states are steady solutions. After the 

two-parameter translational symmetry is factored out by fixing o and ,û, we are still left 

with two hee parameters A and B. These two coefficients are the amplitudes of two 

clistinct modes which are related by a discrete symmetry, and whose structural stability 

cannot be established using the quadratic invariants alone. 

When the aspect ratio of the two-torus, L, is less than unity, the discrete symmetry 

between these two modes is broken and Fjartoft [1953] used a simple energy-enstrophy [see 

section 4B.2 below] to show that the amount of enstrophy in the modes with wavenumbers 

lkl > 1 is bounded by a constant depending on L times its initial value, thus proving 

structural stability of the gravest mode. 
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In section 4B.2, we show how in the case L = I the conservation of a quartic invariant 

can confine the amplitudes A and B to small intervals whose widths are determined, 

through an L6 norrn: by the initial noise present in the system. This then limits energy 

exchange between the two gravest modes, proving structural stability. Essentially the 

same method applies to the gravest mode when L < 1, but sornewhat surprisingly. it also 

puts a non-trivial limit on the growth of disturbances to the next-gravest mode, which is 

known to be Linearly unstable [Meshallan and Sinai. 19611. This is done in section 4B.3. 

On the sphere, the gravest eigenfunctions of the Laplacian correspond to solid body 

rotations dong the three principal axes whose magnitudes are k e d  by the conservation of 

angdar momentum M. In the generic case when M # 0, its direction fixes a natural a i s  

for the problem, thus partialIy breaking the symmetry and making it possible to prove 

a nonlinear stability theorem [Shepherd, 1987; Caprino and Marchioro, 19881 analogous 

to  Rayleigh's criterion. Since the amplitude of each eigenfunction in the gravest (1 = 1) 

eigenstate is fixed, they only enter the stability problem as  parameters, allowing us to 

turn our attention to the next gravest (1 = 2) eigenstate. 

In section 4B.4, we show how the conservation of higher-order Casimirs can be used 

to show that a shape in this eigenstate, which is four-fold degenerate (for real-valued 

functions, after accounting for rotational symmetry about the M-ais) , is structurally 

stable. Our analytical result complements the Iinear analysis and numerical work of 

B aines [19 761. 

We discuss the method and the prospect of its extension to other profiles and to the 

weak-uave mode1 in the last section. First, we begin with some notation. 

4B. 1 Preliminary: Notation 

We consider the Euler equations 

where w is the vorticity, d (f, g) := f,g, - f,g, in local coordinates, and the streamfunction 

1C, is defined by V2$ = W .  By Stokes7 theorem, the integral of w is zero over the torus 

and the sphere; for convenience, we set the integral of .SI to be zero as well. 



The constants of motion in this system are the energy 

and an infinite set of Casimir invariants 

where C(-) is any arbitrary 

we define 

Henceforth we shall refer to 

function of  its argument. We will only need C(x) = xn: so 

C, as the nth Casimir. 

Here we fix the notation for the two-toms [O, 2a] x [ 0 : 2 ~ L ] ;  the notation for the 

sphere will be introduced in section 4B-4. Without loss of generality, we may take L 1. 

Decompose w into three components 

where (;, is the projection Pw onto the 'x' mode with [k+l = 1, IkyI = O, and similarly: 
- 

W := Pw is the projection ofw onto the 'y' mode with Ikzl = O, lkJ = 1/L. The remaining 

vorticity is then w' = (1 - P - P)w. We note that these three components are mutually 

orthogonal (as are their corresponding streamfunctions II> .  +'), which then allows us 

to partition the enstrophy Z := f c2 i n t o  three components, 

Up to arbitrary translations in x and y, the vorticity can then be written as 

Without l ~ s s  of generality, we take Z = 1; this is equivalent to a r e scahg  of time t. The 

energy also partitions into three cornponents: E = E + Ë + E'. 
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4B .2 The Square Torus: Nonlinear Stability 

First we consider the case L = 1, as the results for the case L < 1 follow readily from the 

computations in this section. Since W and W both have Ik12 = 1. and w' has 1kI2 2 2, it 

foUows that 

Ë = Z, Ë= 2. and E ' s i Z ' .  (4B. 8) 

Letting the subscript O denote the value of a quantity a t  t = 0, and fo1lowir.g the line of 

argument of Fjortoft [1953] on energy and enstrophy transfer across different scales, we 

have 

By syrnrnetry, we also have 426 < Zr, so 2' is bounded as - 

This bound arises kom the conservation of energy and enstrophy; we shall use (4B.10) 

extensively without further mention in what follows. This type of argument, however, 

cannot rule out transfer between 2 = Ë and 2 = Ë, so to show that the z mode will not 

'leak' into the y mode and vice versa, we need to use the other invariants. 

The essence of our approach can be seen most clearly by setting Zf = O, so 2 = 1-2, 
and noticing that C4 can now be written as a function of 2 alone, 

In the interval O 5 k 5 1; dc4/d2 # O except a t  2 = 4, so 2 cannot change continuously 

from its initial value without violating the conservation of C4. In place of C4. we could 

equally use C2n for any n 2 2 (all the odd-ordered Casimirs vanish) to arrive a t  essentially 

the same resdt. 
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To complete the proof we need to show that the contribution of the smail-scale 

vorticity (the terms containing w f )  to C4 is bounded by a quantity, Say E(Z1: - - -), that 

vanishes as Z' + O. The maximum possible variation in 2 is then approximately given 

by 

valid for sficiently small 2'. At 2 = 4 this bound obviously fails. However, since this 

is only an isolated point surrounded by stable regions, its stability readily follows. 

In the following, our focus is to illustrate the method and not to obtain an optimum 

bound; many of the constants involved could presumably be tightened by employing more 

precise estimates and/or numerical computation. We begin by expanding C4: 

The fkst integral on the r.h.s. is easily computed to be [cf. (4B.l l)] 

while the second integral vanishes. 

