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Abstract 

DATA STRUCTURES 

BINARY SEARCH TREES 

A STUDY OF RANDOM WEYL TREES 

BY 

AMAR GOUDJIL 

Tiiis tliesis covcrs the stiidy of a puticiilar c lus  of biriuy stwch 

trees. tlie Weyl trees forrtiecl by consecutive itisertion of iiiirtibrrs { O ) .  

{ut?). (48). . . . . where 61 is an irrational iiiirnbcr froiri (0.1). and {x )  

cieiiotes tlie fractional part of x. Various propertics of the structure of 

t hese trees are cxplored and a relat ioriship wit \i t lie cont iiiiied frrict iori 

expiinsiori of # is showri. r\rnorig thcsc propcrtics. ari approximation 

of the height H,, of s Weyl trce wit 11 n nodes is given w hen tl is chosen 

iit raridorrt i ~ ~ i d  iinifornily on (O. 1).  T h  tnüi~i rcsult of this work is 

t hat in probability. H ,  4 ( 12/n2) log n log log n. 



STRUCTURES DE DONNEES 

ARBRES DE RECHERCHE BINAIRE 

UNE ETUDE DES ARBRES ALEATOIRES DE WEYL 

PAR 

AMAR GOUDJIL 

Cette thèse est une contribution i h ipor t an t  travail (le rediercbe 

sur les striictures (le ctoririées du Prof. Luc Devroyc. Ellc coiivrc rtric 

classe pürticiilière d'ilrbrm: tic reclierctie biliaire : Les arbres de Weyl 

cotistruits ii partir d'insert ioris i:oriséciitives des 6lénieiits de Ia suite 

{ O } .  {ne).  {Mt. . . . . oh 0 est uii noinbrc irrat ioniiel île l'iiitrrvdle 

[O. 11. et oii { x }  désigne la partie fractionnaire cle x. DiErcrites pro- 

priétés di! la striictitrit de ces arbres sont oxplorét!~ t?t iiric relation 

:rvcc l'cxpmsiori cn Gnctions continues (Ic 0 i!st cxfiib4c. Parmi (:CS 

propriktés. iule approxiniatiori de In tisiiteur H,, di! l'arbre oic Weyl 

h ri ~ioeucls est donnée lorsque t) tut choisi (le fncoii ai6atoire selon la 

loi iiiiiforrrie de [O. Il . Lc r6siiltat principal de ce travail est qii'cri 

probü bili t6. H,, - ( 12/7r2) log n log log ri .  
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1 Introduction. 

This thesis is basecl essentially on a work publishedl with rny advisor. Prof. Luc 

Devroye. I t  is a study of binary search trees formed by consecutive insertions 

of numbers xl = { B } .  r2 = (28}: s3 = {38}, . . . . where 0 E (O. 1) is an irra- 

tional riumber. and {s) denotes -niod 1" which is the fractional part of the 

niiniber S. The secltience iri qiiestion is cailed the Weyl secluence for 6 i .  after 

Weyl. who sliowed tliat For al1 irrational B t lie sequerice is rqiiiclistri buted 

which rnearis tliat the xeragc niirnbcr of r, tliat hl1 irito [ t ~ .  b] is cqual to tlic 

T tic rquiclist ri but ion propcrty rnakes Weyl sqiieiicrs. ur  suita ble gcner- 

dizations OF tlierri. prime c;intlidates for psciido-ranclorii iiiimbcr gerieration. 

Of c-oiirse. various rcgiilarit ies iii t l i c b  srqiience rnakca t hrrri rat hm iinsuitable 

for rnost piirposes. Iiniitli ([Ka] arid Sus $311) tiaw iritrrrstirig accounts of 

this. Let 7;,(8) Iw tlie biiiiiry search trce based iipori tlic first I L  iiurnbrrs in 

the Weyl seqiierice for t). This trer. cülled the Wryl tretk. capturrs a lot of re- 

tinetl informat ion regarcling t lie permutation structure of the W y l  sequence. 

and is a fuiidamcntal tool for the arialysis of algorithms involring Weyl se- 

qiiences iri the input streani. Computcr scientists are niostly coticernecl wit h 

t lie following strurt lira1 qiiantities: 

' Rrindom Structures wci Algorithms. Vol 12. issue 3 1998-John iViley &L S m s .  hc. 



O The average cleptli of a node (the dcpth is the path distance from a 

node to the root). 

The tieight (the mavirnal clepth). 

0 The riumber of leaves (the number of nodes with no children). 

Iri this t tiesis we will focus on these quaiitities. Tlie followirig notation 

bosrowecl from Prof. Luc: Devroye's course notes [Sb] will he iisecl: 

O Thc height uf x(8) is H,(B). 

a The set of leavcs of 7;, (8) is L,, ( O ) .  

O Ttic. collection of n + 1 possible positioris for a ricw riode to t ~ r  aclcled 

t o  7; , (6)  is called the set of estt!rnal rioclrs. ancl is (lemotrd 11' E,, (C)) .  

\\'hcn 6i is uriclcrstoocl. ttio siiffis ( O )  will be tlsoppotl frotii r l i v  iiot;itioti. The 

collectioti En ni- 1)e split into E n  ancl I k .  whcre &ff lias tliosc riodes tliat 

are rigfit ctiildren. ancl EL rollwts al1 left rliiltIrt!ti i r i  E,,. 

O Méyl trees for fisecl B. 

a Weyl trees wtien 19 is a random variable. 

In the first case important corinections with the rontinued fractions arc set- 

tled and then some algebraic theory of numbers properties are used to deduce 



easily resiilts about H, and ILn 1. Ir1 the latter case WC are in presence of ran- 

dom Weyl trees. In lact we consider that O = L'. whcre Lv is a tiniform [O. 11 

ranclorn variable. This study allows us to niake statements that are true for 

almost al1 8. The probabilistic setting cornes iri haridy for the purpose of 

analpis. The niain resul t . iii t his t hesis. show t hat 

H n  12 + - in probability. 
logn log log n r2 

This sliows that t tic rantlorri WC$ tree diHers greatly frorii tlio standard 

rancioril bina- search trw. 72,. obtained by irisertion of an i.i.tl. uniform 

[O. 11 scquence SI. . . . . .Y,&. Tlic height HL of 72, satisfics 

(Robson [28. 28a]. Devroyr [S. Sa]. hiahniouci ['14]). 

