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Abs tract 

An absolute identification experiment on loudness requires that the subject classfi 

as well as hdshe can the loudness of a stimulus tone. The intensity level is randomly 

seleded fiom m stimulus categories within a fixed stimulus range, R The matching of a 

stimulus category with a response category comprises one trial. N such trials are compiled 

into an m x rn "Contùsion" matrix. Subject performance is quantified fkom the ma& 

using an information masure I(N, m, R). The dependence of IV, m, R) on N hcludes a 

small sample bias. The dependence ofI(N, m, R) on m is a mathematical propew, while 

the dependence on R is a property of the individual. Utilking the observation that a 

subject's responses are govemed by a normal distribution of constant variance, a mode1 

has been developed that accounts for these three dependencies. 
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Chapter 1 

Introduction 

1.1 Information and Hearing 

How well do we perceive? Perception is a very difficult concept to define; however, it is 

used in our everyday lives. As explained by Norwich (1993, pg. 12), 

"Leçt's start with the ancients-at least . with the ancient Romans. 1 was 

miffed, a few years ago, when 1 learned from the Department of Classics 

at the University of Toronto that the Roman-in-the-street would not likely 

have said "percipid' if he or she meant "1 perceive" (1 had dutifully ferreted 

this out of a Latin dictionary), but rather "intellego." Wherefore intellego? 

Well, etymologicdy the word is made up of two sirnpler Latin words: inter 

meaning b e t w e a  and lego meaning I choose or gather. To perceive was, then 

to choose between altematives." 

1 would like to adopt this more exoteric approach, that of intellego perception, in 

addressing the question at hand. That is, How well do we perceive, or, 

choose between alternatives? 

Let us first consider the amount 

an alternative. The more uncertain 

of uncertainty we have regarding 

one is about the selection of an 

how well do we 

the selection of 

alternative, the 



more information one gains when the uncertainty associate with that selection is reduced 

completely. In our imperfection, however, we are unable to reduce uncertainty completely 

and must be satisfied with the infonnation gained in the reduction of uncert ainty up to our 

physiological limits. This type of information gain is called the tmnsmitted infornation 

Hence, we can describe our abiIity to make a selection among a set of possible alternatives 

in terms gf the amount of information transmitted to us in the process of making the 

select ion. 

ki the area of hesring, these ideas were applied to an scperimental setting in the form 

of the absolute identification paradigm (Garner and Hake, 1951). Absolute identification 

of loudness describes a subject's ability in the task of identifying the intensity of a stimulus 

tone (in decibels [dB]) selected from a set of possible stimulus categories. A subject's 

performance is assessed by how well he/she is able to classi& the stimulus category in 

terms of a corresponding response category. For simplicity, we will consider an equal 

number of stimulus and response categones. 

The subject's task in the absolute identification paradigm is simply the assignment of 

an appropnate response category to a stimulus category. If each assignment is considered 

as one trial, N such trials can be compiled into a stimulus/response matrix or confwzon 

mat*. The overall information transmitted to the subject can be estimated from the 

confusion matrix in the form of an information measure. 

In an absolute identification experiment on loudness , the information measure is sen- 

sitive to three variables: the number of trials, N; the number of stimulus response cate- 

gories, m; and the fked range, R, (in dB) over which stimulus categories are constructed. 

Only after a sufnciently large number of trials does the infonnation measure, or 

I(N, m, R) , approach the infonnation transmitted to the subject, It(m, R), in that ab- 

solute identification experiment. For srnall N, a small sample bias is incurred and 

I(N, m, R) overestimates &(m, R). Hence, there is a requirement for a method of over- 

coming s m d  sample bias. 



Both I ( N ,  m, R) and &(ml R) are afTected by the number of stimulus/response cat- 

egories used for scperirnentation in that both tend to increase for an increasing number 

of categories. The increase, however, saturates for large enough m. In particular, the 

upper bound of It(m, R) corresponds to an infinitely large number of categories and 

is completely deterrnined by the stimulus range. This upper bound can be considered 

as the "channel capacity" of the transmitted information associated with the absolute 

identification experiment , It (R). 

Finally, each of I(N,  m, R), &(m, R) and It(R) are agected by the k e d  stimulus 

range seleded for the experiment in that all three tend to increase for a larger stimulus 

range. As with the increase in &(m, R) due to m, the increase in It (R) due to R tends 

to saturate towards an upper limit. This upper limit can be described as the ch-1 

capacity of the transmitted information due to the sensory limits of the subject, I,. 

This thesis focuses on improving information estimates. A subject's error in the selec- 

tion of response categories to a given stimulus category is modelled after an underlying 

normal distribution of constant variance, a2 [CV-model]. By confining this distribution 

to the stimulus range selected for experimentation, the distributions of responses as found 

in actual confusion matrices are accounted for. This includes the apparent "edge effects" 

or anchoring caused by stimulus intensities more to the extremes of the stimulus range. 

Through computer simulation, the mode1 is able to predict and track the s m d  sarnple 

bias incurred in I (N ,  m, R). This is achieved by three essential steps. First, an estimate 

of the average variance is obtained fiom all the rows of an actual confusion matrix (in- 

cluding those iduenced by edge efficts). Second, the CV-mode1 is used to estimate a2 

associated with the distribution thought to underlie a subject's performance. Finally, a 

can be used to generate pseudo-stimulus/response pairs and create simulated confusion 

matrices. 

Essentially, a only depends on the stimulus range such that o(R) = UR + b (a, b 

positive constants). The significance of a is that it can be used to estimate It(m, R), 

&(R) and I,. Also, o can be used to account for the affects of m and R descnbed 



earlier. W e  have fond  that stimulus range and number of stimulus categories both affect 

the information transmitted to the subject; however, the effect of stimulus categories is 

purely mathematical while the effect of range is determined by the sensory properties of 

the individual. 



Chapter 2 

Background 

2.1 Informat ion Theory 

2.1.1 A Measure of Uncertainty 

Information can be defined using a concept of uncertainty. The more uncertain we are 

about the occurrence of some event, the more information we obtain when that event is 

revealed. For exarnple, imagine I am holding a playing card in my hand and that 1 always 

tell the tmth. If 1 express that the card in my hand is none other than the Queen of 

Hearts, more uncertainty has been removed than if 1 only revealed the suit, Le. Hearts. 

Also, more information has been gained in the former over the latter. We can therefore 

see a gain in information as a reduction in uncertainty. To cpantify information, we must 

obtain a measure for the amount of uncertainty associated with some event. 

Lets consider an event X with m discrete, independent outcomes, defined as X = 

{XI . . X } .  Each Xj can be associated with a probabiliw of occurrence pj such that 

xi pi = 1. We would like to develop a function +(pj) that measures the amount of 

uncertainty associated with the occurrence of Xj. 

The independence of any two outcomes, X j  and Xk, implies that the occurrence of one 

in no way affects the probability of occurrence of the other. Consider now the uncertainty 



associated with the joint occurrence of Xj  and Xk, Le. @bj -m) - If we remove fkom this 

the uncertainty of Xj, the condition of independence would require us to be left with the 

uncertainty of Xk. We can fomally express this property of the uncertainty memure as 

Without getting into too much ngor, this property leads the uncertainty measure to take 

on the form 

3bj) = C h ~ j  

where C is some arbitrary constant. If we further impose the condition 1/1 2 O, then are 

can be satisfied with the form 

Il'bj) = -1ogpj- 

Notice that when the occurrence of Xj  is certain, i.e. pi = 1, then no uncertainty is to 

be found in its outcorne, i.e. $(%) = 0. 

Now that a measure of the uncertainty in Xj  has been established, the total I ~ C W -  

tainty or "entropy" in the set of events X can be defined as the average uncertainty for 

all the outcornes in X, i.e. H ( X ) .  Hence, 

or in expanded notation, 

As a special case, consider the situation where the Xj's are equally likely. The corre- 

sponding probabilities would therefore be uniform such that p(Xj)  = and the entropy 

would become 



This tells us that the entropy associated with equally probable events can be described 

as the loganthm of the number of events. 

Finally, the u n i t s  used to describe the entropy of an event depends on the base of 

the loganthm. For base 2, we use "bits" and for base e, we use 'hatural unitsy7. In our 

special case, the bit becomes usehl in describing, theoreticdy, the number of twechoice 

discriminations required to reduce the uncertainty. For example, if 1 hold in my hand 4 

Queens from a fair de&, the uncertainty can be calculated as H ( X )  = log2 4 = 2 bits. If 

you are asked to describe a process that would reveal the Queen of Hearts, we are assured 

that the process requires at most h o  steps notwithstanding correct guesses in any step. 

2.1.2 Transmission of Informat ion 

This development follows the work of Shannon (1948) and Wiener (l!M8), the originators 

of modem Information Theory. 

Imagine that we are sending a discrete message X = {Xi, . .., X,) that is received in 

the form of Y = {Yl, ..., Y,r}. To our misfortune, the message is not noise fee and more 

than one possibility in Y registers upon receiving the element X j .  The amount of noise 

incurred can be described in terms of the probability of response Yk conditioned upon 

the receid of Xj, or p(YklXj). Using the previous section, we can measure the total 

arnount of uncertainty in Y inflicted by noisy transmission of Xj as 

Furthemore, this uncertainty can be averaged over all of X, i.e. 



Albeit cumbersome, this expression is the amount of uncertainty that is unresolvable due 

to noisy transmission. TypicaUy, H (Y IX) is called the "response equivocation" . 
Previously, information was described as a reduction in uncertaïnty. The amount 

of information transmitted in the process of sending the message X can be measured 

by the degree to which the uncertainty in Y has been reduced by the receiver. Let us 

represent the amount of information received as I(Y 1x1. We state, without proof, that 

the amount of information received equals the amount of information transmitted, i-e. 

I(Y IX) = I(X1Y). In any case, perfect transmission of information occurs when the 

receiver is able to reduce all of the uncertainty in Y, i.e. the "response entropy" H ( Y )  . 
We can represent perfect transmission as 

Typicdy, information transrnission is not noise free and the receiver is only able to 

reduce the response entropy up to the response equivocation. We therefore present the 

information transmitted as 

or in expanded notation, 

Qualit atively, the transmitted information expresses how well the Yk reff ect the accu- 

rate transmission of the corresponding Xj- 



2.2 Absolute Identification and the Confusion Ma- 

trix 

The absolute identification paradigrn measures how well a subject is able to classify a 

stimulus as belonging to a specific category. The stimulus must originate from a finite 

set of possibilities c d e d  "stimulus categories" . If the stimulus lies dong a continuum, 

then the continuum must be artincially discretized. The obsewer identifies the stimulus 

by making a seledion h m  a f i t e  set of response alternatives or "response categories". 

A subject's performance is measured by how well he/she matches a stimulus category 

with its corresponding response category. Each stimdus/response category differs along 

one or more dimensions. For exemple, let us conduct an expenment where the subject 

is required to classi& the strength of a sugar solution as "unsweet" , "slightly ~weet '~,  

''moderately sweet", %veet" or "very sweet". These categories differ along the single 

dimension of intensity. As stimulus categones, these alternatives take the form of physical 

intensity. As response categories, these alternatives take the form of perceived intensity. 

The experiment can be extended to two dimensions by dowing the solution to be one of ' 

"sweet", "salty", "bitter7' or "sour" , while varying the intensity as before. In doing this, 

we have provided the subject with 20 alternatives where previously, only 5 were available. 

For simplicity, this thesis will focus on absolute identification expenments that vary along 

one dimension. 

Stimulus and response categories can be described set theoretically. The set of possible 

stimuli, X, is h i t e  and contains the category Xj;  namely, X = {Xi, .. ., X, 11 5 j 5 

m}. Similady, the set of possible responses, Y, is finite and contains the category Yk; 

namely Y = {Yi, ..., YmlI1 5 k m'). In the above example, we could have written 

X = Y = {unsweet ,slightly sweet ,moderately sweet ,sweet ,very sweet } , where Xi = Yi = 

c'unsweet", X2 = Y2 = Wghtly sweetyy, X3 = fi = 'hderately sweet", etc. One 

should note that the number of stimulus categories does not have to equd the number 

of response cat egories. 