The terms on the next line can be bounded using the Cauchy-Schwartz inequality 

as in 

to give, upon setting ,% = 2 = 1 in the bounds, 
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We bound the integral containing wl2 using 

and the fact that rnax IWI = n / r  5 1 / ~  (using the same bound for m a  lW 1 ) .  to yield 

To boutd the remaining terms, we h s t  use Minkowski's inequality 

with k = 4, f = w and g = -(z + W) to get 

where D4 := max(C4, 9/47r2). Here 9/47? is the maximum possible value for S(W + G ) ~  

for 2: 2 5 1. Applying Cauchy-Schwartz again, we then get 

We note here that for odd n: one needs C,+l in order to bound J Iw'ln: since only the 

even-ordered Casimirs are sign-definite. Useful bounds for lw'ln7 n > 3 follow in a 

similax fashion, e-g., 

where Ds := rnax(Cs, 25/8n4) has been d e h e d  in analogy with D4, and so on. The last 

integral in the expression for C4 can now be bounded as 

For reference, we note that when higher-order Casimirs exist, one can obtain bounds with 

higher powers of 2'-this may be useful when Z' is smooth and very small. 
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As an illustration. we consider the case = 0; which corresponds to a basic state 

consisting of only the x-mode. Denoting the terms involving w' in (4B.11) by Cf (those 

containing only and W have been denoted by C_ so that C4 = c + Cf)? one obtains 

Since C4 iç a constant of the motion, it follows that c - Co = - @, and thus 

Now 

so after replacing 2 by 1 -2-22; 5 2 on the 1.h.s. of (4B.25). we get the final expression: 

which can be solved for the maximum value of 2, given (sufficiently small) 26. In the limit 

26 4 0, the bound obtained in this way will be proportional to fl. Qualitatively, this 

dependence seems to be optimal even though the constant can presumably be improved 

(e.g., by using the bound on 9 to bootstrap the cornputation). 

It should be pointed out here that this bound involves C4 and Cs, whose values 

depend more strongly on the smoothness of the initial conditions-which include the 

disturbance wo(x)-than those of the energy and enstrophy. Moreover, it seems to u s ,  

unlikely that this condition can be relaxed, which suggests that for fked 2; one can 

alter the stability of the basic state by making the disturbance more or less irregular. 

Whether and how this dependence on higher-order Casimirs manifests itself in other 

stability problems remain to be investigated. 
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The prospect of obtaining Liapunov (Le., normed) stability for this problem seems 

to be ruled out by the fact that in order to obtain a bound on j lwrln that vanishes 

as Iwrl + O vanishes. one needs Cn+i for odd n and Cnf2  for even n. This makes it 

impossible to express our result in terms of a single norm in w'. 

Another, perhaps easier, way to prove nonlinear stability is by assurning that Iwo 1 is 

bounded, Iwo 5 wmax (this bound actually holds for all time), and expressing all terms 

containing wr in (4B.11) in terms of Zr.  This would give a qualitatively weaker result 

than that presented above, since it requires an Lm norm instead of our L6. 

4B.3 The Long Torus: Saturation Bound 

The 'classical' nonlinear stability result for the gravest (or x-) mode when L < 1 can be 

obtained as follows. Let 2 denote the enstrophy of the x-mode and 2'' the enstrophy of 

.- 1 - 2, with the same convention for everything else (including the y-mode), i.e., Zr' -- 
the energy. A simple energy-enstrophy argument as in the begiming of section 4B -2 tells 

us that the x mode is nonlinearly stable [cf. F j~r tof t ,  19531: 

(1 - L )  when L > 1/2 
Zr' 5 MZ: where M = { q,3 

when L < 1/2 

(when L > 1/2, the next-gravest mode is the y-mode, and when L < 112, it is the 2x- 

mode). In contradistinction with our result in section 4B.2: this bound depends only on 

Z:, thus proving normed stability. However, the bound diverges in the Limit L + 1. Here 

we obtain useful bounds for the marginal case e := 1 - L2 < 1. 

In this case, the stability of the z-mode, go = 0: in terms of 26, can be proved using 

the method of the previous section, giving a bound which is practically independent of 

E. SO we now turn our attention to the next-gravest (or y-) mode, which is known to 

be unstable [Meshalkin and Sinai, 19611, and show how the same approach leads to a 

saturation bound of O(&). 

We begin as in the previous section by noting that 

Ë = 2, Ë = ~ ~ 2 ,  and E ' < ~ z ' .  
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We take Z = 1 as before, and we assume 112 < L < 1, which is appropriate for the limit 

E << 1. Without making any further assumptions, we then obtain 

Let C' and c be defined as above depending on whether they contain w' or not. 

Using 20 = O: we have [cf. (4B.24)] 
A 

The smaller scales are bounded as before by 

where here D4 := max(C4, 9/47r2~) and D6 := max(C6, 25/8r4L2). 1f we now take 

26 < E,  estimate (4B.31) gives 

2' < 4~ (4B .34) 

which leads us to 

5 4€ + $ E ~  + 2&(&, C4, C6) - 
For srnall enough E,  and for sufnciently smooth and small initial noise. this tells us that 

2 is bounded by a quantity of order JE since 2 + 2 = 1 + O(E).  This in turn irnplies 

that 2 + 2' is also bounded to the same order in E ,  which gives us the desired saturation 

bound. In particular, if Zo = O and 2; 5 E ,  then 2 + Zf 5 (3 (JE). In retrospect. it is 

now clear that the assumption Zo = O we made earlier can be relaxed to 20 c <(a - 
-4s in section 4B.2, a saturation bound of CI(&) applies to arbitrary initial conditions 

- 

Zo and Zo. which in general need not even be steady states. When we start at the gravest 

mode, with Zo = 0: we of course have a nonlinear stability result rather than simply a 

saturation bound. 

The estimate can be improved if desired to c ~ ( E ~ / ~ )  by computing this bound ex- 

plicitly, substituting it into (4B.31), picking 2; - O ( E ~ / ~ ) ,  and using the new estimate 

on Zf to bootstrap the above procedure. For very small E ,  this process can be iterated 

(along with numerical computation to  improve the constants) to give a bound which is 

effectively of order E .  
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4B.4 Stability of Wave Two on the Sphere 

On the sphere. one encounters a similar situation as on the toms: the eigenspaces of the 

Laplacian are degenerate. and as a result. the different modes in the gravest eigenspace 

may be structurally unstable. There is a n  important difference. however. in that in 

addition to the energy and Casimir invariants, on the sphere one has the conservation of 

angular momentum M: where 

Mz = w (x) sin 8 cos d2x . 1 
Here the sphere is taken to be of unit radius, with x := ( O ,  4 )  denotuig the usual spherical 

coordinates. We shall choose the x-, y- and z-axes in the ambient R3 such that Mz = 

Dly = O. In the context of a flow on a rotating planet, the z-axis is then the direction of the 

total (that is, planet ary plus the fluid's) angular momentum. Under terrestrial conditions, 

M will be dorninated by the planetary rotation, so its direction and magnitude will be 

nearly equal to those of the planet's. 