2 Random binary search trees 

Let ils coiisicler an iid secluencc of raridom variables .Yi. . . . . -Y,, ~Irfinetl on 

a probability spacc (0. A. P )  * R. aricl let's suppose t hat t hrre arc no ties 

wiiich rnearis tliat 

PI; E I! auch t lmt S,(;) = .Y+) for smne i # j }  = O 

it is siifficient to liave a density for the law of S, to avoitl ties since that 

kirid of measures doesn't charge points. Now. briefly we esplain hon the 

tree is built. For any J E R let's put S&) on the root of the tree. For 

i > 1 al1 &(w) that are lower(resp. greater) than SI (d) are nodes of the left 



siibtree(resp. rigtit subtree). With the index representing the time of insertion 

we repeat this operation recursively for each subtree iiritil al1 elements of the 

secluence have been processecl. ?iodes have two possible ctiildren. There are 

actual childreri (which are nodes) and potential ciiildren ( placcs for future 

placement of nodes). Potential cliildren are called extemal nocles. .A binary 

tree with n nocles has I L  + 1 esternal nodes. Yodes withoiit cliildren arc called 

leaves. Stanciard insertion of r proceeds by finding the unique esternal nocie 

that could accept r. given the binûry scarch tree property. aiid placing x 

there. A tree constriictd iri tliis iiianner frorii i11i i.i.d. styiieriw .YI. . . . . Sr, 
(tirawn froni a iiriiforrri dis t ribiit ion ou [O: 11). or frorri a raridotri prniiitat ion 

of (1. . . . . r c )  is callecl a ra~icioru bina- searcli tree. and will ho derioteci by 

R,,. llostly everytliirig is known about tlie brliavioiir of 72, (wr ['>-LI). For 

csample. the ckptli D, of Sn ( t h  is. the patti distarice to the root ) satisfies 

Dn + 1 in probability 
2 log r l  

Before starting stucly of Weyl trees. we n d  to define mliat is a record. 

Giwn and iid sequrncp .Y,.. . . . S,, ive say ttiat S,. for i 2 1 is ati 

iip-record (resp. a down-record) if .Y, = mau(&. . . . . X,} (resp. S, = miri{SI. 

. . . . S, }) and that -Y, is a record if it is either ari up-r~corcl or a clown-record. 

If .V is the nurnber of iip-records. me know from [8b] t h t  E [ J ]  = H,  where 

H, stands for the n-th harmonic e.g. C:=, ) and that 



Lp Record Dow 11 Record 

At timc i = 1. SI is botli a11 iip and doivri record. At tinie i = 2. S? = 

13.2 > Si = 8.5. Su. we have an up-record at that tirne. 

The recorcls for this wry  srnall saniple Iiiippcri at times 1.2.3.7.9.10. The 

liiriary srarrh tree for this sarriple is obtainctl by first piitting .Yl = 8.5 at the 

root. The second vaiue S2 = 13.2 is greater tliiin SI so it is a riglit children. 

The thirrl value -Y:, = 5.1 is lower tliari .YI so it is a ieft cliildrcri. Thc fooiirth 

value SI = 9.0 is greater than SI. so it is a node of the right subtree of the 

trec rootecl a Si. It is also ixisertetl immediately after .Y:, = 13.2 which is 

greater so XI is a leR children of -Y3. The process is continueci until al1 the 

nodes have been introcliiced. The result is sliown by fig. 1. 



figure 1: Tree obtained by consecutive insertion of data from the sample 

a bove. 

\VP 

WC will 

when 

also need sorricB inec~tialitic~s t.o iintlerstand tlic torliiiical part mliere 
Z'l= LL' use Devrcy's clenionstrütion to s l i ~ w  t llitt iig; + 1 iri  probability 

is Gauss-Kiisniin distributed. a result due origirially to Khintchine. 

Bonferroni's inequalities: Let A = {A,.  1 5 i 5 n )  he a set of events 

in sorrie probübility space (II. A. P). aiici tlefine Sk as 





Lemma 3.1 (Eilis and Steele, 1981 [IO]) . GVe haue 

L n  L n  + ) if ut Tn there is u rnu;cirnurn: 

L n  + & ,  ) if ut T, there is a minimum. 

Let k be the smallest integer such that n < Lk+ RI.. Then. if r( , ,  < . . . < r(,, 

denotes the ortlereri seqiienw for rl . . . . . r,&. theii the itidices (1 ). . . . . ( n )  

coiricirle w i t Ii 

( i * L k  (mod L k + R k )  for i 2 I } n { l  . . . .  J L } .  

I iso.  (L,,. IS,) are rrlatiwly prirne for ail r l .  

-1 quick verificatiori: if 11 = LI. + Rk - 1. then the intlcs of tlic riiarimum 

i s  (Ls + RI, - l ) L k  (rnod (Lk + RI,)) = -LI ;  ( n i d  ( L k  + R k ) )  = RI;. as W ~ S  

i~spectecl. This Lerrirria s q s  t hiit at  11 = Lk + Rk - 1. the sliapc. of the t~iiiary 

search trw For JI. . . . . r ,  is clntircly deteririirieci by tlic two riiinibcrs Lk 

; m i  RI.. In hct. then. tliere tirta only 0 ( n 2 )  possible Key1 search trres with n 

clerrients. eren thougli t hwc are 5 (:) = C. ) ( - I" / IL" / ' )  possiblt> biniiry srarrh 

trces on r l  riocies. As t lit. siniplrst. (lsarriple. uf tlir firv biriary seardi t rws on 3 

riodes. t ~ o  are inipossiblr to obtain as Weyl trres (the ories in wtiich the root 

has one cliilcl üiirl thc rliilcl lias one ctiild but of clifferetit polarity). Iricleetl. 

let's suppose ttiat one of these trees is a Key1 tree. We tiüve L2 + R2 = 3 

which iniplies that tinie Ti is tinie for ari estrcma bot for tliese tno trws the 

nocies are urtlereci either as S1 < ,Y3 < -Y2 or .Y2 < .Y:] < SI whidi means 

that is not an extrema. 



figure 2: Trees 4 and 5 are impossible to obtain as Weyl trees. 