In any case, as long as we are able to dehe  a discrete set of stimuli and 'Lidentify" 

them using a discrete set of msponses, we can set up the absolute identification paradigm. 

Let us now define one trial as the pairing of a giwn stimulus category with s response 

category Yk. W e  c m  compile N such trials in a "stimulus/responsen or "confusion" 

matrix where the element n j k  represents the number of times Xi was identified as Yk. A 

constructed example is shown below. 

In this example, the nurnber of times a moderately sweet solution (X3) was identified as a 

slightly sweet solution (Y2) was twice (n3* = 2). The matrix, thus, provides a qualitative 

description of the subject's performance. For every row, the correct responses lie dong 

the main diagonal of the matrix while incorrect responses fd to the left and/or right . 

Sub ject performance can also be descri bed quanti tatively by applying an information 

measure to the confusion matrix (Garner and Hake, 1951). First, let's consider the 

generalized confusion matrix outlined below. 



From Section 2.1, we recall that 

Each probability can be measured from the matrix using the following maximum likeli- 

hood estimates: 

m 
n - k  p(Yk) = - where nak = njt 
N j=l 

ml 
n j. p(Xj)  = - where nj. = C n j h  
N k=l 

With a little algebra, substituting these into I(YIX) gives the maximum likelihood esti- 

mate ~ ( Y I x ) ;  

In our constmcted example above, Î(Y IX) = 0.9 n.u. or about 1.3 bits. A qualitative 

interpretation of these values will be postponed to Section 2.4. For now, the sbsolute 



identification paradigm has been outlined and the application of .an information measure 

has been descrïbed. 

We m u t ,  however, introduce a csveat: the amount of information transmitted to 

the subject in performing the absolute identification experiment is measured from the 

a posterion values in the confusion matrix. The confusion matrix is a statistically sen- 

si tive entity th& develops progressively with increasing expenment al trials. Hence, the 

amount of information calculated from the confusion matrix is merely a maximum l i b  

lihood estimate of I (Y lx). From this point onward, the information as measured hom 

the confusion matrfx will be represented symbolically as I (N,  rn, R). This estimate is 

sensitive to the number of experimental trials, N, and the number of categories, m. We 

mostly consider experiments conducted where the number of stimulus categories equds 

the nurnber of response categories. Similarly, all of the experiments considered involve 

the discretization of a range R that lies on a continuum. As a h a 1  note, instead of 

I(Y lx), the transmitted information wiU be designated by a s m d  subscript "t"; for 

exampie, I'. 

2.3 Overcoming Small Samp1.e Bias 

The purpose of the absolute identification experiment is to rneasure the information 

transmitted to the subject, It, given a range R that has been discretized into r n  categories. 

The information as measured from the resulting m x m confusion matrix, I (N ,  m, R), 

is not an unbiased estimate of I'. I (N ,  m, R) is sensitive to the number of experimental 

trials, N .  Previous investigators have determined that insufficiently large values of N 

tend to yield values of I ( N ,  m, R) that overestimate It and have attempted methods to 

overcome this "smd sample bias". 

Miller (1955) developed an approximation to correct the s m d  sample bias, but the 

approximation requires that N be in excess of five times the square of the number of 

categories used for the confusion matrix. This would mean that a 50 x 50 mat& would 



require at least 12,500 trials to obtain an adequate estimate of Ic from I ( N ,  m, R). In the 

absolute identification experiments conducted in our lsboratory (please see section 3.1 

below), we found that subjects fatigue after approximately 200 trials of scperimentation 

in one sitting. More than 60 sittings would still be required before an adequate estimate 

of It is to be obtained using Miller's correction. In any case, estimating It from I (N ,  m, R) 

requires far too many trials and is difficult to obtain from one subject. For this reason, 

previous investigators pooled data from several subjects in order to overcome the s m d  

sample bias. 

Carlton (1969) developed an approximation th& defines the bias in information esti- 

mates and is far more accurate than that proposed by Miller. Carlton's approximation, 

however, requires an a priori knowledge of the probabiliv density functions that govern 

the information measure. This is difficult in the case of p(YklXj), the probability of re- 

sponse Yk, conditioned upon the stimulus Xi, since some assumption is required about 

the response properties of the individual. If p(YklXj) were known, not only could we 

accurately track the overestimation of It, but we could also calculate It directly fiom 

Equation 2.2, free from any bias. 

Houtsma (1983) proposed a method for overcoming small sample bias using a com- 

puter algorithm to simulate an absolute identification experiment on a trial by trial basis. 

The stimulus was represented as a uniformly distnbuted pseudorandom integer, X, gen- 

erated such that 1 5 X 5 m. The response was represented as Y = X + T whereby T 

was also a uniformly distributed integer such that -S < T 5 S and 1 Y 5 m. The 

resulting stimulus/response pair, (X, Y), would be compiled into the corresponding rn x 

m confusion matrix. Performance would be reflected by s m d  or large values of S. That 

is, large values for S would result in more non-zero elements off the main diagonal of the 

matrix. This would yield lower values of information reflecting poor performance. 

Houtsma conducted his own absolute identification experiment and plotted the esti- 

mated information I ( N ,  m, R) (hereafter, I(N)) as a function of the number of stimulus 

trials (in the thousands). I (N) decreased monotonically towards an asymptote with in- 



creasing N.  The monotonie decrease was also found to occur in plots of I ( N )  measured 

fiom simulation. As a rnethod for overcoming s m d  sample bias, Houtmna propoaed to 

determine the best S-value such that the expenmental and simulated plots of I (N)  with 

increasing N wodd overlap. Subsequently, I ( N )  would be extended through simulation 

to yield unbiased estimates of It. 

Extending the work of Houtsma, Wong and Norwich (1997) proposed a cornputer 

simulation that models the responses as having a normal distribution about the stimulus. 

This simulation generated confusion matrices that resemble those found from experiment 

more closely than Houtsrna's approach. They made the further obsemation that the 

responses dong the more central rows of the confusion matrix tend to a comrnon variance 

value, a, which could be used to simulate the data and overcome s m d  sample bias. The 

a-value was estimated directly fkom the confusion matrix by taking s geometnc mean 

of the a posteriori variances along all the rows. One should note that a was not found 

through a curve-fitting procedure. 

The main drawback to the approach of Wong and Norwich was that apparent anchor 

effects were accounted for in a preliminary fashion. Although the central rows tend to a 

normal distribution of common variance, the distribution of responses along the extreme 

rows of the matrix display heavy skewing or "anchoring". Since the variances of these 

rows were incorporated into the estimate for a, the accuracy of the resulting information 

estimates was affected. In Chapter 3 of this thesis, the approach of Wong and Norwich is 

extended to incorporate edge effects yielding even more accurate idormation estimates. 

2.4 Tkansmitted Information and Number of Stimu- 

lus Cat egories 

An absolute identification experiment is typically conducted over some range R that has 

been discretized into stimulus and response categories. For now, let's consider the case 

where the number of stimulus categories, rn, equals the number of response categories. 



I ( N ,  m, R) is calculated from the resulting m x m confusion matrix after N trials of ex- 

perimentation. For N sufticiently large, the small sample bias incurred in the information 

measure is overcome and It (m, R) represents the information transrnitted to the sub ject 

for that absolute identification experirnent. We can represent this process as 

N 4 oo ==+ I (N,m,  R) It(m, R). 

Effectively, It (m,  R) provides a theoretical mesure for the number of categories a 

subject can identiS without error. For example, consider a range of 1 - 90 dB disaetized 

into three categories represented by three stimuli spread equally across the range. In our 

case, category 1 would be represented by 1 dB, category 2 by 45 d B  and category 3 by 90 

dB. One could imagine that a subject would likely not err in identifying absolutely the 

category to which each stimulus belongs. If no errors are made, information transmission 

is noise free and Equation 2.1 above becomes 

Also, if the presentation of stimuli are equally likely, the distribution of responses, p(&), 

is uniform and noise free transmission becornes 

In our example above, we would therefore expect It(3,  90) = log3. In natural units, this 

would be expressed as It(3, 90) = ln 3 = 1.099 n.u. 

We can extend this example to the situation where the range 1 - 90 d B  is discretized, 

in a similar fashion, into 5 categories. The stimulus corresponding to its category in 

increasing order would be 1 dB, 23 dB, 45 dB, 67 dB and 90 dB. A subject who is able 

to absolutely identi& these categories would yield an information value of It(5, 90) = 

ln5 = 1.609 mu. We can imagine that as the number of categories used tu discretize 



the range increases, subjects will make more mistakes in the absolute identification task 

In these situations, It(m, R) descnbes, theoretically, how many categories the subject 

would be able to identi& absolutely. For example, Say one fin& experimentdy that 

It(20, 90) = 1.65 n.u. This value corresponds to exp(1.65) Y 5.2 categories of absolute 

identification. Although 20 categories were used to discretize a range of 90 dB, It(20, 90) 

tells us that the subject would be able to absolutely identify only around 5.2 categories. 

Many investigators have conducted experiment s whereby It (m, R) was est imat ed af- 

ter the number of categories used to discretize a fixed range was progressively increased. 

Miller (1956) outlined several of these qeriments in his celebrated paper, "The Mag- 

ical Number Seven, Plus or f i u s  Tvro: Some L i t s  on Our Capacity for Processing 

Information". Typically, &(ml R) initially increased linearly with In m indicating perfect 

or near perfect transmission. After about 4 or 5 categories, errors in absolute identifi- 

cation became more prominent such that the increase in It(m, R) slowed markedly and 

saturated after about 20 categories. This effect is outlined diagrammatically in Figure 

2.1. The saturation in It(rn, R) has been commonly referred to as the human "Channel 

Capacity" for the information processed per stimulus and reaches a value of around 1.8 

n.u. or exp(l.8) 6 categones of absolute identification. The quoted values of Channel 

capacity reported by Miller slightly fluctuated around this number, hence his ti tle of 7 iz 2 

(7 was probably used for dramatic appeal). 

Since its discovery nearly 50 years ago, the form of the increase outlined in Figure 

2.1 has been quoted in many psychology textbooks (for exarnple, Coren & Ward (1989) 

pg. 32) as the standard description of the informational processing limits of categoncal 

judgements. That is, It(m, R) will increase monotonically and saturate at channel capac- 

ity as m increases. Upon review of some expenmental data fkom previous investigators, 

one h d s  that estimates of It(m, R) do not necessarily follow the rnonotonic increase. 

In fact, some investigators found that It(rn, R) estimates decrease for large m (Miller 

(1956), Erikson and Hake (1955)). In those cases, the peak information estimate was 

considered as the channel capacity. 



Perfect information 
transmission 

Stimulus information availabb (bits) 

Figure 2-1: A typical description for the increase in transmitted information, It (m, R) 
(measured in bits), with the nurnber of stimulus categories rn over a fixed range R. The 
straight diagonal represents perfect transmission. The c w e  represents Spical perfor- 
mance. The dotted horizontal line is charnel capacity (this is what 1 dehe  as It(R)). 
"Stimulus information" is equal to log, (m). From Coren and Ward (1989, pg. 32). 



Different views have been taken towards this phenornenon. First, estimates of It(m, R) 

contain not only experimental error, but may be biased depending on how many trials 

were used relative to the number of categories used. For example, if not enough trials 

were used for experiments utilizing fewer categories, the resulting information estimates 

will be too high. On the other hand, MacRse (1970) attempted to correct for s m d  

sample bias and maintained that the fall in d m a t e s  of &(m, R) for large rn is not an 

experirnentd artifact and should be considered. However, MacRae's bias corrections were 

made on experiments of previous investigators that likely pooled subject data in their 

original attempts in obtaining unbiased information estimates. This irnplies that "poof 

performance could be averaged with "good" performance. Since most subjects perform 

very well for few categories, intersubject differences will be amplified mostly for larger 

values of m. Hence, a Upoor" performance would cause more of a decrease in averaged 

estimates of &(m, R) in experiments that use larger numbers of categories. In any case, 

the standard Miller-me curve in Figure 2.1 is considered to represent the informational 

properties of the subject. 

1% contend that the generdy held view is in error and that the increase of &(m, R) 

is a mathematical artifact of the information measure itself. In most experiments of the 

type, 'Yt (m, R) vs. m for ftced R" , a point stimulus was chosen to represent the stimulus 

category. Typically, point stimuli were selected in order to optimize information transfer, 

but one must ask if this adequately reflects how the subject actually discretizes the range. 