Incidentally, the components of angular rnomenturn also represent (the amplitude 

of) the vorticity w ( x )  projected onto the gravest modes, which are the eigenfunctions 

of V2 with the lowest non-zero eigenvalue, with total wavenumber 1 = 1 and eigenvalue 

X = l ( l  + 1) = 2. Since the gravest modes are then constant under the dynamics, their 

amplitudes only come in as parameters in what follows, so we turn our attention to the 

next-gravest modes, with 1 = 2 and X = 6. 

These modes, which are non-zona1 in general (i-e., they have non-trivial dependence 

on c$), are known as (the largest scale) planetary Rossby waves and are of considerable 

interest in meteorology. The stability of these waves has been studied for a restricted set 

of perturbation wavenumbers by Hoskins [1973], who found that waves with Z < 5 are 

stable. B aines [1976] showed using h e a r  analysis allowing more perturbation modes that 

planetary waves with 1 2 3 may be unstable when their amplitudes are sufEciently large, 

and in addition, invoked Fj~rtoft 's  argument and the conservation of angular momentum 
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to show that the 1 = 2 eigenspace is stable. As in the case of the two-toms: however. 

we have a structural stability problem. since the different modes in this eigenspace may 

exchange energy and thus alter the shape of the wave. 

In this section, we will not be working in a rotating kanie. We mite  the (total) 

vorticity field w (x) as 

W ( X )  = f (x) + a(x) + b(x) + c(x) + w'(x) . (4B.37) 

Here f (z) = 2Rcos0, where we have defined the 'angular velocity' as := d4x/3k'!' 
primes denote components with 1 2 3. and 

b ( x )  = BTS(@,  4; a) := B J&3 sino cos O cas(0 + a) 

As with the spherical harmonies qrn ( O ,  4 ) ,  the functions TT (0: 4) are orthonormal for 

any a. This representation describes aLl possible configurations of w(x) up to arbitrary 

rotation in 9. When 2' = 0: this wave pattern rotates with angular velocity 0 2  = 

[Baines. 19761. 

We define the enstrophy by 

This quantity is conserved since it differs from C2 by a constant 16nR2/3. Since wr(x)  

only contains components of w ( x )  with X 2 12: we find as before? 

Structural instability may occur since the values of A: B: C and cr may change, thus 

changing the shape of the vorticity configuration even when 2' is small. To prove stability, 
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we consider Ch C4 and Cg (this choice will turn out to be adequate a posteriori-in 

section 4B.2 we needed to go to C4 since C3 vanishes when 2' = 0). 

From section 43.2 it is clear that a sufficient condition for stability is that d c 4 / d 2  # 

O in the case 2' = O since the contribution from w' can be made as small as we iike. The 

analogous condition can be obtained for the present case by taking Z = 4, writing 

B2 = 1 - - C 2 _  and seeking to show that the gradients of 

C4. C5 with respect to  the remaining 'parameters' il. C. a are 

our set of invariants C3, 

not coplanar. or in other 

TO this end, we set Z' = O and compute the Casimirs in terms of A. B, C and a. 

We have 

In going fiom the first line to the second, use is made of the fact that only terms that 

are even about 13 = ~ / 2  survive the O-integration, and between the second and the thkd 

line we have dropped terms that vanish when integrated over 4. Similarly, we obtain 

4 2 b ) + ( a + c ) )  d x  

8 15 
- -Q~  (11~' + 9~~ + 3c2)  + -(A2 f B~ + c * ) ~  
77r 28n2 

and 
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If we now put B~ = 1 - kt2 - c2 in the above expressions and compute the determinant 

A: we get 

263'5 
* T T  176 cos 2a /IC3 + 22 (A% - A ~ C  - 9 . 4 ~ ~  + 1 0 . 4 ~ ~ ~  +  AC^) 

It is clear from its functional forrn (and confirmed by evaluating the value for several 

randomly chosen parameters) that this expression is non-zero for alrnost all values of 

the parameters. il. C and (Y, thus confirming the functional independence of the three 

Casimirs we have used. It  is therefore possible to derive nonlinear stability bounds for 

this problem following the example of section 4B.2. Although the resulting expression 

for the bound is sure to be extremely cumbersorne. following section 4B.2 we know that 

roughly it depends inversely on the gradients of C3, C4 and C5 with respect to A: C 

and a. that it contains C4 and Cs, and that for sufficiently small 26 it goes to zero 

as fi. Using the expressions we give above, approximate but reliable bounds should 

be accessible using a computer. It is also apparent that the bound obtained here gets 

weaker (Le., larger) as R + 0. and when the rotation effect is "smaller than the noise" 

(in a quantifiable sense), the stability result reduces to that of the R = O case discussed 

furt her b elow . 
By inspection, there are three obvious situations where the determinant A is zero: 

(i) when R = O, (ii) when C = 0, and (iii) when sin2a = O. We shall discuss these in 

turn. 

It  should not corne as a surprise that the present method fails when Q = 0: since it 

is the fluid's net rotation which enables us to write the vorticity field as in (4B.38) up 

to the symmetries of the problem-this fact is independent of our choice of invariants. 

When there is no net rotation, there is no preferred a i s ,  and the vorticity profile whose 
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structural stability we are to prove has more freedom to wander around the sphere. which 

means that the form (48.37) does not respect al1 the symrnetries of the problem. In the 

language of group theory, the SO(3) symmetry present when R = O is broken by rotation 

to a smaller SO(2) symmetry about the rotation axis. 

Since the 1 = 2 eigenspace is five-fold degenerate and since the symmetry group 

SO(3) is three-dimensional. we can represent any function in this eigenspace by spatial 

rotation of a basis function with two parameters. So we mi te  in place of (4B.37). 

where the syrnbols have t heir earlier definitions. 

or: upon putting B~ = 1 - A2,  we get C3 x A ( l  

the doubly-periodic case; the bound can then be 

not do so here. 

When w' = 0: we find 

- A2).  This is completely analogous to 

obtained as in section 4B.2, so we shall 

When we start with C = 0: the angle cu becornes immaterial, so the number of 

independent parameters in o u .  problem reduces to two: A and B. Putting B2 = 1 - + 

we find that C3 CC 224aa2-4 + 15A - 5A3. Using the arguments of section 4B.2, this case 

also proves to be structurally stable. 

Similarly, the stability of the third case can be proved by setting (Y = 3 x 1 2  and 

B' = 1 - A' - C2 in the expressions for C3 and C4: and computing B(C3, C4)/a(A, C). 

