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Deepening Chüdren's Understanding of Rational NirmbeTs: A Devdopmental 
Model and Two ExppnMental Studies 

Joan Moss, PhD 2000 
Department of Human Development and Appiied Psydiology University of 

Toronto 

The present thesis concems the design, implementation and assesment of an 

experimental program to teach the diEficuIt topic of rationai ntunbers. Based on 

Case's theory of cognitive devdopment, it was hypothesized that a core 

conceptual structure for a goba1 understanding of rational n d e r  is fomed by 

the coordination of Mdren's intuitive understanding of proportion and theh 

numerid spIitting schernas. In order to support this coordination, the 

experïmental curridum irttroduced r a t i d  nimiber through the teadiing of 

percent in Wear measurement. Rops such as cyündrid beakers füIed with 

watei, alIowed students to make proportional judgements of fullness of these 

containers relative to the whoIe using the Ianpge  of percenfs. Thus, the 

ttaditiod seqnence of rational number instrucf50n was dtered SQ that decimais 

and hctions were tau@ Iater grounded in students understanding of percents- 

L 

Two f o d  kaching studies wereconduded. In the fnst, the partkipanfs were 



an mtad grade 4 dass who were new to rational number and in the second the 

curridum was implemented with grade 6 -dents who had 4 yens of previous 

instruction in rationd number prior to the intervention. Mts showed that ail 

of the students made Iarge and statistidy significant gains from pre to 

posttestQuaIitative analyses of this data reveded that the students had acquired 

a nuinber of new competenües hduding the ab- to 1) move fIexibIy among 

repre~e~tations, 2) r&t misIeadXng mes, 3) order numbers by magnitude, and 

4) mvent th& own procedutes. In a further analysis, the posffest r d t s  of the 

experimental students were compared to the perhmance of normative groups 

on the same measure. These groups consisted of students h.om grades 16, and 

8 and h m  a postgraduate teacher training progam. Both the Grade 4 and 

Grade 6 experimentaI students achieved better scores than the grade 8 students 

and equd scores to the preservice kachers. The experimental students ais0 were 

Iess reliant on whole number shategies when sohmig novd problems, and made 

more fiequent reference €0 proporüonal concepts in justifyuig theh answers. 

- - -  - - - - - - - - - - - - -  - - - - -  - - - -  - - - -  - - - -  
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Chapter 1 

A Bdef Introduction 

Leamhg Difndties in the Domain of Rational Number 

One area of mathematics that has always been a stumbhg block to 

generd mathematicd competence, is the field of rational number-fractions, 

deamals, percent, and ratio. Inkoduced in most mathematics & d a  as d y  as 

Grade 1, rationd number is the most difficult topic that students encounter in 

th& dernentary education (Carpenter, Fennema, & Romber& 1993). UnIike the 

whale number domah, which is evenhÜiIIy masterrd and understood by all 

students to whom appropriate instruction is offered, (Bd, 1996; Cobb & Merkd, 

1989; Fuson & Bxiars, 1990; Fennema, Carpenter, Franke, Levi, Jacobs, & 

Empson, 1996; Gifhr  Caser & SiegIer, 1994; Kamu, 1985; Resnick & Singer, 

1993), competence in rationa1 number is often dusive. Even among those 

students who çan successfulIy perform a wide range of operations in this fieIdr a 

majority show gaps in th& understandings of the concepts that undedie these 

operatÏons, and show very üttIe principIed knowIedge of this number system as 

a whole (Behr, Hârd, Po*, & Lesh, 1993; Carpenter, FennemaI & Rombeig, 1993; 

Keating & Crane, 1990;Kiermr 1993; Laman, 1994; Moss, 1997; Moss & Case, 

1999; Parker & Leinhardtr 1995; Resnick, 1989; Sowder, 2995)- As rational nrrmber 

concepts are foundational to most areas m advancd mathematics such as 
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dgebra and geomeq and underpin advanced Iearning m chemistry, physio, 

and the biological (Lesh, Po*, & Behr, 1988; Lamon, 1999), the faine to 

gain a facility in this domain has aIways been considered probIematic. However, 

r e c d y  these concems have esdated. Est, mteniational compafiSO~1~ of 

achievements in mathematics and science reveal that North AmeriLcan &dents 

and teadierç perform well below th& Asian countqarts w, 1999; Stevenson 

& SOgIer, 1992; Stigler, Fernandez, & Yoshida, 1996). Second, caveats corne fiom 

contempoary andysts whose concems are grounded in the implications of the 

idonnation revolution. They warn that individuah who Iadc cornpetence in 

mathematics wilI ükdy face severdy restricted career opportunities; and soaeties 

with a dtizenry laclüng m mathematicai liieracy, will and do, find it diffidt to 

compete in the global marketplace (Keating, 1993). 

LZ Inferference of Whole Number Concepts in the Leaming of Monal  

Niunber 

The Iiterature in mathematics education Îs repIete with examples of the 

types of mors that students and addts make in perfomxing rational number 

tasks. A major stumbiing block that has been observed when students begin and 

continue their Ieamuig of ratiod nuanber Ïs that whole nrmiber concepts 

Mmde on heir ability to perform @ehrI Wachsmrnh, Post, & Lesh, 1984; 

1984,1986; Hiebert & Behr, 1988; Lamon, 1995; R&ck,l994). 

At a most basic Iwd, whole nrmiber inferference iç cddered b be at the 



root of studaits' inabiIity to interpret the notation schemes for hctions and 

decimals because the notation system in both number systems are highIy sin3ar. 

Thus, for example, Hiebert and Wearne (1986) and Wearne and Hiebert (1988) 

report that most mÏddIe school students wodd assert that a number IÏke -059 is 

a Iarger quantity than O2 because the number 59 is bigger than the nuniber 2. 

Simüar problems exist for students in interpethg hction symbols. 

Students often erroneous~y interpret a fraction as two independent and 

countable numbers (Kersiake, 1986). What is missuig is the idea of how big the 

fraction k as a whole. ladang this quantitative referent students' reaçoning 

easily goes asby (Sophian & Wood, 1997). Data fiom the National Assessrnent 

of Educational Progres (Ml) iIIushate this point. For example, when asked to 

h d  the anmer to 112 + 1/3 = . a majority of students in Grade 4 and 6 

assert that the answer was 2/5. Moreover, 30% of the students in Grade 8 made 

the same error. Thus, even after a signiscant nu* of years leamhg fractions 

(approximatdy 7) rnany of these Grade 8 students still appeared to be counting 

the numerator and denominator as separate numbers and performing additive 

operations to get a sum. FUtfhmore Saver (1986) has show that even conege 

fieshmen who are given rem* kainhg stiII hold on €0 this mkonception. 

Another area whete the mtntsion of whoIe nUITiber concepts has been 

& a m  Co be probIematic is in the operatiofis of md@Iication and division of 

r a f f d  nunibers. These operations are challm@ïg to sbdents of& ages 

(Armsaccmg & 8ezukr 1995). The most common misconception that is heId is Uiat 
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the operation d mdfipiication wilI allways remit in a product that is bigger than 

the factors and €hat the operation of division dways redt  in a quotient that 

is d e r  than the dividend and the divwr (Graeber and TÏrosh, 1988). This 

misconception, Iabeled "mmbdms" (multiplication d e s  bigger, division d e s  

Smaner) ia baseci on an additive modd of muItipliation where Uus operation is 

concepcuaIized as repeated addiaon. 

F d y ,  there are the wd-known problems encountered when students 

attempt operations with ratios (Confiey, 2995; Hart, 1988; Karplus, Pulos, & 

Stage, 1983; Kramer, Post, & C d e r ?  1993; Ladiance & Conftey, 1995; Lamon, 

1993,1994,1995,1999; Lawton, 1993; Nodting, 1980a, 1980b; Sophian & Wood, 

1997). The inchation of students and adults alüce to incorrectly make use of 

additive reasoning in situations that QU for ratio and proportionaI reasoning is 

exemplified in the o h  replicated task 'W. TaU and Mr. Short" (KKpIus, 

Karplus, & Wollman, 1974). ki thÎs probIem respondents are asked to determine 

the 4th term in a missing vaIue task. The M e n g e  that they are presented Ïs to 

find the height of 'W. Tall" when measured m papa cüps. The problem 

conceniç the folIovuhg situation and mathematid relations. Mr. Short is 4 

buttons taII or 6 paper dips talI, Mr. TaII is 6 buffons taII and x paper cIips ta& Le, 

46  as 6 6: X ThÎs task has been implernented with diverse student populations 

wÏtiW the US, Great B r h i n ,  and eIsewhere. T h e r d t s  reveal a consistent 

tendency for students to use art "incorrect addition strate& (Hart,, 1988) in 

which the difference of 2, CalcuIated by subtracting 4 from 6, is added on to 6 to 

get an answer of 8. It has been suggested that this additive strategy wodd be 



rephced by a correct multiplicative strategy as students get older and bene& 

h m  M e r  instruction (KoeIting 1980a, 1980b). However, Hart's (1988) 

extensive Iongitudinal surveys reveal that 5% of students who use additive 

strate- when they first encounter ratio problems at 13 years of age are still  

usùig these strategies 3 years Iater. Thus additive approaches do not necessarily 

progress to proportional UUnkuig with age (Hart, 1988, p. 208). 

The forgohg kt presents some concems that have been expressed wîth 

regards to the types of mors that students make in rational number that are at 

Ieast in part caused by the interference of whoIe number- However, rnany other 

concemç with students' leanring and understanding of the rational number 

system have been voiced as wd. These indude 1) diffidty understanding the 

magnitude of rationai number, 2) fidure tu understand the meanings of 

operations, or to apply hem appropriately, and 3) inability to transIate between 

representations. In sum, it appears thae many students la& a conceptualization 

of the ratiord number system as a whole. Unfortunatdy, the probIems üsted 

above are not restricted to schoo1-aged studenk. Many addis &O Iack a fluent 

imderstaitding of this number system (Cramer, Post, & Behr, 1989; Post, HareI, 

Behr, & Lesh, 1991). 

There iç widespread acknowIedgemenf h t  the failtue of students to 

perforrn m ratiord numberiç at Ieast partIy aWugbIe to defiats m traditional 



educational pracüce. Analyses of textbook uni& in rational number reveal 

substantid probIems with content and coverage. 1) Topics are covered quiddy 

and superfichlly~ 2) Tw much thne is devoted to presentïng proceduxes for 

manipuIating rational nufnbex~, and too M e  time to teaching th& conceptual 

meaning (Hiebert & Weame, 1986; Resrück, 1982; Schoenfdd, 1989). 3) 

Operations are taught in isolation and divorced from meaning. 4) V i y  no 

time is spent in rdating the various represen€ations, deamaIs, fractions, percents, 

to each other @brkovitç & Sowder, 1991,1994). 5) In conhast to units on whole 

number leamin& texbook instruction in ratiod rider does not support the 

devdopment of studentç' informal knowledge. Mermore, the style of 

presentation of the lessons denies students the oppommiiy ta constnrct their 

own understandings (Armstrong & Bezt.de, 1995; Bd, 1993; Hiebert & Weame, 

2986; Ma&, 1990r1993,1995a, 199%; Resnikk, Ne~ha,  Leonard, Magone, 

Omanson, & PeIed, 1989; Sowder, 1995). 6) Einallyf textbooks f d  to comect the 

related topics of ratio and proportion with rational nulliber instruction (Codiey, 

1995; Moss & Case, 1999). 

The probIems assOaated with traditional tactbooks are compounded by 

the M e r  problem that traditional teachers are a-prepared €0 ieach rational 

number @d, 1993; Carpenter & Lehrer, 1999; Po*, b.d, BehrC & Leshr 1991; 

Post, Cramerf Behr, Lesh, & HareIr 1993; SchÎfk & Fosnot, 1993)- Like th& 

-dents, these teachers have dÎffÏdty mfqrethg the SJrmboL +emr 



understanding the units and the referents, and using multipIicative or 

proportionaI strategies instead of additive ones. These hdings are not reaILy 

sufprisingr since the concept knowledge of these teachers has, for the most part, 

been b 3 t  on the m e  runited texibook vision that has restncted the leamhg 

trajectories of the students in theU classes (Confrey, 1994; Hiebert, 1992; Kierenr 

1992; &ck, 1993). 

15. Change in Teaching Appmaches and Recommendations 

In the Iast few years there have been a number of successful attempts to 

remedy the situation and many mccessfd programs have been reported 

(Hiebert, Wearne, & Taber, 1991; Hiebert & Wearne, 1996; Kieren, 1994; b c k ,  

1990,1993a; Miirkovits & Sowder, 1994; S W a n d ,  1991,1993). It has been 

shown that, with rewed conditions of instruction, diildren can be Ied to a deeper 

understanding of some aspects of the mtionaI nuanber system. Sm, t h e .  is a 

growlng concem that we may need to attack the probIem in a broader and more 

integrated faShion. In their tecornmendations for currÏdum reform, Post, 

Cramer* Behrf Lesh, and Hard (1993) suggested that "&dum devdopers' 

attention shouId be dnected away from the attabment of mdMdud tasks 

toward the development of more gIobaI cognitive processes'' @m . A M a r  

pomt has recently been made by Sowder (1995) ancî by Miirkovits and Sowder 

(1991), who have suggeçted that chifdren need to Ieam how to move arnong the 

vazÏous posibIe representations of rational nimiber m a fi &Ie mariner. 

AIthough they retam a concem for deep conceptual understanding of the 



individual components of rat iod nuanberf contemporary andysts are dearly 

urping us to create currida that will hdp chiIdren deveIop more globai 

conceptions of the rational number system as a whole and of the way its various 

components fit together. 

This generd goal is the overriding objective of thk thesis. In the chapters 

that folIow I outline a research program in which I have designeci and açsessed a 

cmridum which fosters such global understandings of the rational number 

system. The curriculum is based on a Case's theory of inteiiedd deveiopment 

(Case, 1985,1992; Case & Okamoto, 1996) and on a deveiopmentd modd for 

rational number Ieaming that I have developed with hin 

1.6, Outhe of the Present Thesis 

In the next diapter I review the research on the teadUng and leaming of 

ratiord number d e d  out by the mathematics education researctt community. 

In Chapter 3,I first present the general theoretid framework and the specific 

modd that was proposed for the devdopment of rationai number. Then a detd 

of the ctmicuIurn that was designed based on the mode1 is presented. Chapters 4 

and 5 contain methods and results of two empincd studies where the ratiord 

number ctmidum was IlnpIemented. In Chapter 6,1 present a comparative 

adysis of these two &&es and a third study that waç reporteci &er. l3na-U~~ 

m Chapter 7,I present my disdon of these h&&s and th& potenoal 

cont&ution b the ükrature m rational number and muftiplicative stmchrres. 



Chapter 2 

Rational Number Research: An Overpiew 

Old Pmdigms and New Directions 

2.1. What Ts Rational Numbet? 

A d a t i o n  of rational ntrmber belies the complexity of the topic. SimpLy 

staied, a rational ntmiber is a number that can be expressed as a quotient or a 

ratio of two integers a and b, that iç, a/b where b does not equal zero. However, 

despite its apparent simpliuty, rooted in this degant definition are particularly 

Wengulg axioms, propertks, concepts, and consfntcts. EncompasSmg the 

representations of desmals, patents, hctiom, and ratios, rational number is at 

once a system of numben and a systern of operations 

The histoiy of rational number pedagogicd research has been pnmariIy 

concemed with the unravehg of these compIexities. Researchers have 

conducted semantic, syntacti~~ and epistemologid d y s e s  of the rational 

number system, and the fnidings of this research have diredy Wuenced the 

appIied work m the Md. As Ckrpenter et aI. (1993) note, "Research on teaching, 

Ieafnmg d d u m  and assessment of rational number concepts depends on the 

conception that the researchers hold of the nature of rationd nrrmber" (p. 2). 

musr to understand die direction inshuctÎonal reform haç taken, it is miportant 



tu examine the conceptions of rational rider that predominate in the field and 

d i r d y  inûuence the research o n  teaching and Ieaming. 

22 The Subcons~dç  Theo ry of Rational Number 

The cognitivdy-based research in rational. number has Iooked at the 

different chamcîeristics of this number system Freudenthal, 1983; Kieren, 1976, 

1988; Ohlsson, 1988,1987)- Researchers have engaged in discussion concerning 

1) the mathematid const~~cts that comprise the number system, 2) the different 

applications or characteristics of this number system, as well as 3) what a person 

can do when the? know rational number (Kieren, 1993,1995). These qpestions 

have Ied to the identification and anaiyses of speaal aspects of rational numbers 

which have cume to be known as "subconstruc€s."Alth~~gh there are some 

variations in the way these subconstnrcts are delineated, it is generally agreed 

that these interpretations mdude rational number as operator, rationai number 

as ratio, rationai nimiber as quotient, rational number as measure and, with the 

exception of Kieren, ratiord number as part/whoIe 

The operator (or 'stretcher' or 'shrinkei) subconstruct indicates the way 

that the nimiber actç as a multipir'cative transformer and operafes on somethlng 

e h ,  as ni a fundion that is applied to some number (eg., 1/2 of 8). Rational 

number as raüo d&es the situation m which two ~uantities are reIated to one 

another muItiplÏcativeLy (e-g, Uiere are 3 gitls for every 4 boys). The measure 

çubconstr~ct~ most frecpenity accompanied by a n d e r  h e  or a picture of a 



measuring device identifies a situation in which the fraction I/b is used 

repeatedly to determine a distance (e-g, 314 of an inch = l / 4 r  1/4,1/4). Ratiord 

number has the meaning of quotient, so that 3/4 is interpreied a s  3 divided by 4 

(for example, 3/4 mdicates Uiat 3 cookies are shared by 4 people). And fhdy 

there is what is known as the partfwhole s u b c o n s ~  which defines the ad of 

partitionhg an object into partsr and addresseç how much there is of a qyantity 

relative to a s p d e d  unit of that quantily [e-g, For the hcüon 31 4 there are 

two part whoIe interpretations (a) 3 (1/4 UN&) and (b) 1(3/4 unit)E Although alI 

of the subconstructs represent separate interpretations, the operator and the 

ratio iobcoconstnicts r e k  to characteristics of rationai number that are exdusively 

multiplicative, whereas the measure, qyotient, and part/whole subconstnrcts 

incorporate ideas from additive skuctures as wd as multiplicative ones. 

2.3. The Rational Number Pro ject 

The exploration of the s u b c o n s h u ~ o t h  the identification and 

hterpretation of these separate application+-has profoundy affkted the style 

and content of ratio4 number research. Even more importantly, the 

subconstruct the0 y has shaped the p e r d  pmdigm for research and teaching 

studies in rational numTxr- The subcons~ct anal@, whiIe nUtiaIly condudeci 

by Kieren (1976), became the focus of the wotk of a group of mathematics 

education schoIars whose cwpeative program of research is known as the 

RationaI N d e r  Roiect @?NP) (se, for ewmpk, Behrt Hard, Post, & Lesh, 

199& W93; Bright, l3ehr, Po*, & Wa&smnfhr 1988; Hlarelr PM, & Lesh, 1993). 



The extensive analyses of the subconstmcts Ied the RNP researchers to condude 

th€ each constmct represents a &#in& conception of rational number. Thuç a 

comprehensive knowlecige of this number system hvolves art ab- to pdorm 

a varieiy of problems m aU of these separate appücations. In keeping with theK 

d y s i s  &enr the subconstructs have become a focal point for th& work on 

teaching and Ieaming of this number s y s t e a  And, aIthough the overriding goal 

for rational number Ieaming is that IcnowIedge of the subconçtructs be 

coMected b form a unifieci scherne (Carpater et d., 1993), neverthdessr the 

subcons~cts have evolved as individual teaching strands for Iearning rationai 

number. 

23.1, The Muence of the RNP 

The legacy of the work of the RNP and the idIuence of that work cannot 

be overestimated. Fust is the contniution of fie-grained d y s e s  of the 

subconstructs and the importance of th& pIace Ki the field of rationd nrmiber 

(E3ehr et al., 1992,1993; Curcio & Bezuk, 1994; H i d r  Po&, & Lesh, 1993; Lesh & 

Landau, 1983; National Councii of Teachers of Mathematics, 1989; Post, Cramer, 

BehrI Lesh, & &el, 1993: Post, HâreI, Behr, & Lesh, 1991). Second is the 

apphtion of these subco~~~tntcts to teaching IeanUng and assessment, The 

strength of the iduence of the RNP is evidenced by the IongePity of its researdi 

program (WH iç stilI ongoing and bas been h d e d  consistently since 1979), b y 

the si@~a~r nmnber of pubEcations that they have authored (approxfmafefy 

85) and by the many other researchers who have modelled th& own work on 
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the RNPrs analyses (e-g, Lamon, &el, Mack, etc.). ûver the years the research 

program of the RNP has induded experimentat studies (Cramer, Post, & Behr, 

1989), surveys (Hellêrr Po& Beht, & Lesh, 1990), and teadiing experiments (Behr 

& Post, 1992; Behr, Wachsniuth, Post & Lesh, 1984). The RNP has also developed 

curricuIar units and materials (Behr, Harel, Post, & Lesh, 1993), and made 

recommendations to gtnuentid organizations such as the National C o d  of 

Teachers of Mathematics (NCTM). Recently this team has also become involveci 

in preseMce teacher training and professional development. 

232. Teaching Experimmts 

The RNP t h d v e s  have reported many successes in th& teaching 

experinnents based on the subconstructs, and they have aiso reported some 

shortcomings (Behr, Post, & Wachsmuth, 1984). WhiIe students seem to make 

gains in their understanding of, and competency in, isoiated areas of thiç number 

system (Le.? understanding of the subconstructs and in the separate 

representations of deQmaIs and Eractiom), they are not able to integrate these 

various mdividuaI profiamcies ïnto a systernatic conceptuaüzation of thÎs 

number system as a whole simply by leamitg the various meanizgs of the 

subconstructs in isoIsttion. In th& recent recommendations for ctm5cuIum 

development in ratiod number, the RNP observed that more instructional 

attentÏon needs to be placed on students' m t e p t e d  use of, and access €0, the 

toWty of the rational number domah (Po&, Cramerf Behr, Leshr & HareI, 1993). 

They concluded that the *'&dm deveIoperdn attention shodd be directeci 

away fiom the aftainment ofhdkvidud taslcs toward the development of more 



global "cognitive processes" (p. 343). 

2.33. Problems with the Reseamh ParadÏgm of the RNP 

Wfule it is hue that the analyses of the subconstruds give us a g h p s e  

mto the c o m p l ~ t i e s  of the rational number system, and serve as wful 

benchmarks for assessnent, 1 concur with the critics (Le., Cqenter et al., 1993; 

C d e r ,  1996; Streefland, 1993) who dI argue that there are some fundamental 

drawbacks to the W s  approach to rational nunnber leamhg particularly at the 

inhoductory phase-drawbacks that I rupe work against the possibiIities of an 

integrated understanding of thÏs domain. FUffher 1 argue that the RNP's 

approach, rather than promothg students' multipipücative intuitions, actually 

serves to reinEorce students' whoIe number reasoning. These drawbacks can be 

subsumed under two separate but mterrdated emphases. Fîrsb as already 

mentioned, is the focus on the mdividd subconstmcts in the WS design for 

Cwnculum reform* Second, as mggesteci by Streefiand (1993), is the hierarchid 

placement of the additive part/whoIe ntbconstruct as the organipng or core 

concept in the domain. ln the sections that foIIow, 1 wiîl daborate these two 

points. 

U.3.L RobIems with the Subconsfrtlcts as Learning Goab 

The RW's subconstmct theo y can perhaps be better understood if we 

Iouk at the mandates of the mathemîitics research community when the RNP 

k t  began its mvesfigations 20 years aga At that fime. research on teachmg 

emphasFzed rÏgorous and mdepth Iearning of individual mathematics fopics; 



they did not particular1y focus on the promotion of the understanding of the 

mterco~&ed.nes~ of broad domains. Thus, the RNP's focus on and analyses of 

the individual subconstntcts were very muchin keepbg with the previiiling 

method01ogies and were respedful of the notion of discrete concepts being 

taught. However, the RNP's analytic approach is at odds with the goal of 

promoting an integrated understanding of the domain as a whole partidady of 

the interconnectedness arnong the various representations of the number 

system. 

2332. Problems with the Favodng of the ParfiWhoie Subconstruct 

The second problematic focus in the W s  approach îs the prioritizing of 

the part/whoIe subconstruct. Shedand (1993), a researcher whose work has 

focused on the deveIopment of studentsr mathematicai understandings 

partidarIy in fkictions, has observed that partitionhg and the part/whoIe 

subconstnict "... [are1 the theoretid fondation and at the forehont of th& [the 

RNP's] work." H e  goes on to observe that Behr et al. view part/whole constntct 

as fundamentd to al l  later interpretations of ratiod number- In the RNP's 

approach, aIthough ratio and proportion concepts are embedded in partitionhg 

work, ratio and proportion are proposed as d s e ~ u e n t  to the part/whoIe 

subco-ct, This favourÏng of part/whoIe as a goundhg for rational rider 

has recently been pestioned and there is growing consensus that ratio and 

mdtipIicative structures may be more fundamental concepts to building raf iod 

number concepts (Cdey, 1994, I995; Confrey & SmithI 1995; Lacfiance & 

Confiey, 1995; Kierenr 1994a, 1995; Streefland, 1991,1993; Vergnaud, 1983,1988, 



1996). In the foUowing secüons t .  position wilI be daboratecl. 

2.L Drial Nature of the Nrmibers Ï n  the Rational Number Sysfem 

The distinction that Streeûand has pointed out, regarding the primKy 

focus of instruction in rational number as being rooted in either additive 

representations (e-g-, partfwhore) on the one hand, orf multipücative 

representations such as ratio/ proportion on the other, is a distinction that is 

inherent in the rider system itself. Rational numbers are (at the same time) 

both numbers and ratios. For example, 1/4 can either be interpreted as a 

nUII\ber as in the eqpation 1/8 + 118 = 114 or, as a ratio for example if we say 

I f  4 of the selling @ce. This latter interpretation describes a relation between 

two numbers (a ratio) or a relation between two variabIes (a fundion). These 

distinctions will be fuirth- daboateci in the present chapter and Uiroughout this 
- - - -  - - - -  

&sis. For the present e&&it&-hÏ@o&t to note tbF&ere iS a - ~ ~  - 

arnoimt of disagreement amongst mafhematicians as to whether rational 

numbers, péutiddy percents, are primarily nurnbers or operators. 

Both Carraher (1996) and Davis (1988) have independenfly remarked on 

the disagreemenk Both mvestigators have suggested that wMe this 

disagreement may be of Iiale consequence Ïn  the field of mathematicsr the 

priorifihg of these différent mterpretations may have serious ÏmpEcations for 

mathematics educators. To qyok Da*, Whiîe this disfindion might seem 

mereLy üke an academtk quibbIe, our dwgreement on fiese matterç may 
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contnibute €0 our lad< of succes in teachuig the concepts €0 children" (p. 299). He 

therefore admonishes curridum devdopers and researchers to consider the 

impact of their choices for teaching and leamhg Carraher is adamant on this 

point as wd, and asserts that "the view that a fkaction is simply a number [an 

additive concept] may make sense in discussions among mathernatiaans but it is 

pedagogÏcaUy naive as weIL as hisforidy and psychologidy inaccurate" (p. 

242). 

Since students' Iearning m rational number is influenceci by the 

representations that they use, partîdarly the initial ones (KersIake, 1984; Süver, 

1986; Sowder, 1999, it is dear that the favouring or privileging of additive 

part/whole structures over the rnuItipiicative structures of ratio and proportion 

as an introduction or underpinning to the Ieaming of ratiod number must be 

further considered. 

25. The PaaMmoIe Inferpretatîon of Rational Nrimber: Additive Skucfures 

It is useful to consider the NCTM's definition of the part/whoIe 

s u b c o n s ~ ~  The foUowing quote is the verbath expIanafion kat Ïs provided to 

teachers in the NCTM &cuIum document on ratiord number (Crncio & 

Sezukp 1994). It iç the firstaspect of rational number to which teachers and th& 

students are mtroduced. 

"In the part/whoIe meanhg a mùt m the form of a conünuous shape (eg, 



a cake) or a k e t e  set (eg, a number of cookies) is introduced. The unit 

is partiüoned mto equal sized parts or non-congruent shapes with equal 

area. For exarnpIe, a [rectangukl cake is to be cut uito eight eqyd-sized 

pieces. What will be the size of each piece? The cake WU be partitioned 

into eÎght equal pieces, either congruent or pieces equal in area, each piece 

being 118 of the whole cakef' (p. 2). 

My reading of this explication of the "part whole subconsbnict," is that the 

emphasis is pIaced on entirdy additive notions; firstI of the inctrvx'dual pieces of 

cake that have been cut (the parts) and, then, on the independent, countab1e 

unifs d e d  "I/û's" that resuit from the cutting of the cakef and which yield a 

number 1f 8. What is entÏreIy absent conceptudy in this definition is the idea that 

these L/8ths are rdated to a whoIe, by a ratio 1s. For the mathematician this 

may be entaileci by the fad that the cutting was done in such a fashion as to 

make aII eight pieces equal. But for the chiId it is not  One simpIy has a new kind 

of physid obje110ne generated by partitiok-and a new way of FNlciting the 

r e d t  (total pieces on bottom, nrmiber "counted up" and taken away, and used 

for some purpose on top). Thus, there is not even an afIusion to the 

multipiIcative tmderphnings of rationa2 nuznber. 

This additive pa.rt/whoIe subcomtntct is the most basic interprebxtion that 

can be @en to rational number. This mterpretation Ieadç to dass~oorn acthities 

that are easily access~ile to yomg studenfs eg., cuttmg pies, (parM.r*oning ciradar 

regions), or deaIBig out, as m the sharing of candies. These exercises, drawn from 



experiences that Mdren have engageci m outside of xhool, access chiIdrenrs 

many intuitions for counting and whole number* MarshaIl (1993) in her anal@ 

of the "feature" and "constraint" knowledge assouated with the subconstructs, 

asserts that "this knowledge for part/whoIe, is built directiy on part/whoIe 

knowledge hom another domain-that of whole numbers" (p. 272). 

The RNP's privileging of this interpretation at the early stages of Iearnuig 

rationa1 number can probably be understood kom four separate vantage points: 

1) as choosing the most basic Corn (a/b) of rational number; 2) as accessing 

chrldren's previous school-Iearned mathematics; 3) as tappuig into experiences m 

the world that are famiIiar to M&en hom a very young age, and perhaps, 4) as 

permitting the teachîng of rationai number prior to the stage in cognitive 

development where ab-& entities such as ratios çan bt conceptualized. 

WMe there are ben&& to this introduction, it has been noted that a 

continueci reIiance on this part-whoIe interpretation of chiIdrenrs i n f o d  

partitionhg schemes can place Iimitations on the robustness of their 

understanding of rational n d e r  (Confkey, 1995; KerslakeI 1986; OhIsson, 

1988). Sowder exphÎns Uùs position as foIIows: "Chilchen rnay keat the 

hdividd parts Uiat r d t  kom a parütion as disaette objec€s-e.g., six pieces 

that a pizza is cut inb, are simpIy 9x mdipidd pieces The children do not 

imaiedlateIy recognize the co~l~eqtfences of the fact that each piece also 

represenfs one sixth of the whoIe pizza.. Or in KÏeren8s words they still think m 

kms of "how many" Înstead of more appropriatdy, '"how much?" 



26. Mdtiplicative Reasoning and the Infrusion of Whole Number Concepts 

As 1 have pointed out in Chapter 1, it has been acknowkdged that a 

common problem, when students begin th& Ieaming of the various 

representations of rafional number, is that th& whole number 

concepfualizations interfere with or seem to dominate th& thinking, thus 

causing hem to confuse additive and multipücative situations. Hiebert (1992) 

as- that c o n c e p ~ t i o n s  that become rote for shidents from th& previous 

whole number leaming interfere with th& introduction to this number systea 

Given that students have spent many years mastering the whole number system 

@or to heir introduction to rationid number, some would argue that this 

situation is not sufprising and can be intqreted as a ternpoary intrusion of 

ideas from one systern onto another. However,wMe w e  know that some of the 

probfems in Ieaming rationd number are eradicated as students progress 

through theh s&wl years, w e  aIço know that many of the problems that 

students encornter persist into aduIt Iife and appear to be robust and long 

Iasfmg (Amistrortg & Bezukp 1995; 1999; Parker & m d t ,  19%; P O S ~  et 

ai., 1991; SÎIver, lgffi; ThÎpkong & Davis, 1991). h fict, many ad& do not 

master proporüond reasoning (Lamon, 1999); a concept that w e  know to be 

important for a soIid undmdn;tg of the safional nirmberç. 



