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Abstract 

A comprehensive 2-D and 3-D frnite element study is undertaken to examine the effect of 

the critical geornetric features and interface conditions in the fu-tree region of a turbine 

disc upon the stress distribution at the bladeidisc interface. Three aspects of the work were 

accordingly examined. The first was concemed with the stress analysis of the critical 

geometrical features and interface conditions (friction) of various fir-tree configurations, 

thus enabling the evaluation of the criticdy loaded regions in the disc. The second was 

concerned with the three-dimensional finite element analysis of the assembly, so as to 

examine the effect of the skew angle upon the triaxial state of stress and load sharing 

between the teeth in turbine discs. The thud aspect was devoted to the validation of the 

FE predictions using existing photoelastic stress freezing results. 

The outcome of the work reveals the importance of the contact angle, upper and lower 

Bank angles, number of teeth, and skew angle upon the stress field. Frictional conditions 

at the interface were also investigated and the results reveal that they play a minor role in 

detennining the level of interface stresses. 
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Notation 

Xnner radius of disc 

Outer radius of disc 

Matrix of shape functions derivatives 

EIas ticity rnatrix 

Young's modulus 

Material fringe value 

Force vector 

S tiffhess matrix 

Contact stiffness in normal direction 

Contact stiffness in tangential direction 

Flank length 

Fringe order 

Number of fir-tree teeth 

Applied load 

Inner radius 

Outer radius 

Radius 

Thickness 

Displacement vector 

contact angle 

bottorn flank angle 

top ffank angle 

Coeficient of friction 

Poisson's ratio 

Density 



CF Stress 

O Angular velocity 

Superscript e denotes the element 

Subscripts n and s represent the tangentid and normal cornponents, respectively. 



Chapter 1 

Introduction and Justification 

1.1 Aeroengine Disc Assemblies 

The mechanicd integrity of aeroengine discs and attached blades is crucial to the 

operational safety and service Me of gas turbine engines (GTE). The mechanicd joint 

between either a compressor or a turbine Made and the disc represents the most critical 

load path between the blades and the dix .  Contact stresses, interface conditions (friction, 

surface roughness, residual stress), and the detailed geometry of the joint deterrnine the 

severity of the resulting stress field. 

Cracks usually develop in this region and the designer must understand fuily the 

consequence of varying the geometry or the interface conditions. Unfortunately, contact 

stresses are not constant, but Vary depending upon power and speed requirements. The 

tirne variation of the stress field during service loads of a GTE c m  induce fatigue andor  

fietting fatigue. It is with this in rnind that we devote our attention to the stress field in fir- 

tree fasteners under mechanical loading. Only centrifugai loads are considered in this 

study, since it is known that they produce much larger stresses in a turbine disc compared 

to thermal, bending, twisting, and vibratory loads [1.1]. 



1.2 Fir-Tree Fasteners 

Fig. 1.1 shows the different methods adopted in fastening blades to discs. These are: pin 

joint, dovetail and fir-tree. Fir-tree fasteners have k e n  cornrnonly implemented in turbines 

because they provide adequate multiple areas of contact over which large centrifuga1 

stresses can be accornrnodated. 

It is known that the severe t h e d  cycling associated with each startup and shutdown of 

the engine, together with centrifugai loads and high-frequency excitation problems, causes 

signincant stress intensification at the bore of the rotating turbine disc. Nevertheless, the 

distinct geometric characteristics of the blade-disc interface amas considerable stresses in 

regions of sharp notches and fillets. Peak stress analysis owing to blade intricacy is further 

complicated by fretting at the contact surface between the blade root and the disc groove. 

Fretting is the damage process associated with the cyclic relative motion of the blade and 

the disc, resulting in surface damage leading to Iocalized shear traction and micro-slip at 

the contact surface. Low/high cycle fatigue interaction causes crack initiation and 

propagation which can lead to catastrophic failure. This possible disastrous failure imposes 

a need to complement the analysis of the structural integrity of the disc by accounting for 

cornplex stressing situations over a prescribed number of cycles, such that the mode of 

fracture cm be predicted, along with an estimate of the remaining residual Me. [l. 1 - 1-51 

1.3 The Design Philosophy 

In order to baiance safety and longer life against the desire for higher thrust/weight ratios, 

and ultirnately to prevent catastrophic failure, two major design philosophies have been 

adopted in the aerospace industry. 



Joint 

Fig. 1.1 : Different blade fastening arrangements (after C1.41). 

The approach referred to as the safe life design criterion (SLC) has been adopted for 

many years by aeroengine designers. Using this method, critical aeroengine components 

are designed based on a fatigue analysis and testing program that attempts to establish a 

specifïed safe Me, at the end of which all components are retired fiom service. The life 

prediction of a rotating disc is detennined by crack initiation criteria. Specifically, the 

cycle Me Lùnits are established by a statistical analysis of all available specimen and 

cornponent life data to provide a low probability of service failure with respect to some 

minimum strength requirements. For a rotating disc, the safe life is defined as the number 

of cycles after which one in 1000 discs (0.1 percent probability) WU have developed a 

fatigue-induced crack approximately 0.75 mm in length. The SLC requires that the full 

scale component tests demonstrate low cycle fatigue (LCF) Me, which in practice means 

that catastrophic failure occurs rarely, since there is a large scatter in crack initiation life 

data. In this sense, SLC is regarded as higNy conservative for real materials since it 

underestirnates the useful life of expensive components. Approxirnately 90% of discs are 



removed fiom service by making use of Iess than 50% of their safe iife capability, whereas 

the rernaining 10% rnay still fail in a catastrophic mode. Clearly, this points to the need of 

a design philosophy that considers crack growth behavior in components in order to make 

more effective use of these critical components. 

The considerable background experience gained over the years ushg the SLC has resulted 

in the recently developed design aiternative referred to as retirement for cause (RFC), or 

damage tolerant design (Dm) procedure. This method, developed using fracture 

mechanics, is based on detection of cracks in discs in service and the subsequent 

propagation analysis of these cracks. RFC analysis addresses existing engine components, 

whereby the inspection intervai is determined by caiculating the rernaining propagation life 

Np from a crack just srnall enough to have k e n  rnissed during inspection of the critical 

crack size, accounting for safety factors. In contrat, DTD analysis addresses the design of 

new components, whereby it is assumed that cracks just s m d  enough to have been 

overIooked by inspection, exist at critically stressed regions. By predicting growth of these 

initial flaws, only discs containing cracks that exceed a catastrophic size are retired from 

service, rather than removing d l  the discs after a certain time 11.6 - 1-81. 

1.4 Airns of the Study 

Aeroengine turbine discs basically have three critical regions for which Lifetime 

certification is necessary: the fi-tree rim region, the assembly holes or weld areas and the 

hub region. Fig. 1.2 shows these areas dong with their associated loads [1.9]. 

In this study, attention is devoted to examining the effect of the critical geometric 

parameters upon the contact stress distribution and Ioad sharing between the different 

teeth of a fr-tree joint. These features, s h o w  in Fig. 1.3, include the number of fi-tree 

teeth ni, flank length 1, contact angle a; and flank angles P and y which defme the tooth 



pitch. In addition, interface conditions in the fir-tree region will be studied by varying the 

coefficient of dry elastic CouIomb friction p. 

Three aspects of the work are accordingly exarnined. The first is concerned with the two- 

dimensionai finite element analysis of the stress field in aeroengine fu-tree bIade/disc 

interface. The second is concemed with the three-dimensional ff i te  element anaiysis of the 

disc assernbly so as to examine the effect of the skew angle upon the triaxial state of 

stress. The third is devoted to the validation of the FE predictions using existing 

photoelastic stress freezing resuI ts. 



FF Centrifuga1 Force 
Fs Blade Force 
FD Supporting Force 
T = f(r) : Thermal Load 

1 : Rim (Fir-Tree Groove) 
2: Bolt Hole/Weld Region 
3: Disc Hub 

Fig. 1.2: Turbine d i s ~  illustrating loads acting at critical design regions. 



Top Flank Ande y 

Bottom Flank Angle P 

~ntact Angle a 

Fig. 1.3: Schematic of fir-tree disc groove and blade root definitions. 