It can be verified that this quantity is nonzero in general, so stability also obtains for this 

case. Cleârly the stability of any submanifold on which the determinant A vanishes can 

also be checked by restricting to it. 

When we work on an  ellipsoid of revolution instead of on a sphere, the conservation of 

x- and y-angular momentum no longer holds, so the above result cannot be immediately 

generalised to this case. At the same time, the flattening of the sphere breaks the degen- 

eracy of the 1 = 1 eigenspace, with the m = O eigenfunction being the gravest mode when 

the ellipsoid is oblate like the shape of a rotating self-gravitating body. More precisely, 
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the eigenvalues X;L corresponding to total wavenumber 1 and azimuthal wavenumber m 

are approximately given by [Meixner and Schafke? 19541 

where the parameter E is related to the eccentricity of the ellipsoid: its value for the earth 

is approximately 11 152.1. 

The method of section 4B.3 now gives a saturation bound in terms of e for any profile 

in the 1 = 1 eigenspace, up to rotation about the z-ais .  (The nonlinear stability of any 

axisymmetric monotonie vorticity distribution follows from the arog.unent in part A.) Such 

a profile is described by two parameters, which we can take to be the amplitudes of the 

m = O and m = +l eigenfunctions. and in general will precess about the symmetry (i-e.. 

the 2-) axis. What can be said about the 1 = 2 eigenspace remains an open question at 

this point. 

4B -5 Discussion 

The extent to which the method presented in this chapter can be extended remains to 

be investigated. We argued in section 3.4 [p. 651 that provably nonlinearly stable fiows 

reside in a small corner of available phase space. The question then is whether the present 

method only applies to profiles that occupy an even much smaller part of this corner. A 

few possibilities may have a good prospect, and seern to deserve a closer look in the near 

future: we discuss them briefly in turn. 

The first and doser at hand is the case of a manifold which is slightly but randomly 

perturbed (as measured by sorne appropriate norrn on the metric: cf. subsection 4A.3.2) so 

that its symmetries are destroyed. I t  seems straightforward that one can appiy the above 

method to obtain saturation bounds for flow profiles formed by the closely separated 

gravest eigenfunctions of the Laplacian on the manifold. 

Next, it might be h i t f u l  to see if one codd use more Casimirs to prove the structural 

stability of profiles other than the gravest mode. This is basically equivalent to the 

extension of Arnol'd stability modulo continuous symmetries, since Arno17d's rnethod 

essentially entails using the continuum of Casimirs to 'hold7 the profile whose stability is 
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to be proved. For this, one should check what conditions on the initial disturbance are 

required by the use of the n t h  Casinlir-it may be possible that an Lm bound on w' is 

necessarq.. in which case the method would be considerably different from Arnol'd's- 

Another interesting possibility is to see if our method of bounding higher-order 'noiseo 

can be applied to other stability problems involving an infinite number of degrees of 

freedom. This is a more remote prospect, with the two-vortex problem possibly being a 

good candidate. 

Last, of course, is the extension of the method to fluid models that support non- 

vortical dynamics such as the weak-wave rnodel of chapter 3. An attempt to  apply the 

method of this chapter directly to it was frustrated by the fact that the divergent degrees 

of fkeedom are able to absorb an unlimited amount of energy. However, as shown by Nore 

and Shepherd [1997], nonlinearly stable flows do exist for the rnodel. Their demonstration, 

however, relies on momentum conservation, so it  seems that a better understanding of 

this type of constraint [cf. section 4A.21 is necessary to make progress on the stability of 

(models of) divergent flows. 



Chapter Five 

Conclusions and Prospects 

This thesis reports an attempt to construct a mathematical theory of balance dynamics, 

in order to explain the observation that the large-scale atmospheric circulation can be 

largely described by its (slow) vortical component, with the (fast) gravity waves having 

much weaker amplitudes. Here we give an overview of our results and list a few promising 

directions for future research. 

Summary 

In chapter 2 of the present work. it was found that the conclusion of Bokhove and S h e p  

herd [1996] for the Lorenz [1986] model, namely that an accurate balance exists for all 

tirnes in the limit of small timescale separation parameter E ,  does not generalise to  models 

with more degrees of fkeedom. Even in the lower-order models used here, a solution will 

drift away hom any smooth manifold and explore a finite volume in phase space, thus 

ruling out any possibility of defining balance that is uniformly valid for all time. More- 

over, it is almost certain that this behaviour is generic for any non-dissipative dynamical 

system with more than two degrees of freedom; which includes virtually al1 models of 

inviscid fluid dynamics . 
AU is not lost, however, since this drift takes place over a timescale that  becomes 

exponentially long as E + O. This means that if one is only interested in the system for a 

finite period of time, as is often the case, one will obtain the same qualitative conclusion 

as in the Lorenz model. Just as all-time balance in the Lorenz model is a consequence of 

the KAM theory, the slow drift fkom balance observed with these slightly more complex 

models is explained by Nekhoroshev-type theory [cf. Lochak and Meunier, 19881. Both 

theories are possible due to the Hamiltonian structure which is present in the lower-order 

models as well as in more realistic fluid models. 
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The situation becomes considerably more complicated in models with a large number 

of degrees of freedorn. where balance behaviour will almost certainly fail to hold unless 

some restrictions are imposed on the flow. One possibility is to restrict the spatial scale 

of the fiow: in a finite domain, the amount of imbalance in a weak-wave model is found 

to grow Iinearly in time at  a rate which depends sensitively-although we cannot Say 

exponentially-on E when the mean wavenumber k of the flow is small. Some vorticity 

profiles that are stable or robust (such as the gravest mode on the domain, and one or 

a pair of vortex patches) are also found to have better balance than a random flow with 

the same value of t. In both these cases, the key appears to be the small number of 

'active' (suitably defined) degrees of Eeedom; in which most of the energy of the system 

is concentrated. 

Another important aspect of the present work is the use of its numerical methods, 

in particular the use of numerical schemes that preserve the Hamiltonian structure of 

the system, spatially and temporally. I t  is generally accepted, although seldom proved 

rigorously. that a symplectic integration algorithm tends to give a more accurate picture 

of the underlying feature of the dynamics-such as phase space structures-than non- 

symplectic algorithms- even though the latter may have numerically smaller error terms. 

An instance where this can be confirmed quantitatively is in the computation of Lya- 

punov exponents, where our symplectic algorithm preserves the pairing of the exponents 

[section B.31. 