If we adopt the following notation, 

then It(R) represents the channel capacity that is achieved in the Miller-type scperi- 

ments and reflects the theoretical case in which the subject uses an infinite number of 

categories. We contend that It(R) reflects the informational properties of the subject in 



response to the stimulus range; however, Vie approach of It(m, R) towards It(R) reflects 

the improvement in the resolving power of the information measure. This issue will be 

addressed in more detaif in Section 4.2. 

2.5 Transmitted Informat ion and Stimulus Range 

Using a larger number of stimulus and response categories in an sbsolute identification 

experiment tends to increase the information transmitted to the sukljed. The increase 

is, however, bounded from above. The idormation transmitted to the subject will stop 

increasing beyond a certain number of categories. How is this "channe1 capacity-" afkcted 

by the size of the stimulus range used for experimentation? 

Erikson and Hake (1955) conducted absolute identification experiments involving 

judgements on visual size. Subjects were told that the purpose of the experiment was 

to detennine how well people could distinguish between different sized squares. Two 

sizes for stimulus range were studied: 'large" and "small". In each case, the range was 

discretized into 5, 11, or 21 stimulus and response categories. The number of stimulus 

categories did not necessarily equal the number of response categories and all 9 possi- 

bilities for each range were tested. The large range consisted of different sized squares 

between 2 - 82 mm2 and the s m d  range was between 2 - 42 mm2. They found that 

information estimates for the larger range were consistently greater than those for the 

smaller range with the exception of the 21 x 21 scperiment. In this case the information 

estimates were equal for both ranges. 

For absolute identification experiments on loudness, three groups of investigators have 

independently tested the effect of stimulus range on It(m, R). All three investigators used 

stimulus tones fked at 1000 Hz and varying in intensity over a 6xed range. Braida and 

Durlach [BD] (1972) used several ranges of stimuli. Each range was discretized into 10 

categories with a maximum intensity value of 86 dB SPL. Similarly, Luce, Green and 

Weber [LG W] (1976) tested ranges discretized into 10 categories; however , their ranges 



were centered at 60 dB SPL spanning a width of up to 45 dB. Norwich, Wong and Sagi 

[NWS] (1998) tested five ranges; 1 - 10 dB HL, 1 - 30 dB HL, 1 - 50 dB M, 1 - 70 

dB HL and 1 - 90 dB HL. Each range had a minimum intensity value at the average 

population threshold (about 8 dB SPL at 1000 Hz). Also, each range was discretized into 

single decibel categories. For example, the range 1 - 10 dB HL was broken down into 10 

single decibel categories. Each group of investigators (BD, LGW and NWS) had found 

that increasing the stimulus range uicreases &(m, R) and that the increase saturates for 

large ranges. 

Braida and Durlach [BD] addressed the range efféct using a model based in signal 

detection theory to analyze their results. A subject's response to a stimulus of inten- 

sity Ij was thought to be governed by a normal probability density function with a 

mean and variance of ~ ( 1 ~ )  and u2 respectively. The number of stimulus categories used 

would determine the number of overlapping Gaussian curves that would lie dong the 

total "decision axis". A sensitivity index, 6, was developed and measured the separa- 

tion between any two density functions as dr(Ii; I j )  = '(*')-'('j) u - The total sensitivity, 

A' = d'(lm=; I-), would mesure the subject's overall resolution or ability to identi& - 

categories absolutely. The subject 's transmitted information relates to the logarithm 

of the total sensitivity whereby A' was found to increase monotonically and saturate 

as the stimulus range increased. Essentially, BD proposed that the increase and subse- 

quent saturation in I&0, R) with R was governed by the behaviour of o. They proposed 

an "internai-noise" model that predicted two components for o. One component of 

'memory'-noise that was assumed proportional to the stimulus range and another com- 

ponent of 'sensationy-noise that was assumed constant. These two noise components 

combine to give o2 = a2R2 + PZ. Notice for a h e d  range, the variance is assumed 

constant for the set of owrlapping gsussians. 

In the expenments of Norwich, Wong and Sagi (1998) [ N W S ] ,  estimates of I t(m = R 

dB, R) were obtained using the matrix simulation described in Wong and Norwich (1997). 

As with BD, the probability distribution governing a subject's response Y conditioned 



upon the stimulus Xj, i.e. p(Y lxj), was sssumed to be Gaussian with constant variance 

for all values of Xj. The constant value for variance, o, was estimated directly from the 

matrix, but in the form of an arithmetic mean of the row variances as oppobed to a 

geometric mean. The sssumption of nomality underlying the p(YJXj)'s dong with the 

assumption of constant variance allows one to express the transmitted information as 

follows: 

Notice that It(R) would grow without bound if <r did not increase with increasing R. In 

the laquage of BD, this expression would become: 

1 
It(R) = ln (A') - - ln(27re). 

2 

. Hence, NWS are in agreement with BD in that the increase and subsequent saturation 

in It 6 t h  R can be understood in terms of the growth of O with R, or  a(R); however, 

no assumption of noise infrastructure was required or made. 

2.6 Edge Effeds in the Stimulus/Response Matrix 

The common assumption underlying the models of both BD and N W S  is that the error 

in a subject's response to n given stimulus is governed by a normal distribution with a 

variance, g2, that is assumed fixed in accordance with the stimulus range used for exper- 

imentation. Upon closer inspection, one h d s  that performance in absolute identification 

is significantly better for stimulus intensities located more to the extremes of the stimulus 

range (Garner and Hake [1951]). That is, the loudest and softest categories were easiest 

to identif! This phenornenon has been described as an "anchoring" or "edge" effect. 

Braida et. al. (1984) have proposed a revision of their model to incorporate percep t ual 



anchors. They postulated that a subjed identifies the intensity of a stimulus by mapping 

it ont0 some theoretical context that reprwented the range of stimulus intensity- Coding 

the sensation relative to the context was descnbed as a psychological process in which 

subjeds would measure the distance from the sensation to the intemal references or 

perceptual anchors. 'Distance" was thought to be measured in discrete noisy steps, 

whereby the noise directly contributecl to the subject's response variance, a. 

The existence of intrinsic anchors imposed ont0 the subject by the edges of the stim- 

ulus range is substantiated by the work of Berliner et al. (1978). Li large range iden- 

tification experiments , tones of standard intewity were introduced to see if resolution 

would improve. Resolution did not improve when the standards were located near the 

extreme intensities of the stimulus range, but did improve for standards corresponding to 

the mid-range intensities. If we are to assume that standards tend to improve resolution, 

then the lack of irnprovement for standards located at the extreme intensities suggests 

that the standards already existed intrinsically. 

Two fundamental drawbacks were found with the perceptual anchor model of Braida 

et. al.. First, sensitivity measurements, d', were too difficult to calculate directly and 

had to be estimated. Second, a closed-form expressi~n for the distribution that predicted 

a subject's response and that incorporated edge effects was not obtainable (Braida et. 

al. [1984]). 

This thesis extends the work of Wong and Norwich (1997) to incorporate edge effects 

and introduces a model that provides a closed-form expression for a subject's response 

Yk conditioned upon a stimulus X j ,  i.e. p(Yk lxj). This model has ben named the 

"Constant-Variance (CV) model" and is outlined explicitly in Section 3.2 below. 



Chapter 3 

Methods 

3.1 Absolute Identification Experiments Conducted 

in Our Laboratory 

Some of the experiments to be discussed have already been published (Norwich, Wong and 

Sagi (1998)). Absolute identification experiments were conducted on loudness. Stimuli . 

were in the fom of pure tones of varying intensity aven at 1000 Hz for a duration of 1.5 

s each. AU intensity measurements were made in hearing level (HL), which are decibels 

(dB) above threshold. HL is taken with respect to a standard population threshold and 

not with respect to the threshold of each participant. The threshold of most participants 

was actually below 1 dB HL, while that of one subject was about 10 dB HL. 

Several ranges were tested on each participant. Prîmarily, these were 1 - 10 dB, 1 - 30 

dB, 1 - 50 dB, 1 - 70 dB and 1 - 90 dB. There were six participants, "B", "C', "E, 

' "W and "W , whose ages at  the time of experimentation were 52, 19, 22, 18, 19 

and 25 years respectively. Not aU participants were tested over al1 the ranges mentioned. 

Specificdy, since the threshold of subject " B  was around 10 dB, the range used for 

testing began at 11 dB. Each participant compieted a given range before progressing to 

the next range. 



In each experimental session, stimulus tones of varying intensity were selected at 

randorn from R. Upon the presentation of a stimulus, a subject was required to estimate 

the loudness to the nearest dB. Each range, R, was discretized into rn categories of integral 

decibels such that na = R dB. For example, category 76 corresponded to a stimulus tone 

of 76 dB. The random presentation of stimuli was govemed by a data set generated by 

computer, prior to experimentation. The data set consisted of positive, pseudorandom 

integers unifomily distributed over a fixed range. 

For all but one subject, 500 trials were given over a period of three separate days 

for each range (approximately 480 or 160 for participant "B"). A trial constitutes the 

pairing of a stimulus tone with its response category. An inter-trial inteml was set at 20 

s, rather than the 7 s used by Garner (1953)) in order to minimize adaptation effects. In 

each experimental session, testing did not extend beyond 200 trials. Stimulus-response 

pairs were compiled into the corresponding m x m matrix and i ( N ,  rn, R) calculated 

using Equation 2.3. 

A Subject was allowed to study and practise within a designated range for as long 

as he/she desired. During practice sessions, feedback was given after each stimulus tone. 

The participant would learn to match tones in the specified range into corresponding 

categories of integral decibel value, as well as he/she was able. Typicdy, participants 

felt that learning was non-contributory after around twenty minutes. During the course 

of the experiment , no feedbadc was permitted following each unknown stimulus. 

Testing took place within a sound attenuated room in the bioacoustics laboratory 

in the hstitute of Biomedical Engineering at the University of Toronto. In most cases, 

the experiment was conducted by a trained experimenter who was present in the room 

with the subject. Stimulus tones of 1000 Hz were generated by an OB70, two-Channel 

audiorneter, produced by Madsen Electronics , Toronto, Canada. Tones were delivered 

binaurally using TDH-39 headphones. Each tone was 1.5 s in duration with JO millisecond 

ON/OFF ramps. 

Atternpts were made to automate the experiment, obviating the need for the exper- 



imenter. Automation was developed using a LABVIEW software protocol. Each trial 

consisted of a 20 second loop whereby a uniformly distributed pseudorandom number in 

R was generated followed by a stimulus tone of corresponding intensity. Stimulus tones of 

1000 Hz, 1.5 second duration with 50 millisecond ON/OFF ramps were generated using 

a TAHITI sound card. Within a trial loop, subjects were given 20 seconds to input a 

response corresponding to the stimulus intensity using the cornputer keyboard. Timing 

and response input was displayed graphicdy on the rnonitor. Stimulus-response pairs 

were stored in a file that was inaccessible to the subject. The subject could terminate the 

session at will. A similar protocol was used for practice sessions that included feedback. 

The automated procedure was used on the following subjects and ranges: subjects "C" 

and "R" were both tested at I - 10 dB and 1 - 30 dB; subject " E  was tested at 1 - 10 
dB, 1 - 30 dB and 1 - 50 dB. For these subjects, the experiment over the range 1 - 90 

dB was conducted with an experimenter present in the manner described above. 



3.2 A Constant Variance (CV) Mode1 for the Con- 

fusion Matrix 

Shown above is one of the 10 x 10 confuçion matrices measured from absolute iden- 

tification experiments conducted in our laboratory over the fixed range 1 - 10 dB HL. 

Notice how the midde rows tend towards a Normal distribution while the extreme rows 

display skewed distributions with data that accumulates toward the edges. Suppose that 

responses along row vectors to the middle of the Confusion matrix tend to a Normal dis- 

tribution of constant variance. This concept dates back to Thurston as a special case 

of his "Law of Categorical Judgements" (Thwston (l927), Durlach and Braida (1969)). 