27. The Distincfiveness of WhoIe Numbers and RationaI Ntnnbers: Transition 

or Deparhxxe 

W e  the notion of whok numbers interference is widdy acbowledged, 

there are ciifferences of opinion as to the nature of that interference, diffaences 

whkh in turn r d &  & d u m  decisions. WMe it is bue that rationai nwnbers 

sEure a Ianguage with whoIe numbers and use concepts from whole number and 

thus may be thought of an extension of whole n d e r s  (Steffe, 1994), there iç a 

growhg understanding that Rationai Number is a disthdive field that is rooted 

in very separate intuitions and preMsor knowfedge. Rational numbers are 

tightiy interwoven with ratio and proportion concepts and thus there are 

fundamend differences h t  must be noted. 

Harel and Confkey (1994) have andyzed some of the new 

conceptuakations that students must contend with in leamhg rational number: 

First of alI, is the fundamental diange that students wilI encounter in the nature 

of the tmit Whereas in whoIe nuniber the unit is always expIiat, in ratiod 

numberC the unit is the context that gives meanhg to that represented cpmtity, 

but often it is impiiat. (eg,  "1/2 of 3/4" the notion of the tmit "1" is not explicït; 

however, it is conceptually embedded m the consfruct). As wd, the Ieamer has 

to readw to a new/different notion of cpantiw whoIe number is based on the 

concept of dkrete  pmtity, whereas rational nrrmbers are "demeIfLetween 

any fwo raüonals one can 6nd another and hence an infniity of other nrmibers- 



F W y ,  1 argue that for the naïve Ieamer whoIe nunnber and r a t i d  

number functÏon in ways that on be considered m Chi's tenninology as 

"ontoIogically distinct" (Chi, 1992). Unal students encounter rational number 

operations in school, aIthough it is tme that they have intuitions about 

proportions, th& notion and experience of number is one that cornes d i r d y  

from whole rider understandings For these Ieamers, numbers are symbols 

that rekr to a discrefe entity with a constant value. The rider 3 has a particuIar 

and consistent meaning. In d d y  Iife, people use nurnbers as either "count 

words" which are subject to a host of systemic d e s  (R-dc, 1986), or as 

adjectives where they rder to abjects Nurnbers are rehted to the substance 

itself. If you have 3 objects they are inherently three as m a kiad, as in the sides 

of a triangle, etc. Threeness is fked and immutabIe and dthough it may be 

defined in rdatiomhip to other thmg Iike 2 and 1, as a cardird piopertyr 3 is 

fixeci, regardles of the nature of the eiements or the dation of the eIernents. 

Viewed in this way, one codd say that peopIe0s standard use of number is 

grounded in cikccete additive theofy-Iike notions, and that the theory bdongs to 

a "substancebased" ontoIogicaL category (Chi, 2992). 

But what of the rational numbers? First consider the numbers m hcfions 

and ratios. These numbers behave entgely differentIy than whde numbers. The 

qyantitaüve meaRmg of these nurnbers is neither fixed or imrnutabIe. These 

numbers do not behave as "substance-based" entities. Rather th& meaning is 

based on mteractions and relations- In Chi's tenninoIogy they can be d e d  

"process-baçed." Stated &fEerentlyr m the rational number system, nrrmberç are 



not w d a t e d  with, and do not hc t ion  as independent entities that have a 

constant value. The numbers m hctÏons, ratios, and proportions must be 

reinterpreted as dependent variables in a ratio rdationship. The proces by 

which the ntmiber is created must be considered and hence the ontoIogicaI 

category is diffei:ent- (Here numbers exist as entities m a process that is driven by 

an interaction). The cpmtity defined by the number "3" changes based on an 

immediate &tory and associations. (The numbers in the deamal systern exist 

somewhere in and in-between category and can be interpreted in a more 

8'substancebased" way, however theh ratio underpùuiings rnust be 

concephialized m order to work with these representations with understanding). 

Psydiologically and ontologically then, these two systems behave very 

differently to naive thinkers. Students must move from understanding and using 

number as being a d a t e d  with substances to being assouated with a 

reiationship of a process, one that is no Ionger at its core d a t e d  with the 

tightIy heId additive understandings but one that is now part of a multiplicative 

world. 

Thus it can be seen that a reformufation of nuDnber is necessary to 

progress from whole n&er to rationai rider understanding as the two 

sysfems do not flow one mto the other- 

Kferen (î993, p. 56) aIso has suggested the distktiveness of these two 

nunnber v e m s .  He pomtç out that there are "fundamentaI new axioms and 
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properties and fundarnmtally distinct actions for the Iaiower." Thus knowIedge 

of ratiod number is constitufed in a fundamentalIy diffkrent way from that of 

whoIe number. 

2.û. The MuItiplicative Conceptual Field 

Vergnaud, a French mathematiaan and theorïst, provides insights worthy 

of consideration in Iooking at the distinctiveness of the rational numbers Zrom 

whoIe numberç. H e  asserts that the rational numbe. system may be considered 

in a broader context which he sees as a network of different but intercornecteci 

muItipIicative concepts which he has named the Multiplicative Conceptml FieId 

(MG) (Vergnaud, 1983,1988,1994). Vergnaud postulates that dong with 

multiplication, division, and hear fwrictions, ratiord number aicompasses ail 

situations that can be d y z e d  as simpIe or muitipIe proportions. 

Confrefs theoretical extension to Verpud's proposition of the MCF 

çuggests that muttipIicative action or reasoning occurç in a way that is 

independent of additive ideas. Co&ey distinguishes between multiplicative and 

addiave schema in the foIIoWmg way, "Whereas in additive operations, counhg 

startç at O and the successor action is addmg one with the unit being one, ma 

muItipIicatrve spfittmg worId, counbing starfs at 1 and the successor action Ïs 

spIitting by n" (Kieren, 1994, p. 395). She d&es spIieg as an action of aating 

siinufmeous muI€Ïpk versl*ons of an original. The focas on spE€üng b d  on 

tfie acfion of onebin;uiy, indudes actions such as shaniig, divïding 



symmea.icaIIy, growing, m a m g ,  and foldng. By conhaçt, in additive 

situations the change is determined through identifying a unit and then comting 

consecutive instances of that unit Fiuther, the precursor actions are m g ,  

j o ù u n ~  annexing, and removing. Finallyr Confiey (1994) asserts that the spIitting 

schema is a prefursor to an adequate concept of ratio and proportion as it 

provides a non-counting basis for muItipIicative structures. 

29. Working Hypothesis for this Thesis 

This perspective raises the question as to how shodd we foster these 

mdtiplicative schemes and operations? TraditionalIy rational number concepts 

are developed through fiactions and part/whole construds. However, we have 

seen Uiat thiç type of introduction fails to promote a concepfdization of the 

number system as a whoIe. Thus w e  need to h d  ways of introducing more 

compIete conceptions. I concur with Kieren who points out (1994, p.89) that 

rather than rdyhg on chifdren's welIdeveIoped additive mhutions in our 

introduction to rational numberr we must h d  Mdren's intuitions and schemes 

that go beyond those that support cotmtmg, hm, the goal is to develop a 

& d u m  fhatcanimmerse the students insituations h t  areboth 

multipkative and are based on th& current understandings and intrriti~ns~ 

If success m rational n d e r  means that *dents must acq* new 

multiplÏcatively based mtmtions, then we must provide a IearnÎrtg contact where 

an imm&on ÏR mdtipfÏcatlue contexts is the foundatior~ WhoIe nrmiber 



understandings are cafefLIUy b d t  over a nimiber of years; now we must 

consider how rational number understanding develops and iç foçtered. 

In the next chapter, 1 d e s c ~ i e  the curncurndun for f2ttio~I number that I 

have designed based on a devdopmental model for rational nurnber that is 

underpinneci by or grounded in multiplicative tmderstandings. I will a h  

describe the theoretical background of central conceptuaI structures that served 

as the framework for both the devdopmental model that was hypofhesized as 

well as the d c u I u m  that was devdoped. As wilI be seen, this rational number 

curridtxn, like the oher mathematics cmida that Case and hiç associates 

have devdoped (see Griffin & Case, 1998; Kddiman & Case, 1998) was designeci 

with the goah of 1) fostering a deep understanding of the particdar number 

system, and 2) promoüng the kind of fiexibiiity with the number system that has 

been charôcterized by Bereiter (2998) , Ekeiter and Scardamalia (1997), Case 

(1998), Green0 (1992), and Sowder (1992) as "Number Çaw." 



Chapter 3 

A PsychoIogical Model and an Experimental C h d u n t  Designed 

to Foster Deep Mathematical Understanding of the Rationd 

Number System 

3.1, Case Number Sense C d d a  

In the last s e v d  years Case and his associates have been working on a 

number of projects for the development of mathematicai understanding in 

various domains. Case et al.% early work on whole number devdopment has 

resulted in two programs for young dllldren; Rightstart and Number WorIds 

(Güfin & Case, 1996,1997; Griffin, Case, & SeigIer, 1994). More recently, Case 

and KaIchman have been invoIved in the design of a cun5cuIum to foster a deep 

understanding for the diffidt topic of mathematid functions (KaIchman & 

Case, 1998). 

Not ody have these & d a  proven to be successfd in promoüng 

principIed understanding of whoIenumbers and füncfions resp&vely, but thep 

also appear to have promoted the types of understandings and cornpetencies 

that have been charaderized by Green0 (1991), Bereiter (WB), Bereifer and 

ScardamalEa (1997), Sowder (I992), and Case (1998) as "number senseatr These 
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indude: (1) FIuency in estimatmg and judging number magnitude; (2) abzty to 

recognize unreasonable resuIts; (3) fIexiiility with nuDnbers when mentaly 

computing (4) ability €0 compose and decompose nurnbers; (5) abiüty to invent 

procedures for calcdating, and to be flexii1e and creative in solving probIems 

mvolving numbers; (6) abiIity to move among different represenktions of 

number and to use the most appropriate representation for a given situation, 

and (7) ability to represent the same number in multiple ways, depending on the 

context and purpose of this representation 

The whole number program and the functions program and the rational 

number program that WU be reported in this thesis were designed for students 

at very different Ievels of th& school careers (Kuidergarten, Grade 1 and Grade 

2 for Rightstart and Nimber Worlds, Grade 4-6 for rational n d e r  and middIe 

and high school for functionç): NonetheIess, aU of these progams share many 

basic features. The core of their simiIarîty is that they are alI based on Case's 

theory of centd conceptua1 stntctures. 

3.2. Theoretical Backgromd 

Case bas proposed that ckddren's number çense depends on the presence 

of powerful organizing demata which he refers to as central conceptuaI 

structures. These sûuctures may be d e e d  as compIex networks of semantic 

nodes, relati0mr and operators, whÎcEt (1) represent the core content m a dornain 

of knowIedge, (2) help children to tfiink about the probIems that the domah 



presenfs, and (3) serve as a tool for the acquisition of higher order nrsights in the 

domain mastered (Case, 1998; Case & Okamoto, 1996; Case, 1998; Gnffin & Case, 

1996; G e r  W r  & Siegler, 1994). 

Case haç proposed that central conceptuai structures are assembleci by the 

integration of two intuitive or "primitive" schemas. Furthermore, he has 

postuIated that these two Mal or precusor schemata diffa fiom each other; 

One of these schemas is primarily spatial, andogic, and nonse~ential and the 

other is pnmarily digital, verbalr and sequentid (Case & Okamoto, 1996; Griffin 

& Caser 1996; KaIchman & Case, 1997; Moss & Case, 1999). DeveIopmentaUy the 

central conceptual structures are b 3 t  up in a series of phases. In the Eirst phase 

of dllldren's Ieamùig, these two core schemas are consoiidated. Next, these two 

early ,xhemas becorne more cornplex, while at the same time they are rnapped 

on to each other. The result is that the studenrs understanding of the domain Ïs 

ûansformed and a new psych010gicaI unit is constituted. It is this new unit that 

then constitutes the core cenacal conceptual structure on which most of 

ChiIdren's subsequent leamin& m a numerid domain, wiIl depend. Drnmg the 

next phases, students sIowIy begk  to discPmuia . - -  te amongst the different 

contexis in whidi the new dernenfs ~n be applied Thus slightly different 

representatiom d the core structure are aeated. Finally it is hypothesized that 

students corne to understand the domain m M and the diffiizentiated 

representations are nrmly embedded in the newiy f o d  structure. .In order to 

give a more detded pi- I wilL briefly desaïbe Mis deveIopmentaI sequence 

for whoIe number arithmeüc- 



To date the structure that haç been most extensivdy adyzed is the CCS 

for the whole number systea  According to the modei proposeci by Case and his 

cofIeagues (Griffin & Case, 1988; Okamoto & Case, 1996) the two primitive 

schemas on which an understanding of the whole number systern depends are 

the schema for verbal counting (digitaI, sequentid) on the one hand, and the 

schema for global cpntity cornparison (spatial, analogie) on the oiher. It has 

been shown that although young diildren have strong intuitions for both 

counting and global quantity cornparisans, these two schemas initially devdop 

separatdy. However as diildren make the transition to a higher Ievei of thought, 

at about the age of 6, they gradudy coordinate these two schemas resulting in 

the formation of ihe mental counüng Iine: a structure which permits ChiIdren to 

=ive a wide vzuïety of addition and subtraaFon problems with confidence, by 

moving forward and backward aIong the verbal countmg sequence. Once 

ChiIdren understand how mental cotmting works, they gradually form 

representatio~ of multipIe numberhes, such as those for counüng by îs, 5s, 

Iûs, and 100s. The construction of these representations gives new meanuig to 

problems such as double digit addition and st&ractÏonr which can now be 

undersfood as mvoiving component probIems whidi recpire fhinking in tenns 

of di f f ient  nulTLbedines. W y ,  as children becorne more familiar with these 

probIems, they graddy demiop a generaIized understanding d the eniire 

whoIe number sysfem and the baseten system on which it r-. Addition or 



subuaction with re-grouping, estimation problems using large n b ,  and 

mental math problems involving compensation ail are undersfood at a higher 

ieveI, as this understanding g r a d d y  bkes shape. The CCS for whoIe numbers 

is presented m Figure 3.1. 



u uuu 



This anal@ for the development of whole number understanding has Ied to the 

creation of a highly s u c c e s s ~  curridum d e c l  RÏghtstart whïch is designed to 

faditate the underlying devdopmentaI integrations. 

33.1. Rational Number Deveiopment 

What about the centrai conceptual structure for rational nttmber? Can a 

developmental sequence and a central conceptual structure be identifid that is 

paraIIel to that for whoIe number? 

In Chapter 1,1 presented examples of the kinds of problems that students 

encornter in Iearning rational number. I also concurred with reseafchexs who 

suggest that students' mure in ratiord number Ïs primarily based on the 

resiIience of th& whole nu& schemas and the intderence caused by these 

schemas. 1 then went on, in Chapter 2, to present a series of observations about 

the rationa1 number system in an attempt to îJIilIustrate its distinctiveness from the 

whole number system. 1 stated that this disthdiveness was evident in the 

multipkative fotmdation of this nimiber system and the relationd nature of 

both number and qyanfitp- These arguments then Iead to the suggestion Uiat a 

soIÏd understanding of the rational n&er system is fotmded upon schemas and 

intuitions separate h m  thme of whoIe number. A m  Uus view is supported m 

the psychoIogicaI literature on the dwdopmenf of mathematid understanding 

(Chmher, 1996; Conhey, l994,2995; Hafanor 1996; ; KÏerenr 1993; Hürtüng; 

Davis, & P m  1997; Nunes & B v t ,  M6; Schwarf~~ 1988; Vergnaud, 1988). 



3.4. Scliema for Rational Number 

For the devdopment of rationaï number, Case and 1 have proposed that 

the two primitive psychoIogical rmits are 1) a global structure for proportional 

evaluation (Mmes & Bryantr 1996; Resnick & Singer, 1993; SpiniUo & Bryant, 

1991) and @) a numerid structure for "splitting" or "doubling" (Case, 1985; 

Confrey, 1994; Kierenr 1992), both of which appear to be in place by about age 9 

to 10 years. Coordination of these two structures at the age of 11 to 12 yidds the 

k t  semi-abstract understanding of relative proportion and simpIe fractions 

(especially 1/2 and 1f4). As chifdren grow older and receive fbrher mshuction, 

they leam about different forms of splits and the relaoonships arnong different 

sorts of hctions. They aIso leam about the reiationship between fiactional and 

decimal notation. EvenMy (though often not unüi they have reached the end 

of hight school) they constnict a generaIized understanding of the entire rationai 

number system 

3.6. Implications of the Modd for hfrucüon: Instmctiond Program Design 

The goal for the rational number instnrcüonal program follows d i r d y  

Erom thiç anal* and is coI\SiSfent wifh the god of the Rightstart program for 

whoIe number learning. Thus, we designed this program to provide students 

with adMties that d o w  than to refine and extend th& existfng tmdersfâncEngs 

m a natrrrai M o n ,  and to use the reniItmg cognitive structure as a bask for 



concepbaIïzing the o v e d  struchuce of the rational number system. 

In keeping with the above go&, we presented children with a seqyence 

of tasks that have the potential to maximize the comection between their 

origid, intuitive understanding of proportion, th& knowledge of nimibers 

fiom 1 to 100, and th& numerical procedures for 'splittîng' numbers. In order to 

maxbhe the potentid for achieving the forgoing connections, we introduced 

this number systern in a measurement contact and we chose percents as the fùst 

raüonai number to introduce. The cunidum was thus structureci so that the 

other forms of representation, hctions, and decimals, were inhoduceci later and 

were grounded in students' growing knowledge of percent The general 

sequence of the pro- foIIows bdow. 

The iniaaI props that the diildren use are large drainage pipes of assorted 

Ien- each partialIy covered by a moveable venting tube that can be raised and 

lowered over the pipes. CyIindncaI beakers contaùlmg various arnounts of 

wafer are also used in the introduction. Both of these props dow for direct 

evaluation of fullness relative to the whole. Both of these props a h  provide a 

"side view" that is easily represenfed by the students on paper using a wrow 

rectanguIar diagram showing the proportion of the totaI object that was 

covered. Accordin@yF our 6irst exerckes are oneç that asked cbildren €0 think 

about reIafive height m tems of "fullness'" and to desaiie the relationship ushg 

the Ianguage of percen~ As the Iessonç progress, the ChiIdren are encouraged to 

corndinate theH esthates and Intuitive t m d ~ d Î n g s  of percents in this 



context with th& strategies for rnaniptdating the numbers from 1 to 100. The 

two strategis that students spontaneuusIy use and that we encourage are 

numerid Mving (100,50,25, etc.), which conesponds to a sequence of 

visual/motor splits, and composÎtion (e-g., 100 = 75 + 25), whïch corresponds to 

visual/motor addition of the r d & .  M e r  percent activities that are used, For 

example modd building and numberhe games continue to use the 

measurement metaphor for representing percent. Once children understand 

how percent values can be computed numerically, in a fashion that corresponds 

duedy to intuitively based visuaI/motor operations, the next step is to 

introduce them to two-place decimals. Again this mtrodudion occurç m a 

measurement contwt For this introduction we explain to the students that a 

two-place deàmal nimiber indicateç the percent of the way between two 

adjacent whoIe number distances that an intermediate point lies (ego, 525 25 a 

distance that is 25% of the way between 5 and 6). Thiç introduction to decimaI is 

then gadudy expandeci to include mdti-place deamals, using a Cransitional 

"double deamal" notation Uiat the dllIdren spontaneously invented (Moss & 

Case, 1999). For example, they initiaIly represented the number that Iies 25% of 

the way between 5.25 and 5.26 as 5.25.25- FinalIy, the studenfs are presented 

with exercises in whi& fractions, de&tdsr and percents are to be used 

interchangeably. EhctÏon teaching is never done mdependently of percents and 

decimaIS; rather, fiactions are offered as an altemative form for represenüng 

these hffer representations. 

The psychoIogid structure that we nitend chiIdren ta comkt~ct as a r e d t  



of the above sepence is illustrated in Figure 3.2. The top line of the figure 

illusfitates the perceptually based Sequence of ratios that we hoped ChiIdren 

wouId Ieam to recognize and to order at the outset of the pro- The (I& to 

right) m o w s  co~ecüng  the icons in this row indicate the operation by whkh we 

presumed diildren would move from one dement to the next in the sequence. 

This operation, which might best be termed visd-motor Wving, Ïs most eady 

executeci by putting one's forefuiger beside an abject-then moving it up and 

down until one h d s  the point at which the top and bottom halves of the object 

are symmetrical. 





rii the second Inie of the Bgure appear the corresponding representations 

that we hope children wu develop for benchmark percent values and the 

numerid operations that c o ~ e c t  them. ûnce a@, we presume that ChiIdren 

wiIl s b r t  with 100% and then CaIdate half of this value for each successive 

visual-motor split. We also presume that dddren can Iearn to compose and 

decompose percentç that are o l d a t e d  in this fashion (eg, to determine the size 

of 75% by hinding the &es of 50% and 25% and then combining them). 

Findy, the bottom row of the figure is meant to represent the 

correspondhg set of measuement tediniques and formal arithmetic procedures 

that we hope diildren wiII Ieam to use when the goal is to express a ratio in some 

standard set of uni@ such as müüütres. For example, if one knows that the total 

volume a beaker can hoId is l2û mI, one can detemine what 75% of that volume 

must be by k t  cornpukg haif of 120 (60), then computing half of the resuiting 

tokd (30), the.. adding these two values. 

Case asserts that the psychoiogicd structure represented in Figure 3.2 

contains a rich network of icons, symbols, and procedures that chiIdren can 

access and apply in a fiexibIe fashton, tu insure that their @€atnre procedures 

for assessnig and transformhg contmuous cpantity, as weII as th& more 

fond, arïtEmnetic procedures, will remah doseiy integrated. In this sense, the 

structure is d i r d y  paraIIel to the centrd conceptual structure for whok nrrmber 

thathas been analped by G e  andCase (î996). 



We reasoned that, once chiIdren possess a ratio-rneasu~ement structure 

such as that diagrammed m Figure 3 2  they shodd be able to use this structure 

as  a çtarting point for learning about deamals and hctiom. The seVence of 

instruction h t  we employ Î n  order to foster this devdopment (percents, 

deamalsr then fractions) is a r e v d  of the normaI order for introducing these 

diffaent representatiors and a signifiant departure kom curent "best 

practice." W e  beIieve that thb is the optimal sequence for mkoducing rationa1 

number for a variety of reasons: 

1) By the age of 10 or 11, children have well-developed quaütative intuitions 

regardhg propotions (Case, 1985; Lamon, 1995,1999; Noelting, 1980a; Resnick 

% Singer, 1993; Streefland, 1991); 2) they also have well-deveIoped intuitions 

about the numbers Erom 1 to 100 (Okamoto & Case, 1996). By begnullng with 

percents, we allow them to bring these two sets of intuitions together in a 

natmd unidlmensiod fishion. 

2) By begiMmg with percents rather than hctiom or deàmals, we postpone the 

probIem of having to compare or manipulate ratios with dlfferent denominators, 

thus allowhg chiIdren to concentrate on devdoping th& own procedures for 

dcuIation, c o m p ~ ,  and composiüon and decomposition rather than 

reqmimg Uiem to StiUggIe to master a compIex set of aIgonfhms or procedures 

that might seem foreign €0 €hem. 



3) Every percent d u e  has a correspondhg fractional. or dWmal equivalent that 

is eaçy to determine. The converse, howeverr is not tnre. SimpIe fiactions çuch as 

1/3 and l/? have no e d y  dCUIitted equidertt as p e r c e .  or decimals. By 

beginnmg 

with percents, we allow Mdren to rnake their hist conversions among the 

different systems in a direct and intuitive faShion and thus to devdop a bettes 

general understanding of how the hree systems are related. 

Figrne3-aie "number &bonm used on the MacÏntosh cornpufer when a file Ïs 

benig transfmed. 



4) By beginning with percaits, we were able €0 let chïldren use a form of viçual 

representation with WH they were aIready f d a r f  namdy, the " n d e r  

ribbon" that is used on the Macintosh computrtr when a H e  is being hansfened 

(See Figure 3.3). This representation M e r  contrîbuted to building a solid 

comection between chiIdren's intuitions about proportions and then intuitions 

about numbers. 

5) F W y f  aIthough Uùs was not centrai to our deasion, it is worthwhile to 

mention that the Ctuldren appeared akeady tu know a good deal about percents 

h m  everyday experiences (Parker & Lehhardt, 1995). Before we began the 

instruction, we asked the dddren if they had every heatd percent terminoIogy 

used in th& homes or daily üveç. Not ody were they able to volunteer a 

numbe. of different conte* in which percents appeared (th& sibhgs' school 

marks, price reductiom m stores having sales, and tax on restaurant biIls were 

the ones most fmpently mentioned), they were abIe to indicaie a good 

qylitative understandhg of what different numerid dues  "rneant: for 

example, €bat 100% meant "everything," 99% meant "aùnost everythmg," 50% 

meant "exady haIf" and 1% meant "almost nothnig." By beginnmg with 

percents rather than fkacfiom or deamals, we were able to tapie on 

chïidrenrs pr-g howkdge regarding the meanings of these numbers and 

the contacts m which thep are important (see Lembke & Reys, 1994, for Mer 

disassion on thiç point). 



3.6. A Review Of Shdy L. Teadung Rational Nnmber Sense to a Group of 16 

High- Achieving Grade 4 Shidents 

Drawing on the foregoing adysis for the devdopment of rational 

number sense, 1 conducteci an experimental study (reported in Moss & Case, 

1999) in which this experjxnental curridum was taught to 16 hi&-achievïng 

Grade 4 studenb. The results were compared to the r d t s  of 13 M a r  children 

exposed to instruction of a more dassic nature. To compare the two groups a 

demeci measure was designed (The Ratiord Number Interview) to assess 

chiIdren's conceptwl understanding of hadiors, decÏmais, percents, and the 

reIationships mong then The 41-item Rational Number Interview was 

administered to both groups before instruction and the same measure with an 

additiond 4 items was again administered immediatdy after the two groups had 

compIeted instniction, In aII, the experimentaf group received twenty @minute 

instructional sessions (that 1 taught) at a rate of one per week over a 5-month 

period. The conkoI group devoted a sIighdy longer thne to the study of rational 

numbers and foIIowed the program from the same text series that was used 

throughout the school from which the experimental dassroom was drawn. The 

instructiod sequence for the experÏment;rl group haç been desaibed in detail 

elsewhere (&Eossr 1997). The times that are aIIoffed for the various topics are as 

foIIows: 9 hours on percentr 4 hours on decimaîs, and 4 hours on mixed 

representaüons, induding hctions. 



The sequence for rationa1 rider Înstrucüon in the control group's text 

was more conventional: Fractions are the first topic to be covered. In this 

program, hctions are defined as numbers that d e s d e  parts of a whole and are 

ilIustrated with piechart dia&fams. bercises follow m which Mdren are asked 

to determine fiactions of a set, compare different fractions with regard to 

magnitude, and determine eQ"valent fractions. Deàmalç are taughe next, using 

pie graphs, n d d e s ,  and place value chais. Tenths are mtroduced fVst and 

th& relation to çingIe-place decimals is shown. Finally, ecpïvalent decimaIs are 

taught by a dernomkation that numbers such as 0 3  and 030 are merely 

altemate representations of 3/10 and 30/100. Lessons invoIving operations with 

defimals were introduced next. The d e s  For addition and subtraction of 

decimals, as well as for mdtipIication of one- and twepIace deQmals are taught 

expIiatly, with mefur attention to the signiscance of place value. The use of a 

fraction as an operator and computatîons involving division of decimals are 

taught at the end of the sequence. 

Both dassrooms empIoyed a varÏety of participation stntctures so that the 

studaits aItemaaVeIy worked in smalI colIaborative leaming groups, in pais, 

indivlddy, as well as parücipatingm whde group lessons 

The r d t s  of the study mdicated that both the contd and experÏmen€aI 

groups showed some improvement from pre to posttest; however the 

hprovement of the heatment grwp was mudt greakr. A Cwo-way andm of 

Vacance with repeated measmes waç conducted to assess the significance of this 



dEfference and the r d t s  showed a strong keatment by pre/post interaction m 

the predided direction (F(132) = 29.m; p c .001). A similar mteraction was 

present when w e  analyzed the r d &  of the decimals, fractions, and percents 

q-pestions separatdy. Further analyses of the resdts indiatecl that the students 

m the experhxenM group were much more successful than those in the control 

group m ge-g the correct answers on the posttest meaSUTe. Qualitative 

analyses showed that these two groups alço had very different ways of 

reasoning and soIvhg items: The explanations of the students in the conkoI 

group were often based on additive reasoning, procedural knowI.edge, and often 

eroIfuI des ,  whereas the students in the experimentaI group dernonstrateci a 

response pattern that indicated a conceptual understanding gromded in ratio 

and mdtiplicative structures and a fiexiiility of operating in this number system 

that on be charactefized as numbersense. 

For exampIe, when asked to choose the Iarger of the two numbers 20 and 

.089, ody 38% of these students mdicated that they had an understanding of 

magnitude. The majority asserted that .O89 was Iarger because 89 is a bigger 

number than 2 A second explanafion they offered was that .O89 waç the d e r  

number because "The longer the nmnber of digits after the decimai point the 

d e r  is the number." This misconception has been noted many ümes in the 

litexature (eg, Resnickr Ne~h-, k~eowd, Magone; Omansonr & PeIed, 1989). Bp 

con-, aII of the studenk m the experimentd group were abIe €0 con&. 

assert that 20 was the larger ntmnber and g i .  a reasonabIe exphtion for th& 

choice 



Another set of items to which the tond and experimentai groups 

responded very differently were those that asked students to translate among 

represaitations. For example, at posttest, 93% of the students in the 

experimental group codd correctly find the deQmaI notation for 6% as weIl as  

provide a sensible rationale for their answer, and 75% of these students were 

able to comectly respond to the question "What is 118 as a dWmaI?" Both of 

these questions eüdted ody a 17% correct response for the control group with 

the rnajority of the students assertkg that 6% was +valent to 0.6 and that 0.8 

was the correct deamal representation for 1/8. Again the responses of the 

control group are typid of those reported in many other shrdies. 

Ano€her Erequent problem for the control group was th& inabiüty to 

employ multipIicative strateses, rather than the additive strategies with which 

they were most M a r .  One instance of this confusion was provided in the 

control's responses to a test item that required that the students shade 314 of a 

pizza that was partîtioned into 8. Only 33% of the students in the control group 

were able €0 successfirlly answer Uùs question. The maiority of the students 

shaded three sections (3/8) assertin8 that, "3/4 means three parts of sontethmg." 

Not onIy does this response indicate a la& of a sense of magnitude but aIso 

shows the Iack of consideration of the dation of the 3 (the part) to the 8 (the tmit 

whole). By contrast alI of the students m the experimental group were abIe to 

cofl:dy amver UUssame question. 



Finallyr there was aIso a diffaence in response pattern between the two 

&coups on items where students were asked to compute or perform operations 

with rational number- ln the measure we mcluded items that were presented in a 

standard form of computation as well as in a non-traditional fonn An example 

of a question in the latter category was as fohws: 'Fieen blodcs spiIIed out of 

this bag. These 15 blocks represent 75% of dI of the bIocks that were in the bag 

to start with, how many blocks were in the bag to start with?" In response to 

this question, 88% of the ExperïmentaI students provided the correct m e r  

compared to in the control group. Since the ExperimentaI Group had not 

been hught any procedures for performing standard algorithms in iheir 

program, we expected that these sorts of questions wodd be difficuit for them. 

However, we were surprwd to nnd Uiat the expeirimentai students were better 

able to ta& cornputation probfems posed m a standard f o m t  than the control 

group, even though the latter group had frequently encounfered these probIems 

in their in~t ruc t iod  program. For v i e ,  in answer to " What is 3 1/4-2 

1/2?:' a student h-om the control group answered as folIowç: 'We need a 

cornmon denornirutor which wodd be 4. So we have to find the answer to 3 

1/4 - 2 21 4? So the ânswer is 1 014." This Iadc of sense makmg was also 

majority of the contd  group students asserted that -43 was the sum of 38 + -5. 