The availability of a numerical Hamiltonian model that inherits the Lie-Poisson 

structure from the C G R ~ ~ ~ U O U S  model has also re-opened the issue of whether the Hamil- 

tonian struc turc! in partic ulir the higher-order Casimir invariants, might affect energy 

transfer across different length scales ('cascade') and between the vortical and divergent 

components of the dynarnics. Our numerical results found no effects of the higher-order 

invariants on the spectra-and thus cascade properties-or on the energy partitioning 

between the vortical and divergent modes in the weak-wave model. This is explained 

heuristically by the fact that, in the  generic case, sign-indefiniteness of the invariants in 

spectral space cannot constrain the system sufEciently to affect its more 'visible' spectral 

properties, such as the spectra and energy partitioning [subsection 3.421. 
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5.2 Outstanding Problems: Directions for Future Work 

From our numerical experiments with the lower-order models in chapter 2: we made 

several observations that do not appear to have been predicted by existing mathematical 

theories. First is the fact that the exponential scaling of balance behaviour holds even to 

realistic values of E ,  which are many orders of magnitude larger than available theoretical 

estimates. Secondly, the stability of slaving solutions is much better than the available 

predictions using the theory of averaging; this suggests that one rnay be able to obtain 

stronger averaging results near elliptic equilibria (of the fast variables) when the fast 

action is close to zero. The last observation concerns the scaling of the (srnder) Lyapunov 

exponents with the degree of separation of motion: they appear to  scale with the drift 

timescale. These observations rnay provide the motivation for further analytical work 

in these fields-for example, a t  the present time Little is known about the behaviour of 

Lyapunov exponents in Hamiltonian system. Although these problems rnay be quite 

tract able, they lie outside the scope of this thesis. 

A considerably more difficult problem is to obtain analytical estimates on gravity- 

wave emission for the weak-wave model in the special cases discussed above. Here one 

rnay want to begin with the stable structures, such as the gravest mode on the toms, 

the circular vortex patch, or the oppositely-signed vortex pairs-au t hese profiles have 

been found numerically to be stable (up to some translation). The goal here is to bound 

the growth rate of the disturbance, defbed to be everything outside the basic profile in 

a suitable basis. As mentioned above, the main difficulty in applying averaging theory 

to  this problem is the non-canonical Hamiltonian structure that rnay be unavoidable in 

fhid systems. We will also need to take care of the infinite number of noise modes in 

the system-in this regard, the works of Bambusi and Giorgilli [1993] and Bambusi and 

Nekhoroshev [1998] may be a source of useful tools and ideas. 

It would also be very useful to ident ie  flow profiles that are nonlinearly stable in the 

2D Euler equations but are unstable in the divergent model. Unfortunately, the scope of 

applicability of the only known general tool for proving nonlinear stability, the Arnol'd 

stability method, is somewhat limited [cf. chapter 4A], so new approaches will need to 

be developed; chap ter 4B rnay provide a useful starting point for this. 
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Two open problems in chapter 4 may be more imrnediately tractable. First, it will 

be useful to strengthen the result of part A for domains with boundaries, as this would. 

in effect, give us a 'complete' version of Andrews' theorem and thus delineate the range 

of applicability of Arnol'd's stability method. Second is the stability of the gravest mode 

on the torus in the weak-wave model: the method of part B rnay be applicable, or if not. 

this would be make a good hs t  candidate for which a Nekhoroshev-type estimate may 

be obtained- 

[Balance dynamics] is neither a theorem, an axiom, nor a 

definition, but rather a physical proposition, i.e.. a va,pely 

formulated and, strictly speaking, untrue assertion. 

V. 1. Arnol'd [1989, adapted] 

The definition of the slow manifold may therefore be fuzzy 

because the definition of gravity- wave activity is fuzzy. 

E. N. Lorenz [1986] 



Appendix A 

Canonical Averaging and Slaving 

The method of 

several decades. 

this method, in 

averaging over a fast phase has proved extremely fruitful in the past . 
Both the KAM- and Nekhoroshev-type estimates have been obtained by 

which the essential roIe of non-resonant kequencies arises in a natural 

way as will become apparent later in this appendix. 

A number of dzerent avera,$ng techniques have been proposed [see, e-g., Sanders 

and Verhulst, 1985, or Lochak and Meunier, 1988: for a review], but for a certain class of 

singularly perturbed Hamiltonian systems, there is a convenient technique known as Lie 

transform or Lie series. There are several variants of this method, which is equivalent 

to performing a canonical (or Poisson) transformation. In this appendix we shall mostly 

be following the approach of Dragt and Finn [1976] adapted to our system and note the 

noncanonical extension by Littlejohn [1979]. 

For non-Hamiltonian systems, or when the Harniltonian structure is not known, a 

method related to canonical averaging is the guiding-centre approach [van Kampen, 19851. 

This approach is as prone to resonances [see below] as the canonical version, although 

it does impose a less stringent requirement on the form of the system. When applied to 

the models in chapter 2, however, the computation turned out to be extremely unwieldy 

beyond leading order (compared to the explicit form of the canonical version) and it is 

unclear if the approach can be carried out even in principle to higher orders. We shall 

therefore not discuss this approach further. 

The method known as slaving [see Warn et al., 1995, for a review in this context] 

can be regarded as a special case of averaging when the latter procedure is applicable, as 

it gives a subset of the answer produced by averaging. It also has a considerably wider 

range of applicability than canonical averaging, although this of course cornes at a price 

125 
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[see below for further discussion]. For the application of the method to the Lorenz model, 

see Bokhove and Shepherd [1996]. 

In this appendix. we shall outline chese two methods in turn. ând discuss their 

advantages, disadvantages and interconnection- 

A. 1 Canonical Averaging: The Basic Idea 

W-e consider a general Hamiltonian system of the form 

where ili are a set of fast frequencies, s denotes the slow variables, and Xj(s) is  a 

good Poisson bracket (the remaining brackets being zero as usual). We shall be using 

the notation z := (s, f) := (s, 8, 1) for the slow and fast variables. The models (2.11) 

and (2.21) obviously belong to this category-with Y (s) simply a canonical bracket- 

provided that we extend the phase space by the canonically conjugate variables: z c, 

z' := (2, t ,  E )  and use the Hamiltonian H1(z') = X ( z )  - E in place of H ( z ) .  