As a fom of checking, consider only rows 4 through 7 in the matrix above. Further- 

more, let us combine rows 4 through 7 as if they all represent the same distribution with 

means shifted. Before combining the rows, the means need to be atigned. If rows 5 and 

6 are considered to already be in alignment, it should be sdcient  to shift row 4 with 

row 5 and row 7 with row 6. Shown in Figure 3.1 is a frequency plot of rows 4 through 



7 superimposed into 

of its corresponding 

that corresponds to 

one row of 10 columns. Each point represents the frequency value 

column. The smooth curve is the Normal frequency distribution 

a variance d u e  measured from the data. This demonstration is 

mainly for illustrative purposes, the goal being to express to first order how response 

data tend to follow a normal distribution of constant variance; however, one is still lead 

to inquire about the extreme rows. More g e n d l y ,  how iS it possible to account for d l  

mw distributions of the confm-on mat* using a constant value for a subject's TeSponse 

e m r ?  

Please recall that the simulator descnbed in Wong and Norwich (1997) also uses a 

constant value for a. This value is used as an input and enables simulation of a confusion 

matrix in its entirety including the skewed distributions toward the edges. The simulator 

caLIs up two random numbers: a uniform integer x, x E {1,2, . .. , R), and a normally 

distributed integer y, y E {1,2, ... , R), centered about x with constant variance O? The 

resulting simulated confusion matrix appears quite similar to the one above. That is, 

even though a constant value for variance is used in simulation, the resulting confusion 

matrix will also have middle rows that tend to a common normal distribution with skewed 

distributions appearing in the extreme rows. 

With this in mind, let o2 represent the constant variance used as an input for simula- 

tion. Let a$f represent the arithmetic average of the variances across all rows including 

the extreme distributions. If a is sufiicient to account for all row distributions of the 

confusion mat*, it should be possible to relate oeff to a2. The only sample statistic 

of subject error available to the experimenter is found dong the rows of the confusion 

matrix. This estimate is strongest when all trials are incorporated, so an arithmetic mean 

of al1 row variances could be used as an estimator for subject error. 
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Figure 3-1: Frequency plot of rows 4 through 7 superimposed into one row of 10 columns. 
Data taken from 10 x 10 confusion matrix measured for Subject W. The frequency of 
superimposed data tends to  a Normal distribution. 



3.2.1 Modeling the row distributions; p (y1 x) 

Findïng a relationship between ozff and a requires a mode1 of the row distributions. For 

ease in calculation, the set of discrete responses, Y, will be represented by the contin- 

uous random variable, y, and the set of discrete stimuli, X, will be represented by the 

continuous random variable, x. One should note the necessary correction of the form 

x = Xi - $ when transforming from the continuous domain to the discrete domain. 

We start by representing distributions dong any row of the confusion matrix as a 

conditional probability of response y given a mean value of x. This distribution, p* (ylx) 

is a continuouç normal distribution with variance a2. 

p*(ylx) is, however, unbounded in y such that y E (-00, m). To conform to the bound- 

aries of the matrix more realistically, one can confine p*(ylx) to the width of the matriu; 

namely, define y such that y E [O, R] where y is a continuous random variable. If we now 

integrate over the space of y, 

dividing p* (y lx) by I(x) renormalizes 3.1 over the range, giving an expression, p(y lx), for 

the row distributions as follows: 



This procedure is outlined graphically in Figure 3.2. A continuous normal distribution 

whose mean lies at the centre of the second colurnn is renormalized over the Range. 

The renonnalized distribution, p(ylx), is now sufficient to describe the distribution of 

responses dong the rows of a Confusion mat* as seen in Figure 3.3. Notice how the 

distributions skew as the mean approaches the edges. 
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Figure 3-2: A model for the probability distribution, p(ylx), of the second row of a 
10 x 10 Confusion matrix over R = 10 dB. p(ylx) is obtained by placing the mean 
of the underlying normal distribution, p*(ylx), at the centre of the second column and 
renormalizing over a.ll column numbers y in [O, RI. 



Rows 1-10 

2 9 

O 2 4 6 8 

Response Range (dB) 

Figure 3-3: The probability distributions, p(ylx)'s, fourid dong rows 1 through 10 in a 
typicd 10 x 10 confusion rnatrix over R = 10 dB. p(y1x) is obtained by placing the mean 
of the underlying distribution, p*(ylx), at the centre of the appropriate column and then 
renormalizing over y E [O, IO!. p*(ylx) is the normal distribution of constant variance o2 
thought to underlie a sub ject 's responses. 



As demonstrated in Figure 3.2 and Figure 3.3, boundingp*(y(x) over the range of stimuli 

has two effects on the appearance of the row distributions. First, all distributions have 

been "squ&zed" as a result of having to be normalized over a smaller region. Second, 

skewing occm in distributions mhose mean approaches the edges. These distributions 

can't cross the boundary and will therefore become asymmetrical. These two effects di- 

rectly affect the variance measured in each row. That is, a "squeezed" distribution will 

exhibit a smaller variance than an "unsqueezed" distribution. Also, a "squeezed" and 

skewed distribution will exhibit a smaller variance than a "squeezed" and unskewed dis- 

tribution. Since a& is measured as an arithmetic mean of the row variances, one would 

exped that it would be smder than c?. The power of modeluig the row distributions 

using p(ylx) is that one can also model how a2 relates to ozjl. This is very useful if one 

wants to essentially unwrap the mat& and yield a value for a that can be introduced 

into the simulator to "recreate" the rnatrix. 

To model how a2 varies with a$f, we need to calculate the first two moments of 

p(y1x); namely (y) and (y2) (please refer to appendix 1). 

= /" Y 1 y-x 

0 I ( x ) , / ~  e.p [-Z 2] d?/ 

at this point it is necessary to implement the substitution t = or y = &&+x. This 

will greatly simplify calculations as folIows: 



making the necessary substitutions: 

this can be conveniently expressed in a shorthand using the normalizing factor I(x): 

one can take a similar approach for the second moment: 

using the same shorthand above: 

we now can express the variance of any row distribution as a function of its mean; namely: 

One should note that 



so the variance of any row distribution becomes: 

This is still a complicated expression and difncult to work with. However, if we measure 

the average row variance over the mean, we can obtain an expression for asf. In the 

discrete case, taking an a.rithmetic mean for the row variance sirnply involves adding the 

variances of rows 1 to R and dividing by the range R. Deriving a closed expression for 

this using var [p(ylx)] above would be quite difficult. It is possible, however, to consider 

jumping from the discrete case to the continuous case over the rnean x. Specifically, oif 

in the continuous case takes the form: 

It is easily verified that 

4 

-,/- 
for R » a 

so to a strong approximation, 

3.2.3 The CV Model Underlies Matrix Simulation 

The simulator produces a Confusion Matrix using a single input value, o. The CV Model 

attempts to account for how the distributions resulting along the rows of this Confusion 

matrix arise horn a cornmon underlying Normal distribution of constant variance a. 



By design, the simulator generates normdy distributed responses that are confined to 

the stimulus range. The CV Modei describes what happens to the underlying Normal 

distribution when it is confbed to the stimulus range. As data are arranged into the 

simulated matrix on a trial by trial basis, the probabüity distributions found along the 

rows of the matrix, should conform to the distributions predicted by the CV model. 

Figure 3.4 demonstrates how distributions from a simulated matrix approach those 

distributions predicted by the CV model. In particular , probabilities calculated from rows 

4 and 9 are compared with the model after 100 trials and after 10,000 trials of simulation. 

All simulations use the same value for o. At 100 trials, the simulator deviates from the 

CV model, but by 10,000 trials it converges very cloçely. It seems clear that the CV 

model accurately describes the probability distributions along the rows of the confusion 

matrix resulting from simulation with large N. 

The conespondence between the model and the simulator cornes as no surprise since 

both are constructed using a single normal distribution of constant variance confined 

to the stimulus range. How weU the CV model, and therefore simulation, corresponds 

to expenmentally measured confuçion matrices is another matter. This depends on the 

degree to  which the constant variance assumption describes the participant's responses. 

The CV model does, however, provide a methodology for obtaining an estimate of the 

hypothesized constant variance from confusion matrices that are obtained experimentally. 

Subsequently, this estimate c m  be used to simulate the mat& and observe how clody 

the resulting measure of information compares with that of the experiment. 



Column Number 
O Computer Simulation - Constant Variance Model 

Figure 3-4: Cornparison between the row distributions predicted by the CV-mode1 and 
the row distributions calculated from the cornputer simulation described in Wong and 
Norwich (1997). Distributions are plotted for rows 4 and 9 after 100 and 10,000 trials of 
simulation. 



3.3 Application of CV Mode1 tu Experiment 

How Equation 3.3 can be used to sirnulate the matrix presented at  the beginning of this 

chapter will now be explained. Measuring the average row variance from the matrix 

gives sYf = 2.21. The notation seff is used to express our measure of subject error 

as the corresponding sarnple estimate of ozIf. Similarly, s2 will be used to estimate 

c2. Substituting (szff, s2) for (ef f ,  3) respectively into Equation 3.3 and soiving for s 

gives s2 = 3.07. This value is now used as an input into the sirnulator. In Figure 3.5 are 

graphs that compare sirnulated Information with experimentally measured Information 

as a function of the number of trials. Twenty averages were used for each simulation. 

Also, to demonstrate the practicality of the CV model, one simulation uses an input 

value of sZff = 2.21 = s2 while the other uses s2 = 3.07. The experimental c w e  uses 

the trial by trial data corresponding to the matrix above. Notice how the simulator that 

implements Equation 3.3 to obtain s2 = 3.07 as an input conforms more closely to the 

expenmental curve, thus improving upon the method of overcoming s m d  sample bias 

developed by Wong and Norwich (1997). 

The procedure in our example can be generalized. For any experimentally determined 

confusion matrix, masure the average row sample variance, sZff. YJnwrap" this messure 

using Equation 3.3 to determine the estimated response error, s2, underlying the matrix. 

Simulate using s to obtain an estimate for Information, I (N,  m, R) , to any desired number 

of trials. 

One should note that averaging simulations together gives a stronger estimate of the 

expected value of Information ( I (N) )  corresponding to the underlying response emor, O. 

I (N ,  m, R) resulting hom a single simulation can be considered as a single experiment. 

The corresponding scpectation, ( I ( N ) )  wodd represent a long term average over many 

experiments and has a one-teone correspondence with o (Carlton, 1969) [please see 



see Appendix II]. The characteristic shape of ( I ( N ) )  is discussed in Section 4.1. 

s From Matrix 

! 

s From Mode1 
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Figure 3-5: Cornparison between information measuued experimentally (from Subject W, 
1 - 10 dB) and information measured through computer simulation, both as a function of 
the number of trials. seff is the average row variance measured directly from the matrix. 
s2 is the variance of the normal distribution thought to underly subject's responses and 
is estimated using the CV-model. 



3.4 Bypassing Simulation wit h Approximation for 

Asympt ot ic Informat ion 

As mentioned e d e r ,  the original purpose for simulation was to overcome the small 

sample bias in c a l d a b d  information, I ( N )  (short for I (N,  m, R)), that occurs when not 

enough experimental trials are used. I (N) becornes transmitted information, It , only 

after a significant number of trials. One of the main advantages of the CV mode1 is 

that it provides a trial independent, a priori description of the row distributions found 

in the confusion matrix; namely, p(y1x). This can be substituted into the equation that 

describes It. 

This equation is independent of N and describes It exactly, but is too difficult to handle 

analytically. We can, however make some approAmations. First, let us move over from 

the discrete realm to the continuous whereby sums are converted into integral signs. This 

is analogous to considering infinitesimally s m d  category widths. 

Notice that the sums in our expression span the integers il, 2, ..., R). In this case, 

the number of categories, rn, used to measure information is a discrete representation of 

the stimulus range. We are not confineci to this situation. In fact, increasing the number 

of categones over a fixed range tends to increase It. This increase, however, is bounded. 

That is, for a large enough number of categones, It is unchanging. Please recall that 



At this point, it will be taken as a conjecture that going from m = R dB to m -r oo in 3.4 

has Iittle or no effect on It. That is, we shall assume that It (m = R dB, R) = It (R). The 

issue of varying the avsilable number of categories over a fxed range will be addressed 

more rigorously in section 4.2. Hence, 

Symmetry in a confusion matrix would imply that p(y) = p ( ~ )  = i: 

Using the expression for the row distributions derived earlier in the CV model, p(y1x) = 
-+(F)~ 

ew, and expressing the transmitted information in natural units, we have (please 

refer to Appendix 1) 

The nght most term, @(R, o) 2 O must be solved numerically, but vanishes for large R. 