1.5 Layout of Thesis 

This thesis is divided into five chapters in total. The First Chapter justifies the reasons 

behind the undertakings of the study and outlines the objectives of the work. Chapter Two 

deals with the iiterature survey regarding fi-tree structural integrity andysis. Chapter 

Three describes the FE method and models adopted for determinhg load sharing in the fr- 

tree region. In Chapter Four, comparisons between the numerical FE predictions and the 

experirnentaily derived results are made. Chapter Five concludes the work and outlines 

some possible areas that may be explored i n  future. 
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Chapter 2 

Literature Review 

This chapter provides a desctiption of the development of earlier theoretical and 

experirnental investigations related to the structural integrity of aeroengine discs, and the 

stresses in the fir-tree contact regions. 

The review is divided into three main areas: the e s t  is concerned with closed form 

expressions for the stress field in rotating discs. The second section concerns itself with 

earlier two dimensional finite element models with and without contact conditions, and the 

third with the expenrnental verification of the finite element predictions. 

2.1 The Stress Field in Rotating Discs - CIosed Form Solutions 

An aeroengine turbine disc is generally subjected to severe stresses due to many different 

f o m  of loads. The severest of them is caused by the centrifugai force, both due to the 

rotation of the disc itself and due to the attached blades. The biades are also subjected to 

bending, twisting and vibratory loads which have to be resisted by the blade fwng region 



of the disc. In addition, the blade-disc assembly is subjected to temperature gradients 

Ieading to thermal stress. 

For the case of a rotating d i x  whose thickness is uniform and smali in cornparison with its 

radius, such that the stresses through the thickness can be neglected, andytical formulae 

have been developed. The generd expressions for radial and tangentid stresses c m  be 

shown to be: 

where p and v are the respective matenal density and Poisson's ratio, r is the d i x  radius, 

and o i s  the disc rotational speed. The integration constants c m  be determined from the 

boundary conditions. Two cases are generally exarnined: soIid and hoIIow discs. as 

detailed beIow. 

In order to prevent the stresses at the center of the disk from becoming infmitely large, we 

must take B = O in Eqn (2.1). In addition, using the free boundary condition (O, ) . = b = 0, 

we obtain: 

and Eqs. (2.1 a) and (2.1 b) become: 

The maximum stresses occur at the center of the disk (at r = O) as shown in Fig. 2.1. 



Fig. 2.1 : Stress distribution in a solid rotating disc. 

2.1.2 Hollow disc d y s i s  

For the hollow disc in particular, there exist free boundary conditions at both the inner and 

outer radii, such that (a; ) . = , = (O. ) . = b = O, such that the integration constants become: 

A=(?)po'(a2 + b') 

The maximum radiai stress can be shown to occur at r = (ab)'", and the maximum hoop 

stress occurs at the inner radius of the disc, such that: 

The distribution of stresses within a hollow rotating disc is shown in Fig. 2.2. 



Fig. 2.2: Stress distribution in a hollow rotating disc 

The expressions above do not account for gas bending stress, thermal loading, or other 

types of blade loading. In such cases, the boundary conditions would be modifed to 

reflect the fact that radial stresses at the disc edges would no longer necessarily be zero 

12- 1-2.21. 

2.2 Review of Earlier Finite Element Models 

The closed form solutions can only serve to approxirnate stresses in actual aeroengine 

dises, since the fir-tree joint introduces stress concentrations due to geometry features and 

fnction at the contact regions. The Fuiite Element method has been adopted in order to 

account for the details of the complicated fa-tree interface region and loading conditions. 

The application of FE models to the analysis of the aeroengine disc problem began with 

plane elastic models loaded with concentrated forces and sirnplified boundary conditions. 

Until Chan and Tuba [2.3] ùivestigated the effect of blade-disc clearance using a two- 

dimensional model, most early work disregarded friction and geometric cornplexities. The 

coefficient of fnction was shown to have a slight yet distinpishable effect on both the 



magnitude of maximum m e t  stresses as well as the distribution of average loads on the 

teeth flanks. Clearance changes revealed more signifïcant effects than those of contact 

friction. 

With the development of FE theory and application software, emphasis shified towards 

rnodeling the elastoplastic properties of the bodies in contact. A major work was proposed 

by Zboinski [2.4] describing FE analysis of three-dimensional non-linear contact problems, 

utilizing the variational principal of incremental friction mechanics. An FE analysis of a 

four-teeth fi-tree attachment under simple tension and bending revealed that maximum 

stress gradients occurred at the fiilet of the tooth closest to the disc. 

Masataka et al. [2.5] developed a three-dimensional fmite elernent mode1 of the fr-tree 

blade root and disc groove with a skew geornetry. Contact between blade and disc is 

modeled using springs, and slippage is considered by varying the interface coefficient of 

friction p from 0.0 to 0.5. A comparison between linear and non-linear spring models 

reveals that siippage is considered negligible when p is between 0.3 to 0.5, such that 

within this range accurate results c m  be obtained by linear analysis. A similar study by 

Zboinski [2.6] confirms that friction and non-linear geometric contact have been shown to 

play a sipifkant role in determining the three-dimensional stress distribution across the 

fi-tree flanks. Furthemore, his study demonstrates that the sirnultaneous effect of 

geornetrical (rnachining tolerances) and physicd (frictional) nonlinearities on the stresses 

follow a superposition principal. 

Sarlashkar and Lam [2.7] use the FE method to study the effect of machining tolerances 

on the load distribution and peak stresses within the fir-tree region. The steady state stress 

for an arbitrary gap combination is interpolated from a database containing pre-calculated 

blade-root stresses. A special gap element is developed in order to account for friction, 

compressive stress, and the random gap size. 



Finally, a probabilistic mode1 is presented which estimates the LCF crack initiation life 

accounting for both manufacturing inaccuracies and material fatigue characteristics. A 

simiiar analysis was carried out by Snvastav and Redding [2.8] in which the three- 

dimensional irnperfect contact conditions were accounted for using a displacement based 

FEA procedure. That paper reveals the possibility of generating super-elements, whereby 

the interior degrees of fieedom of both blade and disc are condensed and contact is 

assumed to occur only at pre-defined super-element boundary nodes. 

2.3 Review of Experimental Work 

In the design of aeroengine blade disc assemblies, the desire of weight reduction must be 

balanced against safety and reliability. In addition, highly accurate FE anaiysis must be 

carried out since the joint design is sensitive to minute geometrical variations. In order to 

validate the FE work, a variety of experimental stress analysis techniques have been 

established. 

One of the most comprehensive and early experirnental works regarding aeroengine 

structural integrity was performed by DureUi et al. r2.9-2.101. This study is concerned 

with establishing a bais  upon which blade design could be improved, and involves 

decomposing the probIem into a number of steps: 

(i) Transmission of forces from the blade to the fir-tree root. 

(ii) Optirnization of the fr-tree geometry in terrns of filet contours, contact angle, and 

nons ymmetric contact conditions with respect to stress distribution. 

(fi) High temperature fatigue testing. 

The study rnakes use of actual and oversized plastic fa-tree joint models subjected to 

various combinations of radial centrifuga1 forces and bending. Experirnental techniques 

empIoyed included brittle coatings, photoelasticity, strain gage, and fatigue testing. Such 

techniques reveded that the stress distribution is not always a linear function of the load, 



and that the load sharing is dependent upon the teeth rigidity and the clearance between 

mnting teeth. In atternpting to optimize the fi-tree geometry for least stress concentration, 

it is noted that the stress distribution in some of the shanks is non-uniform. Thus, the plane 

stress condition can only becorne valid if it is assumed that each separate thin slice of the 

blade-disc assernbly takes on a different cross-sectional load. 

In an attempt to understand stress distributions in the axial direction, Uchino et al. [2.11] 

verifed the predictions from a three-dimensional FE mode1 with three-dimensio na1 

photoelastic data. Stress concentration factors were shown to increase with skewness of 

the broach angle defining the disc groove. 

Durelli and Rajaiah [2.12] had also made an important contribution by deveIoping a 

method to optimize holes and fillets, reducing their stress concentrations, decreasing 

weight, and in many cases increasing strength of two-dimensional structures. The method, 

based on photoelasticity, involves the removal of material from the low stress portions of 

the fdet geometry until tensile and compressive segments are balanced along the 

buundary. In this manner, the stress concentration factor of a dovetail joint was reduced 

by 24 percent. 