We begin by introducing the operator 

for some generating function &(s, f). As the small parameter E appears in the Poisson 

bracket, we shall m i t e  
Ln = Mn + EN, 

where the first bracket is to be taken over f = (8: 1) alone, and the second over the 

slow variables s alone. Note that {si, fi) = O .  We now consider a sequence of N 

transformations 

It is clear that each factor, and thus the entire product, preserves the Hamiltonian (or. 

more generally, Poisson) structure. 



A. 1 Basic Idea of il veraging 

We note that when the coordinates z transform as 

their functions trânsform as 

where f is defined by the relation f (z) =: f ( f  ( r ) ) .  We should note hem that = T-'f 

is to be understood as giving the functional forrn of the transformed function f, whose 

(formal) arguments are given here by the old variables z (alternatively. one could regard 

the Poisson bracket and the generating functions as functions of f in T-'-but not in 

T-below). As can be verified, here the inverse (or pull-back) transformation is given by 

If we now expand T-' in powers of E 

apply it to the Taylor-expanded Hamiltonian 

and order the result in powers of E ,  we get 

341 
+a2  [ ~ 2  + I d i , ~ i } f  + {#I,Ho). + -jf + Cifiix (A. 10) 

dei as21 
It is apparent from this expression that with appropriate choices of 4,; we can remove 

the 0 dependence from H order-by-order. 
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A.2 Removal of the Angles: Application to the Extended Lorenz Mode1 

We shall use the two fast frequency mode1 (721)  as an illustration; the single fast he- 

quency case follows as a special case by taking B2 = 0. and the generalisation to multi- 

fiequency systems is straightforward. For reference. we had 

Expanding this Hamiltonian as H = Il + RI2 + Ho + E H ~  + E ~ H ~  + we End 

CI 
Hl = 2. sin 2 9   BI cos 81 + m~~ cos 82) 

n rl 

With th i s  system, the O(&) term in (A.10) is 

To elùninate the oscillatory terms in 8,. we first set Bi = OiX and, requiring that the 

above expression be kee of A, we get 

,-A 

after which the combinations !&A are to be reexpressed in terms of Bi- Here the overbar 

denotes 2n-average over A: f (A; -) := ( 2 ~ ) - '  J:~ f (A; -) dX. For our systern, we get 

c ( t)  4i(~, W ,  8 , I )  = sin 2&/5Ï& s i d i  + &Ï&R-' sin&] . 

At the next order, we need to remove B from 

by choosing $2. Repeating the above procedure, we get 

cf ( t )  + - sin 2 9  [mgl cos O1 + &Ï&-*B~ cos &] . 
2 

(A. 16) 



A.2 Extended Lorenz Mode1 129 

Note the terms containing (1 f R) -': they cause the expression to diverge when 0 = +1. 

At higher orders. more integer combinations of the frequencies of the form p+qO appears. 

In general. how far one can go in the perturbation expansion is determined by the resonant 

property of the frequencies 0 and by the exact form of the nonlinearity of the problem. 

When one is only interested in the first few orders of approximation, as is the case in 

most geophysical fluid dynamics applications, the error terln will depend only on the gross 

properties of the frequencies, and one only needs to worry about Iow-order resonances. 

The approximate adiabatic invariants Ï = TI  are given to O(€') below: where the 

variables (O. 1) have been expressed in terms of zi := JZi';sin Bi, xi := a cos Bi which 

are more compact and convenient numerically. 

(A. 17) 

For brevity, we have written C = C(t ) ,  and Cr(t)  = dC/dt. 

The computation becomes tedious very quickly for higher orders. We shall merely 

note here that, at o ( E ~ ) ,  resonant terms of the form 2 + Q and 1 i- 2Q appear in the 

denominator, thus requiring that R # &2 and 0 # i-$, and at the next order, we End 

denominators of the form 3 f 52 and R 1 3 .  From the expansion of the Hamiltonian (A.11) 

and a little algebra, it can be seen that denominators of the form p f  qR, where the positive 

integers p and q satisfy p + q = n, will appear a t  order n in our perturbation theory. 

Following common usage, we Say that a rational frequency il = p / q  is resonant of 

order n = p + q ,  since in general it will cause the perturbation series to diverge at order n. 

It is clear that lower-order resonances, with smaller p + q: are more 'serious' than higher- 

order ones. so we can characterise how 'bad' a particular frequency R is by computing 

how closely it can be approximated by a simple rational number. It can be shown that 

the most stable frequencies are the so-cailed noble numbers, which are numbers whose 

continuous fraction expansions end with an infinite sequence of ones the best-known 

example of such numbers is the golden mean (1 + &) /a .  
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In the resonant case one finds that the angle variable m := pO1 - q02 actually varies 

in the siow timescale, and one can perform the so-called 'partial averaging' on the system 

by treating a as a slow variable and proceeding as before [for more details, see Arnol'd, 

19831. This approach however produces a result in which the phases of the gravity modes 

are mixed at  leading order that their physical signScance is not at  all clear, so we have 

not pursued this further [for an example of successful application of this method in a 

physical system, see Giorgilli, 1995]i. 

3 Connection with Slaving 

In the conterct of the Lorenz [1986] model, the averaging method described above seeks 

to approximate the invariant fast (x-z) tori while as explained by Bokhove and Shepherd 

[1996], the slaving method of Warn et al. [1995] seeks t o  approximate the core of these 

tori. In general, it is clear that when the averaging method is applicable, a slaving 

solution could be found as well. We show below how to do this in practice. The converse 

is not true, however, as the resonant properties of the fast kequencies play no role in the 

slaving approach, making the latter more widely applicable. 

Contrary to averaging, the slaving method does not require that the system be 

Hamiltonian, and can be briefly summarised as follows. Given the fast variables f and 

slow variables s in the system 

where r(s) is an invertible matrix, one obtains the slaving solution by requiring that the 

fast variables be functions of the slow ones 

t There are important examples where resonances manifest themselves conspicuously in 
nature, but these all corne from celestial mechanics. The curious gaps in the asteroid belts, as 
well as  those in Saturn7s rings, and perhaps even the Titius-Bode law, can all be explained using 
this theory, whose relevance to fluid systems and their truncations is however still unciear, 
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Upon substitution into the equations of motion, one gets 

which upon expanding U(s) in powers of eI 

can be solved order-by-order for the slaving relation U(s;  E ) :  as well as an equation for 

the red uced dynamics 
ds - = S(s. U(s:  e)) 
dt 

in terms of the slow variables s alone- 

One can obtain the slaving solution (A.19) fkom the expressions for the fast ac- 

tions (A.17) as follows. The generating functions 4, define the forward and backward 

transformations 2 = ~ ( z )  and r = Z(Z)? where the functions Z and 2 are defined up 

to order n. Now the slaving solution is defined by setting Ï = O for fxed values of the 

original slow variables sr which translates to the implicit relation 

U ( s )  = Zf(S(s ,  f), f = 0). (A.23) 

Writing f = U(s) and expanding U(s) as in (A.21), we can solve for the desired slaving 

relation order-by-order. 