One can consider @(R, O) as an information gain due to the presence of edges. Notice how 

no assumptions were necessary regarding mechanisms for anchoring (please see section 

2.6). 

Shown below is a table depicting how well the asymptotic approximation, I r ,  com- 

pares with the simulator. For estimates of It using the simulator, i.e. I F ,  100,000 

tkds  are used to overcome small sample bias. Also, 20 simulations are averaged for each 

estimate to ensure the simulator approximates ( I ( N ) ) .  The values used for s2 are "un- 

wrapped" from the szf k measured experimentally from one subject over several ranges. 



Findy, to illustrate the contribution of edge effects to estimates of It, the asymptotic 

formula is also depicted without the contribution of the @(R, O )  term. This will fall under 

the heading of 1: = ln R - h(27reo2). 

Please notice that Equation 3.5 is sufficient to describe the results of averaged simulations 

over large trials. Hereafter, all estimates of It will use Equation 3.5. 

3.4.1 Confidence Interval for estimate of It 

One of the advantages of the assumption that a Normal distribution with a constant 

variance underlies responses for a given range is that sample estimates for variance, s2, 

will follow a Chi-squared distribution. Specifically, 

''If 3 and s2 are the mean and the variance of a random sarnple of size N 

from a normal population with the mean p and the variance O*, then ... the 
N 1s2 random variable (+. has a chi-square distribution with N - 1 degrees of 

freedom (Fteund and Walpole (l98O), page 268) ." 

Please recall that the CV mode1 uses s& kom the matrix to obtain an estimate for 

response error. Subsequently, s2 is determined using Equation 3.3. Essentially, the CV 

mode1 allows us to treat all the rows of the confusion matrk as originating from one 

distribution. Hence, all N trials used in rneasuring sfff can be used to  measure and 

chi-square confidence intervals can be applied to c? with N - 1 degrees of heedom. For 

degrees of freedom in excess of about 30, we may use a normal approximation to the 



&-square distribution (Milton, 1992, page 223) where a represits our confidence value, 

v the degrees of fieedom and z the standard-normal score. 

Hence, the 90% Chi-square confidence intenral for 499 degrees of freedom would be: 

where 

and 

Therefore, the confidence interval becomes: 

Solving out the inequality for a gives: 

We can interpret this as saying that 90% of the time, a will be found in the interval 

[0.951s, 1.05691. This only holds true if the assumption of underlying normality is correct. 

We would now like to know the arnount of error that can be expected in estimating 

the transmitted information, II .  Estimates of It are completely dependant on estimates of 

a. The most amount of error will be found in the limiting case where the stimulus range 

is large. This can be understood from Equation 3.5. The only two terms that depend 

on o subtract from each other; hence, any error incurred in the use of this Equation will 

also subtract. However, the term corresponding to the added information due to edge 



effects, O(R, o) , diminishes as the range increaries. For very large ranges, Eguation 3.5 

becomes 
- 1 

1, = h ~ -  - ln (27rd)  2 

and the right hand term dominates errors incurred fiom estimates of a. Substituting our 

90% confidence interval gives 

a maximum error in It of about f 0.05 naturd units of information. 



Chapter 4 

Result s and Analysis 

Typicdy, absolute identification experiments are conducted over some fked range R that 

has been discretized into m stimulus/response categories. Information is calculated from 

the resulting m x m confusion rnatrix, but is sensitive to the number of trials, N, used for 

experimentation. Let us represent the information measure symbolically as I ( N ,  rn, R). 

Three kinds of "asymptotes" anse with the information measure. First, the infor- 

mation measure has a characteristic behaviour associsted wi th the number of stimulus 

trials, N in tkxe form of a s m d  sample bias. Given enough trials, the information measure 

approaches the information transmitted to the subject for that absolute identification ex- 

periment; i-e. I ( N ,  m, R) + It(m, R). Next, there is the increase of information with 

the number of stirnulus/response categories, m. The information meânire artifactudy 

increases with increasing m, approaching an upper limit. Assuming that small sam- 

ple bias has been overcome, reaching the upper categorical limit can be represented as 

&(m, R) + It(R). This is the situation where the resolving power of It(rn, R) reflects 

the informational properties of the range, It(R). Findy, one h d s  that It(R) increases 

with uicreasing R up to a ''channe1 capacity", 1,; the upper limit for information pro- 

cessing over the entire range of auditory intensity. ù1 contrast to I&n, R) + It (R), this 

phenornenon, It (R) 4 I, , depends on the sensory properties of the individual. 

As described in Chapter 3, a confusion matrix can be "recreated" using a single 



constant value for o over that range; i.e. a(R). It is hypothesized that o(R) determines 

the results of all AI experiments conducted over R regardless of the nurnber of categories 

used. Rom expenments conducted in our laboratory, it may be found that a(R) increases 

with R. The increase is well described by a linear relationship a(R) = UR + b. This 

relationship essentially determines It (N ,  m, R) ! 

4.1 Informat ion and Nurnber of Experiment al Trials; 

In Chapter 2 above, the bias in information estimates that results from uçing too few 

experimental trials was discussed. Shown in Figure 4.1 is a graph of the information 

measiired as a function of the number of experimental trials over five ranges for subject 

W. One can see that I (N ,  m, R )  is characterized by an early rise to a peak followed by 

a dedine towards an asymptote. The asymptote is the information transmitted to the 

subject for that absolute identification experiment. That is, I (N,m,  R) -r I t (m, R) as 

N -+ 00. Hence, the bias takes the form of an overestimation of I,(m, R). 

The characteristic shape of the bias can be understood using Carlton's approximation 

for the information measure, ( I ( N ) )  (please refer to Appendix II). We recd that , 

and t herefore, 

In Figure 4.2, ( I ( N ) ) ,  ( H ( Y ) ) ,  and (H(Y1X))  are plotted with the number of trials 

using the value for subject error measured for sub ject W in the 1 - 10 dB experiment. 

Notice that ( H ( Y ) )  and (H(Y1X))  increase monotonicdy with N ,  approaching separate 

asymptotes; however, ( H ( Y ) )  saturates more quickly than (H(Y  IX)) . Upon subtracting 

the two terms, the quicker rise in ( H ( Y ) )  causes the overshoot in ( I (N) ) .  As ( H ( Y ) )  



saturates, ( H ( Y  lx)) still increases, causing ( I ( N ) )  to fall and approach It(rn, R). 

We can attempt a mechanical explanation for why ( H ( Y ) )  nses more quiddy than 

(H(Y1X))  by looking at how the rn x rn confusion mat& fills progressively with N. 

( H ( Y ) )  and ( H ( Y  lx)) depend scplicitiy on the response distribution p(y) and the row 

distribution p(ylz) respectively. With increasing trials, p(y) matures over m cells while 

p(ylx) matures over m2 ceus. Hence, p(y) matures more quickly than p(y1x). Also, the 

monotonie increase in ( H ( Y ) )  and ( H ( Y  lx)) reflects the maturation in p(y) and p(ylx) 

respectively. Therefore, ( H ( Y ) )  increases more quickly than (H(Y lx)). 
Upon further inspection of Figure 4.1, increasing the range of experimentation has 

two effects on the peak value for the bias in I (N,  m, R). Essentially, peak bias values 

increase and occw at later trials for larger ranges. Since, in our expenments, m = R 

dB, larger ranges required larger na x m confusion matrices. With larger confusion 

matrices, the characteristic shape of I ( N )  will prolong over N. Notice, Dowever, that 

the location of the peak bias tends to equal the number of categories used. Lookhg at 

Figure 4.2 we see that the peak b i s  value in ( I ( N ) )  occurred after approximately 10 

trials. Generally, ( I ( N ) )  will peak after approximately m trials, but this only occurs 

for values of o measured experimentally. That is, the location of the peak bias in the 

information measure depends on 0 and typically occurs after m trials for human subjects. 
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Figure 4-1: Idormation measured (in bits) as a function of the number of experirnental 
trials over five stimulus ranges for subject W. In each range, the number of categories 
used equalled the range in dB. 
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Figure 42:  Expected value of information (measured in natural un i ts )  as a function of 
the number of experiment al trials, (1 ( N )  ) , using Carlton's approximation. 



Information and Number of Categories Over a 

Fixed Range: It(m, &) 

Mathematical Basis for Increase of Information With The 

Number of Stimulus Categories, It (m, &) 

As scplained esrlier, each confusion matrix represents an AI experiment conducted over 

some fked range R = & using a specified number of categories, m. It has been known 

for neady fifty years that increasing m in this situation tends to increase I-(m, &). 

Shown in Figure 4.3 is a typical representation of how It(rn, &) tends to increase with 

increasing m. Notice how the increase is bounded from above. A mathematical argument 

can explain the increase as an artifact of the information mesure and independent of 

the perceiver. The upper bound is, however, deterrnined by the sensory properties of the 

subject. 

Consider an arbitrary confusion mat& expressed as follows: 



STIMULUS INFORMATION 

Figure 4 3 :  A sdiematic graph of how It(m, &) increases with a progressively increasing 
number of categories m over a fnced range &. For a small enough number of categories, 
the information transmitted to the sub ject resembles noise-free transmission. As the 
number of categories increases, It(m, &) saturates towards its channel capacity. One 
should note that STIMULUS INFORMATION = log&). From Norwich (1993, pg. 
82). 



The idormation measure (using the shorthand I(N)) can be expressed in terms of 

the a posteon' values fiom the matriu. 

Consider rnerging columns k and k + 1 as follows: 

How does this affect the information measured for that matrix. This affect can be 

described in terms of the information difference, or A I  = I(N).,,,& - I(N),,&. 

If we can show that AI 2 O, this would imply that arbitraxily merging any two columns 

always decreases the information. By the symmetv of I(N), the same should be true 

when we merge any two rows. Hence, showing that AI 2 O wodd imply that using a 

larger number of categories to represent the same data set gives information values that 

increase or remain the same. 

The proof that A I  2 O will be described here bnefly and is outlined more rigorously 

in Appendix III. For simplicity, let aj = njk and let bj = n j k + i  in the arbitrary matrix 

outlined above. Making the necessary substitutions into 4.1 we find after some algebra 

that 



where 

4(a,b) = aloga + blogb-  (a +b)log (a+b) .  

h Appendix III, it is demonstrated that #(a, b) is convex implying, from the theory of 

convex functions, that A l  2 0 (Hardy et. al. (1964)). 

So we now see, at least theoreticdy, that the increase of I (N,  m, R) with m (R fixed), 

is a mathematical artifact of the information measure. Please recall that I ( N ,  m, R) -* 

It(m, R) as N -r oo implying that the artifactual increase in the information measure 

with increasing categories will dso apply to It(m, R). As demonstrated in Figure 4.3, 

the increase in It (m, R) with m is bounded from above. Also, It (m, R) does not ùicrease 

significantly beyond approximately 20 categories. The absolute upper bound is the t h e  

retical case obtained by representing the data set using an infinite number of categorieç. 

Refemng badc to Section 3.3 above, we see that the approximation of an idbi te  number 

of categories is what allowed us to jump from the discrete case to the continuous case in 

developing a formula for the asyrnptotic information, i.e. It(R). Hence, the upper bound 

can be considered as the asymptotic information associated with that stimulus range, or 

It (R)  - 

4.2.2 a(&) Determines &(m, &) 

As a demonstration of the mathematical basis for the increase of &(m,&) with m, 

consider the experirnent of Garner (1953). Absolute identification experiments were 

conducted over a fked range of 15 to 110 dB using 4,5,6,7,10,20 stimulus categories. 

To overcome s m d  sample bias, data were pooled over several subjects such that the 

number of trials used corresponded to N = 600m. Garner's paradigm was recreated 

using the computer simulator. A "best value" was f o n d  for ~ ( 9 5 )  such that the resulting 

simulated value of infornation corresponded to Garner's &(20,95) using N = 12,000. 