Sixty-one percent of this groq InainCained that 1/4 was the product of 1 /2 of 

l/s. 

In summary, the posttest d y s e s  showed h t  the -dents m the 

experhental group had gainecl a prhcipIed, ratio-based understanding of 



ra t iod  number, as w& as a ffuency and fi d S t y  m applping that 

understanding. In strng conhast, the type of reasoning that the tond group 

demonstrateci in k i r  posttest protocol disp1ayed the limitations of th& 

knowIedge of the rational n d e r  system as a whole and th& r&ance on 

additive structures; rnisconceptions that are freqyently reporfed in the 

mathematics education fiterature* Thus we believe that this approach to teaching 

rational number did Foster the type of understanding that w e  had hoped for. 

3.7. FUrfher Questions 

In the first study the experimental curridum was hied out with a very 

specid group of high achieving students. Thus, many pestions regarding the 

robusbess of the curriculum remained: 

+ How wodd this d d u m  work for different popdations of students, 

such as l e s  abIe çtudents, and those who have had previous instruction in 

ratiod number? 

+ Wodd these two groups a h  show the same type of flexibility (number 

sense) as the 6ist group? 

Wodd the progtam still be success~  if students had aheady received a 

more conventional (pie diart) inhPducbn to the rational n d e r s ?  

As welI there were qyestiom about the assessment measme: 



What might Mdren's understanding and cornpetencies look like at 

posttest, when examineci in greater detail and aaoss a broader range of 

test items? 

Would students be able to use their Învented strategies based on hdving 

and doubling when workuig with more cornplex problems? 

Could students perform as successfully on tests that induded more 

standard computation items? 

FinalIy questions remaineci about the curricuIum design: 

What particuIar aspects of the curridum made the most powerful 

contniutions to the outcornes? SpeaficaIIy, what Ïs the benefit of using 

percents as an introduction to this number system? 

How US& are representations based on rneasurement in teadiing 

rational number? 

What are the unique contributions this research on make, both towards 

establishing a different psychoiogid modd for rational number 

development, and providing a curridum for teachers to use that is 

grounded m, and explores, the dwdopment of students' intuitions. 

In the next chapters of this thesis, I wiI1 present two mer that begÎn to 

answer some of these quesfions. Chapter 4 descriies a study with a mîxed- 

abiüty goup of Grade 4 students. Chapter 5 presents a study with a group of 
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Grade 6 students of mked-ability, who had alI received several years of 

conventiod rationaï number teaching prior to the intervention. 



Chapf er 4 

The Devefopment of Rational Number Understanding: An 

Intemention Study wÏth an Intact Group of Grade Four Students 

The results of the original study (Shidy 1) that was previously reported as 

a Mas- thesis, (Moss.1997, and in Moss & Case, 1999) dearly demonstrate that 

the partidar group of students who participateci made substantidy more gains 

in th& ability to pdorm in the area of rational rider than did a control 

group. Fdermore, as 1 have already mentioned, these students displayed the 

characteristics of number sertse Uiat have been outIined: an overd 

understanding of the nullzber system, a sense of the magnitude of these 

numbersr and a fidili ty that aUowed them to use the representations of 

ratiord number interchangeabIy and to invent procedures for operatiom. 

However, there were limitations to the first study bat Ieft many cpestions 

unanswered* The study that 1 report ùi this diapter was designeci to address 

sorne of these pesfions. This time the Stpdents came hom an Ïxttaa dass where 

there were seved students who had partidar diffidties with mathematics and 

others who were Iess able than the students m the k t  study. Thus 1 was able to 

consider a number of new qyesfions: 



Question 1: Effecüveness of the Cnrn'dum for Mùced-Abfity SMents 

nie srst question concerned the eff& of the CUTTidum on mixeci-ability 

*dents. I was interested to discover, a) if the dass as a whole wodd make 

signiscant gains on the measure hom pretest to posttest, and b) whether the 

instnictionai intervention would foster the sâme kinds of number sense with 

these xnixed-abfity students that had been achieved by the hi&-abiüty students 

of the initial mtervention. 

Question 2: Differences for Hi&- and Low-Ability Students 

SecondIy, 1 waç interested to discover if students who axe initialry high or 

low in theh mathematics adiievement would show a different pattern of change 

fiom pre- to posttest as a r e d t  of the qerimentai &dum. Wodd they 

achieve differentty on the ctxrrÏCU1um as a whole and wouId their performance 

on the three suùtests of percent, decimals, and fractions show differences based 

on th& mathematics ab*? 

Question 3: Performance on Sfandard Cornputaoon Tasks 

The third pestion concemed the abiüty of the experimentd students to 

perform standard aIgorÎthms- In Study 1,I assessed the students on a variety of 

types of tasks- Some of these, 20%, were direct mesure items, and were 

congruent with the context of the cur15dum. m e r s r  8P!, were transfer items. 

hduded in the transfet items weze a very smaIl number of standard 

compntation guestions. The hdings frarnstudy I mdicakd that some of the 
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students were able to provide correct answers to these standard computation 

tasks- Th& methods of CaIcuIating, however, were not standard. My andysis of 

the conhol group's performance on these same items indicated that, even for 

Grade 4 students who have been taught to perfonn standard algorithms for 

addition and subhction of fractions and deamals, these types of problems are 

çtill very chaIIengÏng- In fi&, we h w  these to be very challenging even for 

ad&. Typidy,  students ky to apply procedures that they have been taught, 

and reved their Iadc of understanding by making mistakes that are grossly 

inaccurate. ùi the present study 1 wanted to examine the performance of these 

students on an increased number of standard computation problems in deamals 

and fractions m order to determine what types of probiems they are and are not 

able to solve as weII as to detemime what strategies the students empIoy in the 

absence of having Iearned standard procedures. 

4 2  Method 

421. Subjects: 

Twenty-one Grade 4 students participateci in the study. As in the first 

study, these Mdren attended the Laboratory School at the University of 

Toronto. However, m th& mdy the Mdren were fiom an intact Grade 4 daçç. 

The dass was composed of 9 @Is and 12 boys. me of the students In the dass 

had been idenfihi as ha- Ieamhg probIems, Eacfi of these: 6ive students 

received indivldualized hdp h.om a school resource teacher two or three &es 

per we& None of the students m the dass had received any classroom 
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instruction m rational rider prior to this study. As wd, aIthough three of the 

five specîaI education studentç received some individualized hdp in mathematics 

dumig the duration of the study, at no time dÏd they cover ratiord number 

to pics. 

4.2.2. Design: 

The &item pretest m e m e  was admùustered on an individual basis to 

d of the students in the dass in January, 1997, pnor to Uie inskucffonal unit, The 

same measure was re-admxnistered in e d y  June, three weeks after the unit had 

been completed. The experimentd rational number d c u i u m  consisied of 20, 

45minute lessons, ail of whidi were taught by the re~eafcher. These Iessons 

were taught at a rate of two or k e e  per week over a three month perïod. 

During the year m which this experiment took pIace, I was emptoyed as a ha@- 

the  teacher for this partidar group of students. In this roIe, my duties induded 

sharing in the teaching of a l l  Grade 4 cumidar areas. 

4 2 3  Procedm 

Retest interviews were carrÏed out by two specialIy hained gradaate 

students who were teacher candidates. As O JI the first study, these psefests were 

acimink$ered to aII of the -dents m the cTa.cs on an individual basis- Each 

sfudentwas taken to a quiet room by one of the interviewers where the student 

codd kedy answer the questions that were posed. These preksb took between 

15 to 30 aninutes to cornpiete Because the posttest mtemÏew took 1 I f  2 ho-, 
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thiç interview was adniinistered to the students in two parts over a twcday 

perÏod. 

42.4 Exp,n,entdProgam: 

Inskuction scheduk 

The experimental sessions were approximatefy 45 minutes to 1 hour in 

length with the exception of the final t h e  review lessom, which were 1 to 1 1/2 

hous m length. AIL of the lessons were documented; sdeded dasses were 

videotaped. Each lesson was reviewed, and, although the lessons followed the 

sequence descriied in the precedhg chapter, the specific plans for each Iesson 

were revised on the basis of dass progres. 

A breakdown of the topics covered in the Iessons and the time alIotted for 

these topics is presented in Table B I :  

Percent Lessonsl-6 4 hours 

DecimaIs with percent Ikss0111~7-13 5 hours 

Fracfions and maed representation CesSom 14- 17 5 hours 

Review of percent Iessons -11s 18 -20 4 hours 

TotaI hours spent 18 hours 



BeIow is a brief account ofactivities presented to the children- 

Estimating Percents (Lessons 1- 3): 

The lessons starteci with an introduction to ppercents. To begin the unit, the 

studentç were Wenged to thuik about all of the instances where percents 

occuffed in th& d d y  Lives and to report these instances to the dass as a whole 

A dation of four key bendimark points (100%, 50%, 25%, 0%) was discussed. 

Next, large drainage pipes of varying Iengths covered with spetidiy fitted 

deeves were presented. These sleeves were pieces of flexible venting tube that fit 

around the pipes and codd be p d e d  up and down and set €0 various levels. The 

ChiIdren were inviteci €0 demonstrate th& percent understanding using the 

tubes and to consider how they would use the tubes to teach percent to a 

younger chiId- The dùIdren were also challengeci to estimate the percentage of 

the pipe that was covered. The objective of the first few lessons was to 

encourage childten to think of strahgies for making r&abIe estimates. The 

percephraI halving strategy was encourageci. "Percent fulI" estimations were 

aIso made ushg beakers and viaIs fiIled with sand or water- These estimation 

exercises were designed tu &w the students to mtegrate th& natual halving 

strategis with percent tennindogy. The chirdren were then inttoduced €0 a 

standard numerical form of notation for iabennig percenfs. Standard notation 

for the wrifing of £radions for benchmarks was aIso mtroduced so that the 

-dents would be comfottabe moving between representations. These Iessons 

aIso induded a varîety ofother measmement situations where stadenb codd 
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operate with percentages and discover/construct methods for operating with 

percenb. 

Compuüng Percents (Lessons 4-6): 

The visual estimation exercises usuig vials and beakers were continued 

with a new focus on computation and rneamrement. Children were instructed to 

compare wual estimates with estimates based on measurement and 

computation For example, if a vial is 20 mm talI, 50% of that shouId be 10 mm. 

The Mdren then began to estimate and mentally cornpute percaitage of 

volume, for exampfe, this viaI holds 60 ml of water, 50% hH should be 30 ml, 

25% fidl shodd be 15mI. Other chaIl.enges indudeci measircing abjects in the 

dassrwm and then esbathg and caIcuIating different benchmark points such 

as SO%, 2S%, 12 1/296, and 75%. The ChiIdren were not given any standard d e s  

to perform these caIcuIations. An exampIe of a method that was commody used 

is as foUows; 75% of 80 an (the length of the desk) should be 60 cm because 50% 

of80 cm is 40 c m  and haIf of that (25%) is 20 cm and together they e q d  75%. 

Other exercises induded comparing heights of, for example, chiIdren to tacher 

and then assigning an estimated numerid d u e  usÏng the Ianguage of percenis 

For example, "Peter's height is what percent of J d s ? "  A series of specially 

made Iamirrated tut-ut dolls mging in height h m  5 an to 25 cm provided 

addifionai pradice at comparing heighfs. Percent Iessons were conduded with 

the students pIanning and teachnig a percent lesson to a M d  fiom a lower 

grade. 



hfroducfion to Deamals using Stopwatches (Lessons 7-8): 

In these two lessons children were introduced to decimaIs as an extension 

of their work on percents. The lessons siarted with discussions of deamals and 

how bey permit more preck m m e m e n t  than whoIe numbers. TwqIace 

decimaIs were introduced as a way of indicating what "percent" of the distance 

between two whole numbers a parti& cpntity occupies. LCD stopwatches 

with xreerts that dispIayed seconds and hundredthç of seconds (hundredths of 

seconds were indiateci by two srna digits to the right of the numbers) were 

used as the inkodudion to deamals. Mer Iengthy discussions of what these 

small numbers represented quantitativdy, the students came to refer to these 

hundredths of seconds as centi-secortds. The stopwatch activities serveci to b d d  

up chiIdren8s Înhiitive sense of d time intervals, and to give students 

experience of the magnitude of centi-seconds. More import=tIyr use of these 

stopwatches provided the *dents with the oppomuUty to represent these 

intervals as deQmal numbers. In the stopwatch actEvities centi-seconds mdicated 

the percentage of time that had passed between any two whole seconds; they 

came to represent the tempord analogs of distance. Many activities and games 

were devised for the purpose of hdping the students to activdy manipulate the 

dec5na.L n d e r s  in order to ihmhate the conceptuaILy diflidt concepts of 

magnitude and order, The ChaIIenge that was presented to the students was 

"The Stop/Start ChalIenge-" In this exercisef students attempted to sfarL and 

stop the watch as @&y a s  possibIef seved timg in SUCC~SSÏOIL They then 

compared th& persod  @ckestreaction time with &se of theEr dassnates. In 

thiç exercise, they had the opportunity to expePence the ordering of decimaI 



n d e r s  as weIl as to have an i n f o d  Iook at computing differences in deemal 

numbers (scores). Another difficult initial aspect of using deamaL SymboIs is the 

ordering of deamals when the nimibers move hom 0.09 to 0.10, for example. 

%me students were abIe to respond quiddy enough to the challenge to adiieve 

a score of .O9 seconds. Thdore, such haditionally ciiffidt rational number 

tasks such as, what is bigger, .O9 or -4û? codd be naturally întroduced. Another 

stopwatch game that offered active partiapation in the understanding of 

magnitude was "Stop The Watch Between." The object of this game was for the 

çtudent to decide which deamal numbers corne in between two given decimal 

numbers and then to stop the watch somewhere in that span of dechid 

numbers. In the game "Crack the Code:' the students moved between 

representatio~~ as they were chdenged to stop the watch ai the decimat 

equident of 1/2 (50), for example. As an extension to these exercises the 

students were encouaged to invent variations on these games to use as 

challenges for th&  es. 

Leaming about DecÎmak on Numberfines (Lesson 9): 

A second approach to deamaIs was through the use of mehdong, 

ISuninated numb-es that were caliirated in centimetres. This approach was 

based on students' work with percenis ushg nuInberlines. The first activities 

swed as a revx'ew. Each chiId was given a snaIE nderl ine and asked to find 

designated p e r c e  of the whoIe h e  by pIachg a unit bIock on the appropriate 

spot ('TIease phce a mùt block on the h e  that mdicates 44% of your 

n ~ d x r h e ~ ' ) .  The students were then told that these percent qpantifies codd 



also be expressed as a decimaI number; thus, for ewmple, 44% could also be 

shown as 0.44, Other adivities included 'Fercent/Decimaf Walks" where s e v d  

numbedines (whidi were refened to as "sidewalks" by the students) were h e d  

up end to end on the dass~oorn floor with small gapç between each. Students 

walked a given indicafed distance on the numberIines, eg, "Cm you please 

waIk 3.67 sidewalks." This game was also played in such a way that a single 

student walked a "mystery distancet' and the other students had to determine 

what distance they had walked. In keeping with the preceding exercises they 

expressed this distance as a mixed number, Le., a whde number and a deamaI 

number. 

PIaying and Inventing Deamal Board Games (Lessons 10-W): 

A board game 'The Dragon Game"was devWd with the intention of 

gnring the students the opportunxty to Iearn about the magnitude of decimal 

number~~ as weiI as to add and subtract decimal numbers. The garne board was 

approxmiately 60 an x 90 cm and was composed of 20 individuaI Iivninated 10 

cm numberhes that were arrangeci as a winding path Each n d e r  Iine was 

marked as a ruter= ten bIack thick hes indicated c m  measmesr ten slightly 

shorter bIue hes highlighted the 5 cm measures and 100 red Iines provided the 

mm measures. This gamedirdy foIlowed on from the "sidewaW' excercises 

mentioned above The objea of the game was to get from the beghrhg (the 

fust sidewaIk) to the end (the 2ûth side-) before the othet phyers. At each 

tum, a ddd picked two cards; an8#Add" or "Subtract" card and a 'Wumber" 

oird. Each Nrmiber card had two digitswritten on ik Thede was thatbefore 



making a move on the board, the player had to expand the two digits on the 

card by addùig both a zero and a dwmaI point strategidy so as to optimize the 

distance that the piayer travded. For example, if a M d  pi& a card with the 

numbers 1 2, they had the options of calling that card .no, 1.20, =O, or 120. nie 

game also had other appeaIing features, for exampIe, good luck bonuses and 

k a r d  areas. Three pIayers could pIay at once The rest of the group worked 

with the teacher to pradice adding and subtracting on their own nUIXtberlines- 

Three lessons followed where the students invented and planned theV own 

ratiord number board game and thai pîayed each other's games. 

Fractions &essons 14 17): 

In keepmg with the & d u m  f o w  of fmmlahiig among 

representations, bction Iessons were taught m rehtionship to deamals and 

percents. In these Iessons, the children were challengeci to, for example, 

represent the fiaction I f 4  m as many ways as they couId, using a varïety of 

shaded geometric shapes as welI as f o d  fiaction, deamal, and percent 

representations. They &O worked on problems and invented th& own 

challenges for solving mixed-representation ecpations mvoIvÎng deamals, 

percents, and hctions. 

Review (Lessorts 1& 20): 

Games were phyed where the students had to add and subtract decîrnakI 

fkcüons, and percentç by creatnig th& own h a n h n  concrete mate&&. For 

exampIe, students mvenfed card gameç with ded-representations and 



ChaIIenged th& dassmates to solve a variety of probIems that were posed. As a 

raiai dminating projea, students were invited to either, (a) Învent th& own 

rational n& teadinig strategies and Iessons that couId be taught to anofhe. 

group, or (b) to design a game or video presentation that incorporated speafic 

rational number teachmg objectives- 

4.2.5. Measure: 

Rte original rational number measme of 41 items was refined and 

expanded to 49 items for the present study. Thirty items were retained from the 

original measme, and 19 items were added. The new items were simiIar in 

structure to those on the bt measUret except for the computation items that 

were debberately presented in a more standard fonn 

The 49-item measure was subdivided into three sections: Percents (16 

items), DeamaIs (17 items), and Fractions (16 items). The items in each subtest 

were arrangeci Î n  order of difficdty. As in the previous study, the whok test was 

constructeci so that a percentage (approxhwtdy 20%) of the tasks were direct 

measure questions reIated to the experimental ~ C d u m ,  whiIe the remaining 

qesüons were -fer items- The direct measure questions assessed the 

studentç' abiIity to perform rational nrrmber fasks Î n  a iâmikc conte* Some 

examples of these kduded: askmg the subjects to estimate, for example, 25% of 

the height of a container, or to fransIafe "benchmark" quantifies such as 50% to 

decimals (5) and hc€ions, (112)- The majonty of €he measure was composed of 

trmsferr items that requked the studenfs to wotk m novd contexfs. Some of 
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these items were chosen because they rdected a broadened conceptualization 

and required extrapolation from one domah to anoiher, eg, shade 0.3 of a cirde 

that is partitioned into 5 sectiom. This question asked studaits tu overcome both 

a misleading ~hy~ca.1  feature, as wd as to kadate an unfamiliar deàmal 

representation ( 3  ) into the more famiIiar fom of 30%. Anofher such compIex 

Srpe of question was: Can these be the same amount, .û6 of a tenih and .6 of a 

hundredth? 

As weU as mduding items that were either direct or tramfer, the measure 

was also designeci to indude a variety of types of tasks. Thus we incIuded items 

where studenb were required to estimate distances dong nunriber Iines; shade 

specifïed fiactional cpntit ies in standard geometric shapes; or, respond to 

rational number questions that were posed as word problems. Still other 

questions were designed as visuaI distractors mtended to divert subjects fiom a 

straighgormrd soIution. The enüre measure is presented m Appendk B. 

4.2.6. S c o ~ g  Rocedmes: 

In administering both the pretests and posttests, interviewers read the 

~estions and asked the students to respond out Ioud. AIthough the interviewers 

did not @vê asnstance to the students ni interpreting the questions, they did 

repeat the pestions as many t b e s  as the students reqyested. The mtemiewers 

asked the students a I l  of the questions in the order that ihey were presenfed on 

the measure and contmued to the end of the mesure regârdIess of the students' 

performance on earlrearlrer bks- The students were provided with pend and paper 
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and told that they codd write or draw anpzhing that might hdp them to work 

out the answer- These noies were kept by the interviewers to provide additional 

infomtion about students' reasoning- At no time in the interview did the 

mt-ewers indiate whether or not the students had been successful in th& 

response. This practice was instituted so that the students wodd not be 

influenced m th& responses at posttest 

The items were scored dichotomously with one point allocated for each 

correct answer. For those questions which requVed that subjects explain or 

jusw theh responses, one point was allocated only if the correct answer and the 

correct or Iogical corresponding explanation were both provided. The items on 

the Percents, Fractions, and Dwmals subtests were added separatdy for the 

three subtest scores. The composite score provided a grand total for the rational 

number testTo andyze the data, 1 assigned 35 of the questions to four number 

sense subcategories: (a) Interchangeabiüty of Representations, (e-g., What is 1/3 

as a percent?), @) Compare and Order (e-g., Draw a picture to show which is 

greater, 2/3 or 3/4?), (c) Mideading Appearance (e-g, Can you constmct the 

nurnber 235 with base 10 blocks ushg the longs (10 cm sticks) as ones?), (d) 

Nonstandard Computation (eg, Another sfzdent toId me that 7 Îs 3/4 of 10, is 

it?). A nnal category that was dysed  was Standard Computation, cornposed of 

eight items, five m fractions (e.gœr "What is 4 3/4 + 6 6/8?3 and three î n  deamals 

(eg, ''What is 3.46 - .$?). fndipidd scores were obtaIned for the four number 

sense cakgorÏes as weH as for the finaL cafegov of Standard Cornputafion. 



4.3- R d &  and Discussion 

The Resulfs and Discussion sedion is broken down into three parts 

refIeaing the questions that I posed at the outset of this chapter. First, 1 present 

the o v d  r d t s  of the measure for the cIass as a whole as wd as the scores for 

the whoIe group on the individuaï subtestç Percents, Deomals, and Fractions. 

Next, 1 look at the differences between high- and low-achieving students. Next, 1 

analyze studenb' ab- tu perform standard computation. The effects of 

partidarc aspects OC the curridum on iearning outcornes is considered 

throughout the results section. 

4 . 3 .  O v d  R d f s  of the Rational Number Measu~e: 

An anaIysis of the pre  and posttest results of the measure as a whole 

reveded that the students made signifiant gains. Table 4.2 shows the means and 

standard deviations, and also reports the breakdown of these scores on the 

h d ~ d u a I  subtests of Percents, Frnctions, and Decimals. As can be seen, there 

was signiscant change on aIl three of the individual subtests. When two Wed t- 

tests were performed on alI three of the mdividual subtests the differences were 

aII found to be hi@y signiscant with scores t = 92û p c -0001, t = 6.01 p c O O O l  

and t = 6-77 p c for the Percents, Fractions, and DeàmaIç tests respectivdy. 

Shce these 3 subies6 are reIated, a Bonferroni approach was wd for 

tigdicance testhg- The resulfing afpha (.OS/ 3) was -017. AII of these r d t s  far 

exceeded this leveI. The Bonferroni correction was used throughout the anal.- 



Mean score on pretest Mean score on posttest 
(maw = 49) (max = 49) 

Percents (max = 16) 3.81(283) 
Fractions (max = 16) 3.90 (3.14) 

Decimak (max = 17) 200 (234) 

4.32 High and Low Mathematics Achievemenk 

In order to evaluate clifferences for hÏgh and Iow achieving students, 1 

made a median split on the combineci mean scores of the Concepts and 

Computation subtests of the Canadian Test of Basic SIalls. This split provided a 

group of 10 high-achieving and 11 Iow-achieving students. Both of the classrwm 

teachers were ni agreement with this de~i.~gnation* 

TabIe 4.3 shows the mean scores for the pre and posffest results for the 

enüre measure comparing high- and Iow-achieving students. In TabIe 4.4, and 

Egure 4 2 , I  present the mean scores for these high- and Iow-adueving stadenb 

on the tfiree subfeçts of percents fkctÎ0][1~ and decimaIsC As can be seen, both 

groups made subsfantid improvementc 



Table 4.3 
ToW Score on Rafiml Number Tesffir High- and Lm-Achieong Studmfs, BefOre rmd 
Apef rmcfi-Ott 

Mean Score on Pretest Mean Score on Poçff est 
(max = 49) (max = 49) 



Figure 12- 



PERCENT lTEMS 

PRE-fEST POST-TEST 

DECIMAL ITEMS 

i t mca 
f 

Figure 42- 



Table 4.4 
Tokl Scores on RafMral Number Tesf f i  High- and Lozu-AchieOnrg Sfudenis on the 
Indiodml SuMests, Before and Afer lnshvcfion 

Subtests Hi@-AchievÏng Studentç Low-Achieving Students 

Pretest Posffest Pretest Posttest 

Percent 
(maxr 16) 

l k c û d  
(max = 17) 

In order to Mer eduate the differences berneen the high- and iow- 

achieving students, I conducted a two- way andysis of Mnance with repûited 

m e m e s  [hi& by Iow-achievement (group)t x [pre and post (the)]. The 

r d t s  revealed that there was a siuficant group by time interaction, and that 

the high achievers improved signi6cantly more than the students in the Iower 

haIf of the dass, F (1.19) = î24  p < -005). As well, the effects of levels of 

achievement and the effects of time were also significant at F (1,19) = 118.5 p 

d3001 and F (1,19) = 18.8, p c .001 resp-dy. 

When ANOVAS were also performed on each of the subtests @'ercenfsI 

Decimals, Fractions), a smiiIar interaction was found for the Frracüons and 

Decnnal subtests, again showing greater miprovernent for the high-achieving 



students. However, the r e d t  of the ANOVA for the Percent subtest showed no 

interaction, thus showing that the hi&-achieving group improved signiscanfly 

more than the low-achieving students on Deamals and Fractions but not on 

Percenb. TabIe 4 5  presents the resdts of the of the anovas for the individual 

subtests, Percent, Decimais, and Fractions. Figure 4.1, mdicates the si@cant 

interaction on the measure as a whole and Fi- 42 r&ects greater Ieamuig by 

the hi@-achieving group on two of the three subtests. 

Table 4.5 
ResuIfs of Analysa 4VlItUmce wifh Repeafed Measutes on the Indioduaf Subfesfs for 
Hkh- and Leur-AcEettntg Sfudmfs 

Fractions 

Percents Achievement Levd x T h e  
Time Eff' 
Achievernent Levd Effecfs 
Achievement Levd x T h e  
Time Effécts 
Achievement Levd &kcb 

Achievement Levd x t h e  

TImeEffkcb 
Achiwement Levd effecfs 

As the anal* of these resdfs mdicatesI there was in fact a signiscant 

mkmcüon shown for math abiIity by üme on the rneasure as a whole. On the 

other hand, ii was also evident fiom kat results that the prelpost diffeirence was 

high for both the high- as welI as the Iow-achieping studenfs- aierefore, m the 

foIIowhgdyses of the number sense Sztbcategories, 1 present ~ ~ t a ~ e  and 

qualitative reçuIfs for the dasç as a whoIe 



433. AnaIysis of Number Sense Subcategories: 

4.333. InterchangeabiIity of Representatiom 

FIexirlity in moving among symbolic representations in the domain of 

r a t i o d  number is considered to be a good indication of rational number 

understanding as wd as an important &or in rational number sense (Sowder, 

1994). Using multipIe representations for quarttities dows  students to work 

c o n c e p ~ y  and to "ûansform problems on the bas& of wful eqyîvafenaes." 

In fad, Lesh, Post, 6r Behr (1987, see p. 320) make the daim that recognizing or 

constnicthg correspondences between different representational systems is at 

the heart of knowing or understanding mathematics. 

Eight items kom the ratiord nimiber measure w e s s  the abüity of 

students to use rational number representations interchangeably. Table 4.6 

shows the pre- and posffest scores of the cfiiIdren on these items. The items are 

arrangeci m order of the diffidty that they posed to the students at pretest The 

mean score on the posttest was 3.05 (1.46) out of 7, compared to .81(1.28) for the 

pretest A paired two-taiIed t-test revealed that the différence in scores were 

hi@y signiscant-t = 7.27 p =.0001. As well as obhhing t-test scores for this and 

the other number saw categories, 1 a h  caIdated effect scores, by dividing the 

difference of the pre and posaest scores by the standard deviation of that 

diflerence. Thus the &kt size of the group as a whoIe was 2.53. 
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The foUowing two protoc01 exampIes provide ~ustrations of *dent 

reasoning in h.ansIating among representation of rational nuxnber. 

Interviewer: 

Studenk 

How would you write 6% as a 

de&d? 

Lets se.. 1 guess it is point 6 .. 
No that can't be, because pomt 

six is Wh so that can't be 

right..Oh I know it is point 06 

because when we did the number 

line àdewak thing in dass we 

waked 5% (of the niunber line 

sidewalk) for .05. 

student is referring to the activity where the dass was challengeci to waIk 

partidar distances given as decimals on meter-Iong lamlliated number ha). 

This student was able to h d  the comxt soIution based on her reasoning 

about magnitude of the powers of ten and her understanding of percents. In 

eventualZy providing a correct answer, she aIso showed that she was able to 

overcome the distracfor embedded m the ~est ion and couId revise her initial 

assertion that .6 wouId be 6% asa deamal; an assertion that is hÏghIy 

representative d the km& of answers that a -0rity of high school stadents 

@ve for 9 ~ ~ 0 ~ 1 s  of tnis sort Artother fatme of the protoc01 is that thiç &dent 



made a direct connection between this item, presented in standard format and 

the numberiùie representation that had been presented as part of the 

experimental amidum. 

The students' response €0 the newt item that 1 report m this category is 

&O representative of how the studentç' expIanations are dosely tied to their 

experience of the CUlTicuIum. 

Do you h o w  what 1/8 is 

as a decimal? 

Well one eighth is half of one 

fourth. And one parter is 25%, 

sohalfo£thatisl21/2%. Soasa 

deàmal, that wodd have to be 

point 12 and a haIf* So that is 

point 12 point f i e f  so that means 

that it Ïs pomt one two fie. 

The protocd above iIIustrates three stratees that most students in thiç 

dass tsrpidy empIoyed m Uien reasoning in rationaf numbei:. Note the use of 

percents as a guide (mtermediate step) even when the probIem does not contain 

the percent representation In soiving this item, the student used the famiüar 25% 

benchmark as art tms i f iod  step m movhg fiom a Eiracfion to a dechd. This 

same protoc01 reveaIs another bridgnig step that m a n .  students fotmd &; a 



double decunal representation. As 1 have aùeady mdicaied, when these students 

fkst encountered deomal notation, they worked exdusively with two-place 

deamals as an diemative representation for percent. As the lesons progressed 

and multi-place (e.g., thee place) decïmaIs were mtroduced, the students 

referenced the third pIace to the doubIe deàmal notion. For exampIe, they 

reasoned that -12 1/2 is 5 of the way between .12 and -13 and should thus be 

represenied as .125 A final straiegy that thiç student used that is also c e n a  to 

the ctmidum is the operation of halving and doubling. In order to find the 

deamal +valent this student first doubIed 1/8 to produce the very farniliar 

haction 1/4 and its percent counierpart of 25%. Then he again halved that 

cpantity to get the desired amount of 12 1 /2%. 

AIthough the students were able to perfonn successfully on some of the 

items in this category of interchangeability, there were a number of questions 

that were dearly diff id t .  An examination of the table beIow reveals that the 

students had much more difficuIty when the numbers that they were asked to 

handate were unfamiliar. As.- be seen, when asked to h d  the percent 

representation for 113 and 1/5, the students scored only 42% and 19% 

respectmely. 



- PRE Posr 
A package of blocks contains 10 ydow bIocks and IO 
bIue blocks. Do you think the ydow blocks are 5 of alI 57 95 
the blocks? 
How would you write 6% as a deomal? 5 81 

What is 1/8 as a deamal? O 48 

What is 1/3 as a percent 5 43 

What is 1 /5 as a percent? 5 19 
How shodd you write seventy-five thousandths as a O 19 

What is 6% as a firadion? O IO 

433.2. Compare and Order Nurnbers 

CIosely associated with the s e d e s s  movement arnong representations 

and the abüity to use different rational number symbolic representations 

interchangeably is the ability to compare and order rationai numbers. Tests that 

reqrriEe students to order a series of fkactionai numbers reved that students have 

dif f id ty  attaching a quantitative referent to decimd spmbols, even when the 

decimai symbo1 notation is famiüar (Carpenter et al., 1981; Hiebert, Weame, & 

Taber, 1991). 