This fact was iiserl Iy Ellis and Stecle ta (lrriw a nicbttiod ttiat would 

sort any \ k y l  seqiience iisirig corriparisoris imly ( t  lius. wi t Iioiit twiiig capable 

of riiirnerically inspert ing (*nt ries) i n  O (log r~ ) corriparisons. C L .  rrfer to t tic 

subsection on sort ing latcr on iri the paper. 

T h e r ~  is ir natural IV- o f  looking at the growtti of tlir K y 1  sturch tree in 

1-rs. Tlic (i  + 1) - s i  hycr consists of al1 r, with T, 5 j 5 T,+] - L. h special 

role is played also t y  tlie iiiicestor t r w  Fr,+ A 1 ; ~ e r  van br i*onsiclerecl as 

a rien9 coat of leaws paintetl ori tlie ancesror trre. Each I ; y r  aclcls orw and 

just one coat. as the nest nem result c.xpiains. 

Lemma 3.2 -411 nodes in the ( i  + 1) -st luger [ire lleuws. c~nd d l  leuves of 

Tc+, - ure in tire ( i  + l j - s t  lager. A11 nodes in the ( i  + 1 ) - s t  /u?yer ure either 

right children or* lrjl clrildmri. but not 60th. In fact. 

1.5 



und 

Proof. 

Reçall that &, - l  is the collection of leaves of the ancestor tree. and that the 

ieft and right external noclrs of the ancestor tree are collecteci in sets E+,-, 

and Er!-[ rcspectiït.l!*. Fis j E { K .  T, + 1. . . . . - 1). so that  J is ari 

indcx uf a point in the rurrent ( i  + 1)-st 1qt.r. Witliout loss of generality. 

;issume T, = R, ( t h  last r m m i  was a tliiisitiiiirri). Tliiis. 

To cleterrriirie the place r, occupies in the searcli trw. it is important to find 

oiit wtiicli poirits artJ the irririicdiatc prrdewssors ;iiid siirwssors of 2,. 

Coiisider first tlic iiiiriietliate pretl~wssor of x, in (1,. . . . . s, J. By 

lrtiiriiii 3.1 oti pagt' 1-4. tlic' iricles of tliis iiocic is 

for sorne intrger k 2 O. But 

so k rnust l x  O. and tlitis. the indes of the iiiiniecliatr predec~ssor is J - L,. 

wliich is in the ancestor trrr. as j > L ,  and 1 - L,  < R,. 

Similarly. the imniediate successor of j lias indes 



for some k 2 O. Tt crannot have index j + Li as 

Tlius. it must have index j + Li - (R,. + Li) or snialler. i.e.. j - Ri or snialler. 

Bir t 

so t h  j - Ri beioiigs lu the aiicestur tree ( i l  J - R., ;. O )  or is iiuiiesistriit 

(if  j = Ri). 

Thus. t lie imniediate neighbors in t hc ordercd secluence liaw indices t hat 

put them in tlie ancrstor tree (tlie right neighbor rnay not esist if j = RI) .  

.As L, < R,. it is clear tlien tliat j is a right child of its left iieighbor. Note 

;ilso that at the ~ t i c i  of tht: c.onstriiction of the ( i  + 1)-st Ièyer. al1 tiocles in 

it are leaves. arici iirr right cbhilclren of noties iri t h ~  ;iricclstor t r w .  T h .  the 

( i  + 1)-st 1-~r pairits ;i coilectiori of Icaves or1 the aric~stor trre. Lii k t .  it 

tltstroys al1 rxisting Ieaves of tlie ancestor tree. as ive will riow prore. 

We prove by iiidiictiori the following: 

we verify that indeed. at al1 times. the nurnber of esterna1 riodes is equal 

to the tree size plus one. The statement is qiiickly wrifiecl for i = 1 as 

L I  = Ri = 1. = '1. and Tl lias one left and one right extemal iiode. 

-4ssuming the hypothesis to be satisfied for j < i. Ive look at the ( i  + 1)-st 



layer. A11 nodes in this layer are leaves of Fr,+, - ,. and if T, = R, (without 

loss of generdity: a symrnetric statement for T,  = L ,  is easily ohtained as 

well). then al1 these leaves fil1 right-externai nodes of the ancestor tree TT, - 1.  

B u t  by the induction hypothesis. 

so rliat ive1 m i  coricliicle tliat al1 riglit-esterrial iiodes of tlir aii(:t.stor tree are 

filletl in. But tlicn, 

l q + , - J  = L' . 

whicli was to bc stiown. Becausc ail lcft estcrrials surviw froni t h  unwstor  

tree. 

;iiid the  Proof is complcte. 

Example: Lct 6i = v5 - 1.41421 . . . . T,  for i 2 1 are titiies of records 

arid L,. for i 2 1 (rcsp. R,. for i 2 1) are tinies of niininlas (rrsp. iiiasitnas). 



T11~ nest cstremiirri is the  elenient with indes L; + R; = 17 + 12 = '19. 