Setting o(95) = 4.8 dB and using the same seed for pseudoraniiom number generation, 

values of It(rn, 95) were found by reorganizing the simulated data set into the appropriate 

number of categories. Each simulated data set corresponded to N = 600m and m = 

4,5,6,7,10,20. This is shown in Figure 4.4. Fied circles represent Garner's data while 

open circles represent simulated data. 

5 10 15 20 

Stimulus Categories 

Figure 4-4: FiUed circles represent data of Garner (1953). Transmitted information 
measured (in bits) for varying rn over a fixed range spanning 95 dB. Open circles represent 
simulation of Garner's data using a single value of a(95) = 4.8 dB. 



4.3 Transmit t ed Informat ion and St irnulus Range; 

4.3.1 The Increase of Information with Stimulus Range It(R) 

Absolute Identification experiments were conducted in our laboratory on six subjects 

over several ranges; for example, 1 - 10 dB, 1 - 30 dB, 1 - 50 dB, 1 - 70 dB and 1 - 90 

dB. In each experiment, the number of categories used equalled the range in dB. That is, 

ten stimulus and response categories were used in the absolute identification experiment 

conducted over 1 - 10 dB. For most subjects, 500 trials were used for a given range. The 

average row variance, sYr,  was measured from the matrix and s2 was then calculated 

using the CV model. Estimates for It were obtained b y  substituting R and s into the 

asymptotic formula 3.5 above. Results are presented for each sub ject in the tables below. 

Notice that It increases with increasing range in accordance with previous investigators 

(Braida and Durlach (1972); Luce, Green and Weber (1976); Norwich, Wong and Sagi 

(1998) [NWS]) .  One should note that the results presented herein differ from NWS in 

that the estimates for It in NWS were obtained using sefp 





4.3.2 The Increase of a With Stimulus Range; a(R) = a R + b  

From the tables above, one h d s  that s, and subsequently o, tends to increase with R. 

Shown below in Figure 4.5 and Figure 4.6 are graphs of s plotted as a function of R. One 

can see that the increase is well described by a linear relationship. That is, 

a,b constants greater tban zero. 

o ( R ) = a R + b  (4.2) 

In Chapter 5, a theoretical basis is proposed for the fom of o(R) with R. Essentidy, by 

imposing the critena that It reaches a channel capacity for extremely large ranges, we 

h d  that $ = cmst in the Iimit of a large range. Although Equation 4.2 does satisfy 

this condition, it is probably a special case of a more general relationship. However, to 

first order, cr(R) = UR + b does account for the increase of It with R. 

Please recall that any estimate for It(R) depends on the estimate for o(R) .  Hence, 

the cr(R) relationship cm be used as an input to the asymptotic approximation resulting 

in the smooth rise of 1, with R. Shown in Figure 4.7 is a graph of It(R) with stimulus 

range for subject W. The smooth curve of It(R) was calculated using the best-fit line 

s(R) = UR + b from Figure 4.5. The smooth curve is compared with It values estimated 

from experiment S. 
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Figure 4 5 :  The increase of s with stimulus range R for subjects W, J and B. 
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Figure 46:  The increase of s with stimulus range R for subjects E, R and C. 
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Figure 47:  Plot of transmitted information, It(R) (in natural units) , as a function of 
stimulus range R for subject W. Filled circles represent estimates of &(R) using s values 
estimated from experiments. Solid line is obtained using s(R) = .051R + 1.2. s(R) 
determines both the rise in It(R) and its subsequent saturation towards 1, = 1.55 
naturd units. 



For a qualitative description of how a(.R) determines Ic(R), one h d s  that the constant 

b determines the increase or "gain" of It while the constant a detexmines the saturation 

or "channe1 capacity" of 6. This can be seen by substituting Equation 4.2 into Equation 

3.5 in the limiting case of a large stimulus range where the contribution of edge effects 

becomes rninimized. 

Notice how 

capacity of 

the intercept tenn will disappear as R -, oo leaving us with a channel 

A typical value found for the slope in the above graphs is a = 0.05 reporting a channel 

capacity of 1, = 1.58 natural units. Miller's upper limit was reported at around 1.75 

natural units, giving a slope value of approhately a = 0.04. Hence the slope of the 

line that describes the linear uicrease of o(R) with stimulus range directly indicates 

sub ject performance. The lower the slope, the higher the sut, ject 's informational channel 

capacity. 

In the table below, the channel capacities for the six sub jects who participated in our 

experiments are listed. 

1 Subject 1 B 1 C 1 E 1 J 1 R 1 W 1 average 1 

We now see that the o(R) that underlies a subject's response error for the absolute 
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identification experirnent over range R is suficient to describe the informational proper- 

ties of that subject. N d y ,  a(R) detennines A@). 



Chapter 5 

Implications 

5.1 Contribut ion t O Absolute Ident Xcat ion Theory 

The development of the CV-mode1 is significant in the general theory of absolute identifi- 

cation. First, the method of overcoming smaU sample bias through computer simulation 

developed by Wong and Norwich (1997) can be improved. The improwment occurs be- 

cause we are able to extract an estimate of a directly from the confusion matrix. a 

is the constant variance of the normal distribution thought to underlie a subject's re- 

sponse error and can be used as an input for the simulator to generate pseudo-stimulus 

response pairs. In turn, I (N ,  m, R) as measured from the simulated matrices conforms 

to expenment more closely. 

One of the results of more accurate simulation through estimation of a, is that the 

effect of the number of categories on the transmitted information, It(m, R) , c m  be demon- 

strated (please see Figure 4.4). Using a single d u e  for <r(&) and simply reorganizing 

the data into the appropriate number of categories, one can account for the increase 

in &(m, &) due to increasing m as demonstrated with the data of Garner (1953). In 

conjunction, we have provided a mathematical argument which states that organizing 

the same data into larger confusion matrices yields information estimates that increase 

or stay the same, demonstrating that the categorical affect is a mathematical property 



of the information measure itself and not a function of the perceiver. 

The ability to extract a from the confusion matrix lies in the relationship between 

O and (Equation 3.3), the arithmetic mean row variance as messured from the 

matnx. The CV-mode1 predicts this relationship and provides a mode1 for the probabiliiy 

distributions found along the rows of the confusion matrix, i-e. p(y1z). Utilizing both a 

and p(ylx), estimates of It(R) are achievable for each subject with a lïmited number of 

experimental trials. Furthemore, the empincal hd ing  that a(R) = a R + b accounts for 

the increase of &(R) with R found by several investigators (Sections 2.5 and 4.3). The 

dope value, a, d o w s  for estimation of I,. One should note that O(@ depends solely 

on the sensory properties of the perceiver; consequently, It(R) and I, are determined by 

the sensory properties of the perceiver. 

One of the natural outcomes of the CV-mode1 is the prediction of edge-effects known 

ta occur in absolute identification experiments. By confining the underlying normal dis- 

tribution of constant variance to the fked stimulus range, we found that p(ylx), especidy 

along the first and last rows, displays skewing similar to that found in experiment. Please 

recall that Berliner et al. (1978), gave evidence for the existence of intrinsic anchors. The 

CV-mode1 would hold that these anchors naturally develop as a result of requiring the 

subject to respond to stimuli that lie on a iked stimulus range- 

5.2 A Criterion For Channel Capacity 

Hitherto, it was explained how the results of every experiment on absolute identification 

can be sumrnarized by o(R). Also, it was demonstrated empirically that o is governed 

by  the following function of R: 

a(R) = UR + b where a, b > 0. (5.1) 

No basis was given for the increase in subject response variance with stimulus range. To 

begin, let us look at why o(R) should increase rather than decrease with the stimulus 



range, by exploring the concept of channel capacity. 

In Section 2.5 and Section 4.3, it was described how infonnation tends to increase 

with increasing stimulus range. One can observe this phenornenon by conducting absolute 

identification experiments for several ranges. In each range, the s m d  sample b i s  must 

be carefully overcome, Say, through computer simulation. One must also remove any 

artifactual inmeases in information due to increasing the number of categories used for 

experimentation. This can be done either by fixing the number of categones used for 

all experiments (eg. Braida & Durlach set m = 10) or by using a large enough number 

of categories such that the artifactual increase is negligible, eg. set rn = R dB. Upon 

measuring the information for each experiment under these conditions, the information 

measuse reflects I (N ,  m, R) 4 &(Il). 

In any case, one h d s  that It(R) increases monotonically with R, but eventually 

saturates at  a constant value, I,. That is, 

We can consider this as the cnterion for "Channel Capacity" or the upper limit on 

information processing for human intensity perception. For the case of a large stimulus 

range, we found that the information transrnitted to a subject is well described by the 

asymptotic formula in Equation 3.5. Let us now suppose that the stimulus range is large 

enough such that Ic(R) no longer increases significantly and has reached chamel capacity, 

I,, to some degree of significance. Hence we have, 

I,  = lim It(R) = 
R 

where O = a(R) . 
R- oo 

Now, 1, will not be constant unless a(R) grows with R such that lim a(R) = m. A 
R+oo 

little calculus indicates that 



where the "H" over the equal sign represents the use of l'Hospital's rule and d(R) 

represents the derivative of o with respect to R. Some more rearranging gives us 

Equation 5.2 tells us that in the b i t  of a large range, the criterion of c h m l  capacity 

would require that the rate of change of a sub ject's response error with stimulus range 

remains constant. In other words, a constant channel capacity would require that a(R) 

grows with the stimulus range such that d ( R )  = const in the limit of a large range. As 

it stands, Equation 5.1 satisfies Equation 5.2, but is not a unique solution. 

Please recall that Durlach and Braida (1969) had postulated that a subject's error 

in response to a fixed stimulus in an absolute identification experiment should increase 

with stimulus range in the following rnanner: 

02 = + P2 where o,P > O. (5.3) 

In this case we h d  that lim d(R)  = cr = cmst .  Hence, the form predicted by Durlach 
R-00 

and Braida also satisfies Equation 5.2. The preference of one form over another will be 

discussed in the next section. Regardless, a criterion of channel capacity would require 

any model of the increase of o(R) with range to satisfy Equation 5.2 which, in turn, 

provides a way to predict a subject's channel capacity. For example, we found in our 

experiments that a typical value for d(R) was measured at d(R) = a = .05. By Equation 

5.2, a = .O5 would imply that 1, = 1.58 natural units. Also in the expenments of Braida 

& Durlach (1972), a value of a E 0.07 was found giving I, = 1.24 natural units. 

5.3 Wherefore a = aR + b 

A critenon of constant channel capacity will require a(R) to increase with R such that 

d ( R )  = cmst. As we have seen, Equation 5.1 is not the only form that satisfies this 



critenon. In the mode1 proposed by Durlach and Braida, Equation 5.3 does have some 

psychoIogical appeal. If one considers two independent processes whose variances are 4 
and 4 respedively, then the total variance can be expressed as o2 = o: +4. Durlach and 

Braida hypothesized that the subject's response error was governed by two independent 

"noise" compartments. The h t  compartment was a kind of analogue noise resdting 

from the physiological circuits that mediate the loudness of a signal to the brain and was 

assumed constant, i.e. 0-1 = p. The second compartment was a kind of memory noise 

that results in the process of relating the intensity of the signal to the intenial context 

or representation of stimulus range. This noise was postdsted to increase linearly with 

the context, i.e. oz = aR. Combining the two compartments gives Equation 5.3. 

A physiological basis for Equation 5.1 wiJl now be discussed Upon closer inspection, 

we understand that both 0 and R are measured in dB, Le. C T ~ B  and aB. The decibel 

is, however, a convenient way of describing large quantities in logarithmic form, relative 

to some fixed quantity. Linear or absolute sound intensity, Il,, d e s  directly with the 

square amplitude of a sound pressure wave. If we consider the absolute t h h o l d  of 

hearing for a stimulus tone of fixed fiequency .to be some constant pressure, po, we can 

d e h e  the corresponding fixed intensity, Io = kpi (k constant). Intensity measured in 

dB, i.e. IdB, wodd be measured as follows: 

If O ~ S  and & are rneasured using the same reference intensity, 4, then Equation 5.1 

becomes 



b 
where 6' = 1 0 ~ $ - ~  = canst. 