Eight items were induded on the measure m which the students were 

either re-ed to compare quanüties or to find a thEd van- that fit between 

two others. When the pre- and posttest scores were adyzed for these 8 

"Compare and Order" items it was reveded that the students showed even 

more hprovement on this dass of item than on those items m the previous 
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category; th& pretest mean score was 1.66 (1.53) (out of 8) and beir posffest 

score was 4.33 (1.90). The Merence score was 266 (159) yieIding an effect size of 

1.67. When a paired t-test was performed the signihcance was high t =7.678 p = 

.oool. 

The studenb made substantid gains on the item that asked them to 

dioose the Iargest of two deamal numberç. MiddIe schwl students and adults 

often use incorrect d e s  based on considerations of either the number of digits 

after the deamal point or the size of the numbers without regard to their 

deQmal pIace value (Resnick et al, 1989). Thus, it was encouraging that all of the 

students were able to correcfly answer this item: 

Well, it is de& 20 because that's like 20% 

and the other is just Iike 8 and someuiing percent. 

This response and variations of this response are hi@y representative of 

the strategies that many of the sfudents employed at posttest, thus again 

demonstating the usefhess of the percent representation in appreaMng 

magnitude Merences of decimais- 

Ano€her conceptual lir'ffiCUIty €ha€ students encornter m IPaniing rational 

number m v o I .  the density property of the rationalsr Le, that a third nurnber 
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can be inserteci between any two numbers. The response given by a student 

bdow is typicd of the m e r s  given by mwt students m the dass and ülustrates 

that an understanding of density was gained by posttest. 

Interviewer: Can you think of a nrrmber that ües between 

point 3 and point 4? 

Studenk W& lets see, there is point three five but there 

are &O numbers Iike point three zero nine- 

Although the majority of the students f o n d  suitable answers to this item 

at posttest, th& assertions at pretest were very different Most of the students, 

prior to th& Iessons, beIieved that it was not possiile to insert a number 

between these nUILtbers. This comoniy hdd  misconception is dearly based on 

mterference fkom, or the tenaCity of, students' whoIe number concepts. 

Although this student does not indicate how he derived his answer, the exerciseç 

of recursive Mving m which the students reguIarIy partÎapated did Iead to the 

insight of the property of infinite "smahess" characteristic of rational number. 1 

aIso conjecture that insights of €he density property that studenk acquUed were 

also supported by exercises Unng the stopwatches as well as the rider hes: 

The stopwatches gave the students visual evidence of the idea of numbers fittnig 

between 0th- numbers; m pIaping the number Iine games, shdents reguIar1y 

encountered the M e n g ?  of requirng a d e r  Pnit than the one amie. 
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Again as in the interchangeability of rational number catego y, there were 

some items in Uiis category that the siudents were Iess able to perform. 

hterestingly these items contained smiilar characteristics to those in the 

previous category. For exampIe, the students again revded thei. difffdty in 

working with thirds. Thus, when asked to End the Iarger of 1/2 and 1/3 they 

were oniy able to achieve a score of 61%, and M e r  when asked to h d  a 

number that fdIs between 1/2 and 1/3, they adueved a score of ody 29%. 

Table 4.7 contains a complete kt of the items in the Compare and Order 

category as weiI as the percentage of students that succeeded on each item. 

Pocmfage of Studmfs Succeeding on Items Requnfng Cornpankm and OrderRrg cf 
Numbers, Befiire and After ~ ~ c f r c f r o n  

- - 

Which is bigger, 20 or .089? 
Order from d e s t  €0 Iargest, 1/2,1,1/3 
Can you tell me a rider that cornes between 
3 and A? 

Draw a picture to show whkh is greater 2/3 or 
314- 
Wch is I a s ,  113 or 1/2 of the bIo&? 
Which is bigger; tenths, hundredths, or 
thousandths? 
1s €here a number between 1/2 and 1/3? 
CouId these be the same amount, -06 of a tenth 
and .6 of a hundredth? 



4.3.3.3, Visnal Distractors 

Piaget (1970) believed that in order to assess Mdrenrs conceptual 

understanding, they shodd be presented with ta& that contained misleadhg 

featuresC thus minimizing the opportunity for students to merely parrot what 

they had been taught. Behr, Lesh, Post- & Silve. (1983) heId a simiiar view and 

suggested that misIeading items are particdar1y revealing of concephial 

understanding in the domain of rational nrrmber. As predicted, the students' 

performances on these items improved signiscantiy. The5 mean score on the 

posttest was 5.81 (218) (out of II) as opposed to 3.29 ((223 )at pretest (I = 4.90; p. 

< .ûûûl). Difference = 252 (235) effect size 1.2. 

One of the items in this category required students use base10 

rnanipuiative blocks (Dienes blodcs) that were customarily used for whole 

nurnber exercks to construct a deamal number (23.5). The students were given 

a box containmg 10 of each type of block. They had 10 "flats"( square bIocks 

partitionai m a hundreds) and 10 "I~ngs'~(stick Iike bIocks 1 x an partitioned into 

10 cm ) and 10 "cubes" that were each 1 cm s9Uaf:e. The instruction that they 

were @.en was that they shodd use the "Iongs" to represent "ones." (It must be 

noted, that the long sticks are cofnrnonly used b represent "tens" m whoIe 

ntmber exercÏses). musr m order to succeed at this task the students had to 

extrapolate that the 0th- bIocks wouId have new identities as weIl based on the 

proportion of powers of IO. In order €0 compIete this bskI fhenr the "k t  bIOÇkS" 

needed €0 be considete$ as tens and the centicubg (which are the standard 

representaüon of ones) wodd m this case be Worrned nifo tenths- 



Can you constnict €he nimiber 23.5 with 

base40 blocksf usïng the Iong ten sticks as ones? 

1 get it, if this iç one (points €0 the long tens stick) 

then this (points to the square hundreds board) has 

to be ten. So these (points to the centicubes) become 

tenths. 

When this same item was included in the h t  study, the conho1 group 

fotmd it very diffidt  Their responses showed that they could not eady 

hansform these blocks and use them in a coherent fashion. Rather they used an 

assortment of random strategies. For example, some used the centimetre cubes 

as deciid points and the "longs" for the "ones" and the "tens" (see Moss, 1997; 

Moss &Case, 1999). The reasoning of the experimental students in çolwig thÏs 

probIem shows by contraçt the flexl'biIity of th& understanding and illusfrates 

th& knowIedge of the proportionai and mulop1icative nature of the ta&; an idea 

that is consistently reuiforced in the rational number d d u m .  

Anbther item fkom this category asked the students to shade three 

cprters of a pizza fhat was parütioned mto eight parts. At pretest the students 

used addiwe strategies, and responded that three pieces of the pizza 

represented three quarters. Their posttest responses showed that they 

considered the proportÏon of the pizza rather than the pieces. The profocol 

bebw~ustrates this* 



Can you shade three parters of this pizza? 

WeIl, threeqparters is like 75%. So UUs part (points to 

1/2 of pizza) is 50% and this part (points to 114 

section) is half of ERy so it is 25%. So the whole Uiing 

F d y ,  1 present art item from this category in which the students were 

required to shade decimai three (0.3) of a cirde that was partitioned in 5. 

Aithough this was a very dif6cuIt item and was ody passed by a few students m 

the upper half of the dass, nonetheIessC 1 indude the strategy to illustrate the 

potential of the experimental d d u m  to provide useful shategies for students 

to solve this challenging problem. 

interviewer= Shade point three (03) of this &de. d e  is 

equaIIy dihideci into 5 sections). 

Studenk These pie things must be 20% because there are 5 of 

them 'cause itis Iike 20,40,60,80,100. (He touches 

the five hgers of his one hand as he counts). If you 

want to get 30,you shodd shade m one of the pieces 

and haIf of another- 



This student in assigning the vdue of 20% to the pie segments not only 

revealed an exceptional abWy to make sense of a diff idt  situation and 

overcome a distractor in a proportion Uiat he is unfamüiar with, but alço reveak 

a çophisticaïed abiüty to understand quotient division, 

While the ÏIlushations above point to many students' successful strategies 

and improved ab*, stiU there were items m this category of MÏsIeading Visual 

Features that were diffidt.  One surprising h d h g  was the cWiCUIty that many 

students had Ï n  locating .O5 (45% passed) and 29 (24% passed) on number lines. 

This hding, while highiy consistent within rational number üterature (Behr et 

al., 2984), was nonetheiess disappointmg as the currîdum featuted a varïety of 

numberline garnes. 

A compIete d y s i s  of the passing rates for items m this category is 

presented m Table 4.8. 



@ivide 10 blocks into three groups of 3, 86 100 
5, and 2 Shift group of 5 bIocks ahead.) Is 
this half the blocks? 
Where would you put the number 3 112 
on a number Iine fkom O to 4? 

Can you conshuct the number 235 with 
base 10 bI& using the long, 10-unit 
biocks as ones? 
Can you shade 3/4 of this pizza? A pie 
sectioned hto 8 pieces. 
How about 1 1/3 (on a number line fiom 
O €0 4)? 
What number is marked by the letter A 
(.O3 on a number line? 
How about the number 1/4 (on a 
nt;nnber h e  hom O to 4) 

Two cartons of chocolate miIk mixed m 
the same vat One carton is 300mf and the 
other 2 W .  The percentage of chocolate 
syrup in the Iarger &on is 6096, What is 
the percentage of synrp in the smaller 
m o n ?  
What number is marked by the Ietter B 
(29) on a nufnber h e ?  
Shade 3 of the &de (divideci mto 5 
pieces). 
What fraction of the distance has Mary 5 5 
travded fkom home fo schooi? 



433.4. Non-standard Computation: 

The ability to mvent procedws to solve standard and non-standard 

computation problems is g e n d y  seen as an important feature of nrrmber 

sense- The types of mors  that are consistently shown in the rational number 

literahrre demonstrate that shrdents are overly dependent on the use of 

procedu~es. Even when uncertain of the des ,  they wiU misuse a procedure, 

prefening to accept an improbable m e r  rather than to invent an altemate 

strategy- Hatano distingrrishes between two types of expertise, routine, and 

adaptive (Sowder, 1995). PeopIe who demonstrate routine expertise are abIe to 

perform standard problems with speed and accuracy. It is the adaptive expert 

Chat is able to use idiosyncratic and modifieci procedures to adapt to the 

constraints of a problem. It is th& kind of adaptive abiüty that dows  the 

probIem soIver to hvent personal strategies to solve mathematical probIems. 

On the items requiring nonstandard computation, the mean score for the 

group at pretest was 1.9 (1.81) out of 9 and at posttest the group was abIe to 

score 5.85 (256). When a paired two-tailed t-test was performed, the difference 

was highly Sgniscant t = 10.08 p = .0001, with an efféct size of 1.84. An example 

of thiç kind of mvented procedure folIows beIow: 

If a beaker hoIds 80 miIlilitres of water, how many 

miliiiifres of water wodd there be if you fiIIed it 

75% fa? 
I know- Ifs 60 mis because 20 & is 25%. 



Wd, W!& of 80 is 40 and 25% (of 80) is 20, so you 

have to add the 20 to the 40 and you get 60. So the 

answer is 60 milliritres. 

This cpestion is directly rdated to the types of activities that the children 

engaged in as part of the experimental CllllficuIum. As can be seen, these studaits 

were very comfortabk in th& reasoning and quickLy defermineci that uni& of 

25% percent (20 mis) wouId be a usehl quantity for her caldation. 

The reaçoning that the students use in the next example is similar to that 

of the previous one. However, thiç item,'% 7 three-quarters of IO?" is one that 

*dents would not have encountered in the teaching sequence. For this 

problem, the students a h  used benchmark hctional units. The hst *dent 

chose 1/2 as a starting point for her reasoning whereas the second shident chose 

25% respecüvely. 

Interviewer: 

Student 2: 

Another student told me that 7 Ïs 3/4 of 10-1s it? 

No, it an't be 7, ifs 7 and a haIf. 1 kied to figure out 

onehalfoften.One-Mof 1 O i s  5.ThenhalfofthatÏs 

2 and a h a .  And f added that €0 5- 

No because 25% of 10 is 2 ancf a haif- You need 

three 2 and a Wves to get e e e  fourths so 2 and 

aMmd2andahaLfandZandahalfmake7 



and a h&so thatfs 3 3. 

And finally 1 present the reasoning of a student on a more diffidt non- 

&andard item, 

Interviewer: 

Student 

f i t  is 65% of lm? 
Oh yah, 1 can figure that out. The answer is one 

hundred and Eour. First I did 50% which was 

80. 'ïhen 1 did 10% of 160 which was 16 then 1 

did 5% of it which was 8.1 added €hem (16 t 8) 

bgether to get 24. And added that to 80 to get 

104. 

The reasonuig in the above exampfes clearly indicaies that using 

benchmark quantities and translating among decimib? fkacti~ns~ and percents 

was are &&ive strategis for solving non-routine problems. 



Table 4.9 
Percmtage of Siudmfs Succeedïng on I t m  Requiring Some F m  on Non-sfmci;md 
Compufnfion, Befwe and A~ltLSffUcfion 
ITITEMS PRE EmI' 

How mu& Is 50% of $8.00? 81 100 

How much is 10% of 90 cents? 10 91 

6 bI& spiUed out of a bag. This was 33 81 
25% of the total number of blocks. How 
many blocks were in the bag to begin 
*th? 
If a beaker holds 80 ml of water, how 
many mls of water would there be if 
you £üled it 75% fulI? 
Another student toId me that 7 is 314 of 
IO. Is it? 

The school went on a trip to hem Ani 
DiFranco. The total number of students 
in the school is 814. 70% of the students 
attende& How many students would 
that be? 

How much fs 1% of $4? 5 24 

43.4. Standard Computation= Differences Between High- and Low-Achieving 

Shdenk 

As weU as assesçing studentsr performance on number sense 

cornpetencies, one of the cpesüons of this s€t~dy was how the students wodd 

perform on standard cornputifion items. Eght items were mduded m the 

measure that assessed the students' abrtity to pedorm standard 

computaficon.These items were not eaq; m fact many of them have been cifed in 

the Iiferafure as behg particuIarLy diffidt- 



When the pre and posttest results for these group of items were 

andyzed it was revealed that the students scored ody 0.5 (-17) out of 8 on the 

pretest, 4.0 (3.4) at posttest. AIthough these scores were low €here was a 

signifiant Werence from pre- to posttest with a t value of 5.19 (p = .ûûû1 paired 

2 tail t-test). 

Given that the dass as a whole did poorly on these standard computation 

items, I was interesteci to see if there wouid be a signifiant dikence in the way 

that the higher-acheving students were able to perform nonstandard items 

compareci to the Iower- When these scores were d y z e d  it was revealed that 

the difference was substantid. Students in the Iowa half of the rlactc; were m b I e  

to answer any of these questions at pretest and achieved only a po-t score of 

1.8 (1.7). The high-adueving group &O experienced diffidty on the pretest 

adueving a score of 23 (21). By contrast with the low-achievhg students, the 

posttest score was high, 6.3 (3.2)- When a repeated rneasures ANOVA was 

conducted cornparhg the gains of the two groups hom pre- to posttest it was 

discovered that there were highly signîficant différences both within and 

between groupç f = 1386 p = .00140392 p = .0002 and of stibjecfs and f = 20.44 p 

= *ooOL 

In TabIe 4-11, I present the items that compesed the category of Standard 

Cornpufafion The data thatis ptesented on this table is of two kinds. In the first 

colrmnis 1 present the pre and posttestscores of the group as a whok And m 



the righlliand columns 1 indude the separate posttest scores on all of the items 

that were achieved fVst by the upper half of the dass and thai the Iower half. 

TabIe 4.11 
Percenfage #Sbuienk Succeediq a Ifems Repking Stmrdmd CompufnfMI, Bqme 
and A@ I ~ ~ ,  muI Poslfesf Scores Compat.ing High md LorPAchieoing 
Sfudenfs on these Items 

TOM TOM High- LOW- 
Group Group AchÏeve Achieve 
R e  Post Post Post 

How muchis 1/2 
x 1/8? 

How much is 3.64 
- .8? 

How much Ïs 3 
I/4 - 2 1/2? 

TOM Mean score 

Standard 
Deviation 



4.3.4.L Reasoning Strategies for Standard Computation Items 

As can be seen in the tabk above, when the scores were broken down, 

the upper haIf have were far more abIe than the Iower half of the dass to 

perform the standard computation probkms. In fa&, the Iower W was ody 

successfui on the one item that directly refiected the inçt~~ction in the 

expefimental cunidumI i.e, Wow much is 1/2 X 1/8?'* 

In the lollowing section 1 present examples of the reasonùig strategies that 

the high-achieving students used to soive these standard computation problems. 

For each of these protocols I have analyzed how the students responçe dates to 

the instruction. Because these students had not been taught any f o d  

afgorithms, there were a nurnber of interesüng ways that they approached these 

Studenk Easy, cause Nc eighths is three quarters so 3/4 + 3/4 

equak one and a M. So one and a half pIus six, plus four, 

equals eIeven and a haIf. 

A second &dent used a différent approach. 

hterviewer: What is 4 3/4 + 6 6/82? 

Sfudent Ok, so 4 and 6 equals 10. And 3/4 is 75%. 
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So 6/8..Lt's see. Two eighths is 2596, so, if 1 ümes 

hee, it is 75% Ço 75% and 75% is 1 point 50, so 

that is 10 and 1 point 50, so it is II point 50. 

As can be seen, these studenfs were able to solve these standard problerm 

in a non-standard way, rwndy, by transIating among the representations of 

rational nurnber. A similar shategy was used by a another student on a different 

computation item: 

Interviewer: What is 3 1/4 - 2 1/2 ? 

Studenk Un.3 and a quarter is 3 point 25 and 2 and a half is 

2 pouït MyC (Then she took her pend and wrote 

horizontaliy) 3.25 -250 = -75. 

Finally 1 present the reasoning of a student on a partidsu, chalTen@g item 

who showed her s u c c e s s ~  understanding of traction muItipIication and 

highlighted by the operator subconshuct . 

hterviewec What is 2/3 of 6/8 and how would you exphin 

your method for answering this question? 

@rst the shrdent drew a cnde partitioned mto 

eight and shaded 6 parfs). WeII 618 is Uus, which 

is the same as three cIuarfers or 75%. WeIl25% 
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goes into 75% 3 ümes. Ço 1/3 of 75% is 25. But 

you need frpo Er& so it is 5096, and that's a half. 

4.4. Summarp and Conclusions 

The study reporteci in this chapter was designed to m e r  four questions- 

The first qestion was whether the experimentai currÏdum wodd be effective 

with a mixeci-abiüty dass. The overaU results of @-item measure mdicitted that 

these mixed-abil[ity Grade 4 students made substantial gains at posttest in th& 

abiüty to perform a wide variety of ratiord numbez tasks. WhiIe a further 

analys& of the three separate subtests, Percenb, Decimals, and Fractions Mer 

confimeci this finding the gains on these subtests were uneven In each of the 

subtests the students improved SigniIicantly. However, the improvement on the 

percent subtest was more substantkd with the students achievuig an effect size or 

W on this subiest compareci to 1.4, and I l  for the Deamals and Fractions 

subtests respectively. This finding is probably Iïrtked ro the sttong emphasis 

pIaced on percent teaching in thÏs d d u m  and Ïs perhaps to be expecfed. 

However, at the same time, it must be noted that the r d t s  ÏndÏcated that Grade 

4 studenb can achieve success m Ie-g percents, a topic Uiat is considered to 

be so diEcuIt that it is tirpicaIIy not mtroduced until mîddIe schooI. 

Another question concemed the performance of these *dents on the 

four nirmber sense categorÏes; Compare and Order, hterchangeabiIity, 



Nonstandard Computation, and MisIeading Visual Features. The studenis' 

perfofmance on these categories aIso improved greatIy kom pre- to posttest. 

However, sÏmifar to the way they performed on the subtests of Decllnals, 

Fractions, and Percents, there were uneven gains at posttest on these number 

seme categories. The strongest areas of improvement were in the categorÏes of 

Compare and Order and Nonstandard Computation, where students' number 

sense fi exibility seemed most apparent Although there was signincant 

improvement on the other two n d e r  sense categories, InterchangeabiIity and 

MisIeading Feakes, the gains fkom pre- to posttest were more variable. 

Although *dents were able to perform tasks that were reiated to the 

curricuium, they were Iess successful on items where the numbers were 

unfamila (e.g.# questions incorporating fiactions such as 1/5,11/ 12, etc.). They 

showed si& problems when solving operations with numbers that were not 

easiIy halved. These fùidings were consistent with our hypothesized 

developmental modd where we anticipateci that students' abiIity to bandate 

among represenfations wodd folIow th& work with halving and doubling and 

cornparisons within representirtions. SüII, 1 anticipate if the d d u m  had been 

Ionger and 1 had mcorporated more exercises that featured interchangeability, 

parfidarty with more d e n @ g  numbers, the studentç may have been more 

abIe to perform these tasks- 

Another question concerned the dIffaertces m perhfmance of the high- 

and Iow-abiIity students. Since the sttrdents who partlcipated the fkst study were 

dI high achievers this study was designecl €0 assess whether low-achieving 
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niathematics students would also benefit. When the &ects of instruction were 

Iooked at for hi@- and low-achieving students separately, it was dear that the 

high- and Iow-aduevers beneficted e q d y  h m  instnrcüon m theV 

understanding of percent. However, dthough there was çigniscant gain fiom 

pre- to posttest on the Decimals and Fractions subtests for both the high- and 

Iow-achieving students, the upper half of the dass gained significantly more on 

these subtests. Thus while the hi@-adiievers can extrapoIate theh Ieaming of 

percents to perform successfully in fractions and deamals, the Iow-achievers 

appeared to be rdativdy poor at UUç. Thus, according to these restxits a 

conjechire is that the Iow-achievers were not yet devdopmentally ready for this 

more advanced instruction. 

A Uurd question m UUs study concemed the pdormance of students on 

standard computation items. AIthough not a feature of number sense, the 

importance of performing standard computation can not be overlooked. It is this 

ability that vaüdates research and is gmeraliy used as the standard to judge 

cornpetence. The andysis of the items of standard computation reveded that it 

was only the high-achievhg studenb who were able to p a s  these items. 

QuantitatÏve analyses reveded that the strategies they used were based on the 

halving ben* cpntities that they had lemeci as weII as on th& abiütg €0 

ti.ansIate among the representations. Thus I condude that this CUmCUfum was 

&&ive in hdpmg these more advancd -dents to perform these standard 

opetations- It is hoped that the 10we-r-achieving sfudents wodd, with the, be 

competent in thk regard as weK 



In the next chapter 1 report kdings of a subsequent study in which the 

mrridum was presented to an older group of students who had already 

received p~evious instruction in rational number. As will be seen, I was abIe to 

consider some of the pestions that arose in the present study as weIl as addxess 

several new areas of interest. 



Chapter 5 

An Intervention Shrdy with a Traditionally Trained 

Mixed-AbiLity Grade 6 Qass: Cornparison to Nomative Gmups 

In this chapter 1 report a study that 1 conducted to teach the experimental 

rational number &dm to a group of &ed-abiiity Grade 6 students who 

had ait received several years of previous instruction in this number system. By 

sdecting older students for the present study I hoped to W e r  assess the 

robushiess of the curridum. In partidiil, 1 hoped to investigate: 1) the efncacy 

of the mrricuium for students who have had previous traditional instruction; 2 ) 

the p0tentia.I diffaences of leamhg outcomes when the cm5CUtum was 

shortened and modified with older studentç Ï n  mind; and 3) differences in 

leamhg outcomes of high- and Iow-achievïng students. I a h  had questions of a 

devdopmental nature as 1 was uiterested m compargig the posttest performance 

of these Grade 6 s t u d e .  with students at other grade levels. Thus, I conducted a 

Lcurther mvestigation, or an " a t d h y  study," in which I adrnhistered the 

Ratiord Number Test to four other nomatÏve groups of students at several 

other grade Ievelç, in order to investigate some of these quesfiors. AII of these 

qyesüons wiIl be eIaborated m the secüionç that foftow. 
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5.2. Question l: Effectiveness of the CdcuIum for TraditionaIly Trairted 

Studenk 

The first question was how the experimentaL curriduni codd work for 

students who had akeady had s e v d  years of leaming about rational nunibers 

and had formed th& understandings based on the traditional teaching sequence 

with the Iearning of fiactions as a foundation. Which types of misconceptions 

wouId be more robust and which wodd be most eady changed? 

It iç weU known that when students encounter reform curricda that 

reqyire a greater depth of mathematid understanding, it is di f f id t  for them to 

abandon oId thinking patterns that they have devdoped as a resuIt of traditional 

teadkg. Bad habits, reüance on rote and o h  faulty dculations, r d e n c e  of 

initiai representations and images (Kersiake, 1986; SiIver, 1986: Sowder, 1992, 

1995) and a lack of disposition to meaning-making, ail conbute to the 

difficuities they encounter when remediation or reform is attempted (Kamîi, 

1994). Thus, given Uiat to date ail of the students who have partiapated in the 

experfrnenfd intervention had not had previous hainnig m ratiord nrmiber, L 

considered that they had an advantage over those with prepious training. A 

prfmary goal, therefore, of this study, was to eduate the effettivmess of the 

expeximentaI C U r T i d t u n  when the parüüpaüng students were not new b the 

bpic of rafiod number but, on the con-, had received severd years of 

t radit id feaching and f o d  th& undersfandings based on the conventiod 

seqyenœ (6cactiomC deCrniaiSc percent@, with 1-g hcfiors a .  the 



pa.t/whoIe subcomfmct as a foundation Assuming Uiat change iç possible at all, 

an important anatysis would be to consider which types of misconceptions 

would be more resistant to diange, and whkh wotdd be most easiIy 

re~m-ed, or transformed. 

5.2.l. Taditional Training and ExperimentaI C&cuIa-a Review 

Three researchers who have dedt have dedt diredy with evaluating 

dwge in rational number understanding of tradÏtionaUy hauied skdents are 

the team of Heiiert and Weame, who have done extensive work in students' 

understanding and perfomiance in deamals, and mathematics education 

researcher Nancy Ma& who has paid particuIar attention to students' informal 

knowledge of rationa1 number, partidarly kctions. In the next section, 1 report 

the hdings hom studies that were conducted by Heibert and Weame and by 

Mack in which the 1 e a . g  gahs of previously inskucted studaits were 

monitored during expeximental interventions, and then gains were assessed 

&er the irtstmction was completed. 

5.2.2. Riebert and Wearne An Intervention Strrdy with DecimaIs 

h a  traming study Ïnvolving studentr; m Gades 4,5, and 6, Heibert and 

Weame instru&d snalI groups in semantic processes for solving deamaI tasks 

(Weame & Hiebert, 1988). The students were tau@ €0 use base-10 bIocksf 

tradit iody used for whoIe number addition and SubtractÎon, as an alternative 

representafion to wri- deamat symbofs. Their &dum was designeci to 

h t  help *dents make comedions between the spmboIfc representation of 



decimals and these physW refizents and then to support a conceptual 

understanding of procedures such as the addition and subtracions of decimals. A 

series of nine instructional lessons was designed to heIp students to create 

meaning to solve problems that were posed symbolidy. The older group of 

students (n = 15) who participated in this experiment had received previouç 

instruction in deamals. The younger students (n = 14) had not had any 

instruction in decimal prior to this teaching unit Mer two weeks of instruction, 

they fotmd that although ail of the students were abk to perfonn b k s  that were 

directiy rdated the instruction, the r d t s  on the transfer tasks ai posttest were 

diff ient. On these tasks, 11 of the 14 studentç who had not received prior 

instruction used semantic rather than syntadic expianations By contrast, only 5 

out of 15 students who had received prier instruction were able to make çimilar 

gams- 

52.3. Madc hfervention Str;tdies with Fractions 

Simiiar findings have aIso been reported by Ma& (1990,1993,1995), who 

has done extensive work investigating students' i n f o d  IaiowIedge of 

hctions. In her experimental studies, Madc worked with Grade 6 students to 

heIp them to comect f o d  6tactÎons symboIs and procedures with conaete, 

everyday representaüons of fiadiors- The c e n w  foci of her training studies 

were to promote the understanding of concepts such as 1) the more partitions, 

the d e r  the part; 2) a hction represenfed symbolidy is a singIe number 

with a s p d c  due, rather than two whok n&; 3) Uie addition and 

SUbtraction of fkactÏons requHes the same denominator; and, 4) fraction 



knowtedge is undqutned by an understanding of equivdenaes. In short, her 

goals in these studies involved the basic concepts of hadons of the sort that are 

expected in most Grade 5 and 6 a m i d a .  In monitoring theV progres durnig 

the training period, she noted that the students tended to continue to use 

dgorithmic soIutions, even when they were uncertain of their correct 

application. More dishtrbingiy, she noted that, if the answers that the students 

derivecl using standard dgorithms were different kom correct anmers that they 

had found through uivenfed procedures For solving the same problem, the 

students either chose the incorrect m e r  or suggesteci that both answers were 

correct* 

AIthough the students did make gains at posttest, their previousIy taught 

alprithmic solutions continued to inidere with th& solutions. Mack conciuded 

hom this (and other shrdÏes that she had conducted) that overcoming 

misconceptions and hdty procedutes based on prior learning was very difficuIt 

for students to accomplish, and required a signifiant effort on the pair of both 

-dents and teachers. 

The findings of these researctiers are certainy cornpelluig, and wodd Iead 

to a prediction that a rational rider expefimental mteicvention~~~erfainly one 

that is a brÏef as ours-wodd not easily adueve our ambitiouç goals of changed 

conceptuakations and rationa[ ntrmber sense- One might predÏct that the Grade 

6 shrdenfs in this present study wodd have diffid~abandoning the 

misconcepfions üiat they had dwdoped due to previous instruction, and thus 



wouId have trouble acqinring an overall conceptualization of the ratiord 

number sys€em. 

However, it is my contention that, whiIe the Ma& and Hiebert and 

Weame studies are exempIary in both the structure of the lessons and in their 

detailed analyses of Mdren's understandings, the activities that they have 

cleated, are grounded in concepts from the whok number domain. Thus, 1 

propose that these two separate intementions both tend to reinforce additive 

reasoning. 

In the study conducted by Hiebert and Weame the conaete reférents that 

they used were Deines Base10 b1ock.s. 1 argue that while base10 bIodcs have the 

potenfial for iIluILLinating the power of 10 reIationshïp in adjacent numer& they 

serve to reinforce demenfs of the -01 system for whoIe number as weII as to 

ground students reasoning excIUSiPeIy m discrete (rather than conhuous) 

quantities. PvLack's instructional sequace is W y  moted in sfudents' intuitions 

about partitionhg and fair sharing; thus she has chosen to use pizza pies as the 

cenhal representation My centrd thesis argues agahst building up &ildrenrs 

understanding of rational nirmber either kom the symboi system of the whoIe 

ntnnber domain, on the one hand, or, asMack does, fiom studentç' readily 

availabIe store of partitionhg nittriüom. What Ïs missmg m both of these 

approaches, and what our progam attempts to provide are IeSuning contexts 

where Mdren can expiore then intuitions for ratio and proportion as w& as 

th& htrritions for hal:~r.ing- 



Given these considerationç, I hypothesized that the posttest pedofmance 

of the students pdapatmg in the present çtudy wodd be different fiom those 

reported in the fiterature and would show that the Mdren had, m k t ,  

abandoned many of theh miçconceptions, in favour of an understanding that iç 

grounded in the murtiplicative nature of rationai nurnber. 1 antiupated that this 

finding wodd be ins&ntiated by cpntitative analyses, where there wodd be 

strong changes in scores on the measure fiom pre- to posttest 1 a h  predicted 

that qditative malyses wodd reveaI that the studenfs had adopted new 

rnethods of reasoning and shategizing and that these methods wodd f i  under 

the general rubric of number sense. 