For the two-frequency model (2.21), f = (xi := a c o s B i ,  zi := a s i n & ) ,  and 

s = (9, w) . We computed the slaving relations Uf (p, w, t; e) to by substituting 

the equations of motion obtained Erom (2.21) into (A.20), with a minor modification to 

account for the time dependent C(t). To O(€*), the slaving relations are given by 

Uzl = e2 [ C B ~ W  cos29 + ~ C ' B ~  sin291 + o ( E ~ )  

where, again, C = C(t) and C'(t) = dC/dt. As in the previous section, the single-fast- 

mode case can be obtained f?om UZL = U. and Uzl = U, by setting B2 = 0. 

As a check, we verified that the solution obtained using relation (A.23) agrees with 

that obtained using the direct slaving approach at least up to when the fkequency 

il is non-resonant. 
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A.4 Prospects and Outstanding Issues 

The main advantage of the averaging method over slaving is that it provides a family of 

surfaces over al1 phase space across which the system can only drift over a long time. This 

makes it possible to obtain stability estimâtes of the "slow manifold" obtained in thïs way, 

in contrast with the slaving approach which "is unable to predict its own breakdown". 

We have also seen a significant problem with averaging: its sensitive dependence on non- 

analytic properties of the fast kequencies in the system. While there have been instances 

where these properties have proved important. the method still has to prove its usefulness 

in fhid systems. 

Another si,&icant limitation of the averaging method is its Limitation to Hamilto- 

nian systems of the form (A.1). Ln the meantirne, all fluid systems we know of which 

support motions at separated timescales have Poisson brackets with a semidirect product 

structure [Morrison. 1998]; where the 'cross-term' { f: s} does not vanish. While Dar- 

boux's theorem [Littlejohn, 19791 guarantees that locally one can  construct a canonical 

Poisson bracket, this is not true globally. and, more seriously, an atternpt to do so destroys 

the timescale separation in the systerns considered in this thesis. 

An open question is therefore whether the averaging technique can be extended to  

handle Hamiltonian systems with fast-slow cross-terms in the Poisson bracket. Despite 

many attempts. the author has not been able to do this. 



Appendix B 

Overview of Explicit Symplectic and 

Lie- Poisson I ntegrators 

Finite-dimensional Hamiltonian systems are very special dynamical systems in that the 

evolution is generated by a single function H ( z )  through Harniltonk equations 

where, with certain coordinates called canonical variables, Jii (2) is a constant skew rna- 

trix, 

Here In and 0, are th 

on In 

J =  ( -In on 

O O 

entity and zero m atrices: respectiv ely. The local existence 

of these coordinates is guaranteed by Darboux's theorem [Olver, 1993. thm. 6.221, but 

it is important to note that this is not true globally. More precisely. the theorem states 

that the phase space of a Hamiltonian system is foliated into In-dimensional symplectic 

'Ieaves' on which one can locally construct canonical variables. The rads of J :  which is 

272 in the above matrix, may change from point to point in phase space, but it is always 

constant along a trajectory. 

A consequence of this is Liouville3 theorem, which states that the fiow of a Hamilto- 

nian system conserves certain volumes in phase space. When (qi, pi) with i = 1, . -. ; n are 

the coordinates of the non-singdar variables in (B.2)' these volume elements are given 

by W *  := Ci dpi A dqi, w4 := w2 A u2, ,d w2' for I = 3, - - . :  n [Arnol'd, 1989, 5 44D]. It 

can be seen that the In-volume of the local symplectic leaf is w2". 

Along with conservation of energy, these conservation properties impose severe con- 

straints on the behaviour of the system: In section 3.4, we have seen that  one need to mi te  
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the system in canonical variables in order to compute statistical mechanical equilibria- 

More indirectly, this property allows the reduction of the number of degrees of freedom 

by two for each independent syrnmetry which exists in the system. The exponentially 

accurate adiabatic invariants appearing in Nekhoroshev's theorem, a feature which seems 

unique to Hamiltonian systems, is an approximate version of this reduction. 

One almost invariably loses these conservation laws when a conventional numerical 

integration scheme is used. In fact, ma- of these schemes are slightly dissipative, that 

is, contracting in phase space, to ensure their stability. The natural question is then 

whether it is possible to construct a numerical integration scheme wbich respects these 

conservation Laws. -4 theorem by Ge and Marsden [see Marsden, 1992, p. 1761 shows that 

this is impossible: a numerical integrator cannot obey all the conservation laws for an 

arbitrary Hamiltonian system. 

We are therefore faced with a choice as to  which conservation properties are 'more 

important" than the others. La the past two decades or so much progress has been 

made in the construction of numerical integrators which conserve phase space volume. 

called symplectic integrators. The simplicity of the numerical schemes for a certain 

class of Hamiltonian systems have probably contributed to this development, as well as 

the as yet unexplained but fortunate phenornenon that, for many systems, the use of a 

symplectic algorithm causes the energy to fluctuate (with a amplitude depending on the 

timestep) around a fixed value rather than growing or decaying secularly as is common 

with conventional integrators. In the remainder of this appendix we wiU discuss a certain 

class of symplectic integration schemes which have been used in this thesis. 

B. 1 symplectic Integrators 

In this section, we will work with canonical Hamiltonian systems, which have (qi, pi) as 

coordinates, and the Poisson bracket 

This bracket corresponds to the cosymplectic matrix Jij(z) above. Defining the Hamilto- 

nian flow operator pt by z(t) =: (otz(0), we h d  that the conservation of phase volumes 

is equivalent to the condition 
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for any pair of coordinates (z i .  z j ) ;  here zi may be one of the ps or qs. It is easily seen 

that the composition of HamiItonian flows is again a Hamiltonian Aow. 