Furt hermore. sortirig the seqiience r I .  . . . . r,, needs only the indes of the 

minimum wtiich is 5 for TF, <_ n < T; . The indices of the orderecl secpence 



are computed accorcling to lenima 3.1: 

5 1 = 5 (niod 17) = 5 S * 9  = 4 5  (rnod 17) = 11 

5 * 2 = 10 (rnod 17) = 10 6 + 10 = 50 (motl 17) = LG 
- - 5 * 3 =  1: (mod 17) = 15 S *  11 = X I  (niocl I f )  = 4 

J*-L=OO ( n i o d l i ) =  3 5 * 1 2 = 6 0  ( n i o d l i )  = 9  
- w 

; J * ; J = ' ? ~  ( r n o d 1 7 ) = 8  5 + 1 3 = 6 5  (rnod1Ï) =14  

= O  ( n i o c l l Ï ) = 1 3  5 * 1 4 = 7 0  h iod17)  = 9 - 
-- 3 * 7 = 3 5  (n iod lC)= 1 5 * l J = m  (rriod17) = - 1 

3 * S = 4 O  ( rnod17)=  G 3 * 1 6 = S O  (rnocll'i) =L2 

Thc ordered sequerice is r5 < rio < r15 < . . . < x? < x: < .r ,-. Firially if 

T, = Ti iind j E {xi. xi + 1.. . . . TT - L} WC can cornpiitr iridicrs of ininiediate 

preclecessor arid siicrcssor of 1,. For instance. if j = 14 the index of the 

irriniectiatc prdrcessor is j - Li; = 14 - .i = 9 aritl t h  i r i h  of the inimccliate 

siiccessor is j + L6 - ( Rii + L i ; )  = 14 + 5 - 17 = 2 aritl wo ciiri c~ffwtivdy dieck 

thcse rrsults froni t h  list ahow. The t r w  obtüiricd is sliown hy fig.3 I~rlow: 
il4l.l 

figure 3: Weyl tree from a seed B = fi. 



Proof. 

T h  first staterrirrit is an iniriidiatt. corollary of the Lerririia 3.2. Also. as e d i  

1-r destroys al1 the leaves of the ancestor tree. it is clear I,v induction that 

the tieight of the tree is esactly qua1  to the riumber of layrs  niirius orle. 

Tlic study of tlic twiglit ancl of ttic riumber of lravcs rctlticm to tlic sttidy 

of ttie sequence ( L,. R,) .  For tlie lieiglit. tlic growtli of Tk as  a functiori of 

k is important. This is closrly rclatd to  tlie contiriiied fractiori tbspansion of 

H, To tiriderstancl thcl rest of t lie ttiesis. we rccall a f w  basic kicts froni the 

t ticory of coritiniied fractions. 

4 Cont inued fractions. 

To clefine a continited fraction we consicles tlie irrationnal riurnber n = :3.14159 . . . 

The first step is to write ir = 3 + 0.14159.. . . Nest we ronsider the fractional 

part O. I-LlSI . . . and rewrite it as llr for sorne irrational value .r: 



' . The clenominator in- be rewritten as i + 0.0623. . . arid we r = 3 + m  

can repeat this process n times for any n 2 1. The result is: 

So. the rcpresentatioii of i: as a continuecl fraction will bc tiotrd [3:7.10.1 .B?....]. 

Lit.  riow 6, bc irrational. arid define tlic W ~ y l  srqiicricc with n-th terni 

, = } 11 1. where {. } denotes the .*rnoclulo 1" uperator: { u }  = 

11 - L l l ] .  

Deriotr t t i ~  continued Fraction expansion of 6)  1- 

Tlita i-t 11 convergent of 19 is 



Note that 1-0 = cco arid r l  = ug + l /al .  The r,'s alterriately linderestimate 

and overestimate 6). The denominators <li of the convergents play a special 

role as 

and 

To stutly the nuniber of records arid the evolutioii of the laycrs. the tiillowing 

rrwi l t  is esseiitial. I t  cwerids x theorcrri of Lang [21]. 



Lemma 4.1 shows that we start with ai right estremes. foltowed by a- Ieft 

estremes. t hen a:( right estrenies. and so fort h. This descrip tiori, toget her 

with lemma 3.1 and Lemma 3.2 should suffice to conipletely reconstruct the 

shüpe of the tree (see figure 4) .  

figure 4: This figure shows the Weyl tree for 6) = fi = 18: 1 .3 .2 .3 . .  . -1 .  

24 



Note that y0 = 1. qi = 1. (1.1 = 4. q3 = 9. (24 = 31. Layers are separated by 

wiggly lines. Thicker lines separate layers of different polarity. Sote that there 

are First al layers of right polarity. followecl by a- Iayers of left polarity. and 

so fortti. Also note that just before an extremum. al1 leaves rnay be found 

iri the lüst l w r .  Tlic r-coordinates of the points are geonietriçally exact. 

to facilitate interpretatiori. L'sirig lemrna 3.1. c m  the reader giiess who the 

paretit is of point -Il? Tlie last node is a maxima. hcnce R = 40. Tlict next 

Iwr is a set of left iiodes. to find the indes i o f  the parait of tiotle j = 41 

WP iisr rdation j - L + k ( R  + L )  with L = 3 1 .  R = 40. k = O: 

5 Height of random Weyl trees. 

From tlio lrrririia 3.3 and lemna -1.1. \\*O t'asily (lctrrrriirir t h  rthtionsliip 

twtwcen licight arid partial quotients. 

/ d l  layers. und the CVegl tree 7;, has height 



6 Discrepancy. 

Tliere is ariother fidd iii whicti the hetiwiour of the partial siiriis S, = x:=, (1, 

niatters. ln qiiasi-raidoni riiirri ber gcnerat ion. t tie notion of tiiscrepancy is 

irriportant. In general. thr tliscrepancy for a sequerice r 1. . . . . x , ~  is 

wiicrc> A( . )  (l(wotos Lt4wsgiie tiieasiire. and A is a stiitübir s i i t ~ r l i ~ s  of the 

Borel sets. For cwniplr. if wcb takc ttic inter~als. t l i w  (Scliriiitlt [29]: Bijian 

infinitely oftrn. From Nie<lerreitcr ([%cl. p. 24). w t l  riote tliat For a Weyl 

secliienctl for irratiorial B. 

wtiere l ( r i )  is the iiniqiie iriteger wirli the property tliat 

For esample. Niederreiter's bound implies tliat if 6, is siicli tliat zz, u, = 

O ( m )  (as mhen al1 al's arc 1101-indecl). then 

log 
Dr, = 0 (-) 



Thus. Weyl sequences with small partial quotients behave well in this sense. 

G I é  will see that the sarne is truc br rantloni search trees based on Weyl 

seqiierices. 