53. Question 2:. Differences for Hi@-Achieving and Low-Achieving Studentr 

A second question that drove this present study concemed the différences 

m performance of hi@- versus Iow-abrlity students. As m the previous study, I 

wondered if students who are desïgnated as "higher-achieving" or "Iower- 

achieving" wodd gaÏn dihF&.renti&y on the measure fiom pretest to posttest 

Reci  th& m the previous study, the expefimental cumicuIm was shown to be 

most effective for the most advanceci students m &de 4. As mentioned before, 

one possibIe exphnation was that the Iower haï€ of the cIass was not 

developmmtaXy "ready" for Uiis currÏcUIum and therefore codd not benefit as 
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much hom the instruction. Thuç, 1 wanted to assesç whether the approach wouId 

be more usefuI for students who were two years oIder and thus more unifody 

capable of the complexities posed by this number system; would low-ability 

students who are two years dder benefit more evenly than had the low-ability 

Grade 4s? My conjecture was that these older students would in fact, benefit 

more evenly than the younger students, as the developmental Iiterature 

indicates that they are at a more çuitabie age for rationai number leaming (e.g, 

Case, 1985; Hart, 1988; Lamon, 1993,1994; Noelkg, 1980ar 1980b; Resnick & 

Smger, 1993). Thus, I antiapated that the rate of gain for these Grade 6 students 

wodd be equaI for studenk in both the high- and Iow-ability group. This 

question is of some theoretid interest, in view of the conhoversy in the 

developmentd literature conceming the first emergence of ratio thought and the 

&kt of context and task pedormance (Lawton, 1993; Sophian & Wood, 1997; 

SpTnüIo & Bryant, 1991). However, it is also of practical interest since it bears on 

the question of at what age or grade a program iike ours shodd Es t  be first 

mtroduced into the mainStream CUIJidum. 

5.4. Question 3: Developmental Questions 

The f i r d  questions were of a devdopmenhi nature. The first of these 

c o n c e .  the mag~fude of improvement that cm be expected kom the 

program, m deveIopmentaI terms- It is g e n d y  abowIedged that childrenCs 

understanding of ratio and proportion conflnues to devdop, long past the years 

when these topics are faught m scho01- The same is hue for many other aspects 



of ratiod number understanding at least in middI& popdations 

(Caçe,l985; cI.amer, Post, & Ctmk,  1993; Vergnaud, 1988; Watson, Collis, & 

Campbell, 1995). Given that this sort of devdopment continues to take place, 

under conditions where the partfwhole subconçtmct of hctions is used as the 

core organizing device, a devdopmental question that naturaly arises with any 

new program is whether the chiIdren who receive it are being enabled to 

constmct understandings that they would never have constnicted under existhg 

curridum conditions, or, whellier the uSeftilness of the curridum was that it 

accelerated students' construction of mdersfandings that they wodd have 

achieved anywayI but at a later point in their schoohg. Stated in more 

quantitative terms: what magnitude of improvement can be produced by our 

new program, not in tenns of standard deviations, but in terms of 

deveiopmentd advance? Is it an advance of one year, two yearsI three years? Or 

do our chilchen attam understandings that they would neuer a m  under the 

standard rational number cmrÏcuIum? In order to answer these questions 1 

conducted a deveIopmentaI study m which students at a variety of ages were 

intervieweci using the measure that was designeci for the Grade 6 intervention 

study- 1 then was abIe to compare the r d t s  of the Grade 6 students 

performance to that of the various groups in this devdopmental sampIe. 



Suice this study was comprised of two separate sfrands, (the experimental 

intervention study and the normative teskg) reporting of each subsedion of the 

methods will be dividecl into two parts. 

55.1. Design 

Expei.imenM Study 

h the s p ~ g  of 2997, one week pnor to the start of the experimental 

instruction, the 20-item Rational Number Test was administered as a pretest 

interview to each of the Grade 6 subjecfs, on an in individd basis. Immediatdy 

foIfowing th& interview process, the students were instructed over a four week 

perîod. Finally, three weeks after the inskuctiod sequence the same measure 

was re-administered as a posttest to evduate the effdveness of the 

interven€ion, 

Nonnative Shrdy 

The same measure was used for the normative study. At the beginning of 

May 1997, one week d e r  the experimentd Grade 6 study was completed, a 

team of interviewers administered the same 20-item measure to students first m 

an elemenfary and a middie sdiool and then to students m a two-year MA 

program in elementary teaching at the University of Toronto. 



Subjects for ExperimenfaL Shrdy 

Sixteen Grade 6 studaitç participateci m this study. These chrtdren 

comprised the entire dass of students at a private school Iocated near the 

University of Toronto. This schoo1 is known for ib shong academic programs, 

small classes, individualized attention, and a strong cornmitment to qpaüty 

ïmtmctton in mathematics The students aiI corne from hi& SES backgrounds. 

Accordmg to their dassrwm ieacher, most of these children were perfomhg at 

gradelevel, and in some cases approxhmtdy a year above grade levd. Four of 

the students in this dass ranged from one to two years below grade levd; each 

of these students received exta tutorhg from the school's speciai education 

teacher. Because the &ml is very srnall and there is onIy one dass per grade, ail 

of the students had been in the same ciass since Grade 1 and thus had all received 

the same previous instruction m rational number prior to the intervention This 

insfructiCon was based on a widely used Canadian text &est Aithough the 

teachers m the sdiool used 0th- resomces for teaching rational nurnber as welI 

as other mathematics topics, Me basic sequence and the core concepts were 

based on the series. The sequence is as CoIIows: 

The first topic in the text was fractions which were defined as numbers 

that desaibe paris of a whoIe and which were iIlusàrated with pie diart 

dla&tamsC Exercises folIowed m which chWren were to detemûne fractions of a 

setr compare different firacüons with regard to magnitude, and deteminle 

eqirivdent hctions. DeamaIs were taught next, rrsing pie graphs, numberhes, 

and phce d u e  c b k  T e n h  were mkoduced fbt, and their dation to Sm@- 



place deamalç was shown. M y ,  equivdent decimals were taught by showing 

that nunibers such as 0.3 and 030 are merdy dtemate representations of 3/10 

and 30/100. Lessons Învolvïrtg operations with deemals were introduced ne*. 

The d e s  for addition and subtraction of deQmals, as well as for multiplication of 

one- and two-phce deamals were bught expIicitIy, with careful attention to the 

significance of place value. The use of a fiaction as an operator and computations 

invohg division of degmals were taught at the end of the seqyence. 

Subjects for the Normative Shidy 

(a) Grade 4 Students (n = 2 l )  

Twenty-one Grade 4 students were htemiewed, usuig the 20-item measure. AIl 

of these students attended a pubIic dementay schooI that caters to a 

predominantly Caucasian population, with a smal I  percenage of second- 

generation Asian students. This parti& school was selected because it had 

received the highest standings in the city on the Grade 3 Provincial Tests in 

Mithematics and Language AU of these shidents spoke EngIish as th& first 

Ianguage. The Grade 4 students came nom two Mirent Jasses and all 

parfiupated on a voIuntary basis-only students who retunied consent forms 

signed by fheir parents were aIIowed to participate. Mthough the students came 

h m  different classes, they aIZ had received the same number of ratiord number 

Iesonsr and had been exposed b fractions mGrade 2 and decrmaIs m Grade 3 

and conthued to Iearn these ratiod nrmiber representations in Grade 4. This 

schooi used the sarne text series &a€ was used by the experimenbl group. 



(b) Grade 6 Studenfs (n = 45) 

Two differenf groups of çtudents comprised the Grade 6 sampIe. The k t ,  n = 31 

were drawn fkom the same school as the Grade 4s- These 31 *dents were 

drawn hom 3 different ~Iassrooms. The conditions for participation were the 

same as those mentioned above The students in these Grade 6 classes had 

received a substantial amount of rational number instruction prior to the test, 

and had already covered hctions, decimals, percent, and ratio. The textbook 

that was used by these &dents was the same one that the experimentd groups 

in the preceding shdies had been using. The second group of Grade 6 students 

(n = 15) were the participants in the experimentaI intervention study. More detaii 

of this group will be provided in the folIowing section of this diapter, 

(c) Grade 8 Students (n = 20) 

The students m the Grade 8 sample came from the jimior hÏgh school fed by our 

sampIe dementary &ooL These students also patticipated on a volunkq basis 

and were aIso required to present signed consent f o m .  At the time of the 

interviews, the students were working on percent computation probIems and 

ratio in their mafiematics dassrooms, and had covered aII of the topics on the 

measute. 

(6) ReService Education Students (n = 31) 

aUç group was compnsed of 31 postgraduafe students enrolled m a two-year 

eIementay schoof teacher hammg pro- At the üme of €he tesfing the 

students were in then second monfh of the nIst year of th& prograa AII of 
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these students had compIeted mathematics in high sdiool, approximately 80% of 

this group had taken s t a W c s  as part of their undergraduate programs and f ie 

of these students had taken University mathematics courses. It must be noted 

that the program m whidi these students partiâpated had very high academic 

criteria for acceptance. Thus, each student m the program had a minimum 

average of B+ on completing th& undergraduate programç, and alI had taken 

high school mathematics. 

Experimental Students 

In the spring of 1997, one week p ~ o r  to the start of the experimental 

instruction, the 2itekm Rational N d e r  Test was adnhhtered as a pretest 

interview to each of the Grade 6 subjecbr on an individud basis. The researcher 

administered one haIf of the tests, and a graduate student who was trained to 

pedorm the intemiew, adminbtered the rest The interviews were standardized, 

and aII the students answers were recorded verbah  by the interviewers. 

As m the precedhg studÏesr the CtiiIdren were withdrawn fiom heir 

regular dass and brought to a quiet room. Ad- - C tion &ne for the pretest 

varieci hom 25 minutes to 45 minutes, accordmg to the knowIedge Ievel of the 

student The test m its entirety was read aloud to the -dents; the interviewers 

encouraged the sbdents to respond to aIl of the items and praised them for 

attempüng each item- H~wever~ atno üme did they Indiate whether the 



student had responded correctly, nor did they ever reveai the correct answer. 

The researcher iaught the experimenbl rational number CUILZdurn to the 

students, in th& regular dassroom, over a four-week period. The homeroom 

teadier observeci most of the Lessons but did not participate in any of the 

experimend teaching This dassroom teacher taught a l I  of the other 

mathematics on days when the researcher did not corne to the class. In alI, there 

were f2 ration& number dasses that were approximately 45 minutes in duration. 

A breakdown of the lessons is presenied in the section bdow. 

Two weeks d e r  the experimental program had been completed, the 

pretest meaçute was administered again as a posttest. These interviews ranged 

from 25 minutes to 70 minutes according to the needs of the individual subjects. 

N~anative SarnpIe 

The procedure for interviewhg the students from the normative sample 

was exactLy the same as it had been for the participants of the experimentd 

study. Each student was escorted fkom th& dassroom by a tramed interviewer, 

to a quiet testing room in th& o m  sdiool. Two of the three interviewers for 

this group were a h  the intemiewers of the Grade 4 study. The third interviewer 

was a diffkrent graduate student who was a h  hained to administer the tests. 

The interviewer read the qyestions out Ioud and recorded the sfudents' amvers 

verbafia The mtefpiewers mformed the students that they wodd be able €0 re- 

read the pestions as many ümes as rqested; however, they a h  hdicafed to 

the snbjects that they wodd not be abIe to Mer &borate on or c h i @  a 
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qyestion. Students were provided with papa and pend to make notes or work 

out their sohtions- These were kep t b y the intervÏewer for later a n d . .  

Regardes of a studeds success on the items, the interviewer provided h i .  or 

her with an oppommity to try aII the questions on the measure. 

55.4. The ExphentaI Rationa1 Number Cdculum 

Inskucüon ScheduIe 

The experimental sessions were approximately 40 minutes in length. AU of 

the Iessons were documenteci and seiected dases were videotaped. Each lesson 

was reviewed at the end of each instmctionaI day for the purpose of assessing 

student thinking and subqent  lessons planneci to buiId on students' 

devdopuig understandings 

Specill Feahwe of the Grade 6 Expeximental Curridtun 

The sequence and styIe of the experimental Grade 6 cu.uiCUIum was 

exactiy the same as it had been for the Grade 4 intervention* Percents in a 

measurement contact served as the introduction as well as the reference pomt 

for aII subsecpent Ieamùig of the ather representations. H a n b n  adhrities that 

focussed on measurernent were also featt;tred. As weII, in the Grade 6 cumÏcuIumf 

there was no teachIng of f o d  aIgorifhms- M y ,  an endpoint for the students 

was a focus on mked-representations of fractions, decimaIsf and percents. 



There were, however, diffaences in the curridum. Because these 

students were in Grade 6 and ihe topics that needed to be covered at that grade 

IeveI were more extensive, and induded a component on f o d  ratio, I 

expanded ihe cumÏcuIum and covered ratio concepts through the incorporation 

of scaüng acüvities. ScaIingadivities such as  enlarghg rectanguiar regions 

promote ratio Uimking m a measu~ernent context, which is consistent with the 

measurement objectives 1 had for the Gade 4 students. The demands of the 

Grade 6 dasçroom sdieduie, and the Iimited t h e  that codd be allotted to this 

rational number teachms meant that although the p e r d  content of the 

CUflcicuIum was simifart and the starting point of percent m measurement was 

the same, 1 had to reduce the total number of Ieççons. The sequence that I bught 

to ihe Grade 6 dass was as foUows: 

1. Introductory Iessons which indudeci percents m measurement contex& wual 

estimation of reIatïve quantities, and invented procedures for dda t i ng  with 

Mvkg and doubhg. 

2. SQling acüvïties which provided links to th& formal ratio and proportion 

background. 

3. T d a t i o n  arnong b e d  representations 

The Iessons ranged kom 45 mins to 1 hour, wiih a nnal Iesson d 1 1/2 h o u s  

Table 5.1 shows the breakdown of tïme devoted to the different representations. 



Tiie5.1 Brerrkdmmr of TopicS mrd Tmhi;ngHours of the Expermrmfal RRfianal 
Number CurncUIumfir the Grade 6 Stud'fs 
subie& Lesson # 

Percent L 3 ,  5 6  
Declimal 4 

Fraction/Mixed-representation 2,7,8,9,10 

Review 11, IZ 
Total no. of hours 

The modes of participation that I employed in the dassroom induded the 

same structures as the previous two expefiments: teacherdirected whole group 

discussi~ll~, work in pairs and small groups, and opportunities for students to 

insûuct th& colIeagues either through games or videos whidi they had created. 

Smce there were fewer Grade 6 kssons than Grade 4 leçsons, and since only the 

k t  and fourth lessons in the Grade 6 sequence contained the very same 

acüivities as those in the Grade 4 lesçons, 1 include here a brie.€ description of each 

Iesson: 

Day 1. Introduction to Percenfs 

The mtent of thiç first lesson was to asses &dents' i n f o d  knowIedge 

of percents, and gain insight into the wayç €hat they wodd spontaneously 

operate with percents in a measmement context. The adfvities closeIy folIowed 

the s t m c h m  of the k t  Iessons in the experimentd Grade 4 &ses* However, m 

the context of this study, the a&vitÎes of Lgsons 1-3 were incorporated into a 

sngIe session. These Iessons starteci with visml estiimtion and &ed on with 

d d t i o n s  Usmg the hdvingstrategy. The students used pipes and fubes to 
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dernonstrate th& i d o d  knowledge of percent They completed a varietg of 

measurement t;tsks which indudeci, 1) finding and d d a t i n g  percentages of 

water ùi beakers, and, 2) cutting Iengths of string to represent various percent 

measuremenfs of objecb in the classroom (Le.# 'The iength of this shing 

represents 75% of the length of Uùs tabIe"). At the end of the lesson, students 

were asked to consiWder the relation between percent and deamals and were 

encouraged to represent quantities or relations m both percent and decimaI 

modes- 

Day 2. How CouId You Show and Teach Percents? 

In order to consolidate theh recendy a c e e d  insights into percent 

pantities and operations, students wexe Menged €0 design th& own props to 

teach percents. As in the Grade 4 d d u m ,  1 provided the students with a 

Mnety of materiais inciuding coIouted sand, jars, string, pape tubes, and 

laminateci nderlines- 

Day 3. Paper Folding HoeZontal Faction Seps  

This Iesson was designed to use the fküIiar context of Mving and 

doubhg to explore the fornial SymboIic representations of decimals, fractionsI 

and percenfs and th& mterrdatedness (cg, 1/16 = 625%). The foIding actMties 

were adapted hom claszoom Iessons that had been devised by Kieren (199Zr 

-5) €0 pro* his &dents with condete representaf5ons to help €hem 

recognize and Ieam about bc60n eqphdencies, and WH they codd then use 

tb pedorm SmipIe addifion and subfraction operations on hctÏons. My mtention 



was different-the focus was on formal representations of -tities that were 

esfablished h u g h  haIving and doubhg. Students foIded rectanguiar paper 

ships that were 24 an x 8 cm. Each successive fold r d t e d  in the creation of new 

quantitities thaL the *dents in tum labelleci using the three 

representatio-percents, decimals, fkctions. Thus, for exampk, aHer 

perfofming a single symmetncai foId, the students created two equai parts, 

whkh they were Ïnstnideci to Iabel as 1/2, .5û and 5 û 0 / 4  f d a r  

symbok-or, aher three foIds, they established and IabelIed portions as 1/8, -125 

or 12 1/2 O/-rnuch Iess familiar symbols In Uus lesson, students gained 

experience with recursive halving and were abIe to review standard notation for 

the Uuee representations. 

Day 4. Sfopwatches and Centi-seconds 

As in the preceding study with Grade 4 mixed-ability students, I once 

again introduced stopwatdies to promote the notion of a temporal analog to 

h e a r  measurernent. As the Grade 6 students Ï n  thiç experiment had already 

received several years of deamal teaching the stopwatches provided them with 

oppommities to add and subtract decimais in meaningful contex& where they 

did not need to rely on d e s  such as 'lining up the deamal before dcutahg-" 

By uskg stopwatches, the students were abIe to work with these decmiaIs from 

art understanding of their magnitude and thuç were much Iess EeIy to make 

the wid km& of computation ewrs that these students demonstrateci m then 

pretest mterviews. 



Day 5. Percertt/PmporEon of Body Parfs to Height 

In this lesson, studentç worked m pairs, using percent Ianguage to 

compare Iength of body parts to height The students were provided with a 

b1a.k tabIe with two c01u.x~~: the fHçt column was headed "body parts" and 

thiç column was followed by 4 bIank columns to the right. The students were 

k t  insttucied to record heir estbates of the proportion of the body part io the 

height based onIy on visual mes. Next, ihey perfoaned and recorded a more 

accurate estimate which they derived by folding a piece of string that had been 

precut to the measme of their height. FoUowing this, using the sûîng and ders 

or measuring tape, they recorded both their height as weII as the Iength of th& 

body parts in cenümetres- FinalIy, using dadators if ihey desired, they 

computed the adual percentages of the individuai parts io iheir heights. A livdy 

disassion ensueci where students shared their c a i d t i 0 1 1 ~  and dkwsed and 

compared th& hdings. 

Day 6.The50 cmMan:A12Ratio 

This Iesson &&y foLIowed the previous dafi Iesson of comparing of 

the length of body parts to heights using percents- However, aIthough one of 

the purposes of this Iesson was to conhue to estimate percents and calculate 

averages this lesson had an additional goal, which was to give sfudents the 

opporrtunity to experience a 12 sale drawing. Studenfs fht coIIected data fiom 

aII of theH dassmates on the percent caI&fia  that they had 

p d o d  m the prevlous lesson, For exampIe, it was estabkished &ter 

avemgïng alI the percent measmes that the -dents had generated, that Iength 
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of & d e r e n c e  of the head to the height was 22%. (The percentages for this 

cornparison ranged kom 24% to 18%). Students were then @ven 1 cm graph 

paper and asked to draw a "proportion person" with a height of 50 an using the 

data from the dass as a whole as th& guide. 

Days 7 & 8. Find the Odd Item: Compare and Order MÏxed-Representatiom 

In the next few iessons students worked with equivalenties in mixed- 

representations. These types of exercises had been done in the Grade 4 

d d u m .  However, for the Grade 6 students, 1 extended the fiaction leamhg 

and induded the çymboiic representations of ratio. To start with, I presented 

students with üsts of mixed-representati~ns~ alI but one of whidi were eqyivalent 

pantities* For exampIer the students were presented with the following row of 

nUII1C)ers and relafiortships (32/64, 05, 12, .OS, S M ,  3/6, 48)  where a i l  of the 

quantities represented 1/2 except for . O 5  The students were asked to determine 

which qyantity was not ecjyivaIent and then to justify their choice to heir 

classrnates. After the students responded in a whoIe class format to a number of 

these exercises that I had designeci, they were mvited to mate th& own M a r  

&es of numbers where they presented eq@denües and inseaed one or two 

anomalous items. 



Day 9. Rational Nimber Equations 

In this lesson the studenfs were presented with written versions of 

operations that previousIy they had invented and solved mental@- For example, 

True of FaIse? 

1. Does 45% of 80 = [4 x (10°/0 of 80)] +(5% of 80) ? 

Z Does 85% of 80 = -4-5 x 80 

3. Does 45% of 80 = (50°/0 of 80) - 5 
(ExampIe 3 represents a type of =or that studentç typically made in the early 

lessons when they first began to invent procedures for caidaüng percentages). 

Day IO. Playing and Invextfing Games of Multiple Representations and 

Computation 

This Iesson started with an ordering adivity in which the students were 

chaiienged to order a de& of specialIy m t e d  wds on which rationai number 

qyantities using muitipIe representations (fractbns, decimals? percents, ratio, and 

geometnc regions with portions that were shaded) had been written. These 

car& were Mar, dthough more cornplex than those that students had aeated 

m Study 2 (see Lesson 14 of the Grade 4 c w r Ï d ~ r n ) ~  except for these Grade 6 

students. In the fhst activity the entire pack was de& out to the studaits (about 

four car& each) and they were challenged to phce them m order of maeasing 

~ t i t y  face up on the cIass10orn flmr- The game end& when dl the car& 

were Iined ttp dong the fiwr and ail d the students agreed thal they were 

conecfIy placed m ascenduig order. Since the d e  was that consensus amongst 



alE the students in Me class, this game promoted a great deal of debate as the 

god was that consensus would be reached amongst a11 the students m the dass. 

ki the second card game that the students were Ïnstructed to play, the same deck 

of car& was used as well as LCD stopwatches. The structure of this game was 

similar to the popular game of War. Two children sat opposite eadt other with a 

smalI pile of face-down cards. Both studaitç revealed the top card in their face 

down pack at the same üme. The fmt player, Student A, was re@ed first to 

dedare which of the two OT& was higher or if they had the same value. If the 

two cards were not of the same d u e ,  Student A had to menMy Nbtract the 

higher from the lower and then use the stopwatch centi-seconds to indicate that 

ciifference, If the two car& that the &dents 

drew were the same cpantity, then the player whose tum it was, had to find the 

sum of the two pantities and stop the watch as dose to that sum as possib1e. 

The game ended when there were no more GU& Ieft in the pile. Once the 

students had pIayed this partidar game they were btnrcted to invent th& 

own games, using car& and stopwatches or other materiab such as 

numberhest that they fdt codd be good teaching tools for teaching muItipIe 

representations and caldations. FÏÏaIIy the groups of students who worked on 

these mes presented them to the dass. 

Days ll & IZ W a p  Up and Review 

The students contmued to desÏgn th& games and then to teach them fo 

th& classrnates. As weII, a number of the &dents videotaped the SeSSlons m 

whidi th& own games were being phyed- 



Srmunargof Lessons 

In summ~y &enp we mafntained the basic seqyence and tenets of the 

curr idu in  as it was taught to the Grade 4s so that students wouId be able to 

relate both theh previous and newly +ed knowledge of fiactions and deamals 

to the relational constmct of percents. 

5.5.5. Assesment Meamre 

The measure that was designeci for this study was to serve several 

prnposes. As part of the experimentd intervention study I wanted to continue to 

evaluate studentç' p r e  and postconceptuaI understanding and number sense 

abilities across the three representations of rational number; Percents, DecimaIs, 

and Fractions. To this end I retained a total of ten items that had appeared on the 

previous meastues. As 1 have mention&, however, 1 also wanted to use this 

same measure to intemiew subjeds a a o s  a wide age range. Thus, 1 indudeci 

items on this measure that spanned a broader range of difiniltg than on the 

previous meaSuIes and 1 shoaened the test to 20 items to rnake it more vÏabIe 

for use with a much Iarger target group. The most A i f f i d t  (kvd 3 items) were 

muEstep items UÜit reqrrired conceptual understanding and number sense 

fi aibility (e.g, "Order hom kgest €0 d e &  .& 5/8,14/13,99,1.03"). In aII 

there were 8 items m this categoqr- The Ieast dÏffïdt of the items (LeveI 1) 

assessed computatiod hdving and proportlord computaüons based on 1f 2: 

("One c m  hoIds 1 p a r t  of oil which is the same as 2 pmfç. The other can ho& 3 

qyarts of oil. How mrmy pints wilI it hdd?") The UmÏddiegf items (Level2Ï€ems) 



required that situdents diçpiay rational number understanding or number sense, 

but use ody a single operation, e.g, "What is 6% as a decïxd?" F W y ,  1 aIso 

induded two items Erom previous studies in the standard fiterature, both of 

whidi have proven M d k  Mr. Tall and M.. Short (KKpIlus et d., 1974) and an 

item kom a National Assesrnent of Educationat Progress study which is 

"Estimate the sumof 11/12 + 13/14" (Lindquist, 1989). 

Immediately foUowing the Iessons, 1 administered half of the posttests and 

a student teacher adrninlstered the other haIf. As there was no diffaence in 

scores based on tester bias, 1 proceeded b anajyze the data. 

5.6. Redts  and Discussion: The Grade 6 Intervention Study 

These r d t s  are presented in three sections which are ordered in the 

same way as the questions that were posed at the beginnmg of the chapter. 

5.6.I W e s t  Misconceptions of Traditiody Trained Stridents 

Because 1 was interested in understanding &dents' misconceptions at 

pretest (biat they pre~l~litbLy held due to previous instruction), 1 examined the 

pretest resuIts to detemine if some pattern might be fotmd. BeIow, m Table 5 2  1 

present the entne measure with the pretest scores that the students' achiwed. 

a i e  measzne is presenfed m the order that it was dd&ned, accordmg €0 the 

three hypothesized Iweh of diffidty, with the simpIest q ~ ~ o n s  

concludmg with the most d i f f i d t  items- As canbe senr the &dents were abIe 



to corredy anmer a liffle more than 112 of the ~uestions at pretest (mean score 

1033, out of 20). However, it aIso must be noted ihat the rneitSUTe contained 

very easy items that were uiduded to investigate basic understandings that we 

would have considered to be present in much younger studentç (five Levd 1 

items); these were aU passeci by the Grade 6s. If we exdude these items from the 

Grade 6 r d & ,  the success rate is closer to 30%. Thus it is evident that the Level 

2 and 3 items on the measure presertted substantial problems for the students at 

the outset of the program. R e d  that these students had alI receEved SUffiaent 

instruction in rationa1 number prior to the intervention so Chat none of the 

content of these items should have been unhmih  to them. 

Table 5.2 
Pemhzge of Shuients Succeedhg on h e k  I, 2, mtd 3 tfems af Pr&& 

Draw a h e  on beaker to show it is approximatdy 1/2 fdI? 100 

Can you &de m 3/4 of the pizza (divided in 8 pieces)? 73 

TeIL me a number that cornes between 3 and -4'1 60 

If a beaker hoIds a total of 80 ml of wafer, how many mls of 60 
wafer wodd there be if yorr med it 75% full? 



Wnte 6% as a decinial. -- 
m 40 

Find 114 40 
on th& numberhe. 

Mr, Short% height is 4 matchsticks. Mrw Tall's height Ïs 6 
matchstickS. When we meanire their height with paperdips 
Mr. Short's height iç 6 paperdips. How many paperdips are 
needed for W. TaII's height? 
Is 7 3/4 of IO? ExpIaSi your answerw 26 

What is 118 as a decmial? 23 
Is there a bction between 1/4 and 2/4? 13 

TOM Score On ali 3 LeveIs 
(Standard Deviation) 

5.6J.L ProbIems with Magnitude, Symbols, and Operations with Factions a€ 

Prefest 

Not surprisinglly, the enors th& the students made m the pretest 

interviews were typical of the types of mors that often r d t  hom traditional 

teaching and that have been mentioned eIsewhere m Uiis thesis. AIthough the 

studenfs had dlfftdp with man. sorEs of items on the pretest, €he most st r ibg  



problems were with hctions; students demonstrated problems both in 

ïnterpreting fraction symboIs as well as in detemimnig th& magnitude. In fact, 

they were unabIe to perform any but the most mdinientary fi.actiom operatiom. 

One cpestion Uiat proved to be very ciifficuit for almost aII of the students 

was "Cm you thùik of a hction that cornes between 1/4 and 218" As can be 

seen on Table 5.2 only 13% of the students were able to correctly answer this 

question. WMe it is true that it is a d i f f i d t  cpestion, the range of misconceptions 

that was discovered was surprimig. RecaU that these shidents had received four 

years of Ecactions instruction pxior to this intervention. First, when attempting ta 

answer this question the majority of the students merely asserfed that there was 

no such nuxnber- However, when students did make an attempt, their 

de6icÏencies with fractions were reveded. 

BeIow I present two different sets of erroneous qIanations in answer to 

the an ittem that requested that the studenk Eùid a nurnber between 112 and 

2/4. 

Interviewer; 

Student (1): 

Is there a h&*on between 1/4 and 2/4? 

Hm-.. What n&er cornes between 1/4 and 2/4? 

111 take a gugs and say 1 /3. 

What made you Muik it was 1/3? 

WeUI+2=3sothatwhyIthinkitisl/3. 



Interviewer= 

Student (2): 

Interviewer: 

were 

Student (2): 

Interviewer: 

Student (2): 

isl 

Is there is a number that goes between 114 and 2/4? 

WelI there is no h & o n  that goes m between but 

there is a demal. 

Excellent, a deamal wiIl do just fine. What decixnat 

you thinkùig of? 

1 point 5. 

Why do you think that it is 1 point 5? 

Because you need a number between 1 and 2 so that 

pobt 5. 

Both studaits based th& invented strategies ui CaIdations involving the 

numerator. Neither of these students induded the denominator in th& 

reasonin~ thus indicatirtg their la& of understanding of fractions and th& 

reliance on th& whok number Iearning. 

A s idar  Iadc of understanding was shown in the standard question that 

was mduded: "Estmiate the sum of 11/12 and 7/8?" Just as reported in the 

&rature, the majority of these students were not abIe to consider these fractions 

as qumtïties, thus realiang that "2" wodd be the cIosest estimate- Rather they 

selected either "19" or "21" as the m e i r  to UUs cpesüon from the multipIe 

dioice kt, mdicatlng agani that they saw the denomhafor and the numexafor as 

two separafe nunibers that couId be manipufated independentl.. of one anohet. 



Finally, when we reqyested that students order the following series of 

nUITlf)ers -48, 5/8,14/13, .99,1.03 we uncovered several misconceptions that we 

had not hithexto encountered. For example, most of the students subscriied to 

one of two opposing @O& enoneous) ideas. On the one hand some asserted 

"that fractions are always smaller than "decimals because they are tiny 

numbers" (one *dent argued that 99/100 was a "very very k y  number" and 

that 48/100 was "quite a bit bigger"). The other typical error was the assertion 

that hctions are dways Iarger than decimals because they have two numbers- 

As might be expected there were a h  students in Uiis group who lacking an 

undmding of the hterchangeabiüty of deamals and fractions suggested that 

it was not possible to order these numbers at aü. 

Students' performance on the decunal items at pretest were generally 

better. For example, students were more adept at converting deamals €0 

fiactions than they were at perfonning the reverse operation: thus, in artswer to 

'Wkt is 118th as a decllnal?" The majority of students m e d  that the answer 

was .8, .O& or 1.8. This same prob1e.m was even evident when the studentç 

attemted to convert a more faniitiar fraction, 1/4. As in the above exampIeI 

students aSSerfed that the answer was -4 or -41. 

Another indication of these studentç diffidties was the confusion they 

showed m decting and performnig operatiom. The rnost obvious probIem of 

this sort was revded m th& answers to the item: "Tb 7 kee F e r s  of IO?" As 

m the earIier studies, students att empted addlfion, (3 + 4 = 7; so the answer Ïs 
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"yes") or faulty division ("No, because 3 doesnt t go evenly into 10"). F W y ,  it 

was apparent that &dents had diffldty workmg with proportional relations. 