The task is now clear: To obtain a numerical integrator which preserves the sym- 

plectic structure (Le.. the phase space volumes). one need to End a At map cpA, which 

satisfies (B.4) above. In general, vat will depend on qi ) .  For general canonical 

Hamiltonian systems. this can be done using mixed-variable generating functions [cf. 

e-g-, Channel1 and Scovel: 19911. However, this results in an knplicit scheme which is 

numerically inconvenient - 

For Hamiltonian systems which can be split as 

however, a family of explicit integration schemes have been developed (one may have to 

change variables to put the Hamiltonian in this form). Consider the symplectic At-map 

ya,z = exp(At{-, H ) )  z 

= e~p(a ,At{-~  T)) - - .exp(blAt{-, V)) exp(a lA t{ - ,  T}) z + O ( h t m )  . 
(B-6) 

Although the operator exp(At{-, H)) rnay be difficult to solve for, each factor on the 

second line is trivially integrable. For example, the first and second steps are just 

and 

The coefficients (ai: bi) are then chosen to minimise the error term. For further detailç. 

we refer to the work of McLachlan [1995], whose fourth-order scheme (m = 5) with 

we have used to integrate the models in chapter 2. 

We note that these symplectic integrators cannot be used naïvely with variable 

timestep size [R. 1. McLachlan, 1996, persona1 communication; see also Skeel and Gear, 

1992, for more details]. 
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B.2 Splitting Lie-Poisson Integrator for WWM 

It \vas noted by McLachian [1993] that the same trick can be used on a certain cIass of 

Lie-Poisson Hamiltonian systems which, accidentally, includes the su(N) truncation of 

the Euler equations. 

We recall that a Lie-Poisson system is a Hamiltonian system (B.1) whose Poisson 

bracket is first-degree homogeneous in 2' 

where the structure constants c; sat ise  Jacobi's identity. 

When the Hamiltonian admits an n-way split ting, 

into disjoint sets I such that (i) HI only depends on zi for i E I ,  and (ii) {zi, z j )  = O for 

i. j E I (this implies that ir is independent of zI), it is possible to co~istruct a Lie-Poisson 

integrator in the form 

Each factor in FA, is a linear evoiution operator which, although no longer trivially 

integrable as in (B.7) can still be solved exactly. For Zeitlin's truncation of the Euler 

equations, this can be done efficiently using Fourier transform. A second-order accurate 

scheme can be obtained essentially 'for fkee' using 03&. The reader can consult 

the reference for more details. 

As with splitting-type symplectic integrators, the energy error of this scheme is 

usually bounded by a small quantity, which does not exceed 10-~  in our runs. The error 

in the (discrete) Casimirs can only arise fkom numerical round-off, and we did in fact find 

it to be about half an ulp per fiop* for the enstrophy [see Szunyogh and Kadar, 1996, for 

errors in the higher-order Casimirs]. 

* Computational jargon: a half unit in the last place per floating point operation. 
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- - - - - - - -- -p 

This method extends with only minor modifications to our discrete weak-wave mode1 

due to the simple structure of its Poisson bracket. We had as equations of motion, 

Qk = 

A, = 

jlk = 

Recall our previous definitions: qk 

sin 2n(min2 - mznl ) /N.  

k * n 
Zn 7 qk - n (qn + h n )  

1 
- ( Q k %  E + bqk) (3.13) 

1 
--Ak. 

€ 

is the Fourier coefficient of G(x) and k * n := (N/27r) - 

Since for i E I7  qi is constant during the exp(At { - :  H I ) )  step in (B.12) above, we 

can advance Ai and 7)i in the same step. We do this using a second-order leapfrog 

scheme, which is symplectic. With this modification. qi is constant during the step, so 

the replacement of q, by qn+bqn, n # I ,  does not affect the Lie-Poisson nature of the step 

(and thus of the entire scheme). 

The scheme remains Lie-Poisson on the 0-plane, with (3.17); since non-zero only 

introduces an extra linear coupling between qk and q-ki which can be solved exactly (and 

thus does no harm to the Lie-Poisson nature of the scheme). 

B.3 On the Symplectic Computation of Lyapunov Exponents 

TO compute the Lyapunov exponents of a given dynamical system, one need t o  compute 

numerically the evolution of a set of tangent vectors. When the evolution is given by 

r ( t )  = ptz(0) for z E M, a tangent vector v E TM evolves according to 

where v(t) E Tz( t lM,  and D<p, is the derivative (or push-forward) of the map v,. 
Working with canonical systems for convenience, the symplecticity condition (B .4) 

for a pair of tangent vectors v; û E TM is just 

(B. 14) 

It was pointed out by Liao et al. [1993] that if one integrates the ordinary differential 

equations (B.13) with the symplectic splitting algorithm (B.6)-(B.7), the condition (B. 14) 
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is satisfied. Numerically, this rnethod has the advantage of ensuring that the Lyapunov 

exponents occur in positive-negative pairs (up to round-offs)' something which is not true 

if a non-symplectic method is used to compute (B.13)-even if a syrnplectic scheme is 

used to evolve the point z. To our knowledge, this is the only instance where the use 

of symplectic integration scheme translates directly into the satisfaction of a physical 

property by the numerical solutioni. 

Curiously. (B. 13) has its own Hamiltonian structure: If we mi te  v = (c: T )  , where ci 
points to the direction of fastest increasing qi and iri of fastest increasing pi,  we can treat 

(EI X )  as canonical variables whose evolution is given by the non-autonomous Hamiltonian 

=: T h  P) + V(E; q)  , 
where the time dependence cornes from (p ,p ) ,  regarded here as given functions of time. 

Note that this structure is not directly related to (B.14), since the former is a condition 

on a single vector u while the latter is a condition involving two independent vectors v, 
- 
21. 

Since 

by simply 

of (B.6): 

this last Hamiltonian is naturally split, its symplectic integration can be done 

alternating its substeps with those of the parent system, viz., we have in place 

- - exp(aiAt{-, 7)) exp(aiAt{-, T)) (z :  v) + O(Atm) , 

where it is understood that exp(aiAt{-, T}) acts only on z,  and exp(aiAt{-, 7)) acts o n l y  

on uI etc.. Note that T and V depend on the values of 2: at the substeps, so the order of 

the exponentials is significant. 

The significance of the Hamiltonian structure of v is not clear to us (for one thing, 

there is no conserved quantity since the Hamiltonian is time-dependent), but we have 

used the symplectic scheme in our numerical work since i t  gives us structure preservation 

at virtually no extra cost. 

t This point is also raised in a paper, which appeared after the completion of this work, by 
Leirnkuhler and van Vleck [1997]. They also compared the algorithm with one which permits 
a symplectic orthogonalisation of the derivative rnatrix-the two algorithms were found t o  b e 
comparable in accuracy. The full sieOZLificance of the work of Liao et al. [1993], however, appears 
to have been overlooked by these authors. 
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