7 Partial quotients of random irrat ionals. 

Now. replace 6) by ii ilriiforin [O. 11 raiitloni variable. iind corisidt~r its c:ontintietl 

fraction espansion. Sereral results are knocvti oboii t t liis. am1 most iiiay hr 

h u n d  i r i  Iihintchiric [lGb]. Ptiilipp [iïa]. or thc rcferences foiiricl therr. 

Theorem 7.1 (the Borel-Bernstein theorem.) FOY nlruost ull 8. n,, 2 

;(n) irrfinitrly often ij cind on19 i j  C ,  LI&) = x. (Thrs. if H is unifornl 

[O. 11. thrn un'th prabability one. ( 1 ,  2 n log rl  log log i l  infiriitrfq ufterl. for 

rxunrple. ) 

This sliows t hat t hr a , , ' s  riecessarily have largc oscillat ioiis. Tlic resiil t 

(*an also bt. uscci to show that ccrtairi sirbclasses of 0's haw zen) rrieasurc. 

Esaniplrs iricliidr: 

A. Thc H's with boiiritled partial rocfficients. The c3strenw rsaniplrt t i c x  is 

H = (1 + fi)/?. wtiich lias = C I ,  = (1- = . . . = 1. 

B. The 0's t hat are quadratic irrationals ( rion-rational solut ioiis of quadratic 

rqiiations). It is knowri that the ai's arc cventually periodic and thus 

boundetl (in fact. the periodiçity cliaracterizes the quaciratir irrationals. 

see [16b]). 



Lemma 7.1 (Kusmin [19]; Lévy [23]) . Let 2, denote the vulue of the 

continued fraction 

[O: + 1.  . . . ] . 

(That is. 2, = IV, - (1, = { I * ,  ). where 

Thcn. i l  tl k miform [O. 1 ) .  2 ,  tcrlds in d i ~ t n b ~ t i ~ ~ i  t o  thc sa-callcd C a u s -  

Kusrniri Jistrib~irtiorr with distribution Junction 

This liniit ttieorciri is wsy t o  interpret if wc consider miwrgents. triclceci. 

ri )  = H .  aiid i n  geiieral. = 1 L / Z , ~ ] .  Tlius. lenirna 7.1 also givrs an accurate 

description of tlie liriiit larv for t ~ , ~ .  Iii fact. as a corollary. oric ol~tèiiris aiiottier 

r ~ s u l t  of Li\' ([23]). wtiidi statrs that ttir proportion of ((s tiiking value 

k ttwds for aliiiost a11 6, to a finite constarit urily ricpeiiding iipoii k .  If 6i 

is iiniforni [O. 11. ttien cri = LlIH] is a ciiscrctizrrl versi«ri of a iiriiforrn [O. 11 

randoni variable. -4s TL grows. the distribution gradiiirlly shifts to a discretizcui 

version of one over ct Gauss-Kusniin randorri variable, As t h  latter law tias 

ir derisity f ( r )  = 1/((L + r) log2) or1 [O. 11 wliich wrics irioiiotonically tiorn 

l /  log 2 to l /  log 4. for practical ptirposes. it is ronveriierit to tliink of the 

ct,'s as tiaving a Iaw close to tliat of l /L' .  For esarriple. the Borel-Bernstein 

liiw holds also for the secluencc l/CF,, wherc CFi .  LF2. . . . arc i.i.cl. iiniform 

[O. 11. There is stability if we start the process witli H Iiüving the Gauss- 

Kiismin law. just if we were firing up a llarkov chaixi by starting witfi the 

stationary distribution: if û lias the Gaiis-Kusmin law. tlien al1 zn's have 



the Gauss-Kusniin lm. and al1 the an's have the sanie tlistributioii (however, 

they are not independent: in fact. Cliatterji ([Tl) showed that any law with 

independent a.n's corresponds to a random 6, with a sirigular. distri but ion.) 

Lemma 7.2 (Galambos [13].) Let 0 have the Guuss- Kusmin law. Then 

lini P i n  Y ) = C - l / g  . ! j > O .  
IL -;X; log 2 

Galarribos's resiilt s q s  t liat t lie escursioris predic ter1 hy Borel-Bernstein 

are rather rare. as the niasirrial u, up to tirrie rl typically lias rmgnitucle 

 IL). Of course. the rlitfereiicc is casily rsplairiecl by t h  cliffercnt riatures 

of strorig iind w a k  coiivergence. Note that lerrinia 7.2 rctniains mlid if H lias 

t hc ilniforni distrilmtioii oii [O. Il. T h  inigortant tcctiiiical coiitribution of 

Galarribos is that licb lias inastesecl the clepcridcriw I)i~twrri t 110 CL,, 'S. CVc arc 

taccd mith thc sanie problcni. iirid citc the fiiridarriciital resiilt rirctled to makc 

things click. 

Lemma 7.3 (Philipp [27a]. ) Let 0 huw the Gtr t1s.s- Kusrniri ilistribution. 

Let .M ,,, bt. the strlullevt 0-til!get)ra with respect to tuhich the t:oeficient.s 

. . . . . ( 1 ,  U I F  nwasr~rable. Tllen for LIIY sets .4 E und B E .\1t+,,.5.. 

wliere p E ( O .  1) und c is u coristunt. 

This resiilt states that in effect the a,'s are alrriost iridepen<lriit. witli the 

dependence clecreasing in an esponential fasliion. Onc l u t  Lerrirna concludes 

the technical introduction. 



Lemma 7.4 i f  P and Q are two probubihty rireusures und tr > O is u number 

s-ueh thut foi. ull iectangular Borel sets (products of intervu1.s). P 2 nQ. then 

P 2 c r Q  for u1l Boid sets. 

Proof. 

This resiiit shodci 11e standard. Let -4 bc a Borel set. For > O. nyc find N 

;incl rectangles 4 ,  and B,. L 5 i. 1 <_ Y. such that 

Clearly. t heri. 
I .Y 

and siniilarly for P. Tlicrefore. 

4 2 C P { . ~ ~  n B,} - f 

Let + O. aiid t h  intqiality follows. 

8 Partial sums of partial quotients. 

Here we consider the brtiavior of partial sums of the partial quotierits of a 

random Weyl secluence. and obtain a limit Law. More precisely. ive study the 



behavior of 

when U is replacecl by L'. a iiiiiforrii [O. 11 randorri variable. Tlic Following 

Lemma relates boiinds for sums of (dependent) partial quotients to bounds 

for sums of independent partial quotients. 