On the item 'W Tall and M!r Short" the majority of the students in this dass used 

additive reasoning to Eùid the incorrect solution of 8 (see Chapter 3 for kther 

expianation). 

In summary, it was observed that the Grade 6 students had many 

misconceptions and rTifFicuIties with fiaction @OIS, conversions between 

representations, ideas of magnitude to select the correct operation to =Ive t hen  

56.2. Posttest ResultP: Changed Undexstandings 

When the posttest scores were anaIyzed there was a sÎgniScant 

irnprovement foimd. Table 5.3 presents the pretest and posttest scores for the 

measure as a whole. 

Tm1 Scures on the Rnfionnl Number Tesf, Before mrd After I&~~cfi*' 
Mean Score on Pretest Mean Score on Posttest 
(max = 20) (max = 20) 

Mean score 10.33 15.53 



When a 'test was conducted it was evident that the posttest gains were 

highly signifiant, t = 10.46; p c OOO1 with the mean score Ïmproving from 1033 

(3.33) for the pretest to 15-53 ((216) at posttest An eff- score was dculated by 

dividing the Merence 52 by the mean standard deviatiort of the pre- and post 

scores (27) thus producing an Eff& Score = 1.9. Analyses of the data reveded 

that these gains uiduded: 2) an improved understanding of magnitude, symbols, 

and interrdationships of rational number; 2) the abüity €0 compute with percents 

and to use percent to represent fractions and decimals; and 3) a fundamental 

d w g e  in the ability to recognize the proportional nature of rational number. 

Evidence for these changes can be seen m the improvement of students' scores 

on the individud items from pre- to posttest, changes in the strategies Uiey used 

at posttest, as w d  as in excerpts fiom dassroom L ~ ~ S O I I S .  In the following 

sections, I wiU consider the kinds of new understandings that the students 

devdoped, k t  by lookuig at these changes m the test items and Uien by 

consÏdering data from dassroom Iessons. FoUowing this andysis of the 

ïmprovernent 1 wilI include a section on items that the students continueci to find 

diffidt even after the intervention, 

5.6.2L hproved Understandings of Magnitude, hterchangeability, and 

Fracüon Symbols Mer btmcft0on 

One of the most sfriknig changes m these &dentsr understandmgs at 

posttest was the improvement in th& ability to work with fradiomL The r d t s  

revded that the shdents codd c o r r d y  eduate €he mag~€ude of fjradÏons, 

mterpret symboIsr and movebetween representations. This was evident m th& 
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response at posttest to the items such as, "Wkt is 1/8th as a deamal?" 'Write 

6% as a deQmaf/ and "Fïnd a hction between 1f 4 and 2/4" where the scores 

were 93,96,58, respectiveiy. In order to =Ive the latter item, the students re- 

interpreted these two fractions as percenb and/or asserüng for 

axampIe, that 1/4 = 25% and 2/4 is twice that, or 50%. In this way they were able 

to End a large Miiety of answers induding for ewmple 4U/200 "because that is 

the same as 40%" or 318, "because 1 /4  = 2/8 and twice that is 418, so 3/8 cornes 

in between-" As w&, it is worth notfng that in th& response to "What is 1/8th 

as a deamal?" these studenb demonstated the use of the halving sbategy in a 

v e y  similar m;tnner used by the previous Grade 4 students (see Chapter 4). 

A further illustration of the students' newly acquired ability to inteqxet 

symboIs and judge magnitude can be seen in the foilowing excerpt fiom a 

dassroom Iesson on eqyivdencies that took place on the eighth day of 

instruction. In previous dases, students had been asked to invent chdenges for 

their dassmates. On this day, one of these challenges was taken up with the dass 

as a whoIe in a teacher directecl discussion. The students had mvented a list of 

qyttities m mixed-representations that were sometimes equivalent and 

sometimes slightIy anomalous: 
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The teacher wrote this k t  on the chalkboard and then began the Iesson by 

asking for volunteers to comment on the numbers on this list that they thought 

were not equident to 112 

The first student to comment chose 5/9 as an anomaly. "Five ninths is not 

the same as 1/2 It can't be, because 5/10 is one haIf, so, it can't be." When the 

teacher qestioned the student as  to whether 5/9 was more or Iess than 1/2, the 

student hesitated and said that he didn't really know. Another student the.. came 

up to the front of the dass and said, "in order to get 1/2 you would have to have 

4 poht 5 nirtths (she proceeded ta write 45/9 on the board ). "That,"she said 

poinüng to the fraction, "is Iess than 5/9 sot 5 /9  is larger than I/Z" The students 

were satisfied with this exphfion but before moving on to the next 

representation, a Uiird student made a related observation- She offered that she 

couid now see a pattem m regards to another Iradion on the kt, 4/7. 'Wow you 

see that 4/7 was also Iarger than 1/2 'cause it would take four eighths or 3 point 

5 sevenths to make a haif so it was üke a pattern with 5/9thsL" These Ends d 
. * .  dtscnmnzations had enarely eluded the students at pretest. 

The wrt nrmiber from the Iist that was pointed out as anordous was 

529. AII  of the students agreed that 1/2 was the same as 5 and thus different 

than 529. Y know that 529 is kger  than 112 because the difference befween 5 

and 529 is that 5 is just five tenh but 529 &O has 29 thousandths as weIL1' The 

exphüons provided by the sfudents mdicated that they had ac@ed an 

understanding of tenh and hundredths thaf had not been evident in the 



mterviews a n d  eady dassroom Iessom. The following expIanation typifïes the 

kinds of reasoning that the students displayed: In fa&, at pretest 40 % of these 

stridents had voiced an erroneous conceptualization that many chrldren hold, Le, 

that "the short- the number, the Iarger the deCunaln This same misconception 

was evident in the reasoning that many students offered at pretest as an 

exphnation for why they believed that 2 is iarger than .Mg. Clearly, the students 

were no Ionger reasoning with b i s  mixonception. 

W y ,  another illustration of students' changed understandings occuned 

in the discussion that f w ï d  on the funciion of the zero m decimals. The 

discussion began when two students diçagreed with each other as to whether .O5 

was e q d  to 1/2 Chrification was ofked by a thkd student who pointed out 

that 5 was 50% but that .û5 only means 5%* 

As can be seen, the students' sense of magnitude acmss representations 

showed inaeased awareness and preQSion, Genedy what the dassroom Iesson 

reveaied was thac the students had developed to& for m a h g  magnitude 

pdgernents and that they appeared to fÏnd that using percents as a rderence was 

heIpEuI m this regard, 

5.622 Students Ability €0 Cornpute with Percents After Instnrcfion 

The forgomg protocol from the dassrwm r e d e d  that these Grade 6 

students became adept with percents as a referent or an mfermediaf~r step for 

comparing and orderiqboth fra&*ow and decrimals. Th& hding was very 



much in keeping with those of the other two studieç. It was parfidarly 

encourôgnig that these r d t s  were obtained as Iesç time was devoted to the 

teaching of percents in this Grade 6 & d u m  (see Table 5 4 .  On the 0 t h  

hand, the posttest results also reved that students' were less profiCient in 

perforrning percent CaIcuIations than the students in the previous interventions- 

Even though aII of the students at posttest codd calculate an answer to the 

simpIe item "If a beaker halds 80 mls of water, how many mls wdd there be if 

you filled it 75% M?"ody 47% of the students codd h d  the correct answer to 

what is 65% of 160? In attempting the latter item all of the students 6rst 

successfully computed 50% of 160. However it was in the second step (i.e, 

caldating 15% of 160) that the çtudents encountered difhcuities: %me students 

merely added 15 to 80, adùeving 95; others had difficdty perfomimg the 

computation ai ail. While there was good improvement on th.& item (students 

moved from 6% to Ph), the mean score on this item was Iower than the means 

that were achieved by the Grade 4 students m Study 1 and the high-achieving 

Grade 4s in Study Z A conjecture is that these students, beause of th& previous 

hadit iod teaching were not as dispos& to or as able to invent procedures. 

Thedore, it is hoped that a longer fime spent on percent exercise might wd 

have been vduabIe and wouId have made a difference m these students' ability 

€0 compute with percenb. 

5.6.23. MuItipIicafivelRafio ReasonÎng Mer hhaction 

EPiaUyC m Iine with our hypothesk~ another area thatshowed 

improvement was m proportionally and rndtipIicâtÏve reasorting. The item on 



the meaçure that most direttly assessed ratio understanding was the Karplus et 

al. (1974) item, ML Tall and Mr. Short- As  an be seen, there w a ~  substantial 

improvement on this item at posttest and 80% of the students were able to 

reason multipücatively and soive the problern. 

Studaits' ability to think of ratios and relative proportion can also be seen 

m another excerpt from that same dassroom lesson. Again, the k t  of 

e@dencies was revealing in this regard: One of the challenges incIuded in the 

list was to prove whether XXX might be eqyivalent to 1/2. The k t  student to 

address UUs challenge asserted that XNC codd not possibly equaI 112 "Lets say 

that X is equaI to 2 WelI then XXX is 222. Or let's say you c d  X equals 5, then it 

wouId be 5-55. So it can't be half because 5 55  is not the same as 112 or 

12"Anothe.r student then noticed that 5-55 and 222 represented the same 

rdationship as 151. This observation became a subject of interest and other 

students then noticed and commented on the pattern of the constancy of the 

ratio- 

Another student then voiunfeered a diffkrent ïnterpretation of - "I 
thought about the XX as meaning X t h e s  X so if you rnake X to mean 5, then 

you wodd have 5 : 25 or Ïf X is 6 ,  then it is 6: 36 and 7 wouId be 7: 49." There 

was g e n d  excitement at thÎs discovery and then one student thought out Ioud 

"but if X = 2, Uien you wodd have 24 whichiç the same as 1 2  so it can be the 

same as one Fmalty the students who hacl proposed the challenge m the 

fi& place exphhed th& mfended meaning of m. 'We made XrM( Roman 
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numeralsr so the.. X = 10 and XX = 20, so that just like a haIf-'' This discusmon 

highlights students' mterest in and abilitg to consider the ratio constntct of 

ratiord number. 

Table 5.4 presents items from the measure that are ordered according to 

gains that students made fkom pre  to posttest Since the Levd 1 items were aU at 

ceiling to start with, these are not induded on the EoUowing table: 

Items Pre Post 

Whatis 1/8asadecimat? 
Wnte 6% as a decimai. 
Iç 7 3/4 of IO? Explain your answer. 
W. Short3 haght Îs 4 matchsticks. Mr. TaII's height is 6 matchsticks 
When we rneasure theh height with paperdips W. Shor€'s height is 6 
papercüps. How many paperdips are needed for Mr. TaIl's height? 
What is 65% of la? Explain your answer- 
How much is 5 + .38? 
What is 75% of 80mI of mter 
fs there a fraction between 1/4 and 2/4? 

Fïnd 1/4 on a numberhe 
Sade 31 4 of thÎs Pizza 
TeE me a number that cornes between 3 and -4 

&der from hg& €0 d e ~ t  -48r5/8t14/13F -99,1.03 

Mrs Cheever Ïs 50% taIIer than her daughfer. Her daughfet's height 
is what % of M k .  Cheevers? 
Estlmate the answer to W I 3  t 71 8 



5.624. Limitations of the Cnrridmn-If- With Little Change 

While there was subçtantid improvemait on many of the items, there 

were stiU some that remained ciiffidt for the students at posttest. As can be seen 

from Table 5.4, there were items where the gains were ümited. AIthough most of 

these items appeared to geneate no changed conceptuaiization from the pretest, 

there was one item where the students, while still unable to achieve the correct 

m e r ,  were at Ieast able to answer part of the question successfully- This item 

asked students to order the numbers: .48,5/8,14/13, -99, and 1/03. In answering 

this pesüon all but two of the students were able to comectly order three of the 

numbers: .a, 518, and -99. However, when it came to finding the larger of 14/13 

or 1.03, the students ran mto diffidty. Thus, aIthough the score for this item at 

posttest was disappointing, stilI the students had improved their strategy use and 

had Iost their misconceptions about cornparhg decimaIs and fractions. 

AIthough the previous item showed at Ieast a broadened understanding, 

there were three items on which there was no diange m conceptuafization or 

understanding between pre- and positest. On the k t ,  the standard item 

"Estimate the sum of 12/13 t 718," the students were not able to consider the 

cpntit ies represented by these symbols. They responded to this item exactly as 

they had at the pret- and gave the incowct ansvers of 19 or 21. It is beüeved 

that when conhonteci with diffidtnumbers, -dents often regress m theh 

reasoning and reIy on d e s  and procedures rather üian access to the concephral 

knowledge that they have acqyked I belleve that this item is dfÏcientfy difficnlt 

that the *dents showed exa* Uus pattern of behapiour. NonetheIess, ththeEr 



la& of flmiiizty in thllSang on this item is an area of concem in our r d t s  and 

perhaps demonstrates that more dassroom time needs to be devoted to hcüon 

acüvities or that hey're not appropriate for this grade levd. 

Another item of Ettle diange required that students find a number 

between 3 and .4. In anmer to this question the students aII agreed that such a 

number existed however, when they attempted to find an answer they ofien 

chose numbers that were incorrect. Finally, the most diffidt item which asked 

students to derive the percent height of W. Cheever's daughier to her motha, 

was as freqyently missed after instruction as before. Students asseffed rnost 

fiequently that the daughter's height was 50% of her mother's, or else that the 

daughter was 0% of her mother. This is a very diff idt  item as the students are 

not abIe to understand the refkrent for the percent- aius when asked, they could 

not even draw a pidure that represents this question. Mthough there were a 

great rnany advitîes that dealt with percent measurements and percent 

compansOns of height in the Grade 6 curridum, the concepfs ernbedded in this 

prob1e.m were not addressed. 

5.63. Pre- and Posffest Pdormance Differential in High-AchÎeving and LOW- 

Achieving Stridents 

In the previous study, the more able Grade 4 *dents improved SigniSmdy 

more Uian the students m the lower hdf of the class- A hypothesÏs for this study 

was that Uiiç findihg wouId be different for dder students. Table 55 shows the 

pre and postkst scores &er they were spIit for high and Iow. 1 derived the 



desiption of high and 1ow as 1 did in the preceding study, by flnding a media. 

spIit on the raw scores for the Canadian Test of Basic S m ,  Uathernatics 

Concepts Subsde. A@, 1 soiicited raüngs fiom the dassroom teacher. Her 

ratings were m agreement with the division of the class suggested by the test. 

Items HÏgh-adiieving Low-achieving 

Pre Post Pre Post 
Mean Score (max = 20) 13.43 16.57 *+** 8.î2 14.12 

(2-44) (2,5)**** (135) (159) 
** p c .01; p < .W1; **** p < .0001; ns = not signifiant 

When t-tests were performed to evaIuate change for each of the two groups 

from p r e  to posttest, it was discovered that both the upper half and the 1owe.r 

half improved sipificantly, with the high aduevers t = 6.181, p = .O008 and the 

Iaw adiievers t = 7.64, p = -0001. Eff& &es were d d a t e d  and it was 

discovered that the effkct size for the high-achieving students was 1.4 for the 

low achievers €bis was 1.7- 

h order to Mer evaluate the differences berneen the hi&- and Iow- 

achievZng stud- and to test the conjecture that both groups of students wodd 

&e equaI gains fiom pre- to posftest, 1 conducted a two-way d y s i s  of 

variance wifh repeafed measmes [[gotp) hÏgh- by Iow-achievement IevdL x 



[(time) pre  and posttestl. The results revealed bat the gains were not equivalent 

for the two groups. But rather what was found was that there was a signiscant 

group by time interaction, and that the Iow-aduevers improved significantly 

more than the students in the upper hdf of the ciass, F(1,13) = 4.802 p < .0471. As 

weli, the effecf~ of group and the eff- of time were a h  signiscant at F(1,13) = 

12.89 p < -003 and F(1,13) = 95.57 p c respectively. 

56.31 Differences for High and Low-Achieving Students on the Items in the 

Three LeveIs Of Diffidty 

Given that there was a diffaence found m the performance of the two 

groups, a question that arose was how the groups compared at pre- and posttest 

on the items when they are broken dawn into the three Ieveis of diffldty. Thus 

1 d d a t e d  the means and standard deviations for both the high- and Iow- 

achieving students on the different IeveIs.,TabIe 5.6 shows a breakdown of the 

mean scores for the three IeveIs for both the high- and Iow-achieving students. 



Table 5.6 
Pmcenfage of Sfudenfs F r m  Loro- and High-Acliibing Groups Succeeding on 
Lewr 1 , 2  and 3 Items, 8-e and Afer I~~ 

Low 
AchÏeving 

High 
Achieving 

Pre Post Pre Pos 
Levd 1 Items 4.75 
(max = 5) 1.30 

Levd 2 Items 2.65 
(w = 7) (1.06) 

Level3 Items -75 
  ma^ = 8) (-70) 

As has already been reported ail of the students were successful on the Levd 1 

items even at pretest. 

On the Levd 2 items however what was reveded was Uiat the hi@-adüeving 

students were able to answer most of these items before instntction aftaining a 

mean score of 5.57 (1.13) out of 7. At posttest this group performed at ceiling 

achieving a score of 6.57 (-78). The scores for the low-achieving students on the 

LeveI 2 items were differenL At pretest this group did poorIy, achieving a mean 

score of 2-65 out of 7 (1.06). However they did make substantid improvemait 

on these items as a r d €  of instruction and scored 5.37 (52) at posttest M y  

on Level3 items botil groups had d r f f i d t y  on the pretest; the low-acbievhg 

&dents scored .15 (-70) out of 8 and the hfgh-achieving scored 2.85 (1.57). 



However as the table indicates each group improved th& score by k e e  points 

on these Levd 3 items. 

When a repeated measure ANOVA was conduded on Level2 items ; [ p u p  

(high- and low-achieving)] X [time, (pre and post)] a signiscant interaction was 

found for group and time F = 97.1280 p c .000. Similar interactions were found 

for the effect of time as weU as for the effect of Ievels. Post hoc anaIyses (Scheffe 

= 1.68) reveded that there was a highiy significant difference from pre- to 

posttest on the Levd 2 items (Scheffe = 27.03). By contras€ when an ANOVA was 

perfomed on the Cevd 3 items b o u p  (high- and Iow-achieving)] X [the, (pre 

and post)] the results were diffkrent There was no interaction found for group 

and tirne F = 1.75 p c 207. Thus it is apparent fiom these resdts that the 

curridum was partÎdady &&ve for the low-achieving students as they 

made gains in both levels of diffidty. 

5.7. ResuIts and Diswsion of the Pdomumce of The Normative Groups: A 

Cornparison with the Expc?rm,entaI Grade 6 Stadents 

5.7.2. Cornparison of €he Experimental Sfadents at Posttest €0 the Four 

Normative Groirps 

The firiaI group of *estions addressed m the stody concemed the 

improvement that the currÏCUiullz produced for these Gkade 6 students measured 

Ïn developmentaI, mther than absoIufe (percent gai@ t e~z~~s -  FolIowhig the 



admnishation of the 2Giteni measure, mean scores and standard deviations 

were obtalned for all of the students in the normative groups. As expected, the 

scores increased by age of the students. The mean scores for the studenfs m 

Grades 4,6, and 8, were 6.75 (3.22),11.5 (4.04) and 135 (3.87) for Grade 4,6, and 8 

respectivdy. The adult students in the MA presemice teadung program attahed 

a score on 15.33 (2.35) on the measme. These scores dong with the poseest 

scorës of the Grade 6 experimental dass are presented in Table 5.7. 

Table 5.7 

Total Scmes on fhe RatimL N d e r  T e  fw the Normatme Gtoups mrd the 
ExperimettfaL Studmfs af Posffest 

Test Grade 4 Grade 6 Grade 8 Presenr Grade 6 

When a oneway ANOVA was perfonned it was reveded that the 

dtfferences in score were, in fa&, hÏgh€y signincank F( 4,122) = 233 p < .0001. A 

Sdieffe post hoc was also conducted to further qIore these differences- What 

was revded was that the mean score obtahed by the experimentaI group was 

signiscantl. dSCexent than those of the Grades 4,6 and 8, but not of the 

preservicce teachers- 



While this findïng was of interest, s a ,  there remained the question as to 

which test items contniuted to that r d t .  Did the çrmilarity of scores of the 

preçervice teachers and experimentd group r d &  the passing of si& items 

or were the items that comprised the mean scores more d o m  in nature? To 

answer thh question 1 condudeci a breakdown of the means scores for each 

group by level of diffîculty. These scores are presented in Table 5.8. As can be 

çeen the experimental students were able to score even slightly higher than the 

graduate students on the LeveI 3 items attaining a mean score on these items at 

posttest of 4.53 (1.72) out of 8 compared to the preseMce teachers who had a 

mean score on these LeveI 3 items of 4-03 (249). On these same Levd 3 items the 

Grades 4, 6 and 8 normative groups attained means scores of -75 (12) 2.6 (LM), 

and 3.0 (2.58) respectively. On the Levd 2 items, on the oher hand, the 

preservieservice teachers were more niccessful than the students in the experimental 

group scoring 6.28 ((114 ) compared to 5.73 (1.03) respectivdy. As can be seen, 

the Grade 8 students also attained a simiIar score 5.42 (1.50)). Table 5.8 presents 

these scores. 



Grade Levels Grade 4 Grade 6 
n=20 n = 30 

Dev. Levd 1 
max=5 

Dev, Levd 3 
max=8 

Grade 8 
n=20 

Reçervice Exp Post G 6 
n= 32 n=25 

Finally, I wanted to compare the posttest scores of the high- and 

low-achieving Grade 6 students to those of the normative groups. Smce the 

LeveI 1 items were passed by ail of the groups, 1 exclude these items fkom the 

fonowing tabIe and present the resdts of the Levd 2 and 3 items for di of the 

groups.TabIe 5.9 represenb the resdts for LeveI 2 and 3 items for the normative 

groups together with the r d &  obtamed by both hi&- and Iow-achiewig 

experimental students. As a n  be seen the tagh achievers attained a superior 

score on botfi IeveIs of items compared €0 the p r d c e  teachers and the Iow 

achievers' scores were similar tu those of the Grade 8 normative group. 



TabIe 5.9 
Percmfnge ofsftrdenfs Frm the Normntbe Groups d fhe ExperSmental Grade SU 
Claçs af Posttesf Split fOr Low artd HighAchimm Succeedhg on Leuel 2.2, a d  3 
if e??s 

Low High Grade4 Grade6 Grade8 Presesv. 
Post Post n=20 na0 n=20 na2 

Level3 items 3.75 5.85 .75 26  3.0 4.03 
max=8 1-48 (157) (1-2) (186) 258 (2-49) 

5s. Summary and Condusions 

In this study, I exarnined the Ieaming gains of a mixed-abiIity Grade 6 

dass who had ail received previous traditionaI instruction in aU aspects of rational 

number. In the two previous studies that were impIemented to assess the 

ben&& of the experirnentzd rational n d e r  ~ C U I u m ~  the students who 

paticipated had not had any previous instruction, Thus, by working with this 

parfi& group 1 was abIe to ask a serÏes of new pestions that had hitherto not 

b e e ~  addressed. W e  hoped that these questions mi@ kther our understanding 

of the application of th& d d u m  to broader confexts* 



The first questions concerned the potential of this CUZncuIum to 

generate changed understandings for students who had received prior 

traditional training* Since it has been reported that mdents have a dBicuIt time 

adoptuig new thinking strategies and considering new approaches to topics they 

have prevÏous1y Ieamed by rote, 1 wondered if students who had received 

haditional instruction in hctions and deamals based on additive patt/whole 

notions would be able to rrorient their understanding to uidude much broader 

based ideas. My hypothesis was that these Grade 6 students wodd in fad be abie 

to gain new understanding since the present cufncuium was so different- This is 

an important consideration as any irnplementation of thÏs ctmicuIum (or any 

other curridum) at the Grade 6 levei would necessariiy invoive the intntsion of 

previous Iearning- This hypothesis was confîmed- 

Ano€her qyestion of interest was whether the cun5cuIum couId be 

effective when presented m Iess üme. As 1 have reported, the Grade 6 

experimentaI students had ody M e e n  hours of instruction compared to 

twenty and seventeen hours of the fmt and second study respectivdy- h order 

to reduce the total teadung hoursr Iesç time waç @en to percent teaching at the 

openhg of the sequence- 

Aithough the students came to use percents as a referent in perfoftning 

mvented so1utions pazIficukdy on items involving fractions, they were not as 

successful as the Gade 4studenfs m cornpukg with percents. This was &dent 



in the Iower scores that they received for the item that asked them to caldate 

65% of 160. 

A third qyestion concerned the diffaences in Ieaming outcornes of the 

hi@-adueving versos the low-achievnig students. The results d the Grade 4 

study revealed that the upper half of the ciw improved signiscantIy more than 

the Iower halft My hypotheses for thiç study was that, because the students were 

two years older and more experienced with muItipücation and division, the gains 

of the two groups wouId be the Sarne. In fa& what the andysis revealed was 

that the lowe. ability students benefited more from instnrction tthan their higher 

abiüty counterparts. InterestingIy, these gains were primariIy on the mid4evel 

bsks where the Grade 6 studentç in the higher abiüty group were akeady 

competent. As weII, these ganis were on very diüiult problems (Le* 3 items). 

AIthough both groups of students started with differing prescores on these 

items, and ended with different postscotes, both groups improved sipificandy 

and equdy- Two intexpretations seem possfi1e. The fùst is that there was a 

ceilhg effkct for the high-achieving students. The second (not incompatible) is 

that the main impact of the program becatse of the content it contains, is on 

children jbst making the transition to formal absûact (Fischer), or 

vectoriaI (Case) thought, Le., advanceci Grade 4 or 5 studentç, and average or 

beiow average Grade 6 students. In either case, one might conjecture that Uiis 

cmridum wodd be best introduced at the Grade 5 or d y  Grade 6 IeveL 



A fmal pesüon considered the magnitude of the irnprovement in 

devdopmental terms. From the r&ts of the normative çtudy and the 

cornparison of these r d t s  to the performance of the experimental Grade 6 

students, 1 leamed Chat the Grade 6 students pedomed as well as the students in 

an M A  teacher teaching program, and at a higher Ievel than the studenfs in 

Grade 8. hdeed, the hi@-achieving Grade 6 students, who are probably the 

most appropriate cornparison group for the MA. students, performed higher on 

the Levei 3 items than they did. 

In the next chapter 1 I examinexamine the results that the students obtained 

across ail three studies to discover more about the curridum and to see whete 

the simiiarities and Merences are to be found- 



Chapter 6 

Assessment of the Curricuium Across Three Studies 

&ch üme the currÏdum was taught, aIth0ug.h the approach to the 

rationd number content and the dasszoom teadiing structures refnained 

consistent, there were significant changes made to M e r  our understanding of 

students Iearning of rational number and to refine and test aspects of the 

CUfl ldum,  

For exampIe, there were changes made in the population of students 

who peapated. In the k t  two studîes the students were in Grade 4; the group 

hom study 1, reported m my M A  thesis (Mossr 1997) were hi&-achieving 

mathematics students who had been e s p d y  seIected, whereas the second 

group, an intact Grade 4 dass, was more academidy diverse. In Study 3 the 

students who pdcipated came hom an intact mixed-ability Grade 6 dass thus 

providing an opportunity to asses the e f f ~ e n i e s s  of the intervention with 

oIder students who had aiready had several. years of traditional Înstrucüon Ïn 

rational n . e r  and had formed th& understandings based on fhÏs prïor 

€raining. 



Changes were also made to the curridum that was deIivered. 

Significantly, the number of teaching hours for the Grade 6 students was 

shortaied. As w&, variations on exercises and bsks were çubstituted for the 

originalr prioritizing diffei:ent rational number representations. 

FinalIy, the measures that were used for the pre- and posttest 

evaluations were substantially different at each iteration of the program. AU of 

the measures shared cornmon purposes: b probe for sh~dents' conceptual 

understanding, to assess their ability to perform standard tasks and to evahxate 

the extent of their rational nurnber sense. Neverthelessr changes were made to 

the number of items on the measures as weU as to the content of items. In the 

first two studies, whkh comprîsed 41 and 49 items respectivdy, the measures 

were divided into three separate subtests (Percents, DecimalSr and Fractions)- 

SeveraI items in the second rneamre were modelIed on those of the fust but m 

the second the numbers txsed were more chaIIenging. A h r  on this second 

measure, more standard computation items were induded. The third measure 

was substantialiy different, mduding o d y  20 items that encompassed a broader 

range of difficuity. This measme &O induded 2 nonned items hom the standard 

mathematics education literatue. This thHd measure was deçigned with two 

pinposes; to evaluate both the change in the pre and posttest performance of the 

e x p e e n M  b d e  6 sfudaits as welI as €0 evaluate the performance of 

normative samples of sfudents, ranghg fiom Grade 4 to ad& For a smnmary 

of the methods and design of the Uvee sfudies pIease see T ' e  6.1 bdow. 



Table 6-1 
DmC' of the Three Expm*mmfal Sfudies 

Study 1 Study2 Study 3 

Test new approach using 
f o d  experiment and 
meame 

Grade 4 
n= 16 
Bottom qyarter of dass 
excludeci 

percent -6 
decimals3 
firactions/mixed 
representation -1 

41 Items 
9 Patents 
16 hcüons  
16 

Replicate 
experiments with 
broader range of 
subjects and more 
test items 

Grade 4 
n=15 
AII sfudents incias 
mixeci-ability 

percent 5 
decimaIs2 
fractions/ mixed 
representation 3 

49 I t m  
16 Percent 
17 Fractions 
16 D~cÙMIs 

See if approach works 
with oIder students who 
have had traditional 
introduction to ratiord 
number 

Grade 6 
n=15 
Aii students m &ES 
mu<ed-ability 

13 hrs 

percent 3 
decûnak *1 
hctions/DCtiXed 
representatîon .6 

20 Items 
Mixed Representations 

With aII of the changes that were made to the measrne, 10 items were retained 

across the fhree studies and it is these 10 items that will be analyzed in ttùç 

ch apte^ The aim of the present chapter iç €0 assgs Uie robustness of the 

d d u m  across the three studies. In order to accompiish this a n a l . ,  I aeated 



a new data base using the ten common items. These items are presented bdow 

in TabIe 62. 

TabIe 6.2 
Tm I t e m  OrdPred by h e l  fhnf Were Retmned Amus the Three Sfudies 

Levd 1 What is 50% of $8.OO? 
Draw a Ihe on this beaker where 1 /4 full wodd be. 

Levd 2 C m  you name any number between 3 and .4? 

Which is bigger, 20 or .089? 
Shade 3/4 of UIis pizza (pizza iç divided into 8 sections) 
How wodd you write 6% as a deamal? 
How much is .5 + 3? 

Levd 3 Another student said that 7 is 3/4 of 10. Is it? Explain. 
What is 1/8 as a deamal? 
What is 65% of la? ExpIain your answer. 

As can be seen these items were taken fiom each of the three IeveIs of 

diffidty. Thus, whÏIe it iç hue that these items only represent a portion of each 

of the Ionger measure, the range of diffidty that they represent does provide us 

with the ability to compare the performance of the groups on dBérent types of 

items- 

The a d . .  m fhis chapter will be as foHows. Fioit 1 wiII fnst present a 

~ € i f a ü v e  amdm Uiat compares the performance of the groups as a whok 



As part of this andysis I will also examine the differences m performance of the 

high- and Iow-achievers. FolIohg that, 1 wiiI present an d y s i s  of the 

individual items and compare the perfolemance of the three groups on the 

different items. Fmally, using these same items, I wiU compare the performance 

of the experimental students to that obtained for the normative samples. 

6.2 Resdts on the O v d  Measure 

TabIe 6.3 shows the means and standard deviations of the pretest and 

posttest scores and the effect sizes for the three expefimentd groups and the 

heahnentfcontd group on the 10 items (Zumbo, 1999). (The effèct sizes were 

cdculated by subtracüng the pretest score from the posttest score and then 

dMding that difference by the average standard deviation of the pre and post 

scores). As was to be expected, the Grade 6 dass had the highest scores both on 

the pretest 5.12 (1.81) and posttest 8.61 (1.18) fonowed by the higkachieving 

Grade 4's m Study 1, who obtahed an o v d  score at pretest of 3.07 (1.82) and a 

posttest score of 8.4 (1.60). The mixed Grade 4 cIassI on the 0 t h  hand, adrieved 

a score of 43 at pretest and 72 (1.8û) at posttest, with an effect size of 255. The 

students in the conkoI group from Study 1, aIthough achievinga smiilar score tu 

the experimenkd çtudenfs in pretests (scorfng 285 (1.99), were much l e s  

successfd on these items at posttest receiving a score of 3.5 (1.78). These r d t s  

are presenied m TabIe 63 bdow. 