Finally, combined methods have also k e n  explored, such as the holographie 

photoelasticity of Parks and Sanford [2.13]. In this method, the sum. of the principal 

stresses throughout the field (isopachics) are combined with directional and shear stress 

information £iom photoelasticity to determine the compIete stress field in a fr-tree joint. A 

sirnilar removal of met  boundary material resulted in a reduction of 27 percent in stress 

concentration factor. Another study by Parks and Sanford [2.14] reveüled that the stresses 

at the central region of a three dimensional photoeIastic slice were approximately twice 

those found in a two-dimensional version. In response to this, automated photoelasticity 

using image processing techniques to accurately resolve triaxial stresses in aeroengine 

components has been actively pursued [2.15]. 
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Chapter 3 

Finite Eiement Analysis of Turbine Discs 

3.1 Introduction 

The finite element method involves discret king a physical domain into s m d  subdomai ils, 

known as elements, over which piecewise continuous field variables such ris veloci ty, 

stress, pressure, or temperature can be approximated. Since the actual variation of rhe 

field variable inside the element is not known, some approximating functions are needed to 

describe this variation. These approximating functions are similar to trial hinctions since 

they interpolate the field values at the nodal points of each element. Knowing the 

geometric and material properties of each element, suitable field equations such as 

equilibrium or heat balance can be written, and the elemental stiffness matrix c m  be 

obtained, usually by minimizing the potential energy of this unit system [3.1 - 3.21. 

The elements are connected together at nodal points, forming a continuum for the entire 

model. The element stifmess matrices are assembled for the whole discretised body to 

obtain the global stiffness matrix [KI. The new unknowns are the noda1 values of the field 

variable throughout the assemblage of elements. The overall equilibrium equations are 

modified to account for boundary conditions of the problem, which generally yields the 

global equilibnum equation in terms of banded matrices [3.3 - 3 -41 : 



IKIW = (FI 

w here 

{u) represents the global displacement vector, and 

IF} represents the global applied load or force vector. 

The general solution of an engineering problem can be described in a step-by-step 

procedure. This sequence of steps describes the actual solution process whic h is fol10 n.ed 

in setting up and solving field equations, and is surnrnarized as follows: 

Ideaikation of the structure: the geornetncal features of the structure are simplified 

in order to accommodate sensible discretisation. 

Discretkation of the structure: in this case, the body is subdivided into an equivalent 

system of h i t e  elements. The type, size and number of elements are dictated by the 

geometrical features of the component, applied loads and restrnints, ncco nicy needed 

and CPU floating point power. 

Choice of interpolation or displacement function: the assumed displacement function 

approximates the actual or exact distribution of the displacement field within the  

continuum. In general, the interpolation function is taken in the form of a 

polynomial; the number of terms that can be retained in the polynomial is limited by 

practicai considerations. 

Derivation of the elernent stifmess matrix: the stiffness matrix is composed of the  

coefficients of the equilibrium equations derived from the material and the geometric 

properties of an element and obtained by the use of the principle of minimum 

potential energy (equilibrium condition). The stiffness [K"'] relates the 

displacements at the nodal points {u"'} to the applied forces at the nodal points 

{F"'} where (e) denotes the elernent number, narnely [K"'] {u'"} = (F"'} . w here 

KI =lJJ [BT lPl[BldV. 
VC 

AssembIy of element equations for the overall discretised body: this process includes 

the assembly of the global stiffhess matrix [KI for the entire body from the individual 



element stiffhess matrices [K"'] and the global vector {F} frorn the elernent nodal 

force vectors {F""}. 

(vi) Solution for the unknown nodal displacements: the overall equilibrium equations 

have to be modified to account for the boundary conditions of the problein. Afier rhe 

incorporation of the boundary conditions, the global equilibrium equations can be 

n 

expressed as [K]{u} = {FI, where w+x m e ] ,  with n being the total nurnber of 

elements. For linear elastic problems, the displacement vector can be easily obtainèd. 

But for non-hear problems, the solution is obtained in a sequence of steps, evch 

step involving the updating of the stiffness mati-ix [KI and/or load vector {F}. 

(vii) Computation of element strains and stresses from nodal displacements: havin; 

detennined the primary unknowns (nodal displacernents), it is often necessary to use 

these nodal displacements to determine the element strains and stresses by using the 

appropriate solid mechanics equations. 

With the availability of rnany powerfd linear and nonlinear finite elernent packages, the 

development of the solution programs was not considered in this study. The work 

concentrates on the mechanics and design aspects of the fir-tree joint rather than the 

numerical aspect of programrnability . 

This work has k e n  developed using A N S Y S ,  a finite element package which contains a 

pre-processor, a number of solvers and a post-processor. The pre-processor allows the 

user to rapidly create two- and three-dimensional finite element modeis and prepare the 

model for analysis through automatic model checking routines. The frontal solver (two- 

dimensional) was used to accommodate the geometrical nonhearities occurrin; in the tir- 

trze joint. The general post-processor allows the user to review results over the eiitire 

model at specific load steps and substeps f3.3, 3.5 - 3-71. 



3.2 Discretisation 

The basis of the finite element method, as described above, is to represent the contin~ium 

by a finite number of ekments interconnected through their common nodes, this process is 

called discretisation. Two methods of discretisation are avaiiable for the generation of 

finite element rneshes in non-hear contact analysis; namely: (i) mapped rnesh generation 

and (ü) free generation. In rnapped mesh generation the user specifies tha t  the progrnm 

must use al1 quadrilateral area elements or all hexahedral (brick) elements to generatz a 

mesh. Mapped meshing requires that an area or volume be "regular", meaning that it niust 

meet certain speciai criteria determined by the program. In free meshing operations. no 

special restrictions are required. Free rneshing can use either mixed area elernent shapcs, 

or else all-triangular area or all-tetrahedral volume elements. 

The choice of meshing techniques used for the fr-tree repion of the mode1 wiis due to the 

necessity to model a complex geometry where large transitions in stress and strain fields 

are expected. To obtain a maximum arnount of information from this reg ion, the use of a 

high density mesh was required. The free meshiig routine is a very flexible and useful iool 

for automatic mesh generation, such that transitional meshes can be constructed with 

relative ease on highly irregular geornetrical shapes, such as the dovetail joint. The higlier 

number of srnaller elements will also allow better modelling of the interface conditions. 

Away from the interface region, where steep gradients in stress and sirnin are iiot 

expected, only a few elernents are used, just to maintain continuity within the model. 

The size and nurnber of elements used are dependent upon the solution accuracy requircd, 

which in itself affects the computing tirne required for the analysis. To obtain conversed 

finite element solutions, it is the usual practice to alter the size and number of elernciits 

within the mesh until a compromise berween solution accuracy and cornputing timc is 

obtained. The two-dimensional rnodels were meshed with four-noded quadrilaterat 

elements using varying mesh densities. From convergence tests carried out  in the present 



work on different numbers of elements together with evaluations of computing time. the 

optimum number of elements was decided [3.3,3.5]. 

3.3 Contact at the Blademisc Interface 

3.3.1 Noniinear Contact Finite Element Analysis 

Contact problem, as illustrated in Fig. 3.1, involve inherently nonlinear contact conditions 

as well as unknown boundary conditions. The unknowns in the problem include the act~iiil 

contacting surface, the stresses, and the displacements on the contacting surface. The 

solution cannot be determined accurately within a single step of analysis. Severai steps 

must be taken, updating the tentative solution afier each step until convergence is 

satisfied. 

Initiai Candidate 

surface rc Fe< contact 

Before contact Contact with 
no penetration 

Contact with 
penetration 

Fig. 3.1: Contact between two deformable bodies [3.6]. 

Original finite element formulations did not accommodate the treatment of contact, and 

therefore ad-hoc techniques were used. In these cases, simpwing assumptions regardiiig 

the actual contact surface and the distribution of the contact stress were made. These 

s i r n p ~ g  assumptions enabled the treatment of each individual body as a separcite 

problem This ad-hoc technique proved inadequate in many cases where neither the  



contact surface nor the stresses on it could be easily estimated. This hris prompted the 

development of contact elements [3.8 - 3.1 O]. 

Finite element methods treat contact problems by extending the variational formulation 

upon which the finite element rnethod is based. Contact elements are formulated and 

assembled into the original finite element code in order to enforce the contact conditioiis. 