Please r e c d  that in our absolute identification experiments, subjects are presented 

with rn = R dB possible stimulus intensities over the range 1 - R dB. The intensities are 

distributed uniformly over the range. This means that on a given trial, each intensity 

has an equal Itkelihood of presentation. In the long nin, the average stimulus intensity 

presented to the subject would be 

Irin - 10 l ~ & ~  (F 
10logm - 

Substituting this into Equation 5.4 gives 

b 
where 6 = 1031ia = m s t .  

Hence, in absolute terms, Equation 5.1 gives a. variance-mean relationship of the form 

This relationship is very comrnon and arises in both the psychophysical and neurophys- 

iological realms. Before any further digressions are made, the context in which this 

relationship occurs in our situation needs clarification. Essentially, we are stating that 

a subject's performance in an absolute identification experiment is governed by the sub- 

jed's response error that depends explicitly on the average intensity presented to the 

subject in the long term. That is, a subject's response error does not depend on the 



intensities of the individual stimulus tones presented at any given trial. If this were the 

case, a would not be constant for a fixed stimulus range as described by the CV-model. 

Instead, a subject's response error is governed by the stimulus range. The subject per- 

ceives the stimulus range after a relatively long-term exposure to the intensities which 

underlie it- 

5.4 Psychophysical & oc I& 

S.S. Stevens (1956) developed a methodology hown as 'inagnitude estimation7' that 

can be used to quanti@ how subjective magnitude, F, varies with stimulus intensity. 

As with the absolute identification paradigm, magnitude estimation can be used for 

several sensory modalities. These two methodologies differ, however, in how subject 

performance is quantified. In a typical magnitude estimation experiment for loudness, a 

subject would be familiarized with a stimulus tone that is fixed in frequency and set to 

a standard loudness. Subsequently, tones of similar frequency, but varying in loudness, 

wodd be presented in conjunction with the standard. The standard tone was sssigned a 

subjective value, Say cclOO", and subjects would be required to estimate the loudness of 

stimulus tones relative to the standard. For example, if a stimulus tone was thought to be 

twice as loud as the standard, the subject would respond "200". Similady, if a tone was 

thought to be half as loud as the standard, the subject would respond "50". Responses 

wodd then be normalized ont0 a scale such that the standard would be assigned a 

subjective magnitude value of "F = 1 sone7'. Upon plotting the loganthm of subjective 

magnitude as a function of stimulus intensity (in dB), most of the data confonned to a 

straight line. Hence, Stevens proposed that subjective magnitude was related to absolute 

intensity by way of a power function of the form 

F = BGn where 0,n = const. 

As of yet, no theoretical basis has been proposed for Stevens' "power law of sensation" 



rendering it a purely empirical formulation. Probably one of the m a t  fascinating aspects 

of the power law is the value of the exponent, n. The power law has been applied by many 

laboratones to many sensory modalities. Apparently, n assumes characteristic values (or 

range of dues) for different sensory modalities. For example, a mical  exponent value 

for the loudness of a 1-kHz tone is n N 0.3. 

Notably, Stevens power Iaw has dominated the psychology literature since its incep 

tion, but is not the only 'law of sensation". In the latter half of the nineteenth century, 

Ernst Heinrich Weber (1795-1878) and Gustav Theodor Fechner (1801-1887) together 

propased that subjective magnitude should vary with the logarithm of the absolute stirn- 

ulus intensim Hence, 

F = C log Ilin + + where C, D = c a s t .  

One h d s  that magnitude estimation data conforms equally well to this "logarithmic law 

of sensation" as it does to the power law. As an example, Stevens (1969) conducted mag- 

nitude estimation experiments on the degree of saltiness for a sodium chloride solution. 

In a M-loganthrnic plot of subjective magnitude and concentration of stimulus intensity, 

the data conformecl to a straight line with the exception of the 1 s t  two or three points. 

That is, the subjective magnitude corresponding to the most concentrated solutions fell 

well below Stevens' linear relationship. Norwich (1993) plotted the same data, but on a 

semi-logarithmic plot. Subjective magnitude was plotted against the logarithm of con- 

centration and the data also confomed well to a straight line; however, the fkst two or 

three points (i.e. least concentrated solutions) feu above the straight line. Hence, the 

power law has a tendency to predict the subjective magnitude for lower intensities while 

the logarithmic law has a tendency to predict that of higher intensities. 

Norwich (1993) describes how the different forms of the law of sensation can be de- 

scribed as two realizations of the same underlying phenomenon. To begin, he postulated 

that the subjective magnitude was directly proportional to the uncertainty, H, as reflected 

in the perceptual unit which is to be defined as, Uthe srnallest and simplest configuration 



of anatomical structures required to mediate the process of perception in some modslitf 

(Norwich, 1993 [pg. 2811). Hence, 

F = k H  where k = const, 

The mathematical form of the uncertainty function, H, was modelled after Shannon's 

information theoretical approach outlined in Section 2.1 above. 

In the case of loudness perception, the perceptual unit is required to obtain an esti- 

mate of stimulus intensity, Ilin. This is probably achieved through a sampliig process at 

the neuronal level that works on a time sa le  on the order of rnilliseconds. In each Sam- 

pling, consider the formation of a distribution of intensity estimates with mean p(Iih) 

and variance a;. After rnt samples, the Central Limit Theorem of statistics (Freund & 

Walpole, pg. 256) would state that a collection of sample means would foIlow a nor- 

mal distribution of rnean Ilin and variance 5. Since sampling estimates are limited by 

the neuronal capabilities of the perceptual unit, consider the process to be limited by a 

gaussian white noise of constant variance 0%. From Equation 2.1, 

In modelling H after I(Y lx), the "response entropy" , i.e. H (Y), would correspond to the 

uncertainfy in the overall estimate for signal intensity and inchdes the noise distribution. 

Also, the "response equivocation" , Le. H(Y lx), would correspond to the uncertainty 

associated with the noise distribution. Hence, H ( Y )  = HS+R and H(Y1X) z HR. We 

therefore have, 



So, subjective magnitude would take the form 

Essentially, Norwich postulated that subjective magnitude should relate to the overall 

uncertainty in the sampling process of the perceptual unit. Shat is, a macroscopic 

observation, F, is related to a combination of microscopic sampling events. To apply 

this relationçhip in the Iaboratory, the microscopic components need to he converted 

into messurable variables. In the case of loudness perception, we are interested in how 

F relates to Ir,. Since stimulus tones are of constant duration, the total number of 

sarnples, ml, should remain constant. For simplicity, let the variance of the reference 

noise inherent to the system remain fixed. We s h d  now be concerned with how the 

variance of a sampling distribution, US, should relate to Ilin. Norwich empiricdy selected 

the relationship 

which commonly arises in statistical physics. Applying this relationship to our previous 

equation gives 
k 

F = - h (1 + I n )  where 7 = const. 
2 (5.8) 

One should take note of the following approximations: 

7 « 1 * F oc I& (Power Law) 

I n  > 1 =+ F oc ln(c,.,) (Logarithmic Law). 

Hence, Equation 5.8 gives rise to both forms of the law of sensation. Also, at the heart 

of Equation 5.8 is a sampling process described by the variance-mean relationship in 

Equation 5.7. 

Let us now cast the fine thread that connects this digression to the world of absolute 

identification by way of example. Figure 5.2 is taken from Norwich (1993, pg. 161) 



whereby magnitude estimation data for loudness of a 1-kHz tone is fit to Equation 5.8. 

Notice that the exponent vahe is appraimately n E 0.29. In our absolute identification 

experiments, the dope value for o(R) fell within the range a = 0.048 to a = 0.070. 

Substituting these values into Equation 5.5 giws exponent values that would range from 

n = 0.19 to n = 0.28. With the aid of the variance-mean relationship in Equation 

5.6, we fbd  that exponent values that arise from absolute identification are comparable, 

but slightly lower than that of magnitude estimation. To account for the difference, we 

recall that the variance-mean relationship for magnitude estimation is directly related to 

stimulus intensity while that of absohte identification is related to the average stimulus 

intensity as govemed by the overall stimulus range. 



Figure 5-1: Data of Luce and Mo (1965). Natural log of mean magnitude estimate of 
intensity of 1000-Hz tone (subject 9) plotted against log of sound intensity. The data is 
fit to the entropy equation: F = (y) ln (1 + .03131 I - ~ ~ ~ ~ ) .  From Norwich (1993, pg. 
161). 



5.5 Neurophysiological aEn û( Izn 

To extend the concept of sensory performance being regulated by the sampling properties 

of a perceptual unit, let's consider response properties at the neurophysiological level. 

To begin, Borg et. al. (1967) performed magnitude estimation experiments on taste 

perception in a psychophysical and neurophysiological setting. In humans, the sensory 

fibers that mediate taste from the anterior two-thirds of the surface of the tongue extend 

backward toward the brain in a nenre called the chorda tympani This nerve passes 

through the middle ear and is surgically accessible. Two days before surgery, magnitude 

estimation experiments on taste perception of citric acid (sour), sodium chloride (salty) 

and suaose (sweet) were carried out. During surgexy, several concentrations (in units of 

molarity) for each solution type were applied to the surface of the tongue and resulting 

f i n g  rates were recorded from the chorda tympani. When subjective magnitude and 

firing rate were plotted on a log-log plot against molarity of solution, the data conformed 

fairly well to a linear relationship. Furthemore, the dope of the line was comparable for 

both psychophysical and neurophysiological responses. The results of Borg et. al. are 

displayed for the citric acid and sucrose solutions in Figure 5.2 [their Figure 71. 

Hence, psydiophysical and neurophysiological responses for the modali ty of t aste tend 

to share a common exponent value. Although Stevens' power law was used to describe 

the responses, we understand f?om Equation 5.8 that the exponent value describes the 

variance-mean relationship governing the sampling properties of the perceptual unit. 

It doesn't seem fair to assume that the hding of Borg et. al. should extend to all 

modalities. In fact , the subjective magnitude corresponding to the loudness of a stimulus 

tone does not equate with neuronal responses under the same conditions. For example, 

Re& and Doucet (1997) were able to ernpincally rneasure the growth in auditory nerve 

spike count with stimulus intensity for a 1-kIIz tone. They developed a technique for 



recording a compound action potential descnbed as the perstirnulus compound action 

potential (PCAP) from the chindiilla auditory nerve. Upon plotting the PCAP spike 

count against stimulus intensity on log-log plot, the data confonned well to a linear 

relationship with a dope value of n = 0.20 which is two-thirds of the typica.1 value for 

the subjective magnitude corresponding to the loudness of a 1-kEIz tone burst. 

Although the results of ReEn  and Doucet show that subjective magnitude doesn't 

necessarily correspond with neural firing rate, their data did conform to a power function 

relationship. This supports the notion that sensory performance is regulated by the 

sampling properties of a perceptual unit. To account for the discrepancy in exponent 

values, we must examine the biological composition of a perceptual unit. Does a neuron, 

in itself, constitute a perceptual unit? To restate, a perceptual unit can be defined as, 

"the smallest and simplest configuration of anatomical stmctures required to mediate the 

process of perception in some modaliw (Norwich, 1993). For example, a Paramecium 

(a single cell organism) is able to detect and move dong a concentration gradient in the 

search for food. In the context of our definition, a Paramecium would be considered 

a perceptual unit. The key idea is that a perceptual unit is capable of mediating the . 

process of perception. As discussed in the kit roduction, perception involves the at tribute 

of choice such that a selection c m  be made from a set of alternatives (Norwich, l993). 

If a neuron is capable of mediating the full set of alternatives inherent in a precept, then 

the neuron is a perceptual unit. A similar argument would hold for a complex array of 

neurons or for the brain as a whole. 1 therefore make the conjecture that when sensory 

performance is measured at different levels (ex. psychophysical vs. neurophysiological) , 
common exponent values would imply that the measurements were taken from a common 

perceptual unit. This arises fiom the proposition that the exponent n-value corresponds 

to the sampling properties of that perceptual unit as described by the variance-mean 

relationship in Equation 5.6 and Equation 5.7. 



Figure 5-2: Base ten log of mean values of neural response (open circles) and of subjective 
response h m  two patients plotted against molarity of citric acid and sucrose solution. 
Form Borg et. al. (1967, Fig. 7). 