Table 6.3 
Toial Memis Scores, Differeme Scores and Em Sites on the Items AcrosçfoT An3 
Exp&mfnl Groups and the 2 Confrol Group 
gr on^ n= fietest Posff est Diffaence Eff& Sie 

Score 
-- - 

Year 1 16 3.07 8.4 5.33/1.71 3.32 
Experimental (1.82) (1.6 1) (lm 
Grade 4 

21 24.3 7.2 4.81 / 1.88 
Yeas 2 (1 .88) (1.88) (1-72) 
Expeximental 
Grade 4 

Year 3 
Experimental 
Grade 6 

Year 1 14 285 3.5 -643 /1.89 34 
Control (1.99) (1.78) 

Grade 4 

When a one-way anafysis of variance was performed on the pretest score 

means for the three experimenbi groups, a signifiant Merence was found 

between and within the groups, F, (2,49) = 11.88 pc .0001. A post hoc Sch&e 

showed that there was no diffaence between the two Grade 4 groups at pretest. 

However, there were signiscant differences found at pretest between the fwo 

Gade 4 groups compared to the Grade 6 sbdents. When a Schef5e was 

performed on the posffest scores there were no differences fomd between any 

of the groups, See figure 6.1. Thus, this d y s i s  based on these ten items 

suggests that the curcÏcuLtxm seemed to be e q d y  &édbe at postteçt for the 

three experimental grorrps- 



TOTAL SCORE ( I O  items) 

GR4Study t 
Control I 

i o  

7 3  

6- 

4 

3 

2 

I 

PRE-TEST POST-TEST 

Fi,- 6.2 TOM mean scores and effect Nes for the three experimental groups 
and the contrd group h m  Study 1 on the 10 selected items at pre and posttets 



63 A Cornparison of High- and Low-Achieving Studenfs 

R d  the diffèrences that were found between high- and Iow-achieving 

students in both Shidy 2 and Shidy 3. A surprising resuIt m Study 2 with the 

mixeci Grade 4 dass was the signiscant Merence m rate of gain at posttest in 

favour of the high-achieving students. When simiIar analyses were conducted 

following the mtervenfion with the rnixed-ability Gade 6 students, however, the 

results were reversed: the Iow-achieving students gained si@ontly more than 

the students in the upper half of the dass. Thus, based on those results 1 was able 

to condude that the rational number curridum was most effective for high- 

ab* Grade 4 and low- ab- Grade 6 students- 

As part of the present dyses, 1 was mterested to see if these same 

didferences would SU be evident on this new database of ten items and if, in fa&, 

it might be a possible to calculate which of these two groups gauied the most 

Means and standard deviations of the pre and post scores, and &kct sizes for 

these 4 groups of students on the ten items, are shown m TabIe 6.4. and Figure 

6 1  P o  review how sfudents were designated as either high or Iow achieving, 

pIease see chapters 4 and 5)- As can be seen, the r d t s  of these analyses showed 

a simiIar pattern tu the r d t s  obtained by these groupç on the original 

mea~u~es. Again, the most substanW gains were fornid in the scores of the hi&- 

achieving (;rade 4 studenb and the IOW-achÎeving Grade 6 studentç. However, 

studyÏng the effktslzes that were obtaïned by these goups, does reveal that 



dthough they were very high in both cases, the effèct size for the low Grade 6 

-dents (3.76) was even higher than that of the high Grade 4 studenfç (3.57)- 

This r d t  suggests that the experimental d c u l u m  is well suited for both of 

these groups but perhaps slightiy more for the Iow Grade 6 students. A 

limitation with this analysiç, however, is that thete is a possible ceifin8 effect for 

the high Grade 6 students. Thus we cannot be sure how they wouId have done 

had there been a Iarger number of intermediate and d S d t  items. 

Table 6.4 
M m ,  Slmidmd DeDiafions, D@ierence Scores and Effect Sizes for the Tor Ifems Anoss 
the Three Shrdies C~mflminx Hkh- and h-Achieuhg Sfudenfs 
Group 

StuT2 Gila e 4  
Hi@-Achieving 

Study 2 
Grade 4 
Low-AchÏeving 

Gra e6 
Hi&-Achieving 

Gra e6 
Low-Achievinn 

Difference Score Effkct Size 



TOTAL SCORE (f O items) 

4 G R 6  LOW 

P RE-TEST POST-TEST 



6.4 AnaIysis of the Individuid Test Items 

In order to m e r  compare the groups' responses, 1 conducted another 

anaiysis in which 1 Iooked at the ciifference in the studentsr responses on the 

individuai items. Table 6 5  preSeRts the percent of conect responseç for a l I  of the 

groups on the Ievel2 items at pre and posttest. tabIe 6.6 presents sirniIar data for 

the levd items. The items are m g e d  in descendhg order according to the 

scores that were obtained. 

pre post pre post pre post pre post 
tvhich bigger, 20 or .089? 
Shade 3/4 pizza 
Nuniber berneen 3 and -4 

Wiite 6% as decimaI 
what is 5 + 38? 
Average percent correct 

6.4.1 Reîest R d t s  of the Level2 Items 

An examination of the h v d  2 pretest items reveaIs that -de 6 students 

were more competent with these pesfions than were either group of Gade 4 
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studentç. Firty-seven percent of these mixed-abiIity Grade 6 students succeeded 

m answerùig these questions before instruction; b y cornparison only 5%,of the 

control studentsf 30%, of the high-achieving Grade 4's and 19% of the mixeci- 

ability Grade 4 dass could correctly answer these qyestiom. Thus, w e  see that 

there Ïs a deveiopmen~ aspect or a Ieast an &kt of traditional instruction on 

these items* 

6.4.2 Posttest ResuIts on Levd 2 Items 

By cornparison it can be seen that the posttest results were more unifieci; 

the passing rates were as follows 87% for the Grade 6 students and 85% and 770' 

for the high-achieving and mu<ed-abiiity classes respectively. Generally the 

p a s h g  rates were sEmifar across all of the groups on the individual items Theze 

were however 2 exceptions: the first was on the items that asked the students to 

''End a number between 3 and .4." On this item bath grotrps of Grade 4 

students were successfd a&evirrg 100% for the first group and 76% for the 

second group. By conhast, the Grade 6s only achieved a 6% rate of p a s h g  and 

thus barely made any improvement from pretest Although the rdativdy poor 

showing on this item iç d i f f i d t  to explainp a possible expIanation is that the 

traditional training that the students had received prior to the intervention had 

created some confusion* RedL k t  the Gade 4 studentç had not had any 

aalliing m deamaIs outgde of the experimental progam, It is mteresting to note 

that on Uiis same item the passing rate for the contrd group (from Study 1) 

actuaIZy dropped hom pre- €0 posttest kom 43% at pre- and 17% at posaest 



nius traditional instrucüon appeared to have made Uiis item particularIy 

challmging for the çtudents. . 

The second a n o d y  m posttest scores on Level2 items was, on another 

item invoIving deamals 'Wow much is 5 + 38?. On this item, in contrast to the 

previous one, it was the Grade 6 students who achieved the signiscantly higher 

rate of passing (80%) compared to any of the Grade 4 groups. These younger 

students, while improving considerably from pretest, only had 50% and 52% 

rate of passing at posttest. Perhaps the fact that this item was more standard m 

nature meant that the Grade 6 students who had done more standard 

computation were able to be more successfirl. 

6.43 Retest Results LeveI 3 Items 

TabIe 6.6 has the pre- and posttest scores that were achieved of for the 3 

Level3 items. As indîcated on TabIe 6.6, the Ievd 3 items were diffidt for aII of 

the students in the experimental groups. 



Table 6.6 
Percenfage of &dents in the Three ExpetTmertfal Groups and the Cmtd G r q  
Succeedkg at h l 3  Ifems, Befole and Am l ~ c f t c f t o n  

Study 1 Study 1 Study 2 Study 3 
Conbol Experimental Grade 4 mixed Grade 6 

it? Expiam 

What is 65% of 8 
lm? Explain 

- 

Average 3 2: 4 Z3 10 58' 29 .&&$ , - % .  - 

percentage correct . - .  _ ,_ .  Y! 

6.4.5 Posttest Scores on Levd 3 Items 

As cm be seen hom the table, the mU<ed Grade 4 group experienced 

difficdty with alI of the LeveI 3 items. However, the item that proved to be the 

most chaiIenging was 'What îs 1/8 as a decimal?" On thÏs item, this group 

achieved a rate of passing of ody 47% compared to 75% for the hi@-achieving 

Grade 4 students and 93% for the Grade 6 students. This rentlt was surprismg. 

As 1 have hdicated m Chapter 4, these students actuaIIy received more direct 

instruction with mixed-representations of nUIIII)ers. A specuIation iç that the 

expIiat instruction m ded-representations mÏght not be as hdpfd for the 

students as repetiüous work with percents in measmement 
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In summary then these resuIt show that all of the students including the 

cunhol group were successful m the Levd 1 items, and that g e n d y  the pretest 

scores on the Level2 items were higher for the Grade 6 students.ThÏs led to the 

speculation h t  traditional traeUng might have been usefuI in response to these 

cpestions. However, the advantage displayed by the Grade 6 students on Level2 

items did not apply to the Levd 3 items. On these items there was no ciifference 

in pas* rates for the Grade 6s and the hi&-achieving Grade &.The 

performance on the Levd 3 items perhaps is the most unified. On these a l l  of the 

*dents did well with the exception of the item 'What is 1/8 as a decimal?' It 

appears that even though there were rnany changes made, the d c u i u m  

proved to be helpful to aU of the students regardes of age or experience. 

6.5 Cornpadson of the Pdonnance of the Experimenfal. and 

the Nonnafive Groups 

In a final set of analyses I compared the passing rates of the 3 

experimental groups and controI groups to those of the normative groups on 

the same 10 items. Table 6.7 presents the passing rates on the Ievel2 items for 

the nonnathe students fiom Grades 4, 6, and 8 and postpduates The passing 

rates for the experimenkd studenoi are represented as wd.  



Table 6.7 
PercertfngeofShrdenfs F m  the N o m t h e  Groups and the Three Experimenfal Groups 
After Imfrrrctim Succeedina ut hue1 2 Ifm 

Normative Experimenbl 
Item G4 G6 GS PS 1 G4-2 G6 

Shade3140f 45 84 89 94 100 76 100 
P- 
Between0.3 10 67 80 97 100 76 80 
and 0.4. 
Write 6% as 5 42 68 88 93 681 96 
a decimal? 
Howmuch 10 49 47 81 50 52 80 
is5+.38? 
Average 24 62 61 92 85 74 90 
percentage 
correct 

65.1 Levd 2 Items 

As was to be expected, the Grade 4's fotmd these items very challenging. 

AIthough they had reportedy encountered many of these kinds of question m 

theh ~I~SSTOOM, nonethdes these questions presented considerabk Menge.  

The performance of the g6 students was much beffer with 62% of the students 

able to answer that group of questions successfuIly, the su~prising rem& 

however was Uiat obtained by Uie Grade 8 *dents. A @ce at the tabIe wÎII 

reveal that the g8 did çignifiontiy better on most items than the Grade 6 

however tfiere was one item that they were not abIe to answer at aU "Which is 

bigger 20 or .089?,'@ the Grade 8 students' performance was markedlybeIow 

even the Grade 4's (see TabIe 6.7). In reviewing fheir ecplanafions offered during 



the tes- we discovered that they were operating with an erroneous d e ,  

based on theh beIief that the "longer" the number past the decimal point, the 

Iarger its qyntity. -Rd& (Resnick, et d. 1988), has describeci this 

phenornenon m the development of children's deemal understanding- At the 

time of testin& the Grade 8 class had just been reintroduced to decimal -tities 

and operations, aIIowing me to speculate that they were workmg from a de- 

based system that was imperfdy remembered. It is also interesthg to 

rernember that the Grade 6 students were l e s  abIe to perform similar compare 

and order question narneiy what number cornes between 3 and .4? Perhaps 

there is some feature that is conceptually challenging or perhaps this item 

reinforces an earlïer conjedure that students become codused &et they have 

Ieamed rules for this kind of task. 

As can be seen, the presemice teadiers were able to answer all of the 

LeveI2 items. On these items they were even çlightly more successful than the 

Grade 6s and the hi@-achievùig Grade 4 students from Study 1. Another 

interesting feature was that the Grade 8 scores were the same as the Grade 4 

scores on these items. By contrast, the Grade 6 normative and the Grade 4 

normative gr- were not as successfuf on these items* Thus* it seems that our 

cumÏCUI.um has brought these Cade 4 students up to the performance of the 

Grade 8 students- 



6.5.2 Levd3 Items 

An interesthg cornparison in Iooking at the Levd 3 results for ail of the 

groups is to discover that Uie adults while successful at the Levd 2 items and as 

capabIe or even more than the students in the experïmentd groups were far Iess 

successful than the students on the experimental groups on these items. The 

items and the average passing rates that the students achieved ase presented in 

the TabIe 6.8 below. 

TabIe 6.8 Percenfnge of S f u h f s  From fhe NM7ttfffme Groups and the Three 
Ekpetnnmfal Gruups A@ InsfrucfrLon Succeedïng at Lael3 Items 

. " 

Normative 
Item G6 G8 PS 

As can be seen, on these items, alI of the &dents in the 

experimentaI condition had higher passing rates than both the aduIts and the 

Grade 8 studentç. It appears that the ctmidum was parti&y effective in 

suppo&gstudent leamihg of these items. 

As mention& prevÏody, the LeveL 3 items are p d d d y  

challen@g in Uiat they not only reqpire broad c o n c e p ~ t i o n  of ratfod 



n u m k ,  but that in order to solve hem, several strategies need to be intepted. 

Even given these ctiallenges, however, the aduItsf r d t s  were smprisingly Iow 

compared to the results of the &dents in the experirnentai groups. In reviewing 

the protoc01 fiom the interviews with the addb students, severd features stand 

out  Fmt, there was general confusion about W o n  quantities and operatiom. 

This was shown in commertb such as '1 am not sure how to do fractions" or in 

response to an ordering item in which deamais and fractions needed to be 

compared, one student commenteci that because there were two numberç 

involved "fiactions are always bigger than decimaIs." And two other students 

offeed equdy erroneous suggestions that W o n s  were always d e r  than 

deamalS. Th& inability to da te  fiactions to decimaIs was evïdentas w d  in the 

Iow score that they received for the item "What is 1/8 as a deamal?" Four of the 

students responded that the âLiSWer was .8, indicatmg they had no conceptual 

understanding of the relationship and the quantities invoIved. F W y ,  another 

problem that was exhliited by the adult students was the difiCuIr/ that they had 

on the two items where they were required to choose an operation ("Is 7,314 of 

IO?" and "What is 65% of MO?"). As can be seen scores that they achieved for 

these items were Iow. During the interview many of these &dents reveded Uiat 

they did not *kmemberN how to do these kinds of problemç, 
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Although the conclusions that we can dmw hpm these analyses are 

limiteci due to the srnaII number of items and the way that they have been 

seiected, still there are some genefalizations we can d e C  

The effect sizes were Iarge for all groups, and wd above that of the 

conho1 groups who received the sort of hsüucüon t y p i d y  a d a b l e  m good 

upper middle-class schools, with dedicated math teachers. Men the r d t s  that 

were achieved on these ten items were d y z e d  for differences m high- and Iow- 

achieving matfiematics students, the hi@-achieving Grade 4 and the Iow- 

adiievuig Grade 6 students appeared to show the most gains although it is 

rIifficdt to know how mu& m e r  the Grade 6'9 might go because of ceiling 

&&S. F d y ,  we saw that the experimentai subjects in our program showed a 

deeper understanding of hctÏons and deamaIs Uian ad& teachers in a 

preservice program, al l  of whorn had at Ieast a B+ average in their 

undergraduate studies, and most of whom had taken high xhool and University 

mathematics . 



Chapter 7 

Discussion 

Summargof the ResaIÉs 

Overall, the experimental curridum proved to be effective in 

enabling students to gain a strong cornpetence with the rational number system 

and an appreciation of its interconnections. In keepÏng with the goals of this 

project, therefore, 1 was successZuI. in moving children beyond the understanding 

of any single form of rational number representation toward a deeper 

understanding of the rational number system as whole. The eCUImr by 

focusing on the deveiopment of benchmark values for movnig among the 

diffaent forms of represenktion, enabIed the studenk to d v e  probIems in a 

flexibIe M o n  and to use procedues of th& own invention for approaching 

them. This fIext*biIity was not ody evident on the problemç reqrriring direct 

conversion from one form of representation to another, but also on most of the 

other types of problems. For s<ampIe, when students were reqyired to compare 

and order numbers, whether they were deaIing wfth hctions or decimals or 

both, they heakd the request as one that required them to think m terms of the 

underIyÎng ratios that were mvolved tiifher b n  on th& whoie number 

knowIedge. Their solution strategis uiduded a variety of methods to represent 

these entities, but they never used the sort of simple whoIe number s€rategy that 



has been reporteci in the fiterature- SimilarIy, for i d a r d  and nonstandard 

cornputaton, the students again used a wide MSety of shategteies, Their 

responses Uius indicated that they had acqrrired an understanding for rational 

number and operations, an appreciation of the rdationships among the 

representations, and a disposition to make sense of these quantitative situations. 

These are the hallmar-k of rider sense (Charles & Lobato, 1998; NCTMr 1989; 

Sowder, 19%). 

These cornpetencies did not develop equaiIy in alI  studentç. High- 

achieving Grade 4 students made tinificcantly more gains than the studenis of 

Iesser abiüty. Conversely, the low-achÏeving Grade 6 students made more gains 

than the hi@-achieving students m th& class. Suggesüng that the program may 

be best çuited for a parti& devdopmental Ievd. Notwithstanding these 

differen~es~ however, the red ts  did reved Ulat aU of the students who 

participated in the expeirimental curridum made Iarge and statistidy 

signiscant gains from pre- to posffest on the rational nufnber measmes- 

Eurthermore, these results were not only bue for students who were new to 

ratio& number. The cm5cuIu.m aIso proved to be effective for students who 

had already received four years of traditional teachmg prier to the expcrriment 

This latter flnding was con- to expectations geaned from studies by Madc 

and H e i  and Weame (see Chapter 4). 



7.L1. CompaPsons with Traditionally Tained Students 

The r d t s  also reveded that the performance of the experimental 

students was signiscantly better than that of aaditionally hained students two or 

four years thev senior. Eurthermore, it was discovered Ut, on the most diffidt 

levd of rational n&er items, many of the students in the experirnental 

programs ouiperfomied addts in a postgraduate teacher trainmg prograa 

These differences between the two groups were fornd not only in the nuanber of 

items answered c o d y ,  but a h  in the quaüty of the solution methods used. 

Even when the students in the experimental groups were unable to get the 

correct anmer on a ta&, protocol analyses revealed that they tended to 

approach the problem rndtipkicatively, often fincihg a strategy that allowed 

them to at l e s t  make a sensiiIe attempt at solving the problem. By conhast, 

when the haditionally trained students ran into diffidlty solMigan item, they 

typicaUy responded in one of tw6 ways. Either they daimed to have "forgotten" 

how €0 perform the appropriate ddat ion,  or, they made the dassic mistakes 

that have been reported in the Iiterature, mistakes that mvolved either a la& of 

conceptuafity or some sort of confusion of the rational numbers with whole 

numbers. Thus, the responses of the control group were symptomatic of the 

probIem ated m the openîng chapters of th& thesis: W e  do succeed in teaching 

cNdren to manipulate ratiord n d e r s  with our current irtskuctiond methods. 

However, we faiI to heIp them devdop a deep conceptual understanding of 

these nimiberç, or to overcome the fundamental misconception with which they 

staa out theîr leafning name@ that ratiord nUIILbers are just speckd kinds of 

whoIe numbers- 



7.U. Robustness: Cornparison across the Three Studies 

In the preceding chapter I outlùied the many sipifiant aiterations 

Uiat were made each time the &dm was taught-changes in the population 

of students who participateci, changes to the measures and changes Ïn the pacing 

of the Curriculum and the exercises that were presented. Nonetheles, when the 

r d t s  were compareci a m g  the three groups, several discoveries were made. 

k t ,  the effExtsizes across the studies were very high: all of the &dents made 

signifïcant gains from pre- to posffest achieving effect sWs in the range of 2 1/2 

to 3 1/2 standard deviatiom. Second, in ail of the studies the students acquired 

many çimiIar conceptual strer.gthç. Thuç, 1 can condude, that despite the varÏety 

of age and abiüty and experience, and despite the alterations that were made to 

the Iessons, the curridum appeared to be robust across these different 

situations. 

7.2. MdtipIe Features and the Experimentd Rationai Nrmiber Cttrridum 

MdtipIe feafures were hcorporated in the design and 

hpIementation of the CUiIIicuIu~~ci any or aII of which may have conhibuteci to 

the outcornes. This is a cornplex program that produced gains for the *dents 

aaoss fhree studies despite the many changes Woduced wÏth each iteratÎon 

The purpose of the remahder of thb chape is to present an analpis of the 

feabes of the am5dum that may have contnbuted ïo the students' feaming- I 



begin thiç discwion with a brief description of features of the design and 

implementation of these programs that are consistent with findings in cognition 

and instruction and mathematics r e f o n  As wd, 1 point out aspects that are 

cornmon €0 other research programs in rational number. However, my 

emphasis will be on the features of the present program that are unique. It is 

these features that appear to have contiLbuted most significantly to the results of 

the progam. Thus these urüqye feahues constitute the essentid contribution of 

the program to the field. 

72.1. Featmes of the Ctvridum Specific to Reform Curricnla in Rational 

Nimiber Teaching 

In the introdudion to this thesis, 1 presented a discussion that highüghted 

what 1 see as the iimitaoons of the part/whoIe subconskuct as the foundationd 

appIication of rational number. RecalI that the part/whoIe subconstnict îs the 

one that is fVst mtmduced to students in their learning of fiactions and hertce 

ratiord nuTnber (NCTIMr 1997). Briefly, my argument was that th& subconsfruct, 

while d y  grasped by studentsr has the disadvantage of being nahirally 

- a t  with the whole number systern and counting. Thus, by fatunng a 

part/whoIe interpretation thexe is the danger that &dents may faiI to make the 

comecüon €0: 1) the proportional nature of rationai n d e r ,  2) the way that 

rational numbers are reIated to the refirent whoIe, and 3) how rational nimibers 

may act as operators. W e  know that these Iafter muItipkative mterpretations of 

rafiod rider are conceptuaIIy more d i f f id t  for studaits. 



Recentfy, other mvestigators have voiced similar concems and have 

devwd instructionaI program that have hdped &dents to develop a deeper, 

more proportionally baseci understanding of fractÏons or deomaIs in the middle 

sdiooI years For example, to mention ody a few, Kieren's (1994) folding 

e x e r k  enable ChiIdren to think of fractions such as 1/8 in a multiplicative 

rather than an additive context, as do Conkey's (1994) exercises on "halving." 

Skeefiand's (1992) pizza sharing program for Grade 4 and 5 students, which 

stresses the equivalence in the portions that are received when, for exampIe, 5 

children share two pizzas and 10 ChiIdren share four pizzas, also is effective in 

promoüng understanding of ratio for students of this age (Case, 1985; MaMi & 

Case, 1994; Noelting, 1980a, 1980b). 

aie  experhnenW curricuium under discussion shares severd important 

features with the programs designeci by these other investigators. These indude: 

(a) a greater emphasis on the proportionaI nature of rational ntmbers; @) 

greater ernphasis on the meaning or semantics of the ratiord nmnbers; (c) a 

greater emphasis on chiIdrenfs natural way of viewing problems, and th& 

spontaneous soIution skategies; and (d) the use of an alternative form of visual 

representation (Le., an altemative to the sfandard "pie chart'). As W& as these 

features from ratiod rider research, eDnbedded m the d&.ery and design of 

th& &dum are features of a more g e n d  nature that owe then indusion to 

ment woik m the field of cognition and i n s ~ ~ o n  (8ereÎter 1990,1995; Ekreikr 

et aI, 1997; keiter 8E Scardamallâ, W3; BieIaqc & CoIIÏnsr in press; Bransford, 

E b s e h i h g  Nmon, Kdewixz, LWefieId, & G b ,  2989; Brown &PaIlnscarr 



175 

1989; Bmer, 1949; CTGV, 1994; Scatdamalia & Bereiter, 1991,1996) as well as in 

recent devdopments in mathematics education reform (Ball, 1993; Carpenfer & 

Lehrer, 1999; Ftaivillig, Murphy, & Fuçon, 1999; KiIpafrick, 1987; Lampert, 1990; 

Lampert, Rittenhouse, & CnimbaugZt, 1997; Mahm & hiiartino, 1996; Mc(3ain & 

Cobb, 1997). 

7.2.2 Features from Cognition and Instruction 

The organization of a l I  of the dassroom activities was based on &a1 

consûuctiwt theory- Students regularly worked in collaborative groups with the 

goai of "knowledge building" (Bereiter, 1997; Bereiter & ScardamaIia, 1993,1997). 

As weII, there was a very strong focus on aaivities that are known to promote 

metacognitive thinking and rdection; the students pIanned lessons for th& 

dassmates as weU as for younger students (Meichenbaum & Beimiller, 11998), 

designed assessrnent twIs or tests for other students (Brown, Campione, & 

Lamon, 1994,1997), and engaged in pIanning, designing, and presenting projects 

for th& dassmates in the p e r d  style of what Brown and Campione have 

refened to in th& Fostering Cornmunity of Leamers project as "conseqyentiaI 

tasks" (Brown & Campione, 1994). These tasks induded teaching pmes and 

video presentations m which the students were r w e d  b expIain/teach 

rational number concepts. M y ,  the ciassroom cuI€ure highlighted the 

isipoztance of incpiry as a basis for leamhg promoted the goal of Ïntentional 

Ieamhg (-reifer & ScardamaliaI W), and hstered a sense of pride and 

ownershQ in the IeamÏngprocess (ScM&& Fosnotr 2993; Wood, Cobb, & 

Yackel, 1993). Sfudents were mcouraged to seek mdtipIe soIutions to problems, 
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€0 discuss the merits of one solution over another (Carpenter et d, 1993; CGTV, 

1994; Kamü, 1985,1994; Lampe, 1990; Maher & Martino, 1996). In keeping with 

Cobb's orientation to dassroom practice, sociomathematid n o m  were 

established enabhg the class to fkd ways of discussing personal theories and 

representhg numbers and operations that were common to the dass as a whole 

(Cobb, Gravemqeiier, Yackel, McCIaÎn, & W t e ~ c k ,  1997; Cobb, Jaworçki, & 

Presmeg, 1996; Saxe & Bermuda, 1996; Yackel, 1996; YackeI, Cobb, & Wood, 

1993). F M y  the mathematical modd in h s e  dasses was h f k d  with the 

epistern010gid bias that mathematics is a human invention and a "~Ïence of 

patterns" (Steen, 1988) rather than a technoiogy of procedures (Schdeld, 

1989). 

WhiIe 1 induded these features 6rom cognitive Saence and mathematics 

reform in the program, the sape of this work did not permit me to hdude 

specific analyses of how these feahrres affected the outcornes of the experimextts. 

1 do feeI that the hcIusion of these features provided the students with optimaI 

conditions for IeaLningi and thus may have conkibuted b the gauis that the 

students made However, I &O feel that even with these features (whidi oher 

programs have induded as well) the program wodd not have had the success it 

did, had not other, more unique features been indudeci as welI. 



73. Unique Features of the Program: Ideas for Broader Applicabrlity 

What about the features of the program that are unicpe? My conjecture 

is Uiôt it is these U N p e  features that most conhibutecl to the success of the 

program: in particuiar, to the Iarge gains m paforrnance achieved within a brief 

intervention. Bridy, these are: 1) the introduction to rational number through 

the teacfiing of percent; 2) the use of Iinear measurernent as the centrd Ieamnig 

confext; 3) the unique set of perceptually çalient representations that were 

ernpIoyed, and the coherent use of these representations throughout the 

program; and 4) the emphasis on the integratiort of hdving with proportional 

evduation and the induSIon of several different representatiod formats. It was 

these features that led to the emphasis in th. curridum on promoting an 

understanding of the number system as a whole and that supported the 

inclusion of the k t  3 above features. AIthough these feahues are highly 

mterconnecteci, 1 I wiU dixussem ~eparateiy~ beginning with a discussion of the 

use of percent as the initial representation. 

7.4. The Introductîon €0 Rational Nrimber Based on Percent 

ui the mtroduction to this thesis Iproposed a rider of advankges 

for altering the standard teachïng Seqttmce of raüonal number by introduâng 

th& n d e r  çgçtem through the kachihg d percents (rather than fractions and 

then decrmalç as is traditionalLy done). Foremost, 1 mentioned ede benefits of 

workmg with the pMeged base of 100. -de 4 sfudentsf extensive knowkdge 



of the numbers kom 1 - 100 naturaIIy h&tates cornparison guestions as weIl as 

promotes students' abiIity to transhte among the representations of rational 

number-any percent d u e  can be transIated mto a fraction or a deamal the 

converse, however, is not eady done- nie abiIity to invent stategies for 

caldating is aIso faaütated by the percent constmct; A m e y  conducted by 

Lembke and Reys (1994) reveded that students who had not yet had formal 

trainuig in percentsf were able to invent procedures to solve percent tasks and 

were even better abIe to soLve certain kinds of operations with percents than 

were older students who had leamed percent in &mi. 

7.4.1. Traditional Percent Teachîng and Learning RobIems 

To my knowedge, despite these p o w e .  advantages for the use of 

percent as an introduction to ralional number, no other curriculum for teaching 

this nurnber system has done this. In fact, percent is usualIy not inhoduceci until 

the very end of dementary school or the beginning of middle schooI and, even 

then, it is shown to be very d i f f id t  for students to master. Eracüons and 

decmiaIs on the other hand axe intrduced much earlier, with dwmal teaching 

begmning m Grade 3 and fiactions nitroduceci as  eady as Grade 1. 

Why this delay in percents teaching? A brîef d y s i ç  of textbook 

introducüons to this topic and the attendantciiffidty that *dents eXpenence 

points b the reason Percenfs are g e n d y  mtroduced m one of two wafrs: 

through "missing t m "  or '*suMituflm probIemsf where stuclents are 

M e n g e d  to h d  one of kee possbIe unknowns m a percents equation; or m 



"conversion problemç" which r e w e s  changing between notational systems 

(Parker & Leinhardt, 1996). Unfortunatdy, these kaching pracüces appear to 

have Ied to widespread problems: 1) Fmt, &dents lack con&tency in using the 

percent symbol and either they ignore the percent sign or use it as a label that 

can be attacheci or removed, as if it had no operationai significance; 2) a second 

cornmon enor, known as the "numerator d e "  invoIves the misconception that 

any conversion of percents to deamals is adueved by replaàng the percents sign 

at the right of a n m d  by a deemal point to the Ieft  of the numerai creating 

misconceptions of the sort that 5% = 05 or 110% = -110; 3) another widely noted 

misconception termed the "random algorithm problem" is exemplifieci by 

studenb asserting that the answer to 4 = -% of 8? is 2, thuç indicating that th& 

reasonuig is grormded ody in the numbers they see, not m the operations that 

are reqyired. So that when students aff empt percent word problems they are not 

certain if they should divide, multiply, or subtract to find the answer; 4) M y ,  

kaditionai instruction m percentr dimurishes the devance of the base100 (the 

very aspect of percents that was so intuitive for the students in the experMtentd 

programç). 

Parker & Leinhardt (1996) have shown that many of these probIems are 

stilI evident when students are at the end of hÎgh school and eady in th& coIIege 

careers More €roubhg perhaps, m a stady of 70 presemÏce kachers, it was 

found that l e s  than haIf of them scored above 50Y0 on a test of percent exercises 

that evafuated both conceptad and procedural knowIedge h sunimar)r, 

students do no€ seem €0 appreaate the meanhg of percents as either operators 
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or as cpantities, and these probIems persist into addthood, at Ieast for preservice 

teachers. 

7.4.2. Percent in the Experimental Progam 

The resdts of the present studks show a very different Iearning pattern 

with regards to percents. Not onIy did the students' abfitu to perform percent 

~asks improve with instruction-this was even kue for the Grade 4 students of 

Iow mathematical achievanentt.ut it was also discovered h t  students had 

substantial intuitions of percent meanings and operations prior to instruction. 