The solution is then obtaùied by solving the resulting set of non-linex equations. 

The two- and three-dimensional contact elernents used in this study adopt a node-~o- 

segment interface mode], as shown in Fig. 3.2. The mount  of the open gap or the _cap 

penetration of the contact node on the target plane is calculated dong with the point of 

projection of the contact node. Contact is indicated when the contact node pcnetrates [lie 

target surface defmed by the target nodes. The penetration represenrerl by the magnit iide 

of the gap is a violation of compatibility. In order to satisfy contact cornpatibility, forces 

are developed in a direction normal to the target that will tend to reduce the penetration to 

an acceptable numericd level. In addition to compatibility forces. friction forces Lire 

developed in a direction that is tangent to the target plane (refer to Ref. [3.3]. and Seciion 

2.2). 

Contact surface and node 

1 .  Target surface and nodes 

Contact surface and node 

Target surt3çe and nodes 
X 

Fig. 3.2: (a) Two- and (b) three-dimensional surface contact elements [3.6]. 



Regarding the nomial forces, two methods of satisQing contact compat ibility ;ire 

available: a penalty rnethod or a combined penalty plus Lagrange multiplier met hod. The 

penalty method approxirnately enforces compatibility by means of a contact st i Wness (Le.. 

the penalty parameter). The combined approach satisfies compatibilit y to a user-detiried 

precision by the generation of additional contact forces that are refcrrcd to as Lagrange 

forces. 

For the penalty method, 

where K, is the contact stiffness and g defines the magnitude of the gap. 

For the combined method, the Lagrange multiplier component of force is computed locally 

(for each element) and iteratively. It is expressed as 

hi+, = Lagrange multiplier force at iteration i + 1 

where: 

E = user - defined compatibility tolerance 

a = an internally computed factor (a c 1) 

Tangential forces are due to fnction that arises as the contact node meets and moves dong 

the target. Three fiiction models are available: frictionless, elastic Coulomb friction, and 

rigid Coulomb friction. The Coulomb fnction representations require the spec i fication of 

the coefficient of sliding fnction p. 

For the frictionless case, the tangentid force f, = 0 .  



For the elastic Coulomb fi-iction the tangential displacement r r ,  of the contact rade relaiivs 

to the target is calculated and decomposed into sticking (or elastic) and sliding (inelastic) 

components: 

u: = elastic tangential deformation 
where: 

u: = sliding (inelastic) tangential deformation 

The tangential force is then 

if sticking 

if sliding 

(3.4) 

K, = sticking stiffness 

where: f, = sticking force limit of the Coulomb friction mode1 (f, = - pfn) 

F = static / dynarnic friction factor 

Elastic contact tangential deformations are ignored in the rigid Coulomb friction rnoclel. 

The contact node is dways assumed to be sliding on the target, where the tangential force 

f, is calculated as: 

A major problem in the irnplementation of contact elements is the assignment of values to 

K, and K., which govern the convergence and accuracy of the solution. Fias. 3.3(a) and 

3.3(b) show the variation of the normal and tangentiai stiffness. K,, and K,, with 

displacement. 



Fig. 3.3: Variation of contact stifiess with relative noda1 displxemênt: 

(a) normal stifiess K, and (b) tangential stiffness Ks. [3.3. 3 -61 

The values of Kn and K, are required to be very large. However. 1lic use of excessî\.cly 

high values of K, and Ks results in dl-conditioned global stiffness rnmiceh. leading to 

numerical errors and divergence. On the other hand, the use of smallsr ulues of K. and Ks 

results in convergence to the wrong solution allowing for interpenetrütion iirid incorrect 

estimates of the stick and slip regions. Convergence of the solutiori is bascd upon ttie 

values of the normal force F, on two successive iterations for a particular contact region. 

If the difference is less than 5% then the element is said to have comerged tmsed on the 

corresponding values of Kn and K,. In addition, values for stiffness werc chosen such t l i r i t  

an additiond criterion for convergence was met, nameIy that the contact elenient should 

converge rapidly (in less than ten iterations) for al1 realistic values of p (O to 0.5) L3.3, 

3-61. 

3.4 Load Sharing Models: Earlier Contributions 

Early work regarding load sharing can be traced to experimental techniques used in 

detemiining the stresses within loaded aeroengine discs. Durelli et. al [3.1 11 mention in an 



early study that the manner in which the applied forces are distributed within ri dovctnil 

joint c a ~ o t  be easily predicted. This is due to the fact, that thc dovetail joint is an 

indeterminate structure. Therefore, the distribution of forces between the tlitnks of the 

teeth in contact depends upon the rigidity of these teeth and the cleasiiiice bet rveen thcm. 

It is in Ref. 13.1 11 that mention is first made of the fact that an understanding of loiid 

distribution in turbine blades is related to the teeth stiffness. 

In order to characterize the stifmess of a fir-tree joint, Singh and Rnwtani [3.12] assunied 

that the root is made of several steps, in which each step is affecteci by geomett-icrii 

parameters. In addition, they showed that for proper understandiii,o. the designer niiist 

know the effect of the variation of different parameters on the types of loacis carried by 

each step. 

To study the stiffhess of a generalized step, each step is treated Iike a finite element b1;tck 

box for which the input is load and the output is deformation. The efkct of tlir loads oii a 

step are broken down into individual sub-problems as follows: 

Fig. 3.4: Load superposition method used to measure deflections within a iooth. 

w here, 

N = Normal contact force 

F = Bottom neck force 

F, = Top neck force 

Fc = Centrifuga1 force, distributed throughout tooth 

T = Traction or shear contact force, assumed to be 

P, Q are the arbitrary points at which deformation are measured. 



Although the finite element analysis gives stresses and defiection at al1 the [iodes in the 

model, only points P and Q are used to obtaîn the defiection as a function of load type and 

geometry. Point P is assumed to represent the deflection of the tooth rit the center of the 

contact region. Point Q is appropriate because it allows for connectivity bctween the 

different teeth, when assembling them into an entire fir-tree region. Since the tootti is 

treated as a generic black box, sorne type of regression analysis is needed in ordei- to 

capture the stiffness characteristics in terms of geometrical parameters. Singh ririci Rawtmî 

used this method to predict the load sharing in the full root and conipore thesc 1-esults 1i.i t h 

those obtained using the theory of elasticity. The method has the fol Ion.iiig di~iu; bricks: 

(i) a regression analysis is used to characterize stiffness as opposcd to king ablc to 

produce some analytical stiffness formulae, and 

(ii) it does not account for deflection behavior at other pin!s  dong the tooth 

boundary , rneaning that the regression i tself seems biased. 

A solution based on the theory of elasticity was deveIoped by St~irrituri et. al [3.131 in 

which analytical expressions for calculating stress and displacemen t are g iveii by appl y ing 

the principle of virtual work. Each tooth is assumed to behave as a çont ilever hcrirn rigidly 

supported by the blade, and deflections are obtained by applyin,u Cas t igliano 's t heoi-cm. 

The solution makes use of tedious third order approximations of stl-ain cntrgy. This 

approach was shown to be sirnilar to first order solution approsirnritions. Again. the 

method does not account for the deflection behavior at other poirits dong the tooth 

boundary. However, Shiratori predicts that the last blade step (nearrst t «  the ciisc center of 

rotation) takes the greater part of the load, while the first step takes the krist. 

In the present study, we adopt the f ~ t e  element metliod to provide tlic strcss variai ion 

dong the different teeth. The load distribution between the teeth in contact was tiicn 

determined by considering the contact area over which the stresses nct. Thesc stresses Lire 

integrated numericaliy over their respective regions, allowing the riveragr. çalculoted forces 

to be resolved into normal and tangential components. In this manner. the approximations 



and biased calculations of previous types of analyticaI work are ~lvoidcci. The only 

approximation used is the numerical accuracy of the integration. 
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Chapter 4 

Results and Discussion 

In this chapter, we discuss the results obtained by the finite element method and compare 

them with photoelastic results. Both two- and three-dimensional FE andysis were 

considered and the results concerning the geometry, interface conditions and body forces 

are evaluated and discussed. Specifically, it was desired to determine the effect of flank 

length, flank angles, skew angle and coefficient of fnction upon the field variables and 

load sharing arnongst teeth in a typical fir-tree design. 