G(LU.SS- Kusrniri distributrd. arid let I 1. . . . . I tk i. id. with comrnoii dis- 

Let .V he a positivr intrger aritl Ict r > O bc iirbitrary. Lct .4, clenoto a pncric 

Borel set. Then. if a, is replaced by .YJ to tlcwotc t h  fiwt t h  it is il random 

wriablc. ;incl if 19 tias the Gauss-Kusmin law. ttien II? rcpeatc.d application 

o f  lcnlma 7.3. for k 2 1. 



Let 1;.  1.;. . . .  be an i.i.d. sequence with the sarne distribution as -Yl. In 

particular. then. by lemma 7.3. 
, . 

Note t h a t  ; is a iionincreasing Fuiictioii. Clearly. assuniirig t h  ri is a riiultiple 

of .V t o  avoid rncssy rspressions. 

(as soon as dogn/log.\* > I + E )  . 

C :l , -\*, - 11 > Zf} = p {  
Tt log, TL 

EX yll;-l 
j=, -LhJ 

Il iog, I l  
- 11 >2.) 



Now, assume t liat ,V is choseri sucli thut 

Recall t h  ttiis tmiintl is valid iinder the conditioii f log i l /  log .l > 1 + 6 .  

This in  turn  is valid for 2\11 r r  large rriough by our c*hoicr. of .Y. 

8.1 Generalizat ion. 

Note also that in Lemria 8.1. t h  S,'s aiici l ;'s r r i q  IIP rtxplaced by g(.Y,) 

aricl y (1;) for aiiy niapping g.  Iri wliat follows I)c4ow. we fis 11. ;ml tlcfinc 

Proposition 8.1 1f 6, ia Guu.ss-K,usrnin tllstributed. therr 

in pro babilit?~. 



By Bonferroni's inequality. if g is as  in the remark above, 

TERM II.  If Z is a. Gauss-Kusniin random variable. 

TERM 1. I is bounded as above with a sligtit change iri the clefiriition of 9: 

Let us computc the mean ;ml variance o2 of ~ ( 1 ; ) .  



- 
= log, ( n/ log log n ) - log, 

( 1  + ~iiglugniii 

antl tlius. 1p - log, rrl 5 2 + log., log log ri. Nest. to corriputcl ;iri iippcr bound 

t'or the variance. WC argue siniply as follows: 

- - i l 1  L (1: 
log ",,,,,.,. z 2 ( 1  + :) 

rt < - 
log 2 log log n ' 



Vie are finally ready to apply Chebyshev's ineq~iality: 

-Ir! < - P log:; k log 2 e2 log log n 

This. iri Lcninia S. 1. applicd to g ( S , )  ' S .  mr? ma\' takc 

O ( n )  
= ()(log B )  X 

( r i /  log n )  logL( ri,/ log r i )  log log rt 
= O(l/loglugn) . 

which tends to zero. Thus. I + O as wcll. 

TERM III. Define D = [ri/ loglogn. nloglogn]. L\:e t~t>uun<l P{.-l}. nhere 



Let .V be the number of S,'s in B. Clearly. -4 C [ X  > logn/loglogn]. 

Note that 

log, log n < - 
.'I 

P { . V ?  u }  5 P{3(il. . . .  . i , , ) E  {1 .... . n } : S , ,  E B. . . .  . S,, E B }  

5 (L+cp)uP{3(il .  ... . 1,)s { l  . . . .  . I I }  :1;, E B. . . .  . l;, E B }  

(whcre the 1;'s are i.i.d. ii11d clistributed as the S,'s) 

if ne set ir = [2(1 + r p ) e  log., log nl . As 11 = O ( ?  log n/ log log n ) .  we have 

shown (wi th  room to spare) ttiat 

I I I  = P{A} + O .  

Proposition 8.1 was provecl by analytical tnethods by Khintchine 1161. The 

Proof given here provides explicit estimates of rates of convergerice as well. 

Proposition 8.1 may be rephrased as follows. if -4, denotes the collection of 



al1 0's on [O. 11 with 1 zy=, a J ( n  log. n )  - II > c: 

lim P (0 E = O . 
n-+m 

Theorem 8.1 If 0 has u clistributior~ with a denuitg on [O. 11. tlien 

Proof. 

If the Gauss-Kusniiri 0 is replaced by n uniforni [O. 11 rantlorii ~ar iable  L:. 

then. as the derisity f of 0 clerreases monoronically Ironi l /  log2 to 11 log4 

oti [O. 11. w~ liaw 

Thus. Proposition 8.1 rernains trur for the uniforni distribution and for 

ariy distribution witli a density on [O. 11. 



9 The behavior of the denominator of the 

convergent S. 

Lemma 9.1 (Khintchine [16] and Lévy [23a]; see Khintchine [16b], p. 75.)  

There e n d s  a univers«l constant 7 = T'/ 12 In 2 zz 1.1865691 11 such that for 

Lcrnma 9.1 is rrlatrcl to the property (Kliintcliinr [lGb]. p. 101) tliiit 

For alinost al1 B.  Iridectl. to grt tliis intiiitiori. recall Froiti thr rwiirrenws for 

t he  qri ' S  that 

qrii1 = (l.+iy, + (in-, 5 ( ( h l + [  + l)%i 

Lié aiso note tliat (1, trltlst grow fa te r  ttiari a Fiboiiacci srcpeii(we. as 

(In+, > (ln + (ln- 1 .  This irriplies that q, 2 pn-'  br al1 r t .  d i c w  p = (1 + &)/2 

is the golden ratio. Airotlier simple lower bouiid is > 2("-"!' (Khintchine 

[16b]. p. 18). Finally. WC note that a iiornial limit law for (log qk - 7 k ) / d  

was obtained by Philipp [XI. 



Theorem 9.1 If B has ang densitg on [O. 11, then 

H,, - H n  - - - Hn + 1 
( log n log, log n (12 ln ?/a" log n log,, log n ( l?/rr2) log i l log log n 

in probubditg. Note that 12/a2 z 1.215854203 und 12 ln 2/n2 - 0.8427639130. 