Chapter 6 

Conclusion 

A Spical experiment on absolute identification of loudness involves the selection of a 

range, R, fixed over the continuum of stimulus intensity. The range is discretized into 

m stimulus/response categories. Upon the presentation of a stimulus, selected randomly 

from one of the stimulus categories, a subject is required to estimate the intensity of the 

stimulus tone to the nearest response category. If the painng of a stimulus category with 

a response category is considered as one trial, N such trials can be compiled into an rn x 

m confusion matrix. A subject's ability to match stimulus categories with response cate- 

gories can be descnbed in terms of the amount of information transmitted to the subject 

and can be estimated from the matrix in the form of the information measure I ( N ,  m, R). 

The three variables, N, m and R, each have a distinct effect on the information measure. 

For an insufficiently large number of trials, I ( N ,  m, R) overestimates the true value 

of the information transmitted to the subject for that absolute identification experiment, 

It(m, R) . Overcoming small sample bias can be represented as 

and is achievable through a process of computer simulation as described in Norwich and 

Wong (1997). The average variance, O$,, as measured from the rows of a confusion 



mat* can be measured experimentally in the form of the sample estimate, seff. The 

sample estimate is a measure of the underlying error governing a subject's response and 

c m  be used as an input for simulating stimulus/response pairs. However, an accurate 

estimate of subject response error must account for apparent edge effects. That is, 

subjects tend to respond with less error to stimulus tones with intensities more to the 

extreme values of the stimulus range. Hence, edge effects result in the extreme rows 

having an apparently smder  measurable error. This reduction of error is incorporated 

in sZff wwhich does not, therefore, accurately convey the underlying error governing a 

sub ject 's response. 

This thesis proposed a model (CV model) for the error, o, underlying a subject's 

response in an absolute identification experiment. Using the assumption that the un- 

derlying distribution is normal with a constant variance, a*, we were able to account 

for all the distributions that appear dong the row of the confusion rnatrix, including 

the extreme rows where edge effects are mostly apparent. By confining the underlying 

distribution to the fked stimulus range, El, it was possible to fkd a relationship between 

a2 and ozff (Equation 3.3). This relationship can be used to obtain a sample estimate - 

of o, Le. s, from sZff, thereby allowing for a more accurate matrix simulation. Hence, 

a subject's response, and therefore his/her performance, in an absolute identification 

expenment can be described by one parameter; the underlying variance (r2. 

For nearly fifty years, it has been well known that increasing the number of categories, 

m, used to discretize the fixed stimulus range, a, in an absolute identification experi- 

ment tends to increase &(m, &). The increase, however, saturates at an upper bound 

corresponding to the channe1 capacity of the information transmitted to  the subject for 

that absolute identification experiment, It(R). This category effect can be represented 

as 

m 4 oo - &(ml R) + I,(R). 

One of the advantages of the CV-model is that a single value, a(&), can be used to 

recreate this effect. For example, using the data of Garner (1953)~ a %est value'' for 



a(&) was found using one reported value of It(m,  &). Subsequently, O(&) was used 

to simulate data. By simply reorganizing simulated data into the appropriate number 

of categories, the resulting simulated values for It (m, a) conformed closely to Garner's 

measured values. Also, this thesis has provided a mathematical argument which states 

that organizing stimulus/response pairs into larger confusion matrices causes I(N,  m, R) 

to increase or stay the same. Coupling this argument with the ability to recreate data 

such as Garner's using c(&) indicates that the effect of increasing It (rn, &) with m is 

a purely mathematical property of the information measure. 

An effect that parallels the category effect is the range effect. That is, increasing 

the size of the stimulus range, R, that is &ed for an absolute identification experiment 

tends to increase It(R). The increase saturates at an upper limit corresponding to a 

physiological channel capacity of the information transmitted to the subject, 1,. The 

range effect can be represented as 

We have found, empincally, that a subject's response error, a, depends solely on the 

fked stimulus range used throughout an absolute identification experiment. Specifically, 

the increase of a with R is well described by the relationship 

o(R) = UR + b where a, b > 0. (6-1) 

Using the CV-model, we have b e n  able to construct a theoretical description of the a 

priori probabilities that govem the distribution of responses found dong the rows of the 

confuçion matrix. These probabilities were then used to obtain estimates of I t (R) .  &O, 

the stated relationship of o(R) with R was used to account for the increase in &(R) with 

R as well as the upper limit, I,. We make the conjecture that Equation 6.1 is determined 

by the sensory properties of the individual. Hence, the range effect is also d e t e h e d  by 

the sensory properties of the individual. 



The relationship between a subject's response error and the stimulus range used 

for experiment (Equation 6.1) bears significance to the general area of audition. First, 

the form of the relationship satisfies a criterion for channel capacity. Second, when 

transformecl into absolute (Iinear) tenns of intensi ty, Equation 6.1 (measured in decibels) 

In this case, intensity was taken as the average stimulus intensity presented to the sub- 

ject in the long term. Specifically, the absolute identification expenments conducted in 

our laboratory yielded an average srponent value of n = 0.22. This compares weU to 

exponent values found in other psychophysical experiments as well as neurophysiological 

experiments in hearing. 



Chapter 7 

APPENDIX 

7.1 APPENDIX 1: Supplement to CV-Mode1 Cdcu- 

lat ions 

Definition 1 Comider x, y E [O, RI. Let the probability distribution that underlies the 

occurrence of y given x be defined such that: 

and 

Remark 1 The first two derivatives of the nomalit ing factor, I ( x ) ,  are a weful short- 

hand in the calculations thut d l  follou. The function erf(x) is defined as follows: 



2. 2) I1(x); from Equation 7.1, 

3. 3) I"(x); from Equation 7.2, 

Exercise 7.1.1 1) Calculate the variance of p(y1z). 

First, consider the expectation of p(y1x); namely (y) or E(y) ,. 



By making the following substitution: 

we can simpliS. the calculation for the variance ofp(y1~) as follows: 

Hence, we have reduced the problem of calculsting var [p(ylx)] to hding  (t ) and (t * ) . To 
find (t), we shall substitute 7.5 into (y) as fdows: 

R-s (J-2at + x) 
exp [-t2] (JSadt)  

I ( x )  ,/GF 

( y )  = JScr (t) + x, 
we find that 



Using the shorthand fkorn Equation 7.3, 

W e  can evaluate (t2) £iom Equation 7.6 as follows: 

using the shorthand hom Equation 7.4, 

we now can express the variance of p(y1x): 

Exercise 7.1.2 2) Evaluate the following integml: 



Using the definition of p(ylx) and the substitution in 7.5, 

dydx 

where (t2) is described in Exercise 1. The full expression therefore becomes 

7.2 APPENDIX II: Extending Carlton's Approxi- 

mation to <I(N)> 

Carlton (1969) developed a strong approximation for the bias in information estimates. 

Theoretically, the information associated with a set of m possible events whereby the 

probability of each event is pi > O, i = 1,2, ..., m, is 



After N observations, the rnmcimum likelihood estimate of Hl i.e. H, is 

where ni represents the nurnber of times event i was obsemed. We are able to monitor 

the bias in how H -, H by eduating the expectation in H, i.e. (B). Csrlton's 

apprmimation for (H) (or E ( H ) )  , in natural units, is as follows: 

1 * 
(fi) = --CE ( n i l ~ g ~ I ~ , R - )  

N ,l 

where 

We shall now extend Carlton's approximation to the expectation of the estimate for 

the transmitted information, It, i.e. ( Î t )  or ( I ( N ) ) .  From Section 2.2, using m stimulus 

and response categories, 

The expected value of the estimate for the transmitted information is, therefore, 



Applying Carlton's apprmimation, 

The probabilities pj7 pk and pjk are shorthands for the "response probability" p(k;-), 

the "stimulus probabiliw p(Xk) and the "joint probability" p(Yk, Xj) respectively. In 

our absolute identification experiments, the probabihty distribution underlying the pre- 

sentation of a stimulus tone was uniform, hence 

From the CV-model, the probability distribution governing the response y to a stimulus 

x for the continuous random variables x, y E [O, R] was 

I 
p(y'x) = I(Z) J2rra2 

exp [-; (y) '1 . 

Ektending this to the discrete random variables Xi, Yk; whereby X j  E X = (Xi, ... 
,Xm} and Yk E Y = {Yi, ... ,Ym}, 

From this, we can evaluate p(Yk) and p(Yk, Xi) as follows: 



7.3 APPENDIX III: Increase in I ( N ,  m, R) with m 

If an m x n confusion m a t h  is refonnutted by  merging two columns into one single 

column, the t m m i t t e d  infomation calcvhted frorn the resulting m x (n - 1)  mutriz will 

be qual to or less than the tmnsrnitted information cnlculated j h rn  the ongind mat*. 

Shannon (1948) outlined a proof for this theorem using a priori probabilities for signal 

transmission and receipt. That is, it was assumed that the probabilities of transmission 

for each signal were known beforehand, as properties, Say, of the English alphabet. Here 

we offer a proof in the language of stimulus-response matrices, where the probabilities 

must be obtained a posteriori. The proof we offer differs h m  that put forward by 

Shannon in that it follows from the theory of continuous convex functions. The geometric 

interpretation of a convex function is that if every point on a chord lies above the surface 

which the chord spans, the mathematical function, #, that defines the c m  is convex. 

From Hardy, Littlewood & Polya (1964), a continuous function of two variables, is 

convex if 

where qi 1 O and C qi = 1. When all the qi7s are equal, we have 

From Equation 4.1 in Section 4.3.1, the information, I ( N ) ,  calculated from an rn x 

mr confusion matrix with the sum of al1 entries equal to N can be written in a simple 

form consisting of only 4 tems: 



where njt is the value of the element at row j, column k. Expressed simply 

N - I ( N )  = N log N + element entropy - row entropy - column entropy. 

We consider now two calculated quantities of informations: I(N)-gd is the informa- 

tion obtained from the matrix in which a single column has been formed by the merging 

of 2 adjacent columns, a and a + 1 of an original matrix. I(N)un-gd is the information 

obtained from the original matrix. 

The quanti* of relevance to our theorem is AI = I(N),,gd - I(N)-,&. Note 

that combining two adjacent columns does not affect the row entropies (third term on 

the right-hand side of Eq. (7.8)). This is because the row entropy depends ody on the 

surn of the entries dong the row and doesn't diange by merging two adjacent columns. 

Therefore, 

N - AI = [(element en trop^),,,,^ - (element entropy) rrrerged] 

- [(column en trop^),,^^^ - (column en trop^)-,^] . 

The difference between the element entropies can be written fully as 



For ease of notation we let aj = nja and b, = ~ ~ j ( ~ + + i ) .  Hence the difference between 

element entropies can be written succinctly in the form 

The difference between the column entropies c m  be written fully as 



Making the same substitutions as before, the difference between the column entropies is 

equal to 

We now consider the function 

+(a, b) = aloga + blogb - (a + b) log (a + b) 

W e  see from equations (7.9), (7.10), (7.11) and (7.12) above that 

If we could show that N A I  2 O, we would prove o u  proposition. However, to do so, 

we must first prove a lemma. 

Lemma 1 

If & = #, u2 + UÎU + &, w2? then Q 2 O, where #ij = a. 
From the defining function (7.12), 

4, = b/ [a(a + b)] ; #& = - l / (a  + b) ; 4~ = a/[b(a + b)] 

Therefore, 

since a and 6 are greater than zero by definition, which proves the lemma. 

Now Hardy et al (1964) have shown that a necessary and sufEicient condition for the 

convexity of the function # on an open domain is that Q 2 O, which we have now proved. 



Therefore we know from 

We also know, however, 

Equation ( 7.7) defining convex fimctions that 

from Eq. (7.13) that the latter inequslity is the condition for 

which N AI 2 0 and hence A I  2 0. Thus the theorem is proved. 

In evaluating the diange in transmitted information by merging two columns into 

one, row entropies cancel (Equation (7.9)). It follows that column entropies would cancel 

in the merging of two rows into one. Hence, merging taro rows will produce the same 

effect on the transmitted information as merging two columns. It will also follow from 

the proof of this theorem that any increase in the number of rows or columns of the 

confusion matrk produced by a process of dividing the set of rows and columns of a 

previous matrix will always lead to an increaçe in the calculateci information. 
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