4.1 Stress Integrity Analysis 

4.1.1 Two Dimensional Finite Elernent ResuIts 

In this study, the FE analysis was carried out on turbine discs with different contact ang 

a, flank angles and ywhich define the tooth pitch, and the number of teeth in contact n. 

In addition, interface conditions in the fir-tree region are studied by varying p, the 

coefficient of dry Coulomb fnction. Although eight-noded quadrilateral elements could 

have been employed for the blade and disc assembly, ANSYS does not accommodate 



such elements accurately in the contact regions. For this reason, four noded quadrilateral 

plane stress elements, with reduced integration, were used. 

It has been shown in Ref. C4.11 that the coefficient of friction between the blade and disc 

material varies from 0.1 to 0.4 at roorn temperature. To investigate the effect of different 

interface conditions at the blade/disc contact region, the coefficient of fnction was varïed 

to a maximum value of 0.5. 

All the models were subjected to centrifuga1 Ioading of the disc and the bIades. The 

contacting surfaces were rnodeiled using interface elements, as descriid in chapter three. 

No attempt has been made to accurately mode1 the blade except insofar as providing the 

necessary centdügal loading and its associated effect at the interface. The validity of the 

results obtained by FE analysis was msured by checking the condition of equilibrium of 

forces. The values of the reaction forces, Fx and Fy, were summed over the restrained 

nodes in contact. It was conf i ied  that C Fx = T, Fy = O at these nodes. In reality, the 

nodes are not restrained in the y-direction, so that the summation of forces is necessady 

zero in this direction. Furthemore, the numerical FE predictions were compared with 

closed form solutions which do not allow for contact, but consider the body forces. 

The material properties used for the modelling the blade and the disc were that of a typicai 

Nickel alioy used in aeroengine component design; namely, INCONEL 720. This matenal 

is creep resistant. The same properties were used for both the blade and the disc. Table 4.1 

lists the material properties and density of the disc assembly [4.2]. 

( Modulus of elasticity, E 1 220 1 GN/m2 1 
0.2% Proof stress, o, 

Table 4.1 : Physical properties of a typical INCONEL 720 alloy. 

Poisson's ratio, v 

635 

0.29 

~/mrn* at 2 1 OC 



Analysis of FE Load Sharing and Stress Contours 

Using the works of S. Venkatesh [4.3] and Durelli et al. [4.4] as a guide, a reference 

blade/disc design is sought over the parameaic ranges used in this study. The contact 

angle ahas  been varied from 10 to 25 degrees in steps of 5 degrees, with flank angles f l  
and y set to 40 degrees. Flank angles are varied later to study their effect on stress 

concentrations. Having developed the FE models, it was found that the setting of or to 10 

degrees was too steep to allow for adequate contact elements to be assigned to the 

different flank lengths. Too few contact elements result in inaccurate estimation of 

stresses dong the interface region. Consequently, a lower lirnit of three elements in 

contact dong the flanks of each tooth was maintained throughout the FE simulations. 

Fig. 4.1 illustrates the basic mesh for the reference blade/disc design used in the study 

with a= 20°, P= 40°, y= 40°, and n = 3 teeth. Fig. 4.2 shows the displaced plot, in which 

the radial growth of the disc is clearly illustrated for the given centrifuga1 loading. In 

order to speciQ the centrihigal loading in the FE rnodel, the rotational speed was taken as 

365 rpm, which corresponds to the speed at which the photoelastic model was rotated 

during the stress-freezing spin test, to be discussed later. 

In the foregoing discussions, only an enlarged view of the fx-tree region of the dischlade 

assernbly is illustrated for presenting the stress information. This is because the intention 

here is to study the stress distribution in the fir-tree region oniy, where the stress gradients 

and concentrations are very high. It is also to be noted that the analysis of results will be 

mainly concentrated on the disc rather than on the blade. Furthemore, the biade 

dimensions are only representative of the rnodel calculations. 



Fig. 4.1 : Discretized geometry of aeroengine turbine disc. 

Fig. 4.2: Deformed and undeformed outline of aeroegine turbine disc. 
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Analysis of Stress Trajectories 

Fig. 4.3 illustrates the maximum principal stress contours for the reference design. 

A variety of interesting points are illustrated by this plot, which can be summarized as 

follows: 

(i) The fillet radii in the disc just below the contact fianks show high stress 

concentration. This is tme for d l  the three teeth of the disc. The maximum is 

found at the bottom tooth closest to the disc root. This maximum is again revealed 

in the minimum (second) principal stress contour plot of Fig. 4.4. The influence of 

high stress concentration is spread over a larger area in the bottom tooth radius 

than in the other two tooth radii. This information can be used in designmg the 

fillet radii for the least stress concentration. 

(ii) Fig. 4.4 shows that contact stresses in the three teeth are similar. In addition, FE 

analysis assumes uniform and simultaneous contact between the blade and disc at 

al1 three tooth flanks. However, in actual conditions, due to manufacturing 

variations, this may not always be txue. In such situations, the stress distribution 

may be different from the distribution predicted by this analysis. This also applies 

to results obtained from photoelastic experiments. 



Fig. 4.3: Maximum Principal Stress Contours for n = 3, a = 209 P = 4O0, y = 40°, CI = 0.0. 

Fig. 4.4: Minimum Principal Stress Contours for n = 3, a = 20°, P = 40°, y = 40°, p = 0.0. 
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Sirnilar stress distribution results were obtauied by Durelli et al, [4.4] and Venkatesh 

14-31 in their photoelastic studies of fx-tree blade attachrnents. 

(iii) The contour pIots of Von Mises and maximum shear stresses are shown in Figs. 

4.5 and 4.6, respectively. The maximum shear stress can be compared to the 2-D 

photoelastic mode1 stresses, as long as plasticity is avoided. Von Mises and Tresca 

stresses show peak values at the contact points and at the fillets. Again, these 

stresses he1p to reveal how stresses can be reduced based on the specific radii used 

in the fdlet geometry. 

Effect of Varying Nwnber of Teeth 

In order to smdy the effect of varying the number of teeth, the sirnilar stress contour plots, 

as above, have been obtained for geometries of four, five, and six teeth in contact. In 

order to summarize the results, only Von Mises plots have been presented in Figs. 4.7, 

4.8, and 4.9. The figures reveal that the intensity of stresses tend to increase with 

increasing number of teeth. In the case of n = 6, however, the maximum equivalent stress 

falls below that obtained for n = 5. This shows that there is a certain optimum point 

beyond which either increasing or decreasing the number of teeth allows for more 

efficient load sharing. However, the problem with increasing the number of teeth beyond 

n = 5 is that rnanufacturing tolerances must become very tight, and as a result, the cost of 

production can increase considerably. 
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Fig. 4.5: Von Mises Stress Contours for n = 3, a = 20°, B =40°, y =40°, p = 0.0. 
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Fig. 4.6: Maximum Shear Stress Contours for n = 3, a = 20°, P = 40°, y = 40°, p = 0.0. 
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Fig. 4.7: Von Mises Stress Contours for n = 4, a = 20°, = 40°, y = 40°, p = 0.0. 
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Fig. 4.8: Von Mises Stress Contours for n = 5, a = 20°, P = 40°, y = 40°, p = 0.0. 
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Fig. 4.9: Von Mises Stress Contours for n = 6, a = 20°7 P = 40°, y = 40°, p = 0.0. 

Contour plots of various geometries are available, and as an exarnple, Von Mises results 

for the case of cx = 20°, f l =  504 y= 40°, and n = 3 teedi have been presented in Figures 

4.10 and 4.1 1 for Coulomb fiction settings of p = 0.0 and 0.5, respectively. Throughout 

this work, however, the point of maximum or critical stress did in fact occur at the fillet 

of the bottom tooth for the family of geometries investigated. Clearly, these points are 

subjected to much higher stresses in cornparison with the applied nominal stresses and 

cm, therefore, promote crack initiation at these sites. 



Fig. 4.10: Von Mises Stress Contours for n = 3, a = 20°, P = 50°, y = 40°, p = 0.0. 