By Theoreni 8.1. as k -t x;. 

in probability. Nest. logqk - ' k  iri probability. The latter fact iniplies tliat in 

prol>ai>ility. P - (11-4) log n if k is the iiciique iriteger siidi tliat (lk 5 i l  < r ln , i .  

But Ttieoreni 8.1 üiid Proposition 3.1 then iniply tliat 

Hn - Hn + 1 
A: log, k ( 117) log n log, log ri 

iii probability. 

This tlicorem tloes not describe the behavior as n -t x for a single B ( the  

**st rong" beliavior). Rat hcr. i t rdrrs  t a  a rnrtrir prop(hrty aiid t ; l k ~ s  For c w l i  

n a cross-section of 0's ttiat give a Iieight iri the (Irsirccl range. iiritl corifirms 

ttiat the meriscire (probability) of tiiese B's tends to one. For oscillations and 

strorig behüvior. a bit niore is requirecl. By the Bord-Bernstein theorem. with 

probability one. 

rr,, 2 n log ri log log n 

infinitelu often. Since with probability one. qi'k + P - ~  a s k  + x. we see frorn 

Lemrna 5.1 that with probability one. 

H, 2 ( 1/?) log n log log n log log log n 



infinitely often. Tlius. Theorem 9.1 cannot be strengthened to alniost sure 

convergence. as the oscillations are too mide. 

It is of interest to bound the oscillations in the strong behavior as rvell. 

.Uso. again by the Borel-Bernstein theorem. with probability one. for al1 but 

finitelu many 11.  

a ,  5 n log n logL log n 

far c > U. 'This iniplirs t hat with probability one. for al1 but tiriitely rriariy n. 

C (1, < rr' log n logL+' Log n . 

Biit tlicii. 19- Tlieortwi 5.1 and leinnia 9.1. with probihility orie. for al1 ixit 

firiitcbly rriar- ri. 

* 1 - 
H,, 5 - - 2 log' n log log ri log1" log ri log n . 

9.1 Very good trees. 

Frorri t lit? ineqiiali ty o f  Tlicnrem '2. wcl rwall t liat Kra = O(1og r l  ) if Cy=, (ii = 

O(,&) .  Such irratioiials tiaw zero probability. As the  most proniincnt rriimber 

nith the smallest partial surris of partial quotients. wr have the golden ratio 

( a ,  1 o r  n O ) .  Incleecl. as For these seqiiericm. (1, <_ nl=, ( 1 + ai) 5 

esp(xr , ,  oi) = ~?cp(O(n)) .  ive have the claimecl result on H ,  wittiout further 

aclo. In fact. for the golden ratio. we hwe (1, 5 cp". wherr p = (1 + & ) / 2  

and c > O is a constarit. -4s C:=, cii n. ive see that 



The Weyl tree is simply not high enough compared to typical raridom Weyl 

trees. and also with respect to triie random binary search trees. 

If an n for al1 12. then qn = aqn-l + q,l-z for al1 n. From this. qrl - 
a+d= 11 

c ( ) for some constant e. .As x:=, a, = un. LW see thut 

n 
Hr, - log 11 . 

log ("+Y) 

9.2 Very bad trees. 

WC first show that Weyl trees can be almost of arbitrary tieiglit. 

Proof. 

\Ve eshibi t a mono toriically incrcasing secluence n, of partial quotients to 

describe B. Tlir intqiiality will be satisfied at instants wtien the tree size 

rr = clb for some k. Ttius. we mil1 have for al1 k large enough. 



.d 
U 
k a.' 
d - 
* E 41 .j 

F; M 



t'or some constant cr. In hct .  then. we see that the k for Tlieortm 2 satisfies 

log n 
k - 

log log n ' 

But t hcri 
k i 2  

The Weyl tree is triuch liigher thaii t 

Iri a st~cxmd esample. c*orisickr 

so t h  tcu = 2 .  t l : ~ , ,  = (L:,,,~-- = 1 arici (z:),~- = 2nl for rrl 2 1. Thrn (Lang. 

LDG6. p. 74) tliere rsist consttints Cl iinci C2 siich that 

This shows that k - log r r /  log log T A .  Tliiis. 

l o g  n 
Hr, - 

9 log' log Il ' 

Again. the Weyl tree lias an excessive height. 



10 Sorting Weyl sequences 

Ellis and Steele [IO] have sliown that the first I I  elenients of ariy Key1 sequence 

can be sorted with the aicl of O(log(n)) comparisoiis only, wrn  though these 

sequences too are eqiiidistributecl for any irrational 6 .  This shows that such 

seqtierices possess a lot of structure. Of course. the fact that ciiscrete randoni 

Weyl sequences and randorn Lehmer secpiences are imperfect is because th- 

ran be "describetl" very siniply by a sniall nuniber of bits. Tlie random- 

iiess of a seqiieiice lias been relatetl by several aut hors to the lcrigth of tlic 

(lescriptors (set' r.g. hrtiri-Lot' [%]. Knutli [KI. Bennett [SI). For siirveys 

aiicl tliscussio~is on the topic of iiniforni random variatr geiirration. one could 

ronsiilt Niederrritw [ X .  ?Ga. %LI] or L'Eciipr [?O. Wi]) .  

1 t is well-kiiown t hat t lie iiuniber of coniparisoris nceclcd iri quiçksort is 

ty i i i i l  to thr  siini of t lie drpt hs of  al1 the not1r.s in t t i r )  binary search t rw 

ronst rurteci Frorii r lir (lata hy ordina- inswtioii. -4s t tiis sutn is bourided 

froin beloa Iiy &(Hu + 1)/2 (just IF siimming owr t h  patli lcading to 

t h  furthest noclt.). WP sc30 t liat t hc number of rompiirisoris in qiiic*ksort is 

infiriitely oftcri at least cqiial to 

nh,(nh, + 1) 
'1 - 

For any sequence h,, tlcrreasing to zero. iincl soine irriitional 8.  Y P ~ .  for 

i.i.<l. da ta  clrawn frotn the same nonatornic tiist ri but ion. the ~ x p w t e d  niini- 

ber of corn parisons is asymptotic to 271 log n (Sedgewick (301). Therefore. 