R e d  some of the fùst day responses that students offered when asked what 

they knew about percents. These responses poïnted to an understanding of 1) 

magnitude: "1 percent milk is better for dieb than 4% miIk as it has Iess fat;" 2) 

the relative versus absoIute nature of percents: "reading 10% of this (short) book 

is a Lot Iess to read than 10% of that (Iong) book: 3) the relationship among the 

representations "you know, 5046 is the same as l/2f and 4) the proportionai 

n a k e  of percent "25% of the 80 cm tube (20 an) is in the same relation as 25% of 

the 30 an t h e  (7 2/2 an)." These observations r e d e d  an awareness of 

substantid percent concepts. However, a disasion that occtmed on the bt 

day of dass with aie mixed-abifiv Grade 4 *dents in Shidy 2 points to even 

more compIex unders&ndings- 

7.43. Cla~sroom Episodc MormaL Knowfedge and Percentp 

This discnssion beganwhenIasked the students if they fhought that 

k e  codd be apercent. grrater than 1 0 0 7 4 ~  concept thatis known to be 
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c ü f f i d t  to understand Parker & Leinhardt, 1996). The Grst *dent to speak heId 

up a taIl tube (80 cm) and made the following daim: "We know that this whoIe 

tube is lûû%." Next, he pidced up a second shorter tube (20 cm) and stood it 

beside the Wer tube and declared that the smaIZ tube Iooked Iike it was about 

25% of the Wer tube. To conhrm thiç conjedure he moved the smalIer tube 

dong the fder tube and noticed that it fit exactly fou. times. "OX, this is 

defirûtely 25% of the longer tube So," he dedared, "if you join the two [tubes] 

together like this" mere he lay both tubes on the ground, and placed the shorter 

tube end-€0-end with the larger), "this new tube is 125% of the first one.'' 0 t h  

students used this modd with other tubes and made similar assertions. After 

some the, a boy aised his hand and in@ed whether all of the çix individual 

pipes that we had in our ciassroom had been cut from one very long, single pipe. 

Given art affirmative response, the student then conjemired that if he joined the 

two pipes (80 an and 20 cm) togefier, they wodd form a new whole, whidi 

wodd constitute a 100%. "SO," he conünued, "the two pipes together are either 

100% or 125%." In this context, he recognized that the 20 cm tube wodd no 

Ionger be 25% of the whole, but ratherr it would now be 20% of the newiy 

formed whoIe- 

The kst day observations that the students off& demonstrated that the 

-dents had a substantial, principIed understanding of percent. The studaits 

revded an awareness of '*mcreaseft and '*decreasefr and the ûadormaüve 

~tureoftheunit~the~~~~n~ersystem.Thesearefheverysame 

concepts that prove b be so diEdt for studentç and aduI6 who are 
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haditionally m e d  m percent- Why do w e  find these diffixences? Why do these 

young students appear to have more mtuitions for percents than older students? 

M y  conjecture is that the bias in traditional percent teadimg, rather than 

promothg the kind of i n f o d  knowIedge demonstrated by these Grade 4 

students, adually hhiiits these intuitions and rather, calls on students to reason 

with percentç exdusivdy as "extençive"(additive) quantities. Support for this 

conjedwe can be seen in Davis' theory of percent appücations (2988). 

7.4.4. Percent as Number or Operator 

In a thought provoking artide by Davis (1988) entitled "Is Percent a 

Number?" he contemplates different mterpretations of percent. First of aiI, he 

poins out that traditionai percent instruction is premised on the idea that percent 

is a number to be used in &thmetic As an illustration, consider the method that 

students are taught to solve percent tasks, e-g., to h d  the answer to 25% of 80, 

they are tau@ to reason as follows: Step 1, convert the percent to a deamal 

(25% = 0.25) and, step 2, mdtipiy the dechal and the number to h d  the answer 

(25 x 80). Here, the percent (25%) is mterpreted as a ncunber, 0.25. He asserts 

that Înterpreting percmtsr exdusively as a rider, Ïs not onIy limiting for the 

students bat furthermore, misleadmg, 

Davis' centrd th& is that percent is actually imderstood and used, not as 

a number, but rather as a dation between two nirmberç or two Vafiables- Thus, 

he rnaiRtaÏnsf that percent is more reasonabl. interpreted as an operator or a 

functrCon Take for sounpIe a cornmon usage of percent, m d y r  percent as tax ( 



as in the 25% tax). Here Davis maintains that the most appropriate 

representation wodd be (1, O Z ) ,  (50,125) (100,25), (200,50) ...... i.e., as a h e m  

IFUnctÏon. He points out that traditiord training in percent (as a ntmber) wodd 

have us interpret, for example, 25% of 40 as 25 x 40, i.e., as two numbers 

involved in a binary operation that accepts two numbers as inputs and outpub a 

single n d e r  (in this case, 10). 

If, on the other hand, we take Davis' view that 25% is more intuitively 

conceived of as a hear function, then, as he suggests, we might also consider 

writing the 25% relation as - x 1/4 = X or, we could look at it as  a singIe 

input/output, such that: one qyarter of (something) = output, or: input/4 = 

output, or: Y = X/4. 

Recalling the mors and misconceptions that students reportedy display 

when calculating with percent (Le, the la& of meanhg of the symbol, the Iack of 

understanding of operations, etc.), it is dear thae haditiond teaching of this topic 

is probIematic One hypothesis then, is that the ktexpretation of percent as a 

number-ertainly the centrai idea in traditionai Ïnstruction-promotes these 

problems. As the quaüfative analyses of students' reasorüng in the experimental 

strrdies point out, the mariner in which we introduce percenfs in our program 

promotes the meanlng of percent as an operator or fimction. Thus the 

cudctxlm has ~ucceeded~ a€ Ieast fiom Da* pomt of view, m grotmdmg the 

stndenbC I e a w  m the m a t  meaningful mtefprefation of percentc 



7.4.5. Percent as Measure 

It is aclaiowledged however that rational n d e r s  are both operators and 

n d e r s  and it is thtough the integxation of these two constnrcts that a full 

understandingis reached. In my experimental curridum, while the hear 

lunction/operator construct of percent is e a d y  accessed by the students, it is aIso 

apparent ttiat they gain an understanding of the magnitude of percents (i.e, the 

"extensive" property of rational number). The common denominator of 100 

cleady provides this sense of magnitude and supports students' understanding 

of the additive properties of rational number. 

Thus, accorciÎng to the prevailing subconstrt~ct theory (presented in 

Chapter 2), the students' functionaI understanding of percenk, in the sense that 

Davis espouses, corresponds to the subconstructs of operator and ratio. And the 

understanding of magnitude corresponds to the measure and quotient 

subconstructs. Thus, in the experimentd mrridum the students work with 

percentç m such a way as to indude alI the subconstruds of the rational n&er 

system. 

75, The Use of Linear Measurement as the Main Context for Leaming 

Not only did 1 si@cantIy alfer the secpence of rational ntrmber teaching 

by infroduring percents Wr but 1 a h  mcorporated another musual feahne, 

namdy , the use of Iinear measurementas the prhmq context fot Ieaming. This 



deàsion was consistent with Griffm and Case's whde number programs in 

whkh aH the exercises were organized around activities that featured the 

n d e r  h e  ( G e  & Case, 1996,1997; G a r  Case. & Siegler, 1994). 

7.5.1. Linear Measurement and an Appredation of Magnitude 

AMI@ of the data dernonstrated that the percent representation with ifs 

cornmon denominator of 100 supported an understanding of magnitude. 

SidarIyf the use of Iinear measurement fostered this understanding as wd. W e  

know that "length" expresses magnitude unarnbiguously and dows students 

throagh visual inspection to perfom cornparisons for both absolute and relative 

differences. Thus, 1 induded a nurnber of props beside the pipes and tubes that 

would reamy Iend themselves to evduations of relative lengths. Vials and 

beakers, filleci to difierent degrees, were ver- u d d  as these props invoIved the 

students m a variety of measurement and caldation situations. Other props that 

serveci a simiIar purpose were carciboard tubes, cut-out dolIs, rokd plasticine, 

and straws, etc. In working with these various abjects, the students were 

reguIarIy comparing percenb and fraction magnitudes* The Iarge laminated 

number hes  and the nurnber h e  games further supported this thinking. 

However, as wdI be shown bdow, the use of Iinear mea~u~ement did not 

only provide support for students' understanding of magnitude and the additive 

properües of this nrmiber Vem, butalso supported an tmderstanding of the 

reiatiod aspects of rational nrrmber. For tb d o n ,  1 consider the filsforid 

roots of rational number as this mvestigation suggests that the measurement 



context alsu reinforces the notioc of rational ntmiber as operator (Sfard, 1997; 

Davydov & Tsverkovich, 1991). Just as the Ianguag of percent leads the student 

to focus on the fiui&onaI/operator interpretation of percent, so too, can the use 

75.2 The History of Fractions as Measurement 

Davydov, who has done research in fiaction leamin6 (refis) points out 

that, histoBdy, fractions evolved in the context of meitSUTement. The Egyptianç 

appeared to be the k t  to use hctions m response to the growing compIexity of 

their soüety with i6 attendant need to obtain more precise measmement. Thus, 

in Egypt and historidy in ai l  other dtures where hctions were used, fractions 

operateci exciusively as a fundion of the unit whole and served to define a 

dation between the quantity of the unit and the piece of the unit that was Ief t  

over: Fractions were pnmarily descriptions of relationships. 

This interpretation of Iractions persisteci until the mid-19th century. Then, 

with the advent of modem day mathematics, the definition of fractions changed 

and fkactions became part of the "new aigebra." With this changer fractions 

beame a new form of ntunber with properües and axions that codd be 

mathematized or d d t e d .  As weIl, this change h d d e d  an identification of 

rational number with the wholenumber systea Fractions became defineci as a 

number pair (xiy), that could be operafed on as mverted versÎ011~ of whde 

numbers. ThusI these r&Wdy new (fractÏon) numbers became divorceci from 
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th& ongin as functions and relations, and have been turned into abstractions 

tftat are mitable for arithmetic CaIcuIation. 

Thus, by inhoduchg rationai number concepts through measurernent as 

we do in our program, we are dowing students to recapitulate in th& own 

leaming the historical SeQuence of rational number development. Hence, we are 

ddaying the Ieaming of fractions as onIy th& most abstract idea-as numbers. 

753. Measmement and Spatial Analogies in Mathexnatics and Number Sense 

However, in this program we did not smiply use measUrment in a 

conventiond way, br ewmple, as a tool for recording dimension, but our focus 

was on the use of Iinear measmement and the way it is intuitively anaIogous to 

spaaal perception Case (1998) postdates tha t there is a "deep commonality in 

the way in which numerid and spatial knowIedge are comected for Mdren." 

He points k t  to neurological data which suggests that deficits in mathematics 

tend to cordate with defiab in spatial cognition; for exampIe, ad& with 

rtemIogical inmes that impair th& spatial understanding aIso often show 

impaired numerical understanding. He then points out that recent neuro- 

imaging studieç corroborate the connedion between spatial and mathematid 

cognition. Finally it has been noted that mathematicians reason about even the 

most abstract mathematid concepts m spatial temiç (Sfardr 1997, p. 350)- Thus a 

spedation is that thexe iç some Iand of "direct connecfion" bebveen spatial and 

numerÎcal howIedge 



If there is such a comection between mathematid and spatial 

knowledge, then it seems possibIe that we rnay be able to improve dùIdrenfs 

mathematid intuitions by aeating leamhg events in whidi the nurnber system 

is given some sort of spatial embohent. Ftirfher support for this idea an be 

found in Greenors (1992) spatial neighbourhood metaphor which he uses to 

characterize knowing in a numerical domain. He asserts that just as individu& 

can h d  th& way arotmd th& own neighbourhood, recognize salient 

landmark, reason about the rdative eEaency of diffierent routes and discem 

subtie patterns, he assertç that "knowhg" m a conceptual mathematical dornain 

means hawig the abiIity to h d  and use, within this environment, the resources 

needed to understand and reason. Just as each person can move intelligently in 

th& own neighbourhood, so each person is capable of construcüng a rich set of 

interconnections among the'kdmatks" in a mathematicd domain. 

In both Case's previous research programs for devdoping whole number 

sense (Griffin et al., 1994; Gnffin & Case, 1996,1997) and in his more recent work 

m fundion deveIopment (Kaidunan & Case, 1999), he and hÏs coIlaborators have 

design& highly s u c c d  kachmg progxams in which spatial embodimenb of 

nimibers feature skongly. 
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7.6. The Estabfishment of a Perceptudy Coherent Leaming Environment 

The rational number programr also indudes a varïety of $ifferent but 

highiy related spatial embodiments for rational numbers-pipes and tubes, 

beakers of water, number stopwatches, etc. Furthennore when these 

physid props are no Longer avdable the students spontaneousIy draw 

diagram modded on these props to help them to conceptualize the work when 

it become more abstract. What they produce is a rectangdar representation of a 

beaker-r, as it were, an uncalibrateci doubIe number h e  (KIeinr Beishuizenr & 

Treffers, 1998) which I came to term the "percent nibon." The students Iabelled 

Uus rectangle with O to 100 dong one edge and bom O to n dong the other edge 

(see Figure 7.1). This diagram allowed studentç €0 visualize relative Merences, 

to use Mving çdiema for caI&tions,and support understanding of 

equivalence 

Figure 7-1-The Percent Ribbon 



7.6.1. Percent Riabon for Cakdations and EqrUvalence Evaluations 

To illustrate how this percent nibon was regularly w d  by the students 

for caldafing;, 1 present a discussion that I had with a Ciade 6 student early on in 

the lesson sepence. 

The shident was working on a probIem that reqyïred him to d d a h  

how many miIIilitres of water he would need to fill a container that holds 240 mls 

of water 75% M. H e  answered as follows: 

S. 'TM you need to get 50% of 240 and that equals 120, and then you 

need to add 25% to 120. Ço, um, that gives you 120 + 25 = 145. 

T. Ço you think that 145 is 75% of 2401 

S. 1 don? how, it doesi't r d y  seem rÏght Can I draw it ? 

T. Goahead. 

The student drew a Iong narrow vertical rectangle and wrote the number 

240 at the top rÎght corner and 100 on the top Ieft corner. He then estimateci the 

midpomt of the length of the rectangle and wrote 50% on the Ieft side and then 

put i20 on the correspondùig point on the right Iength of the rectangle. He 

hdved ag*, and sidhrl.. IabeIled 25% and its eqyiVâIent,6û. Then he aSSerfed 

that 75% must be 180. This strategy, the drawing and then segmentmg by haIves 

of the rectangle as a way to visuaIize the computation, was used by alI of the 

studenb* 



Artother advantage for the -dents was the way in whidi the percent 

nibon simdtaneously represenfed a magnitude full, and, at the same the, a 

portion of a quantity and thus afforded students the opportunity to test 

construds of order and equivaIence of a rational number entity. For example, on 

an interview question "Draw a diagram to show which number is greater, 2/3 or 

3/4?" the students used a diagram of the percent ribbon again to great effect to 

prove their assertion that 3/4 was greater. The most cornmon strategy that was 

displayed by students was to draw two adjacent equal sized percent riibons, 

perform a haiving and m e r i n g  operation on one and then a segmenthg of 

thirds on the othec Thus, through visual inspectionf they codd confimi that the 

three qyartexs segment was bigger than the 2/3 portion of the redangIe. 

AIthough the majorÏty of the experimentaI group successfully answered this 

qyestion (81%) ody 38% of the conho1 group were able b do so. Most of the 

control group asserted that 2/3 and 314 were the same size as "they both had 

one piece taken from them-" 

As welI, I discovered Uiat both the use of the props and the d o g o u s  

diagrams fostered students' understanding of the density property of rationa1 

number. These msights were supporteci m activities where students for example 

were chalienged to dMde Unxts m half using M c  bands on cardboard tubes. By 

repeating thiç division action and cutting each successive new Iength in I d €  they 

were able to consider that th.& action could be repeated an idirüte nirmber of 

thes. Thus they codd begh b understand the notion. that a third number can 
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dways be inserted between any two o t k  numb-a central prinàple of the 

rational number sys€em. 

7.62 Vergnaud and Mathemaficd ModeUhg 

E d y ,  1 argue that the props that were dected a .  the percent nibon 

that waç constnrcted by the students diredy modeiled the mathematics that 

were under hvestîgation (Freudenthai, 1983). nius the Cumdum was not only 

abIe to provide a Ieamuig context that was intuitivdy dient but also one that 

was mathematicaIIy appropriate. 1 will eluadate this idea by h t  reviewing 

Vergnaud's mode1 for multîpIicative structures and then 1 point out how the core 

spatial representations of the cmicuIum supported the central propotiond 

structures in the MuItiplicative Conceptual Field. 

Vergnaud defines the Multiplicative Conceptual FieId as comprising alI 

mathematid topics and situations that consist of simple or multiple proportions. 

Vergnaud (1996,1988,1983) proposes the notion of two rneasure spaces in his 

analysis of multiplicative ratio thmking. He asserb that ratios, and hence rational 

numbers, can be represented either by pairs of dements in the snmg rn- 
t 

or dernents m fwo h t m c t  m e m e  meren, 1992). To dIustrafe this 

idea, Kieren haç çuggested the foIIowing proporücmd rdationship bebveen 

pizzas and people- For e~ampk, 2 pizzas for 5 peopIe is the same as 6 p h a s  for 

25 peopIe. In this stafement there are two mathematid reIatioIlShXpç to consider. 

T h e ô i ç t i ç t h e ~ 2 i s b 6 ( p i z z a s : p i z z a s )  and5isto 15(peopie: 

peopIe) or a/b s f x c h  that b = 3 x a. Vergnaud calls this a dation between 



eIements in the "same measure qace-" The second set of relations, he caIk the 

o d  relatim between elements in "diffaent m w e  qaceç." The 

Eunctional relationship here is between pizzas and people. Thus we reason that 2 

is to 5 (pizza: people) and 6 is to 15 (pizza : people). This relation can be Wnffen 

asa/bsuchthatb=21/2xa. 

Although both the sc&z ("same rneasurre space") and the buidional 

("different measure spaces") relations can be effectivdy used to solve different 

kinds of proportion probIems, Verpud has suggested that it is the first of these 

C * reIations Le, the "scalar rehhon m the rnepmre spce" that is the moût 

fundamenta1 fonn of ratio reasoning. H e  c& this scaIar relation kornoml&m of 

and he notes that is most intuitivdy saIient and most readüy accessed 

by novices. As research with self-tau@% tmsch001ed Brazilian children and 

workers has shown (Carraher, TAIv 1986; Nunes & Bryantr 1996; Saxe, 1988; 

SthEemann & Nunes, 1990) UnschooIed workers exdusively use this 

e r~Iatiprish@" m soLving the malliematics of the 

workpIace. Fuffhermore, they even use this -relations= even when the 

numbers more readiIy Iend themselves to evaIuaüom of relatioltships in the 

second measure space or among the other variabIes. 



Pipe 8 

Figure 7.24'Measure space" mode1 using pipes and tubes hom the rationai 

numbercurridum- 

In the experimentd program, the d a r  reiatioI\Ship in fie same measure 

grace is represented for example, when 10 an of a 40 cm pipe (Pipe A) is covered 

with the tubing and the chaknge is to cover a second 80 an pipe (Pipe B) a 

proportionally equivalent amount To work out the solution by operating on the 

variables in the Same measure Tace ( d a r  relation) the student wodd reason 

that since Pipe B is twice the height of Pipe A, therefore the part that shodd be 

covered by the tube on the second pipe mus€ ako be 2 ümes that of the covered 

area on the first pipe, Le, 2 x 10 an = 20m. 

While it on be seen that thiç rdationship is modded by the pipes and 

tubes, it is not the one that the students Ï n  our programs often use to compute 

the missing term. Rafher, the experknentaf students consider the fünctional 

relation across the ffarlitbks, or m Vergnatid temiinoIogy as "fie rdatian in the 

tmeasure maces? - Thus, given the same p r o b h  sifuati~n~ they wodd 
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reason as follows; 10 an (the covered section) is 25% of the length of Pipe A 

(4ûcm). Thmefore, to h d  the covered area on the second 80 cm pipe (PÏpe B) the 

operation they use is to find 25% of 80cm whÏch is 20m- 

Thuç not ody do the props and the percent ribbon model the 

mathematics of multiplicative structures, but the conte* that we have presented 

to the shrdents with these props generates the more compiev of the two types of 

multiplicative relations. 

In this way the spatial embodiments and the core representations permit 

children to b d d  a rich impücit map of the cognitive elements and relations whkh 

are to be learned. Furtriemore, as in aU of Case's programs, the students are 

abIe b utiIize this map in a ff exibIe way, to move through the dements of the 

representation. As weII, these core representations are consistently and 

repeatedy employed so thai the students can become flexible and experienced 

knowers. Thus w e  might spectdate that the use of these N o u s  embodiments 

and the &ed way that they are mduded in the CUT1TicuIum serve a mer 

purpose, Perhaps it Ïs through their participation in this coherent, spatial 

program that the studenfs gain the kînd of "perceptual ahmement" and acqyire 

the degree of automatiuty ana ff exïility that Bereiter has postufated to be at the 

mot of n d e r  sense cornpetencc (Bereiter, 1998; Bereiter & Scardamalia, 1997). 



We hypothesized a leamuig kajectory that the students wodd go 

through. It was conjectureci that the students' leamïng of rational number would 

start with basic but separate intuitions for fulIness on the one hand and halving 

and doubhg on the other and that these wodd k o r n e  merged to form a core 

organipng s c h m  firom whïch would come future or m e r  stages of knowing; 

Eirst, of the individual representations with computations that involved numbers 

that &y Ient themsdves to haiving and doubhg and then, to a higher Ievd of 

rational number knowIedge where the students would come to work 

interchangeabLy with the entire set of representations: decimals, fractions, 

percents, and ratios. In effëct, the use intuitivdy understood halwig relations 

beaune a vehide for estabIishing a conespondence across the different forms of 

representafion as weU as a vehide for rdating similx representations for 

different ratio values. Thus the scope of this work was based on the 

devdopment of a conceptuai understanding of the entire number systernF as weII 

as a on vision of how that system devdops. Because of the hypothesized 

structure that is generative of an understanding of the domain as a whoie, the 

uniqueness of this program is how it has deliberatety fostered fiom its 

beginnnigs, a sense of the entirety of the number sysfem, 

In summary, the unique aspects d the programI the introduction bas& 

on percertts, the Luiear measmement context for Ieaniing the coherent use of 

spatial embodimenb, and the use of a theoreticd fkamework that f d  on 



the differentiafing and integraüng of these various elements of the rational 

number systern, a l l  appear to have made a solid contrifibution to the students' 

Ieaming. However, whiie the students dearly benefited from theV participation 

and gained a strong sense of the rational number and mubiplicative reasoning 

there are questions that remain to be answered and lunitations to be addressed. 

74. Limitations 

Halniig and Doubiing 

One of the limitation concems the widespread use of the haiving and 

doubling schenia. On the one hand, we have seen kom the data that this schema 

provided powerfuI support for the students: this schema formed the basis for 

students abiüty to compare and order numbers in Mixent representations, e.g, 

3/8 is the same as 37 1/2 O/o so it is d e r  than .4û." This hdving schema is aIso 

a t the roo t of students' abiüty to sdve cornplex dadations such as "what is 65% 

of 160? One haIf of 160 = 80 a half of that is 40, etc-'' More fundamentally is the 

dience of halving and doubhg for mdtipücative reasorüng- As Confrey and 

Kieren have suggested the Mving operation is very distinct ftom the additive 

notions of counting and thus, it functions to provide the students with a 

mdtipkative bas& for th& work in rationai mrmber. 

However,, the feafurnig ofhaIving has its disadvankges. Although 

studaits came to know various representations for haIves, g~aaers~  eighths, and 

&eenthst and codd use these 9~if~fi.ties with ease, they had Iess exposure to 

other snigIe mit hacüons sach as 113, I f  5, etci and were Iess abIe to work with 
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these qyantities. As wd, many of the -dents were not successfd in working 

with tenths. AU of the students in the experimental group couId successfdly 

determine 12 1/2% of a quantity. Man.  codd caIcuIate 6 1/4%. However, Uùs 

program appeared to accomplish Iess for the reinforcement of base10 notions. 

In hct? when operations with tenths were attempted, students tended to work 

procedurally rather than conceptwlly. An important question that remainç then 

is whether we couId accomplish more cornpetence with base10 understandings 

gven a longer teaching sequence. Aithough thiç would be desîrabIe, it is not 

dear that a c d d u m  that is based on hdving on work as successfuUy with 

tenths. 

Decimals 

A second potentiai and rehted limitation concerm the depth of decimai 

Iearning that the students were abIe to accompkh. In the rational number 

program deamals are mhoduced as another way to represent percent. AIthough 

conceptuaIIy, this was useful for students when they were w o e g  with two 

place decimalsr it was Iess bene.ûciaI for the leamhg of other kinds of decimaIs. 

As w d ,  the Iack of attention to tenths and thousandh aIso made the Iearning of 

these other decima[s probIematic This question must also be Iooked at ùi the 

scope of a longer intervention. 

DiSctete QmntiEy 

In this progam the students worked aImoçt exdusively with conthuous 

as opposed to discrefe ptnfiity. The benefits of using contmuous quantity were 



dear; students codd phJlsidy manipulate the maleriais that they were 

presented to discover relationships, they codd more easily understand the 

density property of rationd numberr and they d y  resorted to additive 

strate@. However, the flexiiIe thinking and invention that they could access in 

working in continuous quantity was not readiry avaiiable to them when they 

worked with discrete vantity. This was even €rue on problems where the same 

cpantities were uivolved. On the posttest of Study 1 when the students were 

asked to show which is more 1/2 of 6 pennies or 1/3 of these p h e s ,  rnany of 

the students were not able to show that 2 pennies were equal to 1/3 and thus, 

were not sure how to m e r  the question. Interestmglyr ail of the students codd 

successfuuy compare these -tities m continuous contexts and could make 

drawings to show that 2/3 was the Iesser amount* It is hoped h t  with a longer 

intervention there could be a greater focus on working in contexts with discrete 

quantity. 

Advanced Undersfandinp 

M y ,  pestions a r k  about the potential of this CUrlTiCUIum for studentsr 

Iater Iearning. Although the r d t s  of this shrdy hdkate that the short-term 

gains for the studenk were very impressive as a r d t  of the implementation of 

this curricuIumr the long-kmn effeds remain to be seen It is poss1i1e that when 

these sfudenk contmue th& rationd ntmiber Ieamnig using a more traditicmai 

approadi, they abandon th& highIy conceptual approach to problem- 

soIving and corne to reIy on a more rote and aIgorÎthmic method of working. 

Unforf~nafely-, the =ope of my research has not allowed me the necessary 
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foIIow-up experiments or longitudinal analyses that might provide an empirid 

answer to this qyestion. What I do propose, however, is to investigate these 

cpsüons in my future work. 
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Rational N um ber Test (Pretest) 
Percent Test 

1. If I said that we were 90% finished, would you think that we had a long way to 
go? 

2. How much is 50% of eight dollars? 

3. Draw a line on this beaker to show what it would look Iike if the beaker was 
approxirnately 25% full. 

4. If this beaker holds a total of 80 mi. of water, how many mls. of water would 
there be if you had filied it 75% full? 

5. Six blocks spilied out of a bag. This was 25% of the total number of blocks. 
How many blocks were in the bag to begin with? 

6. The school went on a trip to hear Ani De Franco in concert. The total number of 
students in the schooi is 825. 70% of the students attended the concert, ffow 
many students would aiat be? 



C. 

7. Below are two carons of chocolate rniik. One carton contains 300rnl, the other 
200rni. Botti cartons of chocokte mitk corne from the same vat. The milk is a 
mixture of chocolate syrup and milk. The Company forgot to put the percentage 
of chocolate on the label of the srnafler carton. What is the percentage of 
chocolate synip in the srndler carton? 

Choco tate 

8. How many mi of sywp aie in the smaller carton? 

9. How much is 10% of ninety cents? 

10. How would you write 6% as a decimal? 



12. What is 113 as a percent? 

13. Suppose that you got 1/5 of the answers correct on a test, what wouid that be  as 
a percent? 

14. What is 65% of l6O? Explain how you got your answer. What is t hé  first thhg 
that you need to do? 

15. There was a sale at Sam's. This $8.00 CD (point) was on sale and the new 
price was $7.20. Sometimes when things go on sale they are say, 25% off the 
regular price. What do you think the percent discount is for the C.D.? 

reguIar price saIe price 

16. How much is t % of four dollars? 



r. 

17. Joan is 100% taler than Jessica. Jessica's haight iç % of Joan's. 

Joan Jessica 



Fraction Test 

. (Divide 10 blocks into 3 groups of 3,s and 2. Shift group of 5 blocks ahead.) Is this 
half of the blocks? 

, Here iç another group of blocks. (Show ô blocks). Please show me which would be 
less, 1/3 of these blocks or 1/2 of these btocks. First show me 1/2 of the blocks. Now 
show me which is Iess? 

Order thesa three numerals from srnailest to large&: 1/2, 1, 113. 

This is a number line. (Point to the whoie Iine.) Where would you put the number 3 
1 /2? 

How about the number 1 t/3? 

How about the number 114? 



.. This Ïs a pina. Can you shade in 314 of thiç pizza? 

. Draw a picture tu show which is greater, 314 or 2/3. 

. What fraction of the distance has Mary travelied from home to school? 

Home School 

. How would you express that as a percent? 

. Another çttrdent told me that 7 is 34  of 10. Is -t? Explain your answer. 



. Can you think of a number taht cornes between 112 and 1/37 

. What is 1/2 of 1/8? 

- p p p - p - - - - - -  

. How much is 2/3 of 6/8? 

Can you dtaw a picture to explain how you got the answer? 

What is 112 divided by 1/3? Explain how you got yaur answer. 



DecimaEs Test 

17. Apackageofblockscontainçhnrentyblocksinall. TenareyeIlowblocksandtenare 
blue bfockç. Do you think that the yeilow blocks are .5 of all the blocks? 

38. Can you tell me a number that cornes between .3 and .4? 

39. Which is bigger, .20 or .089? 

40. Which is bigger, tenthç, hundredths, or thousandths? 

41. How should you wtite seventy-five thousandths as a decimal? 

42. How much is .5 + .38? 

43. Can you constnict the number 23.5 with these blocks using the long, IO-unit blocks as 
ones? 



Look at this nurnber Iine. What nurnber is rnarked by the letter A? 

O O-. 1 0 2  o. 3 

What number is rnatked by the letter B? 

How much is 3.64 - .8? 

What is 118 as a decimal, do you know? Explain your answer. 

If you had 20 candies and you were told to give away -05 of all the  candieç, how mmy 
candies wouId you have to gnle away? 

Shade in -3 of the circle. How did you know how much to shade? 



h u f d  these be the same amount, -06 of a tenth and .6 of a hundredth? 

tes or No (Explainj 





Rational Number Interview 

- 
/ 
h Draw a h e  on bis beaker to show what it wodd look like 

1 
if the beaker was approximatdy 2 full? 

3. Now, draw a iine where fidl would be. 
3 

4. The c m  at the iefk holds 1 quart of oÏI which is the same as 2 ph&. The can 
on the right holds 3 qua& of oil How many pints wiil it hold? 

5. If a beaker hoI& a totaI of 80 mL of water, how mmy mls. of water wodd 
there be if you EUed it 75% Ml? 

6.  C m  you teil me a rider that cornes between 3 and rl. 



1 
C m  you place the number - on thls number line? 

4 

How much is 5 i 38? 

12. How wodd you write 6% as a decimal? 
- - -  - - - -  - - - - -  - - - -  - - - - -  

L- Estimate the answer to - t A 
13 8 



15. Order the folIowing numbers h m  largest to mallest. 

16. I% thexe a fractÏon that cornes between 1/4 and 2/4? 

17. What is 65% of 160? ExpIain how you got your a m e r .  

18. What is 118 as a decimal? 

19. ML Short% height is 4 buttons or 6 paper dipa 
His fiend Mt. TaII's height is 6 buttons. 

H o w  many papa clips are needed for MI.  Tas height? 

20- Mrs. Cheever is 50% Mer than her daughter. He-r daughter's height is 

a/o of Mrs. Cheever's. - 