Fig. 4.11 : Von Mises Stress Contours for n = 3, a = 20°, f3 = 50°, y = 40°, p = 0.5. 
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While the contour plots give a qualitative representation of the stress field, the x-y plots 

provide a quantitative idea of the load sharing amongst teeth. This information is useful 

in that further detailed investigation of stress distribution can be made easier, if a trend in 

load magnitudes can be detected for a particular family of geornetries. Figs. 4.12 - 4.16 

summarize the load sharing trends amongst the various geometries investigated in this 

study. For conciseness, only results having Coulomb friction coefficients of p = 0.1 and 

0.5 are presented. Teeth are numbered frorn the fmt  tooth, namely tooth one, to the 

bottom tooth closest to the disc root for the particular geometry under consideration. 

Furthermore, data for configurations of n = 3 to n = 6 have been also plotted on the sarne 

graph. Many interesting points can be withdrawn fiom these plots, as detailed below. 

Effect of the Coefficient of Friction upon Load Sharing 

Fig. 4.12 iliustrates that there exists a simple trend whereby the bottom tooth takes most 

of the load, for geometries where flank angles are kept at 40'. As fiction increases, load 

sharing becomes increasingly nonlinear, as shown in Fig. 4.13. The corresponding shear 

load sharing plots are presented in Figs. 4.14 and 4.15. As friction increases, the 

assumption that Fshear = pFRomd is no longer valid, since conditions of slip exist and ioad 

sharing becomes nonlinear. 

Effect of Hank Angle upon Load Sharing 

Fig. 4.16 simply illustrates that load sharing becomes increasingly nodinear as we 

deviate from the reference design. The most predictable load sharing trends occur when 

both P and y are closer to 40°, even with high fiction coefficient, p = 0.5. 
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Tooth number from tip of disc to root 

Fig. 4.12: Normal force load sharing vs. tooth number from tip of disc to root for: 

1 2 

Tooth num ber from tip of disc to root 

Fig. 4.13: Normal force load sharing vs. tooth number from tip of disc to root for: 
p = 0.5, p = 40, y = 40. 



Fig. 4-14: Shear force Ioad sharing vs. tooth number from tip of disc to root for: 
p =  0.1, B = 4 O ,  y=4O.  

2 3 

Tooth number from tip of disc to root 

Fig. 4.15: Shear force load sharing vs. tooth number from tip of disc to root for: 
p = 0.5, P = 40, y = 40. 
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Fig. 4.16: Shear force load sharing vs. tooth number from tip of disc to root for. 
p = 0.5, a = 20. 



Combined Effect of the Friction and Contact Angle 

The previous load sharing investigation has aliowed us to state with greater confidence 

that geometries close to design point critena will have higher ioads taken by the bottom 

tooth, and lower loads taken by the top tooth which is furthest away fiom the disc center. 

In order to rnake use of this fact, Figs. 4.17 - 4.18 present the results of the stress 

distribution dong the interface region of the bottom tooth while varying the contact angle 

a, as well as the number of teeth n , yet maintaining the condition P = y = 40° for flank 

angles. The results illustrate the following interesting points: 

In most cases, the stress distribution increases with the increase in the number of 

teeth. However, this trend is violated when using 5 and 6 teeth. 

There is an optimum range of friction coefficient in the sense that stresses are 

minimum when p is close to 0.1 (see Fig. 4.17). Values of p close to 0.5 raise the 

level of stress concentration. 

In general, the stresses increase with the increase in the contact angle a. 

Smaller values of a and p tend to produce distrihutions that are more uniform and 

more Hertzian in nature. 

It should be noted that for the remainder of the study, al1 graphs indicating nomalized 

stress values have k e n  nomialized by the factor pda2, where, p = 8510 kg/m3, w = 365 

RPM, and a = disc inner radius. Furthermore, distances dong the interface have k e n  

nonnalized by the contact flank length plus half the fillet radii in both sides of the flank. 

Finally, because of the severity of the Ioad taken by the bottom tooth, some attention will 

be given to the stress field on that tooth. However, the study wiil consider other teeth as 

well. 
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Fig. 4.1 7: Norrnalized T resca stress vs. nomalized distance along interface for: 
(a) a = 15, P= 40, y = 40, p = 0.0, 
(b) a = 15, p= 40, y = 40, p = 0.1, and 
(c) a = 15, B= 40, y = 40, p = 0.5. 
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Fig. 4.18: Norrnaiized Von Mises stress vs. norrnalized distance along interface for: 

(a) a = 15, P= 40, y = 40, p = 0.0, 
(b) a = 20, P= 40, y = 40, p = 0.0, and 
(c) a = 25, P= 40, y = 40, p = 0.0- 



Effect of the Variation in Flank Angle 

Figs. 4.19 - 4.20 illustrate that variations in flanks angles P and y produce conditions 

whereby, for the case of n = 3, load sharing cannot be easily predicted. In some cases, the 

center tooth takes the greater load, and in others, the bottom tooth. In particular, for the 

cases where y > P, there is a significant increase in the stress level. A three-fold increase in 

the stress magnitude is observed as compared to the reference design case. This suggests 

that designs where y < P should be sought. 

Effect of Coefficient of Friction 

In order to investigate in details the effect of coefficient of friction with changing flank 

angles, it is necessary to plot the stress distributions dong the entire interface, since 

prediction of the stress trends is difficult. However, only simulations with n=3 have been 

performed. The effect of changing coefficient of fiction has k e n  superimposed in Figs. 

4.19 - 4.22 for the sake of brevity. These plots reveal the following: 

(i) The stress field becomes increasingly non-uniform, i-e. less Hertzian in nature, with 

increased friction. That is to say, as p increases from O to 0.5, there is a tendency 

for the bottom portion of each tooth to accomodate a greater load. 

(ii) In general, stress distributions without friction are approximately 10% - 40% 

greater in magnitude than for the case where p = 0.5 for the center portion of each 

tooth. This again c m  be explained by reIating to the fact that the distributions are 

affected by the shear component of the stress vector. Again, most of the shear is 

taken by the bottom portion of the contact region, as shown in Figs. 4.21 and 4.22, 

a trend which was evident in Fig. 4.18, when only the contact angle was changed. 

This suggests that an effect similar to a change in contact angle c m  be obtained by 

manipulating only the flank angles P and y, while increasing the coefficient of 

friction. 
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Fig. 4.19: Normalized Von Mises stress vs. distance along interface for: 

(a) a = 20, B= 40, y = 40, 
(b) a = 20, p = 30, y = 40, and 
(c )a=20 ,  p = 4 0 , y = 5 0 .  
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Fig. 4.20: Nomalized Von Mises stress vs. distance along interface for: 

(a) u = 20, p= 40, y = 30, and 
(b) u = 20, p = 50, y = 40. 
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Fig. 4.21 : Nonalized Maximum Principal stress vs. distance along interface for: 

(a) a = 20, p= 40, y = 40, 
(b) a = 20, p = 30, y = 40, and 
( c ) a = S O ,  p=4OIy=50. 
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Fig. 4.22: Nomalized Maximum Principal stress vs. distance along interface for: 

(a) a = 20, p= 40, y = 30, and 
(b) a=20, P = 50, y = 40. 



4.2 Three Dimensional Finite Element Analysis 

The two-dimensional analyses reported in the previous section, though valuable in 

shedding light on certain design issues, is rather limited. In the sense that a plane stress 

condition was imposed on the geometry. Hence, the triaxial state of stress affecting stress 

concentration regions has been ignored. In addition, it suffers fiom two limitations: 

(i) the stress variations dong the disc thickness are ignored, and 

(ii) the effect of the skew angle cannot be exarnined. 

In order to simpliw the three dimensional modeUng and to critically compare the results 

with those obtained from the two-dimensional analysis, two different three dimensional 

models have been developed. One assuming a straight fir-tree slot through the disc 

thickness, while the other takes into account a 20' skew angle, as depicted below. 

O" Skew 20" Skew 

Fig. 4.23: Non-skew and 20°skew geometries investigated in this study. 

4.2.1 Three-Dimensional Mode1 with Straight Fir-Tree Slots 

In the case of a straight bladed fir-tree slot, the three-dimensional structure was created by 

extruding the two-dimensional sector in a direction normal to its plane, as depicted in Fig. 

4.24. Fig. 4.25 shows the complete three-dimensional discretized geometry for this case. 
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Figure 4.24: Specifications of the three-dimensional geometry. 