Weyl sequences arp not appropriatc for generating test data for sorting algo- 

rithms. With a iiniform [O. 11 8. the expected nuniber of cornparisons grows 

as n log n log log n. In fact . ive have the following. 



Proposition 10.1 Let B be unzloorm [O, 11. For any  constant C .  with pmb- 

ability one.  the number of cornparisons for quicksoif-ing the jirst n nainbers 

O/ u rartdorn Weyl seqilençe exceeds 

,-: 
Cn log n log log n log log log n 

irifinitely often. 

Consicler only ri = q k  for sorrie k .  Note t hat the suni of tlw tleptlis of the nodes 

i i i  die Weyl tree is at leüst q k - ,  (the numbcr of leaves) t imw ( i lk  + l)uk/2 
(as each leaf is ttic (mi of a path of a i  dl-left or ail-right rxiges arid these 

n k  2 -4C'-k log li. log log k 

irifiriitely oftcn iilrriost surcly. wtiile IF lmima 9.1. Ir 4. ( 1 /el ) log I L  iilnio~t 

siirely. Conibining al1 this gives the result. 

11 The number of leaves. 

For a random biriary search tree. the expected numùer of leaves is asyrnptotic 

to 4 3  (see .\lalimoiid [24]). Howvever. for Weyl trees. the betiavior of the 



riumber of leüves is nuch more erratic. We refer to Lerrirria 3.3. and note 

tliat at time qk - 1. the nurriber of leaves is esactly q k - ~ :  

Thus, at that instant in the tree construction (the 1 s t  riode to cornpiete a 

layer). the proportiori of lcaves is 

.JUS to show liow t his iritc.rt?sting relat ioiiship cqlairis tlw cwatic I~eliavior 

of typical Méyl t rees. corisitler t hc recurrence <le = (itllk - 1 + q k - 2 .  ancl observe 

that 

The behwior of (Q. was di~c~ssecl in an earlicr srctio11. it siifficcs to riotc that 

~ i k  > k log k infiriitely often with probübility one. so ttiat. aitli  probability 

orie. thts proportion of leavrs is infinitcly oftrri less ttian 1/ log n. for c~saniple. 

12 The fill-up level. 

Tlie fill-up lcwl F ,  of ii srarch tree is the rriasinial riiimb~r of full Icwls. For a 

ranciom hinary search t rer. t his is known to br asyniptot ic to 0.371 1 . . . log n 

in pro babili ty ( Devroye [8]). Again. randoin Weyl t rces tleviate frorri t his 

substantially. While we ni11 iiot study F, in detail. ive woiild like to note one 



Indeecl. to get a püth in the tree of polarity + - + - + - . . . of leiigth k .  by 

the way layers arc painted on. ive must have rL 2 q k .  But qk 2 nr., ni. ohich 

proves the inequali t .  

13 Examples 

Example 1 

By lernrnü 9.1. we liaw wit hoiit further work 

F,, < (l/i + o ( l ) )  log ri 

in prohability whcri 6i is ilniforni [O. 11. In fact. then. wr Iiavr for al1 c > 0. 

13.2 Example 2 

If a k  k. then F,! 5 r t .  so that 

log n 
log log n 

This resiilt applies also when # = t,iin(l/'L). arid 6i = (-*. two esilniples cit,ed 

earlier. 



13.3 Example 3 

When a k  = '2" simple calculations show that 

F, = o(JiOg,L) . 

In fact. for any slowly iricreasing sequelice b,,. it is possible to find a 0 such 

that F, 5 6, for al1 n large enougli. 

14 Other characteristics. 

Let tlie left height of il tree htl the niasimal nuniber of loft tdgrs serri on 

nny patfi frorn a nodc* to tht! root. Let the rialit Ii~iglit he clefirietl siiriilarly. 

Clearly. the lrft lieight is one less than the niimber of l+ws of left polarity 

anci t h  grows as x:Lt flzt whrre k is the soliiti«ii of ri = q k .  C ~ i n g  argiinients 

as in Theoreni 9.1. it is wsy to prow tliat if H; ;irid ~ , f  ;ir<> th<) Id t  and 

rigtit Iicights of 'T,,. t lien 

H,f. G + -  
log ri log log n ;i2 

h g  r~ log log n ' 7-  

in probability. 

The distance frorn the root to the minimum is equal to Hk. aiid is thtis also 

co~eretl  by the resolt abow. In rendom bina- search trws. tlirse quantities 

are @(log r i )  in probability: the left height grows as e log n. ivhilc tlic distance 

froni the minimum to the root grows as log n in probability (Devroye [hl). 



15 Conclusion 

Working on this t hesis led me to investigate data structures. algebraic theory 

of numbers. cliscrepancy and technical computations involving bouncling of 

expressions in probability theor .  

Iii addition to the ricw rosults. particular attention is giwn to link to 

cwntiniiecl fractions of irratioriid riiinibers. wtiicli is not ob~ioiis  at hrst sight. 

This has suggestrd to go hrtlier ancl design \\ '~yl trws stiirtiiig iiow froni 

given values for partial quotients. For instance. c m  fix for vadi stitp t hc 

riuniber of layers of right ancl IcR polarity. hlso. wc realizecl ttiat there are 

rriüny structures in t iic vont iiiiiecî frac t ioris t'spansiori of riiiriibers arid t hat 

the field is wide open to rrsearcli. 

The invcstigatioris in this tliesis arc important and worthwhile as the 

ilen r~ su l t s  are basecl on ideas of Ellis and Stwle. Boyd and Steele. Levu. 

ancl C;alariibos. Tlittsr resiil ts wrr not oasy to tind and to iiritlcrst and. 

Firially. t his thcsis \vas of prime iriterest For nie sinw it strengtheiiecl 

niy theoretical backgroiiricl oii data structiircs. 111 iddition. d l  t lw  material 

cornes iri linndy for tiirthcr rtlscarcti. 
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