4.2.2 Three-Dimensional Mode1 with Skew Fir-Tree Slots 

It is now necessary to develop the 3D rnodel with a skew angle using a cylindrical polar 

system. ANSYS provides an option to allow the user to defme local CO-ordinate systems. 

In this work, a cylindrical CO-ordinate origin was defmed at the disc center of rotation, 

about which the back surface of the model was rotated 20° with respect to the disc center. 

Higher order (20-noded) brick elements m u t  be used to capture the curvatures of 

rotational extrusion in finely meshed areas. However, these would aiso create a 

computationally intensive model. Instead, three-dimensional triangular elements have 

k e n  used, which balance the model accuracy with respect to the total number of degrees 

of freedom, as depicted in Fig. 4.26. Only the stresses at one side of the blade/disc contact 

region were examined. 





Fig. 4.26: Three-dimensional Discretized Geometry of Skew Angle Bladed Disc Assembly. 



4.2.3 Results and Discussion of Three-Dimensional Models 

In view of the symmetry of the geometry, only the sectors shown in Fig. 4.27 were used in 

the straight and the skew geometry FE models. 

The von Mises stress distributions dong the blade/disc interface at two different thickness 

locations are plotted in Fig. 4.28, together with the stress distribution obtained fiom the 

two-dimensionai analysis. The stress distributions for the three-dimensional model reveal 

that the stress level at the center of the disc is slightly different than at the disc surface. As 

c m  be seen from Fig. 4.28, the magnitude of the peak stresses dong the interface contact 

differs by approxirnateIy 10% frorn the disc surface to the disc thickness center. 

The two-dimensional analysis is in good agreement with the stress level dong the contact 

region, providing intermediate values compared to those found by the three-dimensional 

rnodel. Specifically the two-dimensionai von Mises stresses are approxirnately in between 

the center and surface stress levels of the three-dimensional model. 

Effect of Coefficient of Friction at the Blade/Disc Interface 

The three-dimensional model with the 0" skew fi-tree slot was also examined for dserent 

values of the coefficient of fi-iction in order to compare with the results of the two- 

dimensional analysis. As c m  be seen from Fig. 4.29, an increase in the coefficient of 

fiction increases the disc boundary peak stresses slightly. This effect of the coefficient of 

friction on the stress field at the blade disc interface agrees with the fhdings indicated by 

the two-dimensional model. 





Effect of the F'lank Angle upon the Stress Field in a Rotating Disc 

Cornparison between 2D and 3D FE results was also carried out for different flank angles. 

The von Mises stress distributions at the lower contact line for different fiank angles are 

depicted in Fig. 4.30. The results for only one half of the disc thickness are plotted. The 

three dimensional results show that the stresses at the lower contact region reach a 

minimum when the upper flank angle y is kept at a constant value of 40 degrees, and lower 

flank angle P is close to 40 degrees. This is not surprising as the two-dimensional results 

also supported this fact. Furthermore, as the lower flank angle is kept at a constant 40 

degrees, the most desirable values of y tend to lie in the 30 - 40 degree range. Again, this 

is not surprising as the minimum stresses were shown to be close to the reference design 

point geometry from the two-dimensional modelling analysis. 

EEect of Skew Angle upon Stress Field in a Rotating Disc 

The distribution of von Mises stresses dong the blade/disc interface for the front and back 

surfaces, are overlaid in Fig. 4.28. The figure indicates stresses are about 30% higher at 

the back surface as compared to the front. Fig. 4.29 further illustrates this trend, as we can 

see stresses which are approximately 60% higher at the back surface of the disc (at 

thickness of 5rnrn) as compared to the fiont surface, for the case p = O and 20" skew 

angle. 

The 20' skew fir-tree slot mode1 provides the highest value of the peak stress in 

cornparison with the O ther two- and three-dimensional finite element analyses. Such trends 

resemble earlier works produced by Stjepanovic [4.5] for the case of dovetail joint 

analysis. 
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Fig. 4.29: Nomalized von Mises stress vs distance through thickness, skew O 
degrees, bottom tooth. 
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Fig. 4.30: Norrnaiized von Mises stress vs distance through thickness, 
skew O degrees, bottom tooth (various flank angles). 



4.3 Experimental Validation using Photoelasticity 

4.3.1 Experimental Analysis 

In order to validate the use of contact elements dong the blade/disc interface in the FE 

model, prelirninary experimental results were obtained from an existing two-dimensional 

photoelastic spin test a of turbine blade-disc assembly. The photoelastic model which was 

spun at 365 rpm during the stress-freezing process [4.3] was provided by Rolls Royce 

Inc., Derby, England. A section of the disc is depicted in Fig. 4.3 1. A comparison of 

contour plots of disc and blade geometries and loading are presented in Fig. 4.32, which 

illustrates the FE predictions and the photoelastic results in a composite manner. The 

stress contours have been obtained through ANSYS as a difference of principal stresses. 

A cornparision between the photoelastic and FE geometry investigated is given in Table 

4.2. The following can be deduced from the previous plot: 

(i) The isochromatic fringe patterns, which are constant maximum principal stress 

difference contours, compare well with the maximum shear stress contour plots 

obtained by FE analysis. In paaicular, the fiinge patterns depict sirnilar contact 

stresses and stress concentration around the different fillet radii. 

(ii) The bottom tooth of the blade experiences the most load, a trend which agrees 

with the results of the two-dimensional and three-dimensional FE models 

investigated in Sections 4.1. I and 4.2.1. 

-- 

Table 4.2: Photoelastic and FE reference design geometry specifications. 

Specimen Type 

Photoelastic 

FE Design Point 

Contact angle a 

19 

20.0 

Lower flank 

ange9 P 
39 

40 

Upper flank 

angle7 Y 

42 

40 

Rank length 

(mm) 

3.56 

3 -62 



Fig. 4.3 1 : Section of photoelastic disc used. 

Isochrornatic and isoclinic f i g e  patterns were captured digitally in order to make use of 

an automated software developed by the EMDL group, the details of which are 

summarized in Appendix II. The purpose of this preliminary photoelastic work is to 

examine the trends rather than the accuracy of the model. 

Fig. 4.33 shows the software output of two trials along the middle and bottom tooth 

interface regions. There is some noise withïn the digital images, since some resolution is 

lost during magnification of the blade images. The trials illustrate that the bottom tooth 

takes on greater load than the middle tooth, and that along each interface, peak stresses 

occur at the bottom and top of each flank. A maximum discrepancy of about 30% is 

obtained between the two-dimensional FE results and the experimental photoelastic 

technique. Photoelastic results must be regarded with caution as stress fiozen results are 

affected by the stress fieezing cycle as well as the time-edge etièct. In addition, the 

automated photoelastic results are affected by image noise and the exact location along 

which the stresses are resolved. These photoelastic results are preliminary in nature. A 

detailed photoelastic study is currently being carried out for different fi-tree geometries 

by the research staff at the EMD Laboratory. 
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Fig. 4.32: Composite FE and photoelastic maximum shear stress contour images. 
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Fig. 4.33 Norrnalized maximum shear stresses vs. distance along 
middle and bottom tooth interfaces for 2-d reference design 

geometry. 
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Chapter 5 

General Conclusions and Future Work 

5.1 Description of the problem 

Turbomachines such as turbines, cornpressors and pumps involve the use of fast rotating 

disc assembiies. In order to optimize their geometricai features for maximum efficiency 

and to ensure safety and reliability, a precise knowledge of their performance under 

loading is necessary. Conventional methods of mere strength assessrnent are no longer 

considered to be sufficient, when tajcing into account the increasing demands for safety, 

reliability and high strength requirements of such rotating discs. 

Aeroengine cornpressor discs subjected to high loading dernands contain inherently high 

stressed components. While many of these components can be contained within the engine 

casing on failure, such as blade loss, the catastrophic failure of a turbine disc on the other 

hand causes the Iarger fragments of the disc to puncture the engine casing. The 

consequences of such a failure are particularly costly resulting in the destruction of the 

engine and ultimately in the loss of Me. 

The distribution of stresses around the regions of high stress concentration such as 

dovetail or fir-tree regions of .the d i x  are sources of great concern to the designer. The 



high stresses due to geometry and Ioading become particularly severe when fiettulg at the 

contact surfaces is experienced by the assembly. Indeed, it has k e n  found that fatigue 

cracks tend to initiate in regions of combined high stress and cumulative fietting damage. 

It is generally believed that in the case of the dix, the cracks are associated with an 

intermittent high fiequency engine resonmce and/or load fluctuations due to engine power 

or speed changeover. Since the operational steady state load is already high, only 

rnoderate fluctuations are required for cracks to initiate followed by subsequent crack 

propagation. 

In this thesis, attention is devoted to examining the effect of the critical geornetric features 

and interface conditions in the fi-tree region, sych as the contact angle, the upper and 

lower flank angle, the number of teeth, and the coefficient of friction at the blade/disc 

interface, and the skew angle. Three aspects of the work were accordingly examined. The 

frrst was concerned with the two-dimensional finite elernent analysis of the stress field in a 

turbine dix. The second was concerned with the three-dimensional h i t e  element andysis 

of the assembly, so as to examine the effect of the skew angle upon the triaxial state of 

stress present in the disc. The third was devoted to the validation of the FE results using 

existing photoelastic stress frozen specimens. 

5.2 Thesis Contribution 

The contribution of the current study can be sumrned up as follows: 

(i) Use of non-linear two and three-dimensional fmite element analysis to evaluate the 

stress field in the fi-tree region of aeroengine cornpressor discs using contact 

elements, and 

(ii) examination of the effect of the critical geometrical features and interface conditions 

in fir-tree joints on the stress fields. 



5.3 General Conclusions 

A number of conclusions can be deduced fkom the current study. They cm be summarized 

as foliows: 

Effect of Geometry and Interface Conditions 

The results reveal that: 

(i) the maximum stress concentration occurs at and just below the lower contact point 

between the biade and the disc, 

(ü) an increase in the contact angle of the disc increases the stresses at the upper contact 

point, whereas the maximum value changes by only a small arnount, 

(fi) a change in the upper flank angle and lower flank angle away from the reference 

design case severely affects the magnitude of the stresses; in cases where the upper 

flank angle is greater than the lower flank angle by approxùnately 10 degrees, the 

stress ma-pitudes can increase alrnost five-fold, as compared with reference design 

stresses, 

(iv) in the case of sliding contact, an increase in the coefficient of friction has a small 

effect on the disc boundary peak stresses, and 

(v) stresses increase with increasing number of teeth, depending upori contact geometry; 

an optimum design in terms of minimum stress and minimum weight occurs when n 

is close to 3 teeth. 



5.4 Recommendations for Future Work 

This investigation has successfûlly deterrnined some of the geornetrical features which 

could influence the structural integrity of an aeroengine turbine fir-tree disc using the finite 

element rnethod. The work can be extended to account for: 

(i) thermal and gas bending stresses, 

(ii) plasticity, 

(üi) possible blade loss and its influence on the integrity of the assembly, 

(iv) effect of residual stresses introduced by shot-peening and coatings on the fretting 

fatigue behaviour of the discs, and finally 

(v) three-dimensional fatigue crack growth prediction and the determination of design 

curves for the fatigue crack growth under mixed mode Ioading. 



Appendix 1 

Calculation of Bore Stresses in a Rotating Disc Using Closed- 

Form Solutions 

This Appendix gives a detailed account of the procedure for the calculation of tangentid 

stresses in the bore of a rotating dix using closed-form solutions. The purpose of such 

calculations is to estabiish the vaiidity of finite element solutions as the closed-form theory 

can provide an estimate of the expected stresses. The physical properties and geometnc 

details for the blade and the disc are given in TabIe (Al) below (see RefJ4.21): 

Blade center of gravity from disc center, R 214.61 mm 

Disc outer radius, r, 

Ultimate Tensile Strength, om I 1210 N / d  at 21°C 

190.50 mm 

Disc inner radius, ri 

Yield Strength, o, 1 635 ~/rnrn '  at 21°C 

3 1.75 mm 

Blade mas, ng 1 8.37e-3 kg 

Young's Modulus, E 

Density (blade and disc), p 

220 GPa 

Thickness of blade (2-D), t 

Rotational speed, o 

(taken as unity) 

365 RPM 

Poisson's ratio, v 

1 Angular pitch between blades I 6" 

Number of blades, nb 1 60 
I I 

TabIe (Al): Material property values used in evaluation of stresses. 



Specificaily, R is the distance of the blade center of gravity from the disc center, and A is 

the total area of the blade and disc geornetry, both of which were obtained from the CAD 

drawing developed in parametric form in Ansys v.5.3. The thickness, for both the blade 

and disc is defined as unity in Ansys for a 2-D model, which case lm = 1Oûû mm in. 

The total centrifugai force (CF) due to the blade at the disc rim r, is given by: 

C F = I ~ , R ~ ' ~ ~  (A- 1) 

The radial stress at the rim of the disc due tu this force is given by: 

For a rotating disc without thermal loading, the general expressions for the radial and the 

t~gentiai  stresses are given by the equations (2.la) and (2.lb) listed in chapter 2 of this 

thesis. The constants A and B are calculated by applying the suitable boundary conditions: 

s, = O at r = ri (free boundary condition at bore) 

o, = CF at r = r, (centrifuga1 load at disc nm). 

In matrix fom, the above conditions give: 

The values of A and B become 3.09e-01 and -3.06e02 respectively. Upon substitution into 

Eqn. 2.lb, the tangentid stress at the bore becomes: 

For the 2-D case, the summary of results is given in Table (A2): 



1 Analytical method 

1 FE method (nodes dong bore) I 642028 I 
1 % Error 

Table (A2): Cornparison of FE and analytical results dong disc bore. 



Appendix II 

Stresses Obtained using Automated Photoelastic Software 

This Appendix describes how the maximum shear stresses were obtained from the 

photoelastic spechens. Basically, this involves the capturing of eight images; four 

isochromatic images and four isoclinic images of the sarne specimen under various 

polariscope arrangements. Having captured the images, these are then brought to the 

software which determines the whole-field isoclinics and h g e  orders. If the stress dong a 

free boundary of the specimen is known, then stress separation methods can be used to 

resolve the individual stresses within the specirnen. However, as this value itself is prone 

to error, only the fringe orders were used in order to obtain maximum shear stresses. The 

digitdly captured screen used to deterrnine the f i g e  count is shown below in Figure B 1, 

whereas the images are illustrated in Figure B2. 

Calculation of Stresses 

The stresses computed from the photoelastic analysis could be counted simply in terrns of 

the number of fringes on the blade tooth flanks, as these represent the isochrornatics where 

the maximum principal stresses are constant. The benefit of using the automated systern is 

simply to allow for automated fÏinge detedntation. Using the stress optic law we have 

w here 

cri,2 are the principal stresses, 

N is the fringe order, 



Fu is the material fî-inge value, and 

t is the specimen thickness. 

The material h g e  value, f, is detemiined by calibration to be 0.270 N/rnm/fringe order. 

Referring to Fig. 4.33 of Chapter 4, at a distance of 5mm dong the blade-disc interface, 

for exarnpie, we have 

(CI - a2 )PE = Nfa/ f ,  where 

No. of automated fnnge orders counted = N = 1.8 

Blade mode1 thickness = t = 6.35 mm 

(Oi - 0 2  ) p ~  = 0.077 ~/d, and 

(01 - 02 )FE = ((21 - oz )PE * (scale factor) / paf 3 , 
p = actual FE blade mode1 dcnsity = 8510 kg/m3 

m= bIade rotation = 365 rpm = 38.22 radis 

r = inner disc radius = 3 1.75 mm 

scale factor = 6.82 

w here 

Thus, 

(01 - 02 )= = 39.34 (normalized maximum in-plane shear stress) 

In the above calculations, subscnpts FE and PE refer to the finite elernent and photoelastic 

models respectively. The scale factor is determined using the sirnilarity equation : 

where, 

o is  the stress at a given point 

P is the applied load = p d  r2 

t is the thickness 



1 is a typical length dimension. 

SimpMying Eq. B.2, we obtain 

GE FE (p&pPE) OPE = (8500 kg/m3 1 1246.7 kglm3) CPE = 6.82 (B -3). 

Therefore, the scaIe factor is 6.82. 



Figure B 1 : Automated photoelasticity software. 

Figure B2: Images used in automated photoelasticty software for 2-d case study